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WEDNESDAY,  SEPT.  9,  1981 

0900-1030 

SESSION  I  —  BOUNDARY  LAYERS  I 

194  CHEMISTRY 

T.  J.  Hanratty  —  Chairman 


Evaluation  of  turbulence  models  for  near-wall  and  low-Reynolds 
number  flows 

V.  C.  Patel,  W.  Rodi,  G.  Scheuerer 
Decay  of  turbulence  during  a  laminar  reorganization  in  pipe  flow 
P,  Vallette,  M.  Lebouche 

A  physical  interpretation  of  the  spectra  of  wall  turbulence 
A,  E.  Perry,  M.  S,  Chong 

'Turbulence  and  mean  flow  measurements  in  an  incompressible 
axisymmetric  boundary  layer  with  incipient  separation 
P.  Dengel,  H.H.  Fernholz,  J.  D.  Vagt 
•Measurements  in  a  turbulent  boundary  layer  flow  over  a 
two-dimensional  hill 

A.  J.  Smits,  V.  Baskaran,  P.  N.  Joubert 
Theoretical  prediction  of  confluent  boundary  layers 
G.  W.  Brune 


1030-1100  COFFEE  BREAK 


1100-1300 

SESSION  2  -  BOUNDARY  LAYERS  II 

194  CHEMISTRY 
M.  Rubesin  —  Chairman 

Three  dimensional  boundary  layer  development  in  an  axially  rotating 
pipe 

M,  Murakami,  K.  Kikuyan-i,  K.  Nishibori 
Three-dimensional  turbulent  boundary  layer  on  a  spinning  thin 
cylinder  in  an  axial  uniform  stream 

I.  Nakamura,  S.  Yamashita.  T.  Watanabe,  Y.  Sawaki 
Turbulent  field  of  a  boundary  layer  very  close  to  an  axially  restated 
cylinder 

E.  Arzoumanian,  M.  Leborgne,  L.  Fulachier 
Turbulent  flow  in  unbounded  streamwise  comers 

0.  Arnal,  J.  Cousteix 

A  near-wall  pressure-strain  model  for  turbulent  comer  flows 

F,  B.  Gessner,  H.  M.  Eppich 

Bulk  dilatation  effects  on  Reynolds  stresses  in  the  rapid  expansion  of  a 
turbulent  boundary  layer  at  supersonic  speed 

J.  P.  Dussauge,  J.  Gaviglio 
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1100-1300 

SESSION  3  -  REACTING  FLOWS 

179  CHEMISTRY 

H.  A.  Becker  —  Chairman 

Movementsof  flame-fronts  and  their  properties  in  a  turbulent  diffusion 
flame 

M.  Ahlheim,  H.  Hoffmann.  W  Leuckel 
A  chemically  reacting  plane  mixing  layer 

S.  V.  Sherikar.  R.  Chevray 

Study  of  a  turbulent  diffusion  flame  in  a  channel  flow 
J.  M.  Most.  N.  Harivel.  P  Joulain.  B.  Sztal 
Computation  and  its  comparison  with  experiments  of  time-mean  and 
fluctuating  properties  in  round  jets  with  and  without  flame 

T.  Takagi.  S.  Kotoh 

Investigations  on  a  reaction  model  for  turbulent  diffusion  flames 
H.  Eickhoff.  K.  Grethe 
Calculations  of  velocity-scalar  joint  PDF's 
S.  B.  Pope 

Premixed  combustion  in  a  turbulent  boundary  layer  with  injection 
S.  Meunier,  M.  Champion.  J.  C.  Bellet 
Lagrangian-Eulerian  calculation  of  turbulent  diffusion  flame 
propagation 

W.  T.  Ashurst.  P  K.  Barr 
1300-1400  LUNCH  ON  THE  LAWN 
1400-1530 

SESSION  4  —  CURVED  FLOWS 

194  CHEMISTRY 
W.  Rodi  —  Chairman 

*A  generalized  algebraic  relation  for  prediciting  developing 
curved  channel  flow  with  K-€  model  of  turbulence 
J.  A.  C.  Humphrey,  F.  Pourahmadi 
Calculation  of  a  turbulent  wall  jet  on  a  curved  wall  with  a  Reynolds 
stress  model  of  turbulence 
M.  M.  Gibson.  B.  A.  Younis 

Measurements  in  the  heated  turbulent  boundary  layer  on  a  mildly 
curved  convex  surface 

M.  M.  Gibson.  C.  A.  Verriopoulos,  Y.  Nagano 
Turbulent  shear  flows  behind  cylinder  and  sphere  in  curved  channels 
H.  S.  Koyama 

Effects  of  stable  and  unstable  free  streams  on  a  turbulent  flow  over  a 
concave  surface 

S.  Nakano.  A  Takahashi.  T.  Shizawa.  S.  Honami 


1400-1530 

SESSION  S  —  CONFINED  FLOWS 

179  CHEMISTRY 

J.  J.  D.  Domingos  —  Chairman 

Prediction  and  measurement  of  flow  and  heat  transfer  in  motored 
diesel  engine^  swirl  chambers 
M.  M.  M.  Abou-Ellail,  M.  M.  Elkotb 
Comparison  of  calculated  and  measured  velocities  for  a  turbulent 
swirling  flow  inside  a  cylindrical  enclosure 
T.  Morel,  N.  N.  Mansour,  V.  Saxena,  R.  B.  Rask 
Features  of  turbulent  pipe  flows  in  development  and  decay 
E.  M.  Laws,  E-H.  Lim,  J.  L.  Livesey 
Calculations  of  confined  coaxial-jet  flows 
M.  A.  Habib,  J.  H.  Whitelaw 

Experimental  and  numerical  studies  of  the  turbulent  shear  flow  in  a 
pipe  with  a  weakly  wavy  wall 
M.  P.  Chauve,  R.  Schiestel 

1530-1600  COFFEE  BREAK 

1600-1730 

SESSION  6  —  JETS  AND  WAKES 

194  CHEMISTRY 

V.  W.  Goldschmidt  —  Chairman 

A  complex  turbulent  wake 
G.  Fabris 

Measurements  in  a  low  momentum  jet  into  a  crossflow 
J.  Andreopoulos 

The  turbulence  characteristics  in  the  near-region  of  the  wall  jet  issued 
from  a  small  inclined  slot 
M.  Hatano 

Responseofaplane  turbulent  wall  jet  to  the  perturbation  by  a  cylinder 
I.  Nakamura,  H.  Osaka,  H.  Yamada 

1600-1730 

SESSION  7  —  OPEN  FORUM 

179  CHEMISTRY 

I.  S.  Gartshore  and  P.  A.  Libby  —  Chairmen 
1830-1930  CASH  BAR  —  FACULTY  CLUB 
1930  DINNER  —  FACULTY  CLUB 
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1400-1530 

SESSION  5  —  CONFINED  FLOWS 

179  CHEMISTRY 

J.  J.  D.  Domingos  —  Chairman 

Prediction  and  measurement  of  flow  and  heat  transfer  in  motored 
diesel  engine  swirl  chambers 
M.  M.  M.  Abou-Ellail,  M.  M.  Elkotb 
Comparison  of  calculated  and  measured  velocities  for  a  turbulent 
swirling  flow  inside  a  cylindrical  enclosure 
T.  Morel,  N.  N.  Mansour,  V.  Saxena,  R.  B.  Rask 
Features  of  turbulent  pipe  flows  in  development  and  decay 
E.  M.  Laws,  E-H.  Lim,  J.  L.  Livesey 
Calculations  of  confined  coaxial-jet  flows 
M.  A.  Habib.  J.  H.  Whitelaw 

Experimental  and  numerical  studies  of  the  turbulent  shear  flow  in  a 
pipe  with  a  weakly  wavy  wall 
M.  P.  Chauve,  R.  Schiestel 

1530-1600  COFFEE  BREAK 

1600-1730 

SESSION  6  —  JETS  AND  WAKES 

194  CHEMISTRY 

V.  W.  Goldschmidt  —  Chairman 

A  complex  turbulent  wake 
G.  Fabris 

Measurements  in  a  low  momentum  jet  into  a  crossflow 
J.  Andreopoulos 

The  turbulence  characteristics  in  the  near-region  of  the  wall  jet  issued 
from  a  small  inclined  slot 
M.  Hatano 

Response  of  a  plane  turbulent  wall  jet  to  the  perturbation  by  a  cylinder 
I.  Nakamura,  H.  Osaka,  H.  Yamada 

1600-1730 

SESSION  7  —  OPEN  FORUM 

179  CHEMISTRY 

I.  S.  Gartshore  and  P.  A.  Libby  —  Chairmen 
1830-1930  CASH  BAR  —  FACULTY  CLUB 
1930  DINNER  —  FACULTY  CLUB 


THURSDAY,  SEPT.  10, 1981 

0830-1030 

SESSION  8  —  PERIODIC  WALL  FLOWS 

194  CHEMISTRY 
L.  H.  Back  —  Chairman 

A  dynamical  and  visual  study  on  the  oscillatory  turbulent  boundary 
layer 

T.  Hayashi,  M.  Ohashi 

The  flow  of  a  row  of  turbulent  vortex-rings  impinging  onto  a  plate 

E.  Gutmark,  Y.  Haimovitch,  M.  Wolfshtein 
On  the  pulsating  flow  in  a  pipe 

L.  Shemer,  I.  Wygnanski 

Measurements  of  the  periodic  velocity  oscillations  near  the  wall  in 
unsteady  turbulent  channel  flow 
G.  Binder,  J.  L.  Kueny 

A  hybrid  computing  scheme  for  unsteady  turbulent  boundary  layers 
J.  D.  Murphy,  P.M.  Prenter 
Dynamics  of  an  unsteady  turbulent  boundary  layer 
P.  G.  Parikh,  R.  Jayaraman,  W.  C.  Reynolds 
Influence  of  Strouhal  number  on  the  structure  of  a  flat  plate  turbulent 
boundary  layer 

J.  Cousteix,  J.  Javelle,  R.  Houdeville 
1030-1100  COFFEE  BREAK 
1100-1230 

SESSION  9  —  GEOPHYSICAL  FLOWS  I 

179  CHEMISTRY 

J,  C.  Wyngaard  —  Chairman 

Diffusion  from  an  elevated  source  within  the  atmospheric  boundary 
layer 

P.  C.  Chatwin,  P.  J.  Sullivan 

Passive  emissions  from  point  sources  in  turbulent  boundary  layers 
J.  E.  Fackrell,  A.  G.  Robins 

Pressure  effects  on  triple  correlations  in  turbulent  convective  flows 
J.-C.  Andr6,  P.  Lacarrere,  K.  Traore 
T urbulence  measurements  in  an  axisymmetric  buoyant  jet 

F.  Ogino,  H.  Takeuchi,  M,  Ohki,  T,  Mizushina 
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1100-1230 

SESSION  10  —  HEAT  AND  MASS  TRANSFER  IN  BOUNDARY 
LAYERS 

194  CHEMISTRY 
K.  Hanjalic  —  Chairman 


On  the  similarity  between  velocity  and  temperature  fields  within  a 
turbulent  spot 

R.  A.  Antonia,  A.  J.  Chambers,  M.  Sokolov,  C.  W.  Van  Atta 
A  structural  study  on  a  turbulent  boundary  layer  with  transpiration 
M.  Senda,  S.  Horiguchi,  K.  Suzuki,  T.  Sato 
The  mechanism  of  turbulent  mass  transfer  at  a  boundary 
J.  A.  Campbell,  T.  J.  Hanratty 

Calculation  of  a  turbulent  boundary  layer  downstream  of  a  sudden 
decrease  in  surface  heat  flux  or  wall  temperature 
L.  W.  B.  Browne,  R.  A.  Antonia 
Turbulent  boundary  layers  on  flat  plates  and  in  contracted  or 
expanded  channels  with  angled  injection  and  suction 
V.  M.  Yeroshenko,  A.  V.  Yershov,  L.  I.  Zaichik,  A.  A.  Klimov,  V.  I. 
Kondratiev,  L.  S.  Yanovsky 

Experimental  investigation  of  a  turbulent  boundary  layer  structure  in 
the  region  of  a  gas  screen 
Yu.  V.  Baryshev,  A.  I.  Leontiev.  N.  K.  Peiker 


1230-1400  LUNCH  ON  THE  LAWN 


1400-1530 

SESSION  11  —  COHERENT  STRUCTURES  I 

194  CHEMISTRY 
I.  Wygnanski  —  Chairman 


Education  of  the  “preferred  mode"  structure  in  the  axisymmetric 
mixing  layer 

K.  B.  M.  Q.  Zaman,  A.  K.  M.  F.  Hussain 
Entrainment  and  mixing  in  pulsatile  jets 
V.  Sarohia,  L.  P.  Bernal 
Large  scale  motions  in  turbulent  wakes 
J.  H.  Gerrard 

Development  of  the  organized  vortices  in  the  turbulent  near  wake  of  a 
circular  cylinder:  an  experimental  and  numerical  study 
H.  C.  Boisson,  P.  Chassaing,  H.  Ha  Minh,  A.  Sevrain 
A  theoretcial  model  of  the  coherent  structure  of  the  turbulent  boundary 
layer  in  zero  pressure  gradient 
Z.  Zhang,  G.  M.  Lilley 
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1400-1530 

SESSION  12  —  GEOPHYSICAL  FLOWS  I 

179  CHEMISTRY 
J.-C.  AndrS  —  Chairman 


How  time  dependence  and  variable  Froude  number  can  explain  more 
rapid  entrainment  of  the  two-layer  system  in  annulus  experiments 
J,  W.  Deardorff 

A  theoretical  study  of  radiative  cooling  in  homogeneous  and  isotropic 
turbulence 

D.  Schertzer,  O.  Simonin 

On  the  influence  of  buoyancy  on  the  turbulent  Ekman  layer 
U.  Svensson 

Sediment  transport  in  stratified  turbulent  flow 
B.  A.  DeVantier,  B.  E.  Larock 


1530-1600  COFFEE  BREAK 


1600-1730 

SESSION  13  —  DEBATE 

194  CHEMISTRY 


MOTION:  Modelers  disregard  essential  experimental  facts 
Chairman:  L.  J.  S.  Bradbury 
PRO  CON 

P.  N.  Joubert  C.  du  Pont  Donaldson 

J.  Laufer  W.  C.  Reynolds 


FRIDAY,  SEPT.  11, 1981 

0830-1030 

SESSION  14  —  COHERENT  STRUCTURES  II 

194  CHEMISTRY 

A.  K,  M.  F.  Hussain  —  Chairman 


Coherent  structures  in  the  similarity  region  of  two-dimensional 
turbulent  jets 

J.  W.  Oler,  V.  W.  Goldschmidt 

Experimental  study  of  coherent  structures  in  mixing  layers  of  coaxial 
jets 

O.  Leuchter,  K.  Dang 

'Direct  numerical  simulations  of  turbulent  free  shear  flows 
R.  W.  Metcalfe,  J.  J.  Riley 

A  three  dimensional  time  dependent  simulation  of  transition  and  early 
turbulence  in  a  time-developing  mixing  layer 

A.  B.  Cain,  W.  C.  Reynolds,  J.  H.  Ferziger 

Spatial  growth  of  wavy  disturbunces  in  a  plane  shear  layer  between 
two  streams 

B.  V.  Johnson,  J.  D,  Lin 

'Effects  of  the  subharmonic  and  fundamental  phase  relationship 
on  an  unsteady  mixing  layer 

C. -M.  Ho,  Y.  Zhang 
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194 

J 


-1030 

N  15  —  SCALAR  TRANSPORT 

CHEMISTRY 
J.  Adrian  —  Chairman 

her  results  on  the  thermal  mixing  layer  downstream  of  a 
jrbulence  grid 

J.  C.  LaRue.  P.  A.  Libby.  D.  V.  R.  Seshadri 

lling  of  homogeneous  turbulent  scalar  field  dynamics 

B.A.  Kolovandin,  N.  N.  Luchko,  O.  G.  Martynenko 

lling  the  dissipation  rate  of  temperature  variance  in  a  thermal 
ing  layer 

S.  Elghobashi,  B.  E.  Launder 

tural  features  of  a  uniformly  distorted  heated  plane  turbulent 


:  J.  G.  Kawall,  J.  F.  Keffer 

retical  and  experimental  determination  of  the  turbulent  diffusivity 
>r  in  homogeneous  turbulent  shear  flow 
■  S.  Tavoularis,  S.  Corrsin 

turbulent  transport  in  passively  heated  homogeneous  and 
ogeneous  flows 
K.  R.  Sreenivasan.  S.  Tavoularis,  S.  Corrsin 

1030-1100  COFFEE  BREAK 

100-1230 

N  16  —  RECIRCULATING  FLOWS  I 

179  CHEMISTRY 
N.  McDonald  —  Chairman 

entum,  heat,  and  mass  transfer  in  backward-facing  step  flows 
B.  F.  Armaly.  F.  Durst,  V.  Kottke 

ity  characteristics  in  the  vicinity  of  a  two-dimensional  rib 
D.  Crabb,  D.  F,  G.  Durao.  J.  H.  Whitelaw 

lent  shear  flow  behind  hemisphere-cylinder  placed  on  ground 
e 

S.  Okamoto 

frequency  unsteadiness  of  reattaching  turbulent  shear  layer 
J.  K.  Eaton.  J.  P.  Johnston 

ure  fluctuations  under  a  turbulent  shear  layer 
R.  Hillier,  N.  J.  Cherry 

rimental  investigations  in  transonic  highly  separated,  turbulent 
A.  Farcy,  V.  Mercier.  R.  Leblanc 
00-1230 

N  17  —  FUNDAMENTALS  I 
CHEMISTRY 
Herring  —  Chairman 

model  of  three-dimensional  transfer  in  non-isotropic  homogeneous 
nee 
J.-P.  Bertoglio 


Approach  of  non  isotropic  homogeneous  turbulence  submitted  to 
mean  velocity  gradients 

C.  Cambon,  D.  Jeandel 
Entrainment  diagrams  for  viscous  flows 

B,  Cantwell,  G.  Allen 

Predictability  of  two-  and  three-dimensional  freely  decaying  flows: 
Application  to  mixing  layers 
M.  Lesieur,  J.-P.  Chollett 

1230-1330  LUNCH  ON  THE  LAWN 

1330-1530 

SESSION  18  —  RECIRCULATING  FLOWS  II 

179  CHEMISTRY 

A.  K.  Runchal  —  Chairman 

Turbulent,  backward-facing  step  flows  in  two-dimensional  ducts  and 
channels 

F.  Durst,  C.  Tropea 

Prediction  of  the  low  Reynolds  number  laminar  flow  over  a  normal  flat 
plate,  and  its  application  to  turbulent  flow  calculations 

I.  P.  Castro,  K.  A.  Cliffe.  M.  J.  Norgett 

'The  assessment  of  numerical  diffusion  in  upwind-difference 
calcuations  of  turbulent  recirculating  flows 

J.  J.  McGuirk,  A.  M.  K.  P.  Taylor,  J.  H.  Whitelaw 

Turbulent  flow  induced  by  a  jet  in  a  cavity  —  measurements  and  3-D 
numerical  simulation 
F.  Baron,  J.  P.  BenquG,  Y.  Coeffed 

1330-1530 

SESSION  19  —  FUNDAMENTALS  II 

194  CHEMISTRY 

J.  L.  Lumley  —  Chairman 

Pseudo-spectral  methods  for  homogeneous  or  inhomogeneous  flows 
Y.  Morchoisne 

The  distortion  of  turbulent  shear  flow  upstream  of  a  body 
J.  C.  Wyngaard 

Second  order  closure  for  variable  density  free  shear  layer 

D.  Vandromme,  W.  Kollmann 

A  new  approach  to  the  analysis  of  turbulent  mixing  in  variable  density 
flows 

H.  Ha  Minh,  B.  E.  Launder,  J.  M.  Maclnnes 
Pressure  strain:  exact  results  and  models 
J.  J.  D.  Domingos 

Direct  simulation  of  homogeneous  turbulent  shear  flows  on  the  llliac  IV 
computer:  applications  to  compressible  and  incompressible  modeling 
W  J  Feiereisen,  E.  Shirani,  J.  H.  Ferziger.  W.  C.  Reynolds 


THIRD  SYM 
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Approach  of  non  isotropic  homogeneous  turbulence  submitted  to 
mean  velocity  gradients 
C.  Cambon.  D.  Jeandel 
Entrainment  diagrams  for  viscous  flows 
B.  Cantwell,  G.  Allen 

Predictability  of  two-  and  three-dimensional  freely  decaying  flows: 
Application  to  mixing  layers 
M.  Lesieur,  J.-P.  Chollett 

1230-1330  LUNCH  ON  THE  LAWN 

1330-1530 

SESSION  IS  —  RECIRCULATING  FLOWS  II 

179  CHEMISTRY 

A,  K.  Runchal  —  Chairman 

Turbulent,  backward-facing  step  flows  in  two-dimensional  ducts  and 
channels 

F.  Durst,  C.  Tropea 

Prediction  of  the  low  Reynolds  number  laminar  flow  over  a  normal  flat 
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THIRD  SYMPOSIUM  ON 


September  9-11, 1981 
University  of  California,  Davis 
Davis,  California 
U.S.A. 


Sponsored  by  the  U.S.  Air  Force  Office  of 
Scientific  Reeeerch,  Research  Offices  of  the  U.S. 
Army  end  Navy  and  the  National  Science 
Founrtttion  in  cooperation  with  the  American 
Society  of  Mechanical  Engineer's  Heat  Transfer 
and  Fluid  Engineering  Divisions. 


The  Third  Symposium  on  Turbulent  Shear  Flow  was  held  at  the  University 
of  California,  Davis,  California  on  September  9-11,  1981.  The  objectives 
of  the  symposium  was  to  further  advance  the  understanding  of  the  physical 
phenomena  associated  with  turbulent  flows  and  the  existing  capabilities 
for  calculating  items  such  as  the  transport  of  heat  and  mass  in  such 
processes. 

In  August  1980  a  "Call  for  Papers"  was  issued.  One  hundred  and 
fifty  eight  abstracts  were  received.  The  Papers  Committee  grouped  the 
abstracts  by  topics  and  sent  them  to  members  of  the  Advisory  Committee 
for  review.  On  the  basis  of  the  reviews  the  Papers  Committee  accepted 
100  abstracts  and  requested  the  authors  to  submit  6  page  manuscripts. 

The  final  program  (Appendix  A)  contained  92  papers.  The  proceeding 
volume  contained  86  papers.  Six  authors  were  unable  to  meet  the  publi¬ 
cation  deadline  and  thus  it  was  necessary  to  have  their  papers 
distributed  individually  at  the  time  of  the  meeting. 

In  addition  to  the  17  paper  sessions,  an  open  forum  and  a  debate 
were  scheduled.  Twelve  short  10-minute  presentations  were  given  in  the 
open  forum.  The  debate  on  the  motion  "Modelers  Disregard  Essential 
Experimental  Facts"  was  quite  lively. 

The  total  number  of  registrants  for  the  symposium  was  242.  They 
are  listed  in  Appendix  B.  The  technical  paper  sessions  were  very  well 
attended  with  a  free  exchange  of  ideas.  This  exchange  was  often  continued 
between  individuals  during  coffee  and  lunch  breaks.  All  of  the  activities 
allowed  the  attendees  to  assess  the  present  state  of  our  knowledge  of 
turbulent  shear  flows  and  to  identify  areas  where  basic  research  in 
turbulent  transport  processes  is  needed. 
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PREFACE 


This  volume  contains  the  papers  to  be  presented  at  the  3rd  Symposium  on 
Turbulent  Shear  Flows  held  at  the  University  of  California,  Davis  in  the  period 
September  9-11,  1981.  The  meeting  continues  the  series  of  biennial  international 
symposia  launched  at  the  Pennsylvania  State  University  in  1977  and  continued  at 
Imperial  College,  London  in  1979.  The  aim  of  the  Symposium,  like  that  of  its 
predecessors,  has  been  to  provide  a  forum  for  airing  new  developments  across  the 
multitude  of  activities  that  comprise  turbulence  research  in  the  1980's.  The  papers, 
which  provide  the  formal  record  of  the  meeting,  were  selected  following  review  of 
each  of  the  160  extended  abstracts  offered  for  the  meeting  by  two  members  of  the 
Advisory  Committee.  The  assistance  thus  provided  by  the  Committee,  whose 
membership  appears  in  the  Symposium  programme,  is  most  warmly  appreciated.  The 
final  composition  and  format  of  the  meeting  was  set  by  a  Papers'  Committee 


consisting  of  Jean  Claude  Andre,  Ian  S.  Gartshore,  Brian  E.  Launder,  Paul  A.  Libby, 
and  James  H.  Whitelaw  with  the  assistance  of  Frank  W.  Schmidt  as  secretary. 

The  Organizing  Committee  wishes  to  acknowledge  financial  support  kindly 
provided  by  the  National  Science  Foundation,  the  U.S.  Air  Force  Office  of  Scientific 


Research,  the  U.S.  Army  Research  Office,  and  the  U.S.  Office  of  Naval  Research. 
The  cooperation  of  the  Fluids  Engineering  and  Heat  Transfer  Divisions  of  the 


American  Society  of  Mechanical  Engineers  and  the  considerable  assistance  provided 
by  the  Conferences  and  Campus  Services  of  the  University  of  California,  Davis  are 


also  gratefully  acknowledged. 


L.  J.  S.  Bradbury  F.  3.  Durst  B.  E.  Launder 

F.  W.  Schmidt  J.  H.  Whitelaw 

Organizing  Committee 
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ABSTRACT 

Several  low- Reynolds- number  two-equation  turb¬ 
ulence  models  have  been  utilized,  in  conjunction  with 
a  single  numerical  scheme,  to  verify  their  perform¬ 
ance  against  data  sets  in  a  variety  of  external 
pressure  gradients.  It  is  shown  that  none  of  the 
models  yields  uniformly  accurate  results,  but  three 
show  sufficient  promise  to  justify  further  refinement. 
A  primary  defect  of  all  models  is  that  they  do  not 
reproduce  the  law  of  the  wall  which  has  been  observed 
over  a  range  of  pressure  gradients.  This  may  be  due 
to  the  use  of  near-wjll  functions  which  continue  to 
influence  the  flow  well  into  the  logarithmic  region. 
Additional  tuning  of  these  functions  and  the  length- 
scale  determining  equations  is  required  before  such 
models  can  be  used  for  the  accurate  calculation  of 
wall-proximity  and  low-Reynolds-number  effects. 

I.  INTRODUCTION 

It  is  well  known  that  the  success  enjoyed  by  the 
■recent  turbulence-closure  models  in  the  prediction  of 
wall-bounded  flows  has  depended  in  large  measure  upon 
the  application  of  the  so-called  wall  functions,  by 
which  surface  boundary  conditions  are  transferred  to 
points  in  the  fluid  removed  from  the  boundaries.  The 
finite-difference  solutions  therefore  avoid  the 
regions  of  very  large  gradients  near  the  walls  and 
can  be  carried  out  with  considerable  saving  in 
computing  times.  The  validity  of  this  procedure  is 
restricted,  however,  to  situations  in  which  universal 
wall  functions  are  well  established.  There  are  a 
number  of  instances  in  which  this  approach  has  to  be 
abandoned,  e.g.  the  turbulent  boundary  layer  at  low 
Reynolds  numbers,  three-dimensional,  unsteady  and 
separated  flows,  the  flow  over  surfaces  with  mass-  or 
high  heat-transfer,  and  in  the  modeling  of  transition. 

Over  the  past  few  years,  many  suggestions  have 
been  made  for  the  extension  of  turbulence  closure 
models  to  enable  their  use  right  up  to  a  solid  wall. 
Quite  often  the  resulting  modified  models  have  been 
referred  to  as  "low-Reynolds-number"  turbulence 
models  since  it  is  claimed  that  they  can  also  be 
applied  to  flows  in  which  some  characteristic 
Reynolds  number  of  the  turbulence  is  low.  There  is 
therefore  an  unfortunate  confusion  of  terminology. 

Some  modifications  to  a  basic  high  Reynolds  number 
model  are  obviously  necessary  to  account  for  two 
physically  distinct  effects:  one  is  the  influence  of 
low  Reynolds  number,  where  viscous  stresses  and 
transport  are  comparable  with  the  Reynolds  stresses 
and  turbulent  transport,  and  the  other  is  the 
influence  of  wall  proximity,  arising  from  the 
preferential  damping  of  the  turbulence  and  local 


effects  on  the  fluctuating  pressure  field  and 
pressure-velocity  correlations.  It  is  possible  for 
either  effect  to  be  present  in  the  absence  of  the 
other.  However,  the  fact  that  both  effects  are 
present  in  the  vicinity  of  a  wall  has  led  to  the 
aforementioned  confusion  of  terminology,  and  these 
cannot  be  readily  separated  within  the  framework  of 
the  models  being  examined. 

The  simplest  example  of  a  near-wall  modification 
to  a  turbulence  model  is  the  famous  van  Driest  (1) 
damping  function  for  the  mixing  length.  More  advanced 
models  incorporate  either  a  wall  damping  effect,  cr  a 
direct  effect  of  molecular  viscosity  or  both,  on  the 
empirical  constants'  and  functions  in  the  turbulence- 
transport  equations  which  were  devised  originally  for 
high  Reynolds-number,  f ul ly-turbulent  flows  remote 
from  walls.  In  the  absence  of  reliable  turbulence 
data  in  the  immediate  vicinity  of  a  wall  or  at  low 
Reynolds  numbers,  these  modifications  have  been  based 
largely  upon  numerical  experiments  and  comparisons 
between  calculations  and  experiment  in  terms  of 
global  parameters.  Unfortunately,  the  results  of  each 
model  were  compared  by  their  proponents  with 
different  and  rather  limited  class  of  flows  and,  as 
the  issue  can  be  judged  at  the  present  time,  it  is 
not  clear  which  of  the  many  proposed  models  can  be 
used  with  confidence. 

The  research  to  be  described  in  this  paper  was 
undertaken  with  the  objective  of  making  a  systematic 
evaluation  of  the  merits  of  the  various  existing  two- 
equation  "low-Reynolds-number"  turbulence  models. 
Eight  different  models  have  been  used,  together  with 
a  single  well-tested  calculation  procedure  to 
calculate  a  variety  of  boundary  layers  to  assess 
their  relative  performance.  The  test  cases  include 
not  only  boundary  layers  at  low  Reynolds  numbers,  but 
also  the  standard  high  Reynolds  number,  equilibrium 
and  separating  boundary  layers.  The  latter  have  been 
included  specifically  to  ascertain  that  the  extended 
models  continue  to  perform  at  least  as  well  as  the 
parent  models  which  were  devised  for  such  flows. 

II.  OUTLINE  OF  COMPETING  MODELS 

Eight  models,  namely  those  of  Chien  (2),  Dutoya 
(3),  Hassid  and  Poreh  (A),  Hoffman  (5),  Jones  and 
Launder  (6),  Lam  and  Bremhorst  (7),  Reynolds  ,0)  and 
Wilcox  and  Traci  (9)  were  selected  for  a  deta.  J 
evaluation.  The  first  seven  are  variants  of  the  k-e- 
model  which  uses  transport  equations  for  the 
turbulent  kinetic  energy  k  and  the  rate  of  its 
dissipation  e.  Wilcox  and  Traci  employ  an  equation 
for  the  kinetic  energy  of  the  velocity  fluctuations 
normal  to  the  wall,  which  is  similar  to  the  k- 
equation.  Their  model  is  completed  by  a  transport 
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Table  1:  Equations,  constants  and  functions  for  the  k- 

equation  for  a  pseudo-vorticity  w.  Tables  1  and  2  sum¬ 
marize  the  basic  equations  and  the  low-Reynolds- 
number  functions  and  constants  recommended  by  the 
various  authors. 
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E  group  of  models 

number  version  of  the  model;  the  values  listed  are  due 
to  Rodi  (10)  and  are  generally  accepted  as  standard 
values.  Table  1  shows  that  different  authors  have 
adopted  somewhat  different  values  for  these  high- 
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Table  2:  Equations,  constants  and  functions  for  the  model  of  Wilcox  and  Traci 


It  is  seen  that  the  models  differ  from  their 
basic  versions  by  inclusion  of  viscous  diffusion  and 
functions  f  to  modify  the  constants  c  which  were 
found  to  be  adequate  for  high-Reynolds-number  flows. 
Also,  some  authors  introduce  additional  terms,  den¬ 
oted  by  D  and  E,  mainly  to  improve  the  near  wall 
behaviour.  In  the  subsequent  paragraphs  the  different 
proposals  are  examined  in  the  light  of  physical  and 
experimental  evidence. 

a)  The  k-c  Group  of  Models 

Consider  first  the  seven  modifications  to  the  k- 
e  model  listed  in  Table  1.  The  first  entry  indicates 
the  constants  associated  with  the  basic  high-Reynolds- 


Reynolds-number  flow  constants  in  addition  to  making 
other  modifications.  These  differences  may  be  quite 
significant  insofar  as  they  may  contribute  to  the 
overall  performance  of  the  low-Reynolds-number 
version.  Extensive  calculations  of  free  shear  layers 
by  Launder  et  al.  (11)  indicate  that,  at  least  for 
those  flows,  the  results  are  indeed  very  sensitive  to 
the  precise  values  of  c  and  c  . 

The  various  "lov-Re^no Ids— number"  functions  and 
correction  terms  D  and  E  in  Table  1  are  discussed  to¬ 
gether  with  the  boundary  conditions  for  k  and  e  at  a 
wall  since  they  are  intricately  related.  Consider 
first  the  function  f  modifying  the  Prandtl- 
Kolmogorov  relation. wSuch  a  function  is  necessary  to 
account  for  the  two  separate  effects  mentioned  in  the 


1.2 


Introduction,  namely  those  of  low  turbulence  Reynolds 
number  and  wall  proximity.  One  may  therefore  expect 
f  to  depend  upon  Che  turbulence  Reynolds  number,  R^ 
a&d  the  nondimensional  distance  from  the  wall  R  or1 
R  .  Most  authors  however  use  only  a  single  parameter 
iX  f  . 

^.11  though  reliable  turbulence  data  very  close  to 
a  wall  are  not  available  to  establish  f  directly, 
some  information  can  be  obtained  from  aK  examination 
of  the  boundary  conditions  at  a  solid  wall.  On  the 
basis  of  such  considerations,  Hinze  (13)  has  deduced 

that _ 

u’v*  -  A’y 2  +  B’y 3 

\)  ~  Ay3  +  By1* 

where  the  coefficients  depend  upon  the  gradients  of 
the  velocity  fluctuations  at  the  wall.  There  is  some 
evidence  that  A  is  negligible  in  flows  which  do  not 
vary  in  the  streamwise  direction,  and  that  U  ~y4, 
in  conformity  with  van  Driest’s  damping  function  for 
V  .  In  general,  however,  Hinze  suggests  that  V  ~y3. 

It  is  interesting  to  see  how  the  different  f  -functions 
•  u 

compare  with  these  observations. 

Since  the  velocity  fluctuations  vanish  at  the 
wall,  simple  Taylor  series  expansion  shows  that 

kw  "  ^  ’  0  and  k  '  y2 

1  w 

and  the  expression  for  the  dissipation  at  the  wall 
reduces  to 

indicating  e  to  be  finite  at  the  wall.  Using  the  data 
of  Kreplin  and  Eckelmann  (14),  this  wall  value  may  be 
estimated  as 


The  exponents  x  in  v^-y  implied  by  the  various 
models  may  be  obtained  by  expanding  the  corresponding 
f  function  in  a  power  series.  These  are  listed  in 
T&ble  3.  It  is  seen  that  three  of  the  models  do  not 
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Table  3:  Values  of  the  exponent  x  in  v  ~y  for 
the  different  models 

With  regard  to  the  dissipation  at  the  wall,  most 
models  employ  e  “0, following  the  suggestion  of  Jones 
and  Launder,  who  cited  "decisive  computational 
advantages"  as  the  reason  for  this  change.  Since  this 
makes  the  k-equation  inconsistent  at  the  wall,  Jones 
and  Launder  added  a  tens  D  (see  Table  1)  and  pointed 
out  that  c  should  not  then  be  identified  with  the 
physical  dissipation,  at  least  in  the  wall  region. 

The  need  for  the  addition  of  an  arbitrary  term  in  the 
k-equation  can  be  avoided  if  the  finite  value  of  £ 
is  incorporated  as  a  boundary  condition  in  the 
solution  procedure,  as  is  done  by  Lam  and  Bremhorst. 
One  possibility  which,  to  the  authors’  knowlegde,  has 
not  been  considered  so  far,  is  to  set  the  gradient  of 
£  to  zero  at  the  wall  so  that  c  is  determined  as  a 
part  of  the  solution.  The  performance  of  such  a 
boundary  condition  has  been  explored  in  connection 


with  the  model  of  Lam  and  Bremhorst  (LB  )  in  the 
present  work. 

The  function  f,  is  introduced  to  serve  two 
purposes.  First,  it  attempts  to  incorporate  genuine 
low  Reynolds  number  effects  in  the  destruction  term. 
The  physical  basis  for  this  is  provided  by  experiments 
in  the  final  period  of  the  decay  of  isotropic  grid 
turbulence.  The  second  purpose  is  to  ensure  consisten¬ 
cy  of  the  e-equation  at  the  wall  with  the  assumed  e^ 
boundary  condition.  A  finite  non-zero  value  of 
would  require  f2~y2  in  the  absence  of  the  additive 
term  E.  As  noted  earlier,  however,  most  models  employ 
e  «0;  f 2  may  then  take  any  value  at  the  wall  and  it 
sKould  not  be  necessary  to  add  an  extra  term  such  as 
E.  If  a  finite  wall  value  of  e  is  used  without 
additional  term  E  in  the  equation,  then  f^  must  tend 
to  zero  at  the  wall.  It  is  seen  that  the  models  of 
Lam  and  Bremhorst  and  Reynolds  accomplish  this  in 
different  ways;  the  former  by  simply  omitting  the 
factor  0.3  in  the  function  of  Jones  and  Launder,  and 
the  latter  by  choosing  f2=g(RT> 'h(Ry) .  It  should 
be  noted  that  the  model  of  Reynolds  has  not  been  used 
thus  far  making  low  Reynolds  number  flow  calculations, 
partly  because  a  constant  in  the  h  function  is  not 
specified;  we  have  set  h  equal  to  f  in  the  calculat¬ 
ions  since  this  incorporates  the  influence  of  wall 
proximity.  Finally,  we  note  that  Dutoya  also  retains 
the  influence  of  the  wall  on  the  destruction  term  in 
the  e-equation  by  a  function  involving  the  Tavlor- 
microscale,  approximated  by  X  “TTOvk/E,  which  serves 
to  reduce  the  destruction  of  e. 

Three  different  proposals  have  been  made  for  the 
additional  term  D  in  the  k-equation,  all  giving  the 
same  value  at  the  wall.  A  word  of  caution  is  needed 
with  regard  to  the  use  of  the  formulation  of  Jones 
and  Launder.  This  term  can  be  discretized  starting 
from  three  different  expressions: 


,8k.  2  _  1  ,1  3k.  2  _  1  u,3k.2 

2w(^)  2  w(r  ^  -  2kV 

and  calculations  show  that  the  manner  in  which  this 
is  done  influences  the  results  appreciably.  There¬ 
fore,  simpler  formulations,  such  as  those  of  Hassid 
and  Poreh  and  Chien,  may  be  preferable  from  a 
numerical  standpoint. 

Table  1  shows  that  several  models  employ  an 
additional  empirical  term  E  and/or  function  f^  in  the 
E-equation.  Although  their  physical  basis  is  not  en¬ 
tirely  clear,  their  near  wall  behaviour  can  be  exami¬ 
ned.  Starting  with  the  model  of  Jones  and  Launder,  it 
is  seen  that  E  is  zero  in  the  viscous  sublayer  of  a 
flat  plate  boundary  layer  and  decreases  as  y1*  in 
the  log-region.  Consequently,  the  maximum  is  located 
in  the  buffer  layer.  The  term  is  then  likely  to  increa¬ 
se  the  dissipation  rate  there,  resulting  in  a  lower 
enerf  -  peak.  In  the  models  of  Hassid  and  Poreh  and 
Chien,  the  E-terms  allow  e  to  grow  quadratically  with 
distance  from  the  wall.  An  argument  cited  for  this  is 
that  the  length  scale,  L»k3/2/c  then  becomes  linear 
in  y  in  the  neighborhood  of  the  wall  in  agreement  with 
some  experimental  and  numerical  evidence. 

Two  of  the  models  under  consideration,  namely 
those  of  Dutoya  and  Lam  and  Bremhorst  incorporate  a 
function  f^  in  the  generation  term  in  the  £-equation. 
Dutoya  reduces  the  generation  of  e  as  a  function  of 
the  Reynolds  number  and  increases  it  in  the  vicinity 
of  the  wall.  The  f. -function  of  Lam  and  Bremhorst  can 
not  readily  be  assessed  since,  as  noted  above,  the 
model  is  used  with  an  E-boundary  condition  different 
from  the  others.  However,  the  effect  of  f.  is  to  raise 
generation  of  £  in  order  to  keep  the  k-distribution 
in  accordance  with  measurements. 
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b)  The  Model  of  Wilcox  and  Traci  (9) 

The  basic  equations  of  this  model  are  cited  in 
Table  2.  It  is  seen  that  Wilcox  and  Traci  employ  an 
equation  somewhat  similar  to  the  k-equation  for 
determining  the  velocity  scale  in  the  eddy  viscosity. 
However,  they  interpret  k  as  a  "mixing  energy"  which 
is  more  closely  related  to  the  normal  component  of 
the  Reynolds  stress,  viz  k  ~  9/2  v’2.  Since  a  direct 
relationship  with  the  turbulent  kinetic  energy  is  now 
absent  it  is  difficult  to  make  comparisons  with 
conventional  turbulence  measurements.  The  same  is 
true  for  the  length-scale  determining  variable  w, 
which  is  a  product  of  a  "pseudo-vorticity"  tu 
and  the  local  density.  Wilcox  and  Traci  extended 
Saffman’s  (15)  original  proposal  for  a  (^-transport- 
equation  by  adding  an  extra  term  E,  named  gradient 
dissipation,  which  stems  from  a  comparison  with  the 
e-equation.  The  structual  difference  between  the  k-e 
and  k-w  models  lies  in  the  way  the  production  term  in 
the  k-equation  is  treated.  Wilcox  and  Traci’s 
production,  c  1/23u/3y  implies  the  use  of  structural 
similarity  rather  than  the  eddy— viscosity  hypothesis. 
However,  as  Reynolds  (8)  has  pointed  out,  this  might 
be  advantageous,  since  it  reflects  the  experimental 
observation  that  the  near-wall  turbulence  structure 
is  virtually  independent  of  the  mean  rate  of  strain. 
Examination  of  the  constants  in  Table  2  shows  that 
these  are  not  grossly  different  from  those  used  in 
the  k-e  models.  Wilcox  and  Traci’s  eddy-viscosity 
formula  shows  that  unlike  all  k-e-type  models  it  does 
not  contain  a  low  Reynolds  number  function.  This 
suggests  that  viscous  and  wall-proximiry  effects  are 
incorporated  indirectly  in  the  k  and  v2-equations.  It 
is  noteworthy  that  only  two  functions,  f  and  f  ,  are 
required  in  this  model,  both  decreasing  the  pro¬ 
duction  rates  in  the  transport  equations  as  a  func¬ 
tion  of  a  turbulence  Reynolds  number.  Leaving  f  «1.0 
means  that  the  model  cannot  simulate  the  decay  of 
grid  turbulence  in  the  late,  viscosity-dominated 
stages. 

The  boundary  conditions  for  this  model  present 
some  interesting  questions.  In  the  k-c  approach  they 
are  more  or  less  fixed  by  the  known  behaviour  of  the 
physical  quantities.  In  the  Wilcox  and  Traci  model 
this  is  not  feasible  and  hence  greater  freedom  can  be 
exercised  in  setting  these  values.  In  fact  the 
boundary  value  of  w  at  the  wall  is  made  a  function  of 
parameters  like  roughness  and  blowing/suction  rates, 
whereas  physical  arguments  would  require  w-*»  at  the 
wall,  independent  of  the  particular  flow. 

c)  Concluding  Remarks 

The  foregoing  summary  of  the  various  models 
shows  that  most  modifications  to  the  basic  high 
Reynolds  number  turbulence  models  lack  sound  physical 
basis,  although  some  rely  upon  internal  consistency 
of  the  equations  near  a  solid  boundary.  In  the  • 
absence  of  reliable  pertinent  data,  support  for  the 
models  is  provided  largely  by  comparisons  of  the 
results  with  the  gross  parameters  of  shear  flows. 
However,  a  review  of  the  literature  indicates  that 
only  two  of  these,  namely  the  models  of  Jones  and 
Launder  and  Wilcox  and  Traci,  have  been  used 
extensively.  The  former  has  been  used  over  a  nuch 
larger  class  of  flows,  including  free  shear  layers, 
while  the  latter  has  been  employed  primarily  for 
boundary  layers  with  special  emphasis  on  compressible 
flows.  Additional  comparative  tests  of  the  other 
models  are  thus  required  to  determine  if  they 
represent  significant  improvements. 


III.  SELECTION  OF  TEST  CASES 

Before  describing  the  results  of  the  calcu¬ 
lations,  it  is  necessary  to  discuss  two  aspects  which 
may  influence  the  conclusions.  The  first  concerns  the 
criteria  by  which  success  or  failure  is  tc  be  judged. 
Among  those  considered  important  are  the  following: 
(a)  the  model  should  reproduce  results  of  the  parent 
high-Reynolds-number  model  for  flows  which  are  not 
dominated  by  low-Reynolds-number,  and  (b)  the  model 
predictions  in  the  wall  region  and  for  flows  in  which 
low-Reynolds-number  effects  are  present  should  show 
acceptable  agreement  with  the  available  experimental 
evidence.  While  we  shall  elaborate  upon  these 
criteria  later  on,  they  raise  the  second  question, 
namely  that  of  selecting  the  test  cases  against  which 
all  calculations  are  to  be  compared.  In  the  present 
study,  attention  is  focussed  upon  incompressible  two- 
dimensional  boundary  layers,  and  calculations  have 
been  performed  for  the  following  test  cases: 

1.  Flat  plate  boundary  layer,  Wieghardt  and 
Tillmann  (16) 

2.  Equilibrium,  adverse  pressure  gradient 
boundary  layer,  Anderson  et  al.  (171 

3.  Strong  adverse  pressure  gradient  boundary 
layer,  Samuel  and  Joubert  (18) 

4.  Strong  favorable  pressure  gradient 
(relaminarizing)  boundary  layers: 

(a)  Simpson  and  Wallace  (19) 

(b)  Patel  and  Head  (20) 

It  should  be  noted  that  all  data  sets,  with  the 
exception  of  2)  and  4b)  have  also  been  selected  as 
test  cases  at  the  1980-81  Stanford  Conference  after 
careful  review  of  the  data  for  completeness  and 
reliability.  The  choice  of  the  first  three  for  the 
present  work  is  guided  by  the  first  criterion.  The 
relaminarizing  flows  have  been  selected  since  they 
are  obviously  dominated  by  wall  proximity  and  low- 
Reynolds-number  effects. 

IV.  CALCULATION  PROCEDURE 

The  numerical  method  used  is  an  adapted  version 
of  the  implicit  marching  procedure  of  Patankar  and 
Spalding  (21). 100  cross-stream  grid  nodes  were  used 
to  obtain  grid-independent  solutions  and,  for  an 
accurate  representation  of  the  large  gradients  in  the 
vicinity  of  the  ^all,  roughly  half  of  those  were 
located  within  y  <50.  At  the  beginning  of  the 
calculations  the  first  grid  point  was  normally 
located  at  y+  •  0.2  and  it  was  ensured  that  this 
value  did  not  exceed  y+  *  4  in  the  course  of  the 
computation. 

The  streanwise  step-size  was  taken  as  0.25  8, 
where  9  is  the  momentum  thickness.  In  order  to 
resolve  changes  in  the  viscous  sublayer,  the  maximum 
streamwise  step-size  was  restricted  to  five  sublayer 
thicknesses,  i.e.  Ax<25v/u  . 

Initial  profiles  for  the  mean  velocity  were 
usually  obtained  by  curve-fits  to  the  available  data. 
A  representative  flat-plate  distribution  was  used  for 
the  k-profile.  The  starting  condition  for  the  rate  of 
dissipation  c  was  generated  from  a  formula  given  by 
Hassid  and  Poreh  (see  Gibson  et  si.,  22).  In  general 
the  initial  conditions  exerted  a  minor  influence  on 
the  results. 

The  calculations  were  carried  out  on  a  BURROUGHS 
B7700  computer.  Computation  times  per  step  were  of 
the  order  of  0.15  s,  with  little  difference  between 
the  various  models,  as  could  be  concluded  also  from 
Tables  1  and  2,  because  all  involve  about  the  same 
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number  of  arithmetic  operations.  This  observation  is 
at  variance  with  those  of  Hoffman  and  Chien  who  re¬ 
ported  large  differences  in  computation  times  between 
their  model  and  that  of  Jones  and  Launder. 

V.  RESULTS  AND  DISCUSSION 

Figures  1,2,3  show  the  results  of  the  cal¬ 
culations  for  the  simplest  test  case,  namely  the 
flat-plate  boundary  layer.  The  model  of  Reynolds  is 
not  included  since  it  did  not  yield  consistent 
results  due  to  the  uncertainty  mentioned  earlier.  In 
the  interest  of  brevity,  the  comparisons  are  limited 
to  the  skin-friction  coefficient,  the  velocity 
profiles  in  wall  coordinates  and  the  distribution  of 
turbulent  kinetic  energy  in  the  near-wall  region.  The 
skin-friction  data  in  Figure  1  are  deduced  from  the 
measurements  of  Wieghardt.  Figure  2  includes  the 
generally  accepted  semi-logarithmic  law,  while  Figure 
3  shows  the  data  of  Kreplin  and  Eckelmann  in  channel 
flow.  Coles  (23),  in  a  review  of  near-wall  turbulence 
measurements,  favors  the  data  of  Kreplin  and  Eckel¬ 
mann  as  more  reliable  among  the  many,  rather 
scattered,  data  sets.  Moreover,  these  represent  an 
average  of  the  available  measurements.  They  are 
included  here  more  as  a  guide  than  as  a  basis  for 
strict  comparison. 
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Figure  2:  Calculated  velocity  profiles  |t  different 
R|ynolds-jumbers,  lines  are  u  “y  and 
u  “  1  /  K  Lny  +c,»c  “0.418,  c“  5.5 
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Figure  1:  Measured  and  calculated  skin  friction 

coefficient  for  a  flat  plate  boundary  layer 

It  is  obvious  from  the  figures  that  there  is 
considerable  diversity  among  the  results  of  the 
various  models.  Figures  1  and  2  show  a  strong 
correlation  between  the  ability  of  a  model  to 
reproduce  the  standard  law  of  the  wall  and  the 
corresponding  prediction  of  the  wall  shear  stress. 
Thus,  for  example,  the  overshoot  in  the  law  of  the 
wall  in  DU  and,  to  lesser  extents  in  VT  and  JL, 
results  in+an  under-estimation  of  c,.  The  siodels  of 
HP,  LB,  LB  confirm  this  correlation  with  results  in 
the  opposite  direction.  The  HO  model  gives  a  very 
small  logarithmic  region  and  rather  peculiar  profile 
shapes  in  the  outer  layer,  due  presumably  to  the  use 
of  the  large  diffusion  coefficients.  The  best  fit  to 


Figure  3:  Measured  and  calculated  turbulent  kinetic 
energy  profiles  in  the  near  wall  region 
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the  law  of  the  wall  is  achieved  by  CH  and  then 
c,  is  predicted  quite  accurately.  This  consistency  is 
all  the  more  important  in  establishing  the  successful 
features  of  the  models  in  view  of  the  fact  that  c^ 
has  been  determined  for  each  case  from  the  slope  of 
the  velocity  profile  at  the  wall  and  not  by  recourse 
to  the  logarithmic  region.  Figure  3  shows  that  the 
shape  of  the  turbulent  kinetic-energy  distribution  is 
better  predicted  by  those  models  which  yield  good 
agreement  with  respect  to  the  wall  law  and  c^,  with 
the  exceptions  of  WT  and  JL.  The  former  is  not 
surprising  in  view  of  the  uncertainty  concerning  the 
relationship  between  k  and  the  "mixing-energy"  in  the 
WT  model.  The  poorer  performance  of  the  JL  model,  on 
the  other  hand,  remains  inexplicable  although  a 
possible  source  is  the  additional  terms  D  and  E  in 
the  model  equations  and  the  manner  in  which  D  is 
discretized.  It  is  also  apparent  from  Figure  3  that 
none  of  the  models  fit  the  channel  data  o|  Kreplin 
and  Eckelmann  but  the  results  with  LB,  LB  and  uH 
show  fair  agreement  with  the  location  and  magnitude 
of+the  energy  maximum.  Finally,  the  results  of  LB  and 
LB  ,  obtained  with  the  different  c  boundary  conditions 
at  the  wall  discussed  earlier,  are  identica^.  Since 
the  zero  gradient  condition  at  the  wall  (LB  ) 
is  easier  to  apply  in  numerical  solutions,  and  was 
found  to  yield  V£  /u  11  in  good  agreement  with  the 
experimental  value,  this  boundary  condition  has  been 
used  in  all  subsequent  calculations  with  the  LB 
model . 

The  foregoing  results  indicate  that  not  all  of 
the  available  low-Reynolds-number  models  reproduce 
the  most  basic  features  of  a  flat-plate  boundary 
la^er.  Only  the  more  promising  models,  namely  JL,  CH, 

LB  and  WT,  will  therefore  be  discussed  in  the 
context  of  the  remaining  test  cases. 

The  results  for  the  second  test  case,  namely  an 
equilibrium  boundary  layer,  are  shown  in  Figure  A. 

Also  included  here  are  the  calculations  with  the  high 
Revnolds-number  version  of  the  k-C  model  in  which 
wall-functions  have  been  applied  at  y+  =  50.  It  js 
seen  that  the  three  k-E  based  models  (CH,  JL,  LB  ) 
all  lead  to  an  over-estimation  of  c^  by  as  much  as 
50%.  The  shape  parameters  G  (and  H,  not  shown)  are 
correspondingly  lower  than  the  experimental  values. 

The  WT  model  yields  the  best  results  although  the  c^ 
is  still  over-predicted  by  about  15%.  It  is  inter¬ 
esting  to  note  that  all  models  predict  nearly 
constant  shape  parameters  beyond  x  *  0.6  m.  Thus,  a 
different  equilibrium  flow  is  predicted  in  each  case. 

From  Figure  5  it  is  evident  that  the  performance 
of  the  four  models  in  an  adverse  pressure  gradient 
boundary  layer  is  somewhat  similar  to  that  observed 
in  equilibrium  flow  insofar  as  the  skin  friction  is 
over-estimated  and  the  velocity  profiles  in  wall 
coordinates  shows  systematic  departures  from  the  ex¬ 
perimental  data.  From  the  profiles  it  appears  that 
the  various  functions  introduced  to  account  for  wall 
proximity  and  low  Reynolds-number  effects  continue  to 
operate  deep  into  the  full  turbulent  (logarithmic) 
part  of  the  boundary  layer.  The  rather  large 
differences  in  the  wake  component,  on  the  other  hand, 
may  be  attributed  to  an  inadequacy  of  the  length- 
scale  determining  equations  in  the  parent  high- 
Reynolds-number  models. 

The  results  of  the  calculations  for  the  two 
favorable  pressure  gradient  boundary  layers  are  shown 
in  Figures  6  and  7.  Recall  that  the  low-Reynolds- 
number  model  were  constructed  primarily  to  describe 
such  flows  since  the  accelerations  lead  to  a 
reduction  in  the  Reynolds  number,  thickening  of  the 
sublayer  and  eventual  relaminarization.  Figure  6 
indicates  again  the  tendency  of  all  models  to  over- 
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Figure  A:  Comparison  of  model  results  with  the  data 
of  Anderson  et  al. 


Figure  5:  Comparison  of  model  results  with  the  data  of 
Samuel  and  Joubert,  a)  skin  friction  coef¬ 
ficient;  b)  velocity  profiles  at  x«3.Am 
(key  as  for  Fig.  A) 
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Figure  6:  Comparison  of  model  results  with  the  data 
of  Simpson  and  Wallace,  a)  skin  friction; 
coefficient;  b)  velocity  profiles  at 
x=4.604n  (key  as  for  Fig.  4) 


Figure  7:  Comparison  of  model  results  with  the  data 
of  Patel  and  Head  (key  as  for  Fig.  4) 

predict  c,  in  the  case  of  Simpson  and  Wallace,  The 
calculated  velocity  profiles  now  show  a  departure 
from  the  usual  law  of  the  wall  as  indicated  by 
experiments  but  the  predicted  thickening  of  the 
sublayer  is  not  as  rapid  as  that  observed  in  the 
experiments.  In  the  case  of  Patel  and  Head  (s.  Fig. 
7),  where  the  acceleration  is  more  severe,  the  cal¬ 
culations  with  three  of  the  models  show  fair  agree¬ 
ment  with  the  data.  In  particular,  the  initial  in¬ 
crease  in  c{,  and  the  subsequent  decrease,  associated 


with  relaminarization,  are  reproduced  quite  well.  The 
accompanying  decrease  and  increase  in  the  shape 
parameter  (not  shown  here)  are  also  predicted  with 
satisfactory  accuracy. 

VI.  CONCLUSIONS 

The  results  presented  here  are,  for  reasons  of 
brevity,  somewhat  limited  with  respect  to  the  details 
such  as  the  velocity-profile  shapes  and  turbulence 
parameters.  Nevertheless,  they  are  sufficient  to 
indicate  clearly  the  relative  performance  of  the 
various  models  that  have  been  proposed  to  describe 
the  near  wall  flow.  It  is  clear  that  not  all  of  the 
models  considered  here  yield  satisfactory  results. 

From  an  examination  of  the  results  for  all  the  test 
cases  as  a  whole,  it  appears  that  the  models  of  Chien 
(2)  and,  to  some  extent,  Lam  and  Bremhorst  (7)  based 
on  the  k-e  model,  and  that  of  Wilcox  and  Traci  (9), 
yield  comparable  results  and  perform  considerably 
better  than  the  others.  However,  even  these  need 
further  refinement  if  they  are  to  be  used  with 
confidence  to  calculate  near-wall  and  low-Reynolds- 
number  flows.  The  calculations  presented  thus  far 
suggest  that  the  performance  of  these  models  can  be 
improved  by  modifications  that  ensure  the  reproduction 
of  the  law  of  the  wall  over  a  range  of  pressure 
gradients  for  which  the  boundary  layer  remains 
turbulent  and  selecting  damping  functions  whose 
influence  is  restricted  only  to  the  sublayer  and  the 
buffer  zone.  The  former  would  undoubtedly  imply 
changes  on  the  existing  length-scale  determining 
equation. 
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ABSTRACT 

We  study  the  reorganization  of  a  turbu¬ 
lent  flow  wich  becomes  suboritical  after  a  sin¬ 
gularity  (Re  =  1700).  We  mesure  velocity  gra¬ 
dient  at  the  wall  and  velocity  in  the  core  ; 
we  use  mainly  electrochemical  method. 

Simultaneous  measurements  at  different 
points,  at  the  wall  or  in  the  flow,  allows  a 
spatio-temporal  description  of  this  flow  ;  it 
shows  the  main  mechanisms  of  degradation  of  tur¬ 
bulent  energy,  with  their  typical  scales  j  it 
leads  us  to  expect  the  insulation  of  turbulent 
structures  in  a  more  and  more  coherent  flow. 

A  conditional  analysis  of  velocity  profiles  gi¬ 
ven  by  a  multiple  anemometric  probe  shows  the 
development,  evolution  and  vanishing  of  these 
structures  during  reorganization,  until  obtai¬ 
ning  of  a  POISEUILLE  flow.  Comparison  of  the 
results  obtained  dowstream  enlargments  with 
different  angles  shows  that  the  mechanisms 
previously  described  are  characteristic  of 
any  turbulent  degradation  in  a  pipe . 

NOMENCLATURE 


d  diameter  of  the  pipe  «, 

e(f)  spectral  density  of  energy 

E(kJ  spectral  density  of  energy  ,  4 

f  frequency  of  fluctuations  * 

i  intensity  of  electric  current 

$  intercorrelation  coefficient 
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*■*.*)*  z&iMZZSSEin*) 
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k;2  7rf/U  wave  number 

Lx  Integral  longitudinal  scale  of  turbulence 

P  Probability  of  occurence  of  class?.  S„  and  -S. 

6 

ft  Rate  of  flow 

Re  REYNOLDS  number 

S  Wall  velocity  gradient 

eg>  Mean  duration  of  life  of  a  class  S 
U  Instantaneous  longitudinal  velocity 

U  Mean  value  of  longitudinal  velocity 

u  fluctuation  of  longitudinal  velocity 

Mean  velocity  (spatial) 
longitudinal  convection  velocity 

x  distance  from  singularity 

y  „  distance  from  the  wall 

y*=  reduced  distance  from  the  wall 

S^t  Q  J  U  • U  nJv  asymmetry  of  flow  rate 
2r  ^ 

J  «  -j —  reduced  distance  from  the  axis 
v>  kinematic  viscosity 

c r={u‘/U  relative  intensity  of  turbulence 

Z  incremental  lag 

ff  azimuthal  angle 

X«-j-  reduced  distance  from  singularity 
INTRODUCTION 

The  reorganization  from  turbulent  to  lami 
nar  flow  in  a  pipe  has  already  been  the  purpose 
of  some  experimental  studies,  among  which  we  re 
fer  to  those  of  LAUFER  (l),  SIBULKIN  (2)  and 
LEFORT  (5).  In  each  case,  the  law  of  decrease 
of  turbulent  intensity  into  the  flow  was  given 


Principle 


Fig.  1  Polarographic  method  :  principle  and 
applications. 


and  evolution  of  the  spectral  distribution  of 
turbulent  energy  during  reorganization  was  no¬ 
ted.  From  these  works,  it  was  possible  to  give 
the  length  necessary  to  obtain  the  establish¬ 
ment  of  a  laminar  flow  and  to  show  which  para¬ 
meters  give  a  good  description  of  the  evolution 
toward  this  state.  If,  from  an  Eulerian  descrip¬ 
tion,  these  works  show  a  continuous  degradation 
of  the  turbulent  energy,  spectral  analysis  exhi¬ 
bits  an  unsteady  phase  of  the  velocity  fluctua¬ 
tions  during  regorgani ration  (4).  A  Lagrangian 
description  made  by  use  of  many  parietal  elec¬ 
trochemical  probes  and  one  velocity  probe  in  such 
a  flow  (5)  shows  the  coexistence,  during  reorga¬ 
nization,  of  two  kinds  of  domains,  one  corres¬ 
ponding  to  a  frozen  flow  and  the  other  having 
features  of  turbulence.  In  order  to  develop  this 
hypothesis,  we  have  followed  the  development  and 
history  of  these  domains,  by  reading  the  infor¬ 
mations  given  simultaneously  by  eleven  velocity 
probes,  distributed  over  a  same  diameter  of  the 
pipe. 

EXPERIMENTAL  SET  UP 

It  was  already  described  in  a  precedent 
paper  (5)  ;  it  gives  in  the  upstream  pipe  (dia¬ 
meter  !  1cm)  a  turbulent  flow,  fully  developed, 
at  a  REYNOLDS  number  equal  to  5100.  This  flow 
is  incompressible  (water  or  polarographic  solu¬ 
tion)  ;  it  enters  the  downstream  pipe  (diameter  : 
3  cm)  by  a  sudden  or  conical  enlargment.  In  this 
test  pipe  ,  we  study  the  reorganization  at  a 
REYNOLDS  number  equal  to  1700,  over  120  diame¬ 
ters  (X-120). 

After  preliminary  results  obtained  by  LDA 
or  hot  film  anemometry,  all  measurements  near 
the  wall  and  spatio-temporal  analysis  of  the 
flow  use  electrochemical  method.  This  was  first 
employed  for  wall  shear  stress  measurements  by 
EANRATTY  et  al.(6)  (7)  (8)  ;  it  was  also  deve¬ 
loped  in  our  Laboratory  by  LEBOUCHE  (9)  COGNET 
(10)  and  DELAGE  (ll).  The  intensity  i  of  the 
current  obtained  at  a  flush  mounted  electrode 
during  a  diffusion  controlled  reaction  allows 
the  determination  of  the  instantaneous  value  of 
the  wall  velocity  gradient  S.  Extented  to  the 
use  of  double  parietal  electrodes  and  of  coni¬ 
cal  probes  in  the  core,  this  method  gives  also 
the  direction  of  flow  near  the  wall  and  the 
velocity.  Figure  1  remind  the  main  applications . 
For  velocity  measurements,  it  must  be  noted  that 
the  current  is  proportional  to  the  1/3  power  of 
the  incident  velocity  (Stoke's  flow  around  the 
probe  induces  proportionality  between  shear 

stress  and  velocity).  We  never  took  account  of 
corrections  due  to  the  frequency  response  of  the 
electrodes  (  this  approximation  is  reasonable 
because  the  frequencies  of  all  fluctuations  are 
less  than  30  Hz  in  the  studied  region. 

GENERAL  DESCRIPTION  OF  THE  FLOW 

For  sections  near  the  enlargment,  the  use 
of  LDA  in  the  core  and  of  electrochemical  probes 
at  the  wall  allowed  us  to  show  the  development 
of  the  recirculating  zone  (5).  This,  very  uns¬ 
table  and  tridimensional, can  extend  as  far  as 
X  ■  5»  while  mean  position  is  located  at  X «  3>&. 
Downstream, examination  of  mean  velocity  (9)  and 
relative  turbulent  intensity  (<r)  profiles  gives 
us  an  inkling  of  three  main  stages  in  the  reor- 
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Fig.  2  General  characteristics  of  the  flow: 

a-  Scheme  of  mean  velocity  ■  -  and  of 

relative  turbulent  intensity---  —  profiles, 
b-  Spectral  analysis  of  axial  velocity  fluctu¬ 
ations. 


ganization.  A  diagram  of  the  profiles,  which  ma¬ 
gnifies  their  features,  i6  presented  on  figure 
2 -a  : 

-  downstream  the  expansion  cone  where  direct 
flow  cohabits  with  recirculating  one, as  far  as 

X  «20,  the  profiles  show  the  main  characteris¬ 
tics  of  a  turbulent  flow. 

-  on  the  other  hand,  for  distances  greater 
than  75  diamteres  from  the  enlargment,  we  obser¬ 
ve  a  progressive  reorganization  which  leads  to 
the  well  known  parabolic  profile.  The  turbulent 
level  is  then  lower  than  1  %  in  the  core. 

-  in  the  middle,  the  evolution  of  relative 
turbulent  intensity  profiles  show  a  considerable 
energetic  reorganization.  The  aspect  of  the  mean 
velocity  profiles  iB  more  complex  and  exhibits 
inflexion  points.  Analysis  of  velocity  histo¬ 
grams  leads  us  to  consider  that,  in  this  zone, 
exists  an  intermi ttency  between  two  types  of 
flows,  not  established  but  well  distinct. 

Spectral  analysis  of  the  velocity  fluctua¬ 
tions  is  summarized  on  figure  2-b.  It  is  pre¬ 
sented  in  nondimensional  space  yh  1=  ) 

This  analysis  confirms  the  distinction  of  the 
three  stages  previously  cited  : 

-  in  the  first  stage,  all  the  spectra  ob¬ 
tained  in  a  same  section  show  a  good  agreement 
with  the  empirical  formulations  recommended  for 
description  of  turbulent  flows.  They  recall  pro¬ 
duction  of  turbulent  energy  by  breaking  and  de¬ 
gradation  by  diffusion  in  the  core  and  viscous 
dissipation  near  the  wall. 

-  in  the  middle  stage,  this  agreement  is 
much  less  obvious  :  the  frequency  distribution 
on  the  axis  of  the  pipe,  similar  to  the  previous 
one,  is  quite  different  from  the  frequency  dis¬ 
tribution  near  the  wall.  If  we  note  that  viscous 
dissipation  exists  in  the  whole  section,  we  re¬ 
mark  also  that  the  spectra  show,  over  one  deca¬ 
de,  the  slope  -2  which  characterizes  unstable 
phenomena. 

-  far  downstream,  this  distribution  beco¬ 
mes  again  unvarying  in  the  section,  but  takes 
the  appearance  of  a  square  function,  which  we 
must  explain  by  missing  of  production  of  tur¬ 
bulent  energy. 

Statistical  analysis  of  the  fluctuations 
of  wall  velocity  gradient  summarizes  quite  well 
the  features  of  this  reorganization.  The  expo¬ 
nential  decreasing  of  a1  ,  up  to  X  «  75  is  in 
good  agreement  with  the  law  of  energetic  decrea¬ 
sing  already  known  near  the  wall  (5).  Neverthe¬ 
less,  the  evolution  of  skewness  and  flatness 
factors  shows  the  alteration  of  the  features  of 
the  wall  velocity  fluctuations,  between  X  «  ?0 
and  X  «  60.  The  spectra  of  these  fluctuations 
(see  figure  5)  remind,  up  to  X  =  20,  the  one 
of  turbulence  which  is  continuous.  For  X  «  50, 
they  send  back  the  unstable  character  of  the 
flow  ;  downstream,  they  show  a  downstep  function 
marked  by  a  preferential  frequency  band.  This 
last  cannot  be  imputed  to  a  periodic  pulsation 
of  the  flow  |  it  has  probably  his  origine  in 
the  aleatory  passage  of  structures  with  determi¬ 
ned  length,  which  will  be  shown  only  by  a  spa¬ 
tio-temporal  analysis. 

SPATIO-TEMPORAL  DESCRIPTION  OF  TEE  FLOW 

The  arrangement  of  the  electrochemical  pro¬ 
bes  allows  the  determination  of  intercorrelation 
functions  in  time,  which  connects  the  events  ob- 


Fig.  3  Fluctuations  of  wall  velocity  gradient  : 
Spectral  analysis  . 


exhibit  a  change  in  the  character  of  the  parietal 
flow.  Rapidly  (near  X  »  50),  a  propagation  mode 
of  the  disturbances  with  a  very  high  velocity 
takes  the  place  of  the  eddy  convection  (figure  4\ 
This  iB  characteristic  of  the  setting  up  of  a 
frozen  flow.  In  the  core,  this  second  mode  appears 
later  and  we  observe  this  mode  and  the  eddy  conve¬ 
ction  simultaneously.  The  respective  evolutions 
of  the  maxima  of  the  functions  §UB  show  that 
fields  containing  frozen  flow  spread  out  to  the 
detriment  of  turbulent  fields  (figure  5).  Eddy 
convection  is  more  and  more  confined  to  the  axis 
of  the  pipe  and  its  velocity  approximate  velocity 
on  the  axis  (figure  4).  During  this  transition  , 
we  attend  the  stabilization  of  the  integral  length 
scales  and  the  disappearing  of  the  radial  diffu¬ 
sion  . 

-Within  the  last  stage  of  the  reorganization, 
the  frozen  flow  get  settled  in  the  whole  annular 
zone.  Eddy  convection  is  still  disclosed  near  the 
axis,  but  its  character  is  much  less  marked  than 
this  of  the  frozen  flow.  In  this  stage,  the  deter¬ 
mination  of  the  length  or  time  scales  leads  to 
unsharp  results  by  the  fact  that  these  scales 
loss  their  meaning  in  such  a  flow. 


served  at  the  wall  on  two  points  of  a  given  ge¬ 
nerating  line  (5  )  or  those  observed  on  two 

points  of  the  wa?5  in  a  same  section  (3’Sj,),or 
those  observed  on  two  points  of  the  same  diame¬ 
ter  in  the  core  (9u^)  or  on  the  wall  and  in  the 
core  (9us).  The  determination  of  the  best  incre¬ 
mental  lags  and  of  the  corresponding  correlation 
coefficients,  as  fonctions  of  the  distance  bet¬ 
ween  two  probes,  allows  the  calculation  of  the 
velocities  of  the  perturbations  and  a  valuation 
of  their  zone  of  influence. 

-Thus, within  the  first  stage  of  the  reorga¬ 
nization  (X<25),  we  can  show  that  the  velocity 
of  axial  propagation  of  the  disturbances  is 
almost  constant  in  the  whole  section  and  is  ob¬ 
served  from  the  wall  itself  ;  it  corresponds  to 
an  eddy  convection  of  which  group  velocity  is 
equal  to  0.9  time  the  mean  velocity.  The  evolu¬ 
tion, with  y  ,  of  the  best  incremental  lag  of  the 
functions  9US  and  9u?  can  he  interpreted  as  a 
radial  convective  diffusion.  Oriented  from  the 
core  toward  the  wall,  it  is  disclosed  only  in 
this  stage  of  the  reorganization  and  its  veloci¬ 
ty  is  equal  to  0.1  time  the  mean  velocity. 

-Within  the  middle  stage,  (25<X<75)»  the 
measurements  of  axial  velocity  of  propagation 


Fig.  4  Axial  velocity  of  propagation  i 

•  Wall  measurements  , 

•  Wall-Core  measurements  . 


Fig.  5  Transversal  intercorrelation  us 
for  X  -0  and  y*-0.5 


The  compiling  of  the  coei '"icients  3U-  measu¬ 
red  without  lag  for  different  values  of  'tj'and  X 
gives  space  correlation  functions  along  some  diame¬ 
ter  of  the  pipe.  Thj  study  allows  the  determina¬ 
tion  of  the  transversal  length  scales  of  the  per¬ 
turbations  ;  it  alBo  reveals  the  general  organi¬ 
zing  of  the  flow.  The  result  of  this  description 
seems  to  be  that,  in  the  middle  stage,  particu  - 
larly  between  X  -40  and  X  -70,  the  registered 
disturbances  inside  the  flow,  at  -1/3  ,  are  such 
than  they  oblige  the  surrounding  flow  to  organize 
itself  around  them.  At  these  distances,  the  axial 
scales  are  large  and  the  frequencies  of  the 
fluctuations  quite  low.  Then  ,  we  can  think  that, 
in  this  region,  the  flow  is  disturbed  by  long 
unsymmetrical  structures  of  which  effect  must  be 
observable  on  the  velocity  profiles  . 
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CONDITIONAL  ANALYSIS  OP  THE  VELOCITY  PROFILES 


Fig.  6  Classification  of  velocity  profile, 
for  X  =  39 


a-  probability  of  occurence  of  asymmetrical  flov 
b-  mean  duration  of  asymmetrical  flow 
c-  asymmetry  of  flow 

d-  fluctuations  of  the  overall  velocity. 


The  eleven  probes  velocimeter,  with  his 
original  conditionning,  gives  an  off  line  resti¬ 
tution  of  the  evolution  with  time  of  the  instan¬ 
taneous  velocity  profiles,  for  a  given  diameter. 
Downstream  the  sudden  enlargment,  the  visualiza¬ 
tion  of  these  profiles  confirms  that  they  exhi¬ 
bit  unsymmetrical  deformations,  more  or  less  du¬ 
rable  and  of  variable  significance,  according 
to  the  observation  abcissa.  Besides,  we  noticed 
that  they  lead  to  admit,  for  the  mean  velocity, 
slow  fluctuations  of  which  amplitude  is  changing 
whith  the  abcissa  (fig.  7-d).  This  result  is  not 
consistent  with  the  law  of  continuity  and  we 
are  then  obliged  to  consider  that  the  distur¬ 
bances  are  generated  by  the  travelling  of  struc¬ 
tures  with  variable  sizes  and  of  which  observa¬ 
tion  from  a  diameter  of  the  pipe  is  incomplete. 
For  determine  their  arrangement,  we  have  nor¬ 
malized  each  profile  by  his  mean  velocity  and, 
after  difference  with  the  mean  profile,  we  ha¬ 
ve  divided  the  results  in  four  classes (fig. 6): 

-  two  classes  S+  and  S-  which  correspond 
to  asymmetrical  profiles 

-  the  class  L  exhibits  over-velocity  near 
the  axis 

-  the  class  T  exhibits  over-velocities  near 
the  wall. 

Then,  we  have  essentially  studied  the 
probability  of  occurence  and  duration  of  life 
qf  the  S  classes  Upstream  X  «  20,  the  turbulent 
level  of  the  flow  does  not  allow  any  reading 
of  this  conditional  analysis. 

Downstream  this  abscissa,  the  increasing 
probability  of  occurence  of  asymmetrical  flow 
(fig.  7-a)  corresponds  to  the  transversal  sprea¬ 
ding  of  the  whirling  structures.  Simultaneously, 
we  note  (figure  7-b)  a  very  important  increas¬ 
ing  of  the  mean  duration  of  these  periods  ; 
this  is  the  result  of  a  lengthening  of  the  struc 
tures, which  can  be  explained  only  by  their  coa¬ 
lescence.  Beyond  70  diameters,  the  opposite 
phenomena  must,  in  return,  reflect  the  breaking 
of  the  structures,  which  is  probably  due  to  a 
too  weak  energetic  level.  Indeed,  when  we  stu¬ 
dy  the  evolution  of  the  asymmetry  of  flow  obser¬ 
ved  in  the  wake  of  area  which  shows  overveloci¬ 
ty,  we  notice  (fig.  7-c)  the  decreasing  of  this 
quantity  during  the  last  stage  of  the  reorgani¬ 
zation.  Then,  we  may  think  that  the  axial  and 
orthoradial  spreading  of  the  structures  occurs 
with  some  degradation  of  their  properties  and 
that  they  disappear  inside  the  reorganized  fro¬ 
zen  flow.  In  order  to  know  if  these  structures 
are  typical  of  such  kind  of  singularity  and  ha¬ 
ve  for  exemple  their  beginning  in  the  recirculat- 
ning  zone,  or  if  they  are  inherent  in  every  tur¬ 
bulent-laminar  transition,  we  have  made  the  sa¬ 
me  measurements  downstream  enlargments  with  va¬ 
rious  angles.  As  SLbulkin's  experiments  foresha¬ 
dowed  it,  the  results  of  our  mean  measurements 
have  shown,  downstream  X  »  20  ,  a  great  simila  - 
rity  as  much  for  the  evolution  of  the  velocity 
profiles  as  for  those  of  relative  turbulent  in¬ 
tensity.  In  the  same  way,  the  results  given  by 
conditional  analysis  of  the  instantaneous  velo¬ 
city  profiles  (presented  figure  7)  shows  the 
great  similarity  of  behaviour  of  the  flow  downs¬ 
tream  the  different  enlargments.  Nevertheless, 
it  seems  that  the  structures  observed  downstream 
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the  progressive  (4  degrees,  enlargment  are 
slightly  less  developed  and  consequently  less 
energetic  than  in  the  other  cases.  The  greatest 
difference  noted  at  the  end  of  this  analysis  ap¬ 
pears  when  we  mesure  the  fluctuations  of  ins¬ 
tantaneous  overall  velocity  (fig.  7-4) •  But  this 
difference  must  not  be  attributed  to  the  reorga¬ 
nization  itself  |  indeed,  having  observed  the 
similarity  of  the  evolution  laws  of  the  r.m.s. 
values  of  these  fluctuations,  we  have  notice 
that  this  one  i6  still  a  function  of  the  enlarg- 
ment  shape  for  the  great  value  of  X.  At  these 
sections,  it  must  be  attributed  to  a  weak  pulsa¬ 
tion  inside  the  flow  loop,  which  is  a  consequen¬ 
ce  of  the  interaction  between  the  direct  flow 
and  the  return  flow.  For  a  given  flow  rate,  the 
amplitude  of  this  pulsation  must  then  depend  on 
the  loss  of  pressure  through  the  whole  loop  and 
particularly  across  the  sir.e-;Iarity . 

CONCLUSION 

Downstream  the  zone  where  the  flow  is  di¬ 
rectly  under  the  influence  of  the  reciruclation 
or  of  the  enlargment  cone,  we  must  consider 
three  stages  in  the  turbulent-laminar  reorgani¬ 
zation  which  is  presented  here. 

-  Within  the  first  stage,  for  X<25,  if 

we  notice  an  important  degradation  of  turbulent 
energy,  the  mechanisms  of  production,  diffusion 
and  dissipation  are  present  here  and  the  fluc¬ 
tuating  fiels  seems  to  satisfy  the  pattern  of 
turbulence.  Nevertheless,  the  dissipation  near 
the  wall  is  so  considerable  that  at  the  end  of 
this  stage,  the  mean  wall  velocity  gradient 
reach  a  value  close  to  the  theoretical  one  ob¬ 
tained  for  laminar  flow. 

-  In  a  second  stage,  for  25<X<75i  we 
notice  the  development,  from  the  wall,  of  la¬ 
minar  areas  which  repulse  and  confine  near  the 
axis  the  pre-existing  turbulence.  Without  any 
production,  we  observe  a  coalescence  of  the 
structures.  Consequently,  we  observe  the  forming 
of  stretched  cells,  of  which  passage  through  a 
given  section  marks  the  neighbouring  flow. 

-  In  the  last  stage  of  the  reorganization, 
these  structures  have  not  enough  energy  to  play 
a  dynamic  part  in  the  flow.  They  break  and  di¬ 
sappear  inside  the  reorganized  frozen  flow, 
which  we  may  consider  as  laminar. 

The  whole  reaula  established  lead  us  to 
think  that  these  phenomena  are  characteristic  of 
all  turbulent-laminar  transition  downstream  an 
enlargment  in  a  pipe  and  that  the  shape  of  the 
singularity  is  determinant  only  for  the  value  of 
the  loss  of  pressure  over  a  distance  of  about  20 
diameters . 
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AESTRACT 


Turbulence  spectra,  which  has  all  the  correct 
properties  for  wall  turbulence,  can  be  generated  by 
the  use  of  eddy  signatures  derived  fro n.  potential 
flow  vortices  which  have  characteristic  directions. 
The  distribution  of  energy  among  the  scales  follows 
directly  fror  the  scaling  laws  needed  to  give  the 
logarithmic  mean  velocity  profile  ar.d  constant 
Reynolds  shear  stress.  The  use  of  local  isotropy 
and  energy  cascades  do  not  appear  to  be  relevant. 

INTRODUCTION 


Recent  work  at  the  University  of  Melbourne  on 
turbulent  spots  has  shown  that  a  spot  consists  of  a 
forest  of  "A"  shaped  vortices  which  are  leaning  in 
the  downstream  direction  (see  Perry,  Lirr  and  Teh  (1)). 
This  picture  of  wall  turbulence  is  consistent  with 
the  smoke  tunnel  experiments  of  Bandyopadhyay  and 
Head  (2)  and  Head  ar.d  Bandyopadhyay  (3)  who  took 
laser  bear,  cross-sections  of  eddies  in  a  fully 
developed  turbulent  boundary  layer.  Perry  and  Chong 
(4)  (see  also  Perry,  Lit- ,  Chong  ar.d  Teh  (5))  have 
shown  that  a  physical  model  of  wall  turbulence  can  be 
constructed  from  this  idea.  It  is  assumed  that 
vorticitv  and  heat  are  carried  away  from  the  surface 
by  hai:_in  or  "A"  shaped  vortices  which  are  being 
strained  in  a  special  way  by  their  owr.  mutual 
induction  together  with  their  images  in  the  wall. 

This  hypothesis  has  received  encouraging  support  by 
Perry  and  Chong  (4)  who  applied  the  Biot-Savart  law 
to  isolated  "A"  vortices. 

This  model  is  similar  to  Townsend's  (6)  attached 
eddy  hypothesis.  However,  in  the  Perry  and  Chong 
model,  eddies  are  stretched  into  elongated  vortex 
pairs  which  cause  them  to  "die"  by  vortex  cancella¬ 
tion  and  so  the  resulting  debris  and  fluid 
surrounding  the  more  active  A  vortices  is  assumed  to 
be  irrotational .  According  to  the  smoke  observations 
of  Head  and  Bandyopadhyay  (3),  groups  of  vortices 
have  a  "granular  appearance"  with  a  characteristic 
direction  ar.d  lean  approximately  at  45°  in  the  down¬ 
stream  direction.  Thus  velocity  signatures  in  wall 
turbulence  can  be  generated  by  a  forest  of  potential 
flow  vortices. 

Perry  and  Chong  have  shown  that  in  order  to 
obtain  a  logarithmic  profile  in  mean  velocity  which 
extends  to  large  z+(«zUt/v)  for  AEUT/v  ■*  •  (where 
z  is  the  distance  normal  to  the  wall,  uT  is  the 
friction  velocity,  v  is  the  kinematic  velocity  and 
AE  is  the  boundary  layer  thickness)  it  is  necessary 
to  have  hierarchies  of  geometrically  similar  eddies 
with  scales  which  are  distributed  in  a  geometrical 


progression  and  that  a  constant  characteristic  velcci 
scale  for  each  hierarchy  is  needed  to  obtain  a  cor.sta 
Reynolds  shear  stress  through  the  logarithmic  regie.-.. 
Figure  1  shows  a  discrete  system  of  hierarchy  scales, 
and  it  is  conjectured  that  the  smallest  eddies  in  the 
first  hierarchy  scale  according  to  the  Kline  (7) 
scaling  on  a  smooth  surface.  Townsend  (6)  used  a 
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continuous  inverse  power  law  p.d.f.  for  the  distribu¬ 
tion  of  scales  which  is  the  continuous  analog  cf  the 
discrete  geometrical  progression.  For  simplicity,  the 
authors  are  using  the  discrete  distribution,  where 
the  scales  are  taker,  to  go  in  "quantum"  jumps  with  a 
factor  of  2.  This  is  consistent  with  the  spread  lr. 
hierarchy  scales  resulting  from  a  vortex  pairing 
process.  However,  this  approach  is  not  essential  and 
other  plausible  mechanisms  result  in  the  continuous 
distribution  of  scales  used  by  Townsend  which  leads 
to  the  same  general  conclusions.  In  the  Perry  and 
Chong  model  eddies  in  a  giver,  hierarchy  are  not 
geometrically  similar  since  they  are  undergoing 
stretching.  However,  it  is  assumed  that  the 
hierarchies  are  geometrically  similar  and  that  the 
"representative"  A  vortex  can  be  used  for  each 
hierarchy  for  the  purposes  of  deriving  spectra. 
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THE  SPECTRUM  OF  WALL  TURBULENCE 


Fourier  transforms  and  the  power  spectral 
density  of  signals  produced  by  turbulence  are  very 
difficult  to  interprete  or  understand.  Nevertheless, 
they  are  easy  to  measure  and  give  an  indication  of 
how  the  energy  is  distributed  among  the  scales.  This 
work  was  motivated  by  the  idea  that  modelling  of  wall 
turbulence  should  be  consistent  with  measured  spectra 
and  should  be  linked  to  the  broad-band  and  mean  flow 
results. 

Unlike  models  of  the  past,  local  isotropy  is  no 
longer  operative  and  a  new  explanation  or  argument 
must  be  devised  for  the  existence  of  the  -5/3  law. 

At  high  frequencies  or  wave  numbers,  the  power 
spectrum  is  influenced  mainly  by  the  shape  of  the 
eddy  signatures  while  at  lower  wave  numbers  or 
frequencies,  the  spectrum  is  influenced  more  by  how 
the  energy  is  distributed  among  the  scales.  The 
detailed  shape  of  the  signatures  become  unimportant 
at  these  lower  wave  numbers.  One  very  useful  rule 
(Bracewell  (SI )  for  the  high  frequency  end  of  the 
spectrum  is  that  if  n  is  the  number  of  times  one  has 
to  differentiate  a  signal  to  convert  it  to  a  delta 
function,  then  the  smoothed  power  spectral  density 
P(k)  will  asymptote  to  a  law,  p(k)^k_2n.  Here  k  is  the 
wave  number  or  frequency.  It  has  been  felt  by  many 
workers  (eg.  see  Townsend  (6))  that  the  finest  scale 
motions  of  turbulence  are  generated  by  vertex  sheets 
passing  the  hot  wire  probe  and  these  dissipate  the 
energy  of  turbulence.  From  the  flew  visualization 
work  of  Head  and  Bandyopadhyay  (3)  and  Perry,  Lim  and 
Teh  (1)  these  vortex  sheets  are  wound  up  into  rods. 

The  rods  could  be  thought  to  consist  of  a  "scroll”  of 
vortex  sheet  material.  As  such  rods  are  cut  through 
by  a  sensing  probe,  the  high-pass  filtered  signal 
will  be  of  a  saw-tooth  form  provided  the  vortex 
sheets  are  very  thin  and  sharp.  Using  the  3raceweli 
rule,  this  should  give  P(k)'.l/k2.  This  scroll  could 
be  something  like  a  Kader.  spiral  (eg.  see  Fuliir, 
Phillips(9))  and  one  would  intuitively  feel  that 
since  the  signature  of  this  is  one  scale  removed  frer 
the  scale  of  the  sheet  itself,  then  this  should  be 

responsible  for  the  -5/3  law.  With  viscous  diffusion 
the  sheet  will  not  be  perfectly  sharp  and  at  very 
high  wave  numbers,  the  waveform  would  appear  to  have 
the  properties  of  a  triangular  wave.  Using  the 
Bracewell  rule,  this  leads  to  Pikivl/k1*.  It  can  be 
seen  that  the  -5/3  law  simply  does  not  fit  into  this 
scheme.  Out  of  curiosity,  the  authors  devised  a 
wave  form  with  a  -5/3  law  spectrum  to  see  what  it 
might  look  like.  Using  the  Bracewell  rule,  together 
with  the  concept  of  "fractional  differentiation",  a 
wave  with  a  l/6th  power-law  cusp  would  give  the 
required  result.  This  needs  to  be  differentiated 
"5/6th  times"  to  give  n = 5/6  and  hence  the  -5/3  law. 
This  was  also  checked  numerically  using  a  fast 
Fourier  transform  computer  program.  It  seems  unlikely 
that  the  -5/3  law  comes  from  such  eddy  signatures. 
Rather,  if  it  exists,  it  seems  more  likely  to  be 
related  to  the  distribution  of  scales  of  signatures. 

The  authors  found  that  a  far  more  fruitful 
approach  to  the  question  was  to  ignore  the  details 
of  the  rods  altogether,  or  at  least  assume  that  the 
vorticity  is  smeared  out  to  give  a  region  of  solid 
body  rotation  within  the  rod.  It  is  found  that  all 
of  the  salient  properties  of  the  spectrum  can  be 
generated  from  the  signatures  and  distribution  of  the 
signatures  existing  in  the  irrotational  fluid 
surrounding  the  vortex  rods. 
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Fig. 2  Definition  of  coordinates  and  vectors 
for  velocity  signature  analysis. 


In  order  to  keep  the  description  simple  and 
analytical,  some  simplifications  will  be  made.  Let 
it  be  assumed  that  the  spectral  contributions  from 
each  hierarchy  can  be  derived  from,  one  representative 
eddy.  Figure  2  shows  one  "leg"  of  the  eddy  being 
sectioned  by  a  plane  of  constant  z.  If  we  imagine 
we  have  a  hot-wire  probe  held  stationary  and  the 
eddy  being  ccnvected  past  in  the  x  direction,  then 
the  signature  as  seen  by  the  probe  can  be  calculate: 
by  determining  U  along  the  lines  of  constant  y  in 
the  xy  plane.  To  avoid  the  complications  involved 
with  convection  velocities,  imacine  that  the  vector 
field  is  temporarily  "frozen"  and  the  signatures  will 
be  decomposed  in  terms  cf  x  component  wave  number  k . 

By  applying  the  Bict-Eavart  law,  it  can  be  shown. 
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where  K  is  the  circulation  cf  the  vortex  red  ar.c  rc 
is  the  red  racius.  All  ether  syr.be Is  are  defir.ee  ir. 
figure  2. 

We  will  imagine  that  we  are  making  a  series  cf 
’’cuts"  cf  uniform  probability  between  yc  J*  rc)  and 
The  magnitude  of  the  signatures  reaches  a  maximum 
at  y0  anc  for  0  <  y <  ye  it  drops  rapidly  to  zero 
for  the  component  for  all  x.  The  distance  vj 
represents  the  maximur  distance  from  the  rod  we 
can  go  before  experiencing  the  influence  of  the  other 
legs  or  the  legs  of  other  vortices.  The  analysis  is 
therefore  using  the  signatures  of  one  isolated  rod. 

Of  course,  in  future  studies,  the  full  vortex  and 
arrays  of  such  vortices  should  be  used  in  a  computer 
simulation. 

Equation  (1)  gives  the  following  velocity 
signature  for  V\ 


KA1h: 

where  Q  =  2r,g"  wkere  Al'  11  an<2  °  are 

constants  which  depend  on  direction  cosines  of 
vector  §.  This  is  expressed  in  its  simples  form  by 
an  appropriate  choice  of  the  origin  for  x.  Also 
X#  =  (x-a)/y,  where  a  is  the  shift  in  the  origin  for 
x  and  a/y  depends  on  the  direction  cosines.  It  can^ 
be  shown  that  the  amplitude  of  the  signature  "v  1/y.  1 
The  U,  signature  is  an  even  "bell-shaped”  function 
and  the  other  components  are  a  combination  of  an  even 
and  an  odd  function. 

The  Fourier  transform  of  the  Uj  velocity 
signature  defined  by 
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From  equations  (5)  and  (t) 
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Since  all  hierarchies  are  geometrically  similar,  all 
length  scales  will  scale  with  y  and  Q  will  scale  such 
that  QMJ  y  where  U  is  the  characteristic  velocity 
scale  ofTa2l  the  hierarchies. 

Let  equation  (7)  represent  the  smallest  observed 
hierarchy  which  will  be  labelled  n=l.  If  the  total 

number  of  observed  hierarchies  is  V.  ,  the  resulting 

o 

power  spectral  density  $  will  be  given  by 


turns  out  to  be 

C~  -fc i y 

Vkl>  =  -  T  6  <4) 

where  k,  =  kh,  h  being  a  constant  of  order  unity  and 
depends  on  direction  cosines  of  the  vector  s.  It 
can  be  shown  that  the  functional  form  given'by  (4) 
is  applicable  for  all  three  components  of  velocity. 

Consider  only  the  signature  given  by 
equation  (4) .  This  is  the  Fourier  transform  of  a 
transient  pulse  and  if  a  train  of  such  pulses  are 
arranged  randomly  in  the  x  direction  with  a  mean 
spacing  S,  it  can  be  shown  that  the  power  spect-al 
density  is  given  by 


2m  !  Xj  (k  i ,  y) |2 

p<ki>y)  =  ^ - 


<S) 


This  will  be  true  provided  cross  products  between 
neighbouring  pulses  make  no  contribution  to  the 
spacially  averaged  two-point  correlation  coefficient 
for  points  separated  along  the  x  direction.  However, 
if  this  is  not  true,  then  the  power  spectral  density 
may  have  to  be  smoothed. 

It  will  be  assumed  that  the  contribution  to 
spectral  energy  by  "cuts"  y  <  y  are  negligible. 

Imagine  that  we  have  a  col?ection  of  signature 
trains  all  at  different  y  and  given  the  probability 
of  all  "cuts"  in  the  interval  0  <  y  <  y^  are 
equally  likely,  it  can  be  shown  that  the  ensemble 
averaged  or  smoothed  power  spectral  density  is  then 
given  by 
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The  symbol  "V'  means  "to  scale  with". 
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Here  t  is  the  energy  per  unit  non-dimensional  wave 
number  k,y_.  The  scale  y„  for  the  ntfl  hierarchv  is 
y  2<f-1>: 

°  From  ficure  1,  it  car.  be  seer,  that  as  we  gc  svs  . 
fror  the  wall,  the  rctal  n-mber  cf  observed  hierarchies 
diminishes,  i.e.  decreases.  Alsc,  yc  is  the  smai:- 
est  lencth  scale  cf  the  smallest  observed  hierarchy  am.c 
this  will  decrease  as  we  arrroach  the  wall  ar.c  the 
smallest  value  will  be  r roporticr.al  tc  the  Kline 
scalin'  cr.  a  srcc'r.  surface.  The  ratic  Vj 'y,  will  it 
universal  ar.-  is  associated  wit),  the  ce  ere  try  cf  the 
representative  edd;  cf  a  river  tierarcr.y.  a  continue  us 
di str ib jtir-  cf  scales  would  oive  much  the  same  result 
tut  ar.  exponential  lr.tecral  is  involved. 

rirure  1  shows  equation  if!  for  different  hierarch¬ 
ies  with  i'l'ic  ~  11.  i.e.  it  is  assumed  that  the  rod 
diameter  tc  leg  spacing  is  of  this  order.  It  car  be 
seer,  that  as  the  wave  number  is  decreased,  the 
spectrum  goes  from  ar.  "exponer.tial-like"  law  to  a  -1 
power  law  with  a  short  section  which  could  be  inter¬ 
preted  as  a  -5/3  lav.  However,  the  authors  feel  that 
this  is  not  of  significance  and  that  the  law  where  the 
various  hierarchies  "peel-off"  is  the  -1  power  law.  The 
scale  yi  determines  the  low  wave-number  cut-off  cr 
"levellinc-out"  and  yc  determines  the  nich  wave-number 
"cut-off".  The  spectral  results  of  Perry  and  Abell  { 3 C  > 
taker,  in  the  wall  region  of  a  pipe  are  shown  in  figure 
4.  The  existence  of  a  -1  power  law  is  obvious.  This 
law  was  deduced  by  Perry  and  Abell  by  a  "region  of  over¬ 
lap"  argument  based  on  dimensional  analysis.  The  depart¬ 
ure  from  the  -1  power  law  occurs  at  approximately 
kyz  =  1  in  the  experiments  and  at  k^yc *  10_I  according 
to  equation  (8).  This  implies  that  at  level  z,  the 
smallest  "representative  eddy"  of  significance  has 
y^»  0(z) .  This  is  of  the  right  order. 

It  is  very  instructive  to  look  at  spectra  far 
from  the  wall.  Here,  the  number  ti0  of  observed 
hierarchies  falls  off  considerably  and  the  spectra 
should  follow  the  pattern  given  in  figure  4.  Figure 
5(a)  shows  some  results  of  Abell  and  Perry  (11)  for  a 
smooth  pipe.  Again,  the  similarity  with  the  computed 
results  oiven  in  figure  3  is  very  encouraging.  As 
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The  scaling  of  the  Perry  and  Abell  (10)  results 
given  m  figure  5  suggest  that  for  the  wall  region 
but  beyor.c  the  buffer  zone, 
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and  this  appears  valid  right  up  to  high  wave-numbers . 

This  is  reasonable  since  at  a  giver,  z,  the  smallest 
eddy  cf  significance  observed  will  scale  approximate- 
ly  with  z  since,  if  it  is  smaller,  it  will  not  be 
seer,  and  if  it  is  lamer,  it  will  r.ot  be  the  smallest 
eddy.  c 

In  the  energy  cent  a  mm :  region 


(k ,  z) 


(10) 


I _ I _ I _ I _ i _ I _ I _ I _ 1— 

io"e  io"e  :c'“  i:”~  iow 


1C' 


where  A  is  u  universal  ccr.star.t.  Equations  (9)  and 
(10)  lead  t:  the  Tcwr.send  result  fer  the  fcroac-bar.d 
turbulence  intensity  distribution  thus; 
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Although  Perry  an 
-5/3  law  ir.  their 
■ion  cf  overlap"  ar 
;  law  is  a  "red  her 
uler.ee .  However , 

•  obvious  in  ether 
,rr.  tc  equation  (5) 
,r.  the  hierarchies 


d  Abell  (10)  also  incorporated 
scaling  scheme  by  a  further 
gune.nt,  it  would  appear  that 
ring",  at  least  in  wall 
the  existence  of  the  law  is 
types  cf  turbulence.  If  we 
and  redistribute  the  energy 
such  that 
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then  cr.e  obtains  a  family  of  spectra  for  different 
:;0  as  shewn  m  figure  €.  All  lew  wave  number  "peel- 
off's"  occur  from  a  -5/3  line.  Figure  7(a)  shows  a 
turbulent  ;et.  The  eddy  structure  in  this  jet  is 
quite  granular  with  a  characteristic  direction  but 
the  resulting  spectra  viver.  in  figure  7(fc)  shows  an 
extensive  -5/3  law  without  any  evidence  of  a  -1  law. 
Thus,  it  would  appear  that  there  are  different  sorts 
cf  turbulence  and  the  -5/3  law  results  from  a 
different  distribution  of  energy  from  that  found  in 
wall  turbulence.  This  probably  is  related  to  the 
fact  that  ir.  wall  turbulence,  new  vcrticity  is 
continually  being  Generated  at  the  wall,  whereas  in 
a  jet,  no  further  vcrticity  is  generated  beyond  the 
]et  cutlet.  The  physical  reasons  for  the  -5/3  law 
distribution  need  to  be  pursued. 


Fig. 6.  Equation  (12)  for  different  number  of 
observed  hierarchies. 


Fig. 7.  Turbulent  ]et. 

(a)  Flow  pattern. 

(b)  Measured  speetrur;  ensemble 
average  of  40  runs. 

Reynolds  number  based  or.  tube  outlet 
diameter  *  30CC. 


CONCLUSION 


By  modelling  the  turbulent  boundary  layer  as  a 
forest  of  A  shaped  vortices  and  without  the  use  of 
local  isotropy,  the  spectrum  of  wall  turbulence  can 
be  derived  from  the  signatures  and  distribution  of 
the  signatures  in  the  irrotational  fluid  surrounding 
the  legs  of  the  vortices.  A  comparison  of  the 
generated  spectra  with  experimental  spectra  is 
encouraging.  The  results  show  that  for  wall 
turbulence,  the  law  where  the  various  hierarchies 
"peel-off"  is  the  -1  power  law  and  an  "exponential 
like"  law  is  obtained  in  the  so-called  dissipation 
region.  By  redistributing  the  energy  among  the 
hierarchy  scales,  the  -5/3  power  law  replaces  the 
-1  law  and  this  has  been  observed  in  jets. 
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ABSTRACT 

A  computational  method  for  the  prediction  of  confluent  boundary 
layer  flow  is  presented,  as  it  may  exist  on  the  upper  surface  of  slotted 
multielement  airfoils  operating  at  low  speeds  The  method  is  based  on 
the  twodimensional  incompressible  form  of  the  turbulent  boundary- 
layer  equations,  and  the  two-equation  turbulence  model  of  Jones  and 
Launder,  modified  to  account  for  the  effect  of  curved  airfoil  surfaces 
A  Crank-Nicholson-type  finite  difference  solution  is  employed  together 
with  law  of  the  wall  boundary  conditions.  This  paper  emphasizes  those 
aspects  of  the  computational  method  and  turbulence  model  which  are 
important  in  engineering  applications,  the  proper  choice  of  initial 
values;  the  validity  of  the  law  of  the  wall  boundary  conditions;  and  the 
limitation  of  the  streamwise  step  size  due  to  the  turbulence  model 
Test-theory  comparisons  for  streamwise  velocities,  turbulent  shear 
stress,  and  turbulent  kinetic  energy  of  confluent  boundary  layers  are 
also  included. 


INTRODUCTION 

Confluent  boundary  layers  form  when  turbulent  wakes  merge  with 
adjacent  turbulent  boundary  layers  Such  turbulent  wall  shear  layers 
may  exist  on  the  upper  surface  of  slotted  multielement  airfoils 
Figure  1  shows  an  example  of  this  type  of  shear  layer  on  an  airfoil  con¬ 
sisting  of  a  wing  section  with  a  slotted  leading  edge  flap  and  a  double 
slotted  trading  edge  flap.  Profiles  of  streamwise  velocity  and  Reynolds 
stresses  of  confluent  boundary  layers  are  very  complex 

The  occurrence  of  confluent  boundary  layers  depends  on  the 
number  of  airfoil  elements,  their  shapes  and  relative  positions,  and  on 
flight  condition  Angle  of  attack  and  the  gap  between  adjacent  airfoil 
elements  are  the  main  parameters  determining  their  formation 
Figure  2  illustrates  how  the  Lift  of  a  slotted  two-element  airfoil 
changes  with  the  size  of  the  gap  between  the  wing  section  and  the  flap 
(ref  1)  In  this  figure,  the  airfoil  lift  is  compared  with  the  lift  that  the 
same  airfoil  would  generate  in  a  hypothetical  potential  flow  field  The 
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law  of  the  wall  constant 

empirical  coefficients  of  turbulence  model 

turbulent  kinetic  energy- 

number  of  grid  points  normal  to  surface 

coefficients  of  algebraic  equations 

time  average  of  static  pressure 

radius  of  surface  curvature 

step  size  Reynolds  number 

grid  stretch  factor 

streamwise  and  normal  components  of 

mean  velocity 

friction  velocity 

Reynolds  shear  stress 

streamwise  and  normal  coordinates 

step  size  in  streamwise  direction 


boundary  layer  thickness 
displacement  thickness 
dissipation  of  turbulent  kinetic  energy 

law  of  the  wall  constant 
kinematic  viscosity  of  sir 
eddy  viscosity 
density 

empirical  coefficients  of  turbulence  model 
turbulent  shear  stress 
general  dependent  variable 


Superscript  and  Subscripts 


(  )  variable  at  midpoint  of  step  Ax 

e  outer  edge  of  boundary  layer 

p  potential  flow  velocity 

s  value  at  surface 


Figure  1  -Confluent  Bound *  /  Layer  on  Upper  Surface  of 
Slotted  Multieler.ent  Airfoil 
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Figure  2.  -  Viscous  Utt  Loss  ot  Slotted  Airfoil  at  Constant 
Angle  ot  Attack  Below  Stall 
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viscous  lift  loss  is  defined  as  the  difference  between  the  potential  flow 
lift  and  the  true  airfoil  lift  At  a  constant  angle  of  attack  well  below 
stall,  airfoil  lift  varies  nonliaearly  with  gap  size.  The  optimum  gap  size 
corresponds  to  a  flow  situation,  where  the  wake  of  the  wing  sectior  is 
divided  from  the  boundary  layer  on  the  upper  flap  surface  by  a  region 
of  inviscid  flow,  and  merging  of  the  two  layers  begins  m  the  vicinity  of 
the  flap  trailing  edge.  At  smaller  gaps,  a  confluent  boundary  layer 
forms  further  upstream  causing  significant  viscous  lift  losses.  At  larger 
than  optimum  gaps,  lift  again  decreases,  but  at  a  rate  predicted  by 
potential  flow  theory,  the  associated  viscous  lift  losses  being  due  to  or¬ 
dinary  boundary  layers. 

The  method  described  in  this  paper  was  designed  to  predict,  with 
the  same  degree  of  computational  efficiency  and  accuracy,  both  the 
confluent  boundary  layer  of  a  two-element  airfoil  and  more  complex 
flow  situations  resulting  from  a  larger  number  of  merging  shear  layers 
This  requirement  excluded  the  use  of  algebraic  turbulence  modeling 
and  integral  solutions.  Instead,  a  high  degree  of  flexibility  was  achiev¬ 
ed  by  the  choice  of  a  two-equation  turbulence  mode)  in  conjunction 
with  a  finite  difference  solution. 

Several  other  confluent  boundary  layer  methods  are  available  for 
applications  to  multielement  high-lift  airfoils  (refs.  2  and  3). 

COMPUTATIONAL  METHOD 

Mean  Flow  Equations 


The  equations  are  chosen  on  the  basis  of  the  following  assumptions: 

a)  The  mean  flow  is  twodimensional  and  incompressible 

b)  Boundary  layer  approximations  apply 

c)  The  radius  of  surface  curvature  R  is  of  the  order  of  the  airfoil 
chord  length. 

d)  The  boundary  layer  thickness  6  is  small  by  comparison  with  the 
local  value  of  R 

Hence,  the  equations  governing  the  mean  flow  read: 
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.  dt 
b  \ 


(1) 

"(4) 

(3) 


Here,  the  x,  y-coordinates  are  measured  in  the  streamwise  direction 
and  normal  to  the  surface  The  symbols  U,  V,  P.  and  g  denote  mean 
values  of  streamwise  and  normal  velocity  components,  static  pressure, 
and  density  of  air,  respectively.  The  equations  are  written  in  a  form  an¬ 
ticipating  application  of  the  high  Reynolds  number  version  of  the 
k.  (-model  of  turbulence  to  provide  the  eddy  viscosity  (T  and  the  tur¬ 
bulent  kinetic  energy  k. 

The  mean  flow  equations  are  simplified  by  noting  that  the 
x-momentum  equation  (2)  does  not  contain  explicit  surface  curvature 
terms  and.  consequently,  uncouples  from  the  y-momentum  equation  (3) 
The  latter  equation,  therefore,  can  be  solved  separately  (ref  4)  to  ob¬ 
tain  the  pressure  gradient  in  streamwise  direction  as  a  function  of  the 
potential  flow  velocity  Ue  at  the  outer  edge  of  the  boundary  layer 


(4) 


In  deriving  this  equation  from  the  y-momentum  equation,  turbulent 
kinetic  energy  terms  have  been  neglected,  consistent  with  the  order  of 
the  neglected  terms  of  the  x-momentum  equation.  Equation  (41  is  also 
the  correct  limiting  form  of  the  x-momentum  equation  at  the  outer 
edge  of  the  boundary  layer. 

Turbulence  Model 


The  k,  e-model  of  turbulence  (refs.  5,  6,  7),  modified  to  account 
for  moderately  curved  convex  surfaces,  is  employed  to  compute  the  ed¬ 
dy  viscosity  v.  For  curved  surfaces.  rT  is  defined  by  the  following 
equation  for  the  turbulent  shear  stress  rr: 


In  the  k.  (-model,  ►,  is  obtained  from: 


(5) 


where  the  turbulent  kinetic  energy  k  and  its  dissipation  ( ,  in  turn, 
are  computed  from  the  following  conservation  equations,  written  in 
boundary  layer  form. 


These  equations  predict  the  effect  of  surface  curvature  in  two 
ways.  First,  by  formal  surface  curvature  terms  in  their  production  and 
destruction  terms  which,  as  is  well  known  (refs  4,  6).  will  only  account 
for  a  small  part  of  the  total  curvature  effect.  Second,  by  an  empirical 
correction  of  the  production  term  of  the  dissipation  equation  (8)  The 
coefficient  C,  of  the  basic  form  of  the  k,  (-model  is  redefined  to  be  a 
linear  function  of  the  term  (k/(XU/(R  +  y)). 

c*  =  c,(l+r«7^r) 

C,  is  an  empirical  coefficient  whose  value  is  given  below  for  convex 
curvature  There  is  no  theoretical  justification  for  this  particular  em¬ 
pirical  correction,  but  the  term  (k/(XU/(R  +  y»  is  the  simplest  possible 
nondimensional  group  that  can  be  formed  with  the  main  variables  The 
reader  should  note  that  for  positive  values  of  C,.  the  above  empirical 
correction  will  increase  the  dissipation  on  convex  surfaces  where  R  is 
defined  to  be  positive.  This,  in  turn,  will  decrease  turbulent  kinetic 
energy  and  shear  in  agreement  with  the  physics  of  curved  turbulent 
shear  flows  (ref.  4). 

The  six  empirical  coefficients  of  the  turbulence  model  art 
C.  =  0.09  ok  =  1  o.  =  1.3  C,  =  1  44  C,  =  1.92  C,  =  1.2?. 

The  described  high  Reynolds  number  form  of  the  k.  (-model  is  not 
valid  in  the  viscous  sublayer  and,  therefore,  can  only  be  used  with  a 
wall  function  method  such  as  the  one  discussed  below 

Wall  Function  Method 


A  wall  function  method,  in  which  the  law  of  the  wall  boundary 
conditions  are  applied  outside  the  viscous  sublayer,  is  utilized  to  ensure 
the  computational  efficiency  of  the  prediction  method  A  fmite  dif¬ 
ference  solution  of  the  flow  in  the  sublayer,  where  flow  variables 
change  rapidly  in  direction  normal  to  the  surface,  would  require  addi¬ 
tional  computational  grid  points  and  would,  therefore,  increase  com¬ 
puter  time  and  storage. 

A  two-point  technique,  illustrated  in  figure  3.  is  used  to  patch  the 
logarithmic  profile  of  the  streamwise  velocity  to  the  outer  part  of  the 
boundary  layer.  The  velocity  profile  is  assumed  to  be  logarithmic  at  the 
two  computational  grid  points  closest  to  the  surface  Neglecting  the  ef¬ 
fect  of  surface  curvature  on  the  law  of  the  wall,  the  boundary  condi¬ 
tions  at  grid  point  1  can  be  stated  as: 
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Figure  3.  -  Two-Point  Wall  Function  Method 


The  ij-  derivatives  of  o  at  any  surface  station  are  expressed  by  cen¬ 
tral  differences  as  follows; 
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Assuming  that  all  variables  are  known  at  the  previous  station 
ii-1.  their  values  at  the  new  station,  xj  =  x, -  ]  +  dx.  are  computed 
by  solving  the  algebraic  equations  which  result  from  the  outlined  finite 
difference  approximations.  The  x-  momentum  equation  and  the 
k.  < -equations  have  the  general  form 


These  boundary  conditions  are  expressed  in  terms  of  the  friction 
velocity  (uT=  \T,le.  with  rs  being  the  shear  stress  at  the  surface), 
which  is  obtained  from  the  assumption  that  the  velocity  profile  is 
logarithmic  at  grid  point  2. 

For  ordinary  boundary  layers  on  smooth  surfaces,  the  law  of  the 
wall  constants  are  approximately  *  =  0.4  and  C  =  5.5.  The  correspon¬ 
ding  values  for  confluent  boundary  layers  are  not  well  known  but  are 
most  likely  affected  by  the  merging  of  the  shear  layers.  In  the  absence 
of  any  better  information,  the  values  cited  for  ordinary'  boundary  layers 
have  been  used  for  all  computed  results  presented  in  this  paper. 

Outer  Edge  Boundary  Conditions 

At  the  outer  edge  of  the  boundary  layer  (subscript  e).  the  boundary 
conditions  ke  =  0  and  te  =  0  are  chosen  for  convenience  (ref.  8) 

The  edge  velocity  Ue  for  curved  surfaces  is  obtained  from  the  sur¬ 
face  value  of  the  potential  flow  velocity  Ups  using  the  relation 


Finite  Difference  Solution 


°iVi  4  pjV*<Wi  ■  RJ  (1S| 

where  ©jj  stands  for  any  of  the  unknown  variables  I'ij.  kij.  <n  These 
equations  are  nonlinear  since  the  coefficients  0.  P.  Q.  R  are  functions 
of  the  unknowns  and.  hence,  are  solved  iteratively  at  each  surface  sta¬ 
tion 

Initial  Values 

The  solution  method  requires  initial  values  of  all  boundary  layer 
variables  at  the  upstream  surface  station  (subscript  1)  Two  options  are 
provided,  one  requi-ing  a  complete  set  of  bounoary  layer  profiles  con 
sisting  of  stream  wi-  e  velocity  U,(v),  kinematic  Reynolds  shear  stress 
(Et\(y),  and  turbulent  kinetic  energy  k,(y).  In  this  case  .  an  initial  pro¬ 
file  of  the  dissipation  i,(y)  is  cc  puted  from  the  input  values  rombin 
ing  equations  (5)  and  (6)  with  t,  =  -puv. 

Since  in  many  cases,  turbulence  data  are  not  available  to  start  the 
computation,  a  second  option  is  provided  in  which  only  the  streamwise 
velocity  profile  U,(y)  is  required  Profiles  k,(y)  and  t,(y)  are  generated 
by  solving  the  k,  e-equations  (7|  and  (8)  assuming  that  l\  k.  i  are  func¬ 
tions  of  the  independent  variable  >|  only,  i.e  .  similar  profiles  are 
assumed. 


The  equations  governing  mean  flow  and  turbulence  are  parabolic, 
therefore  they  can  be  solved  by  stepping  along  the  surface  beginning 
with  known  boundary  layer  profiles  at  the  upstream  surface  station. 

In  order  to  implement  the  finite  difference  solution,  the  equations 
are  discretized  in  x,  ^-coordinates,  where  ij  =  y/5*(x)  Here,  the 
displacement  thickness  4*  is  being  used  as  a  convenient  reference 
variable  to  enlarge  the  grid  point  spacing  in  the  physical  domain,  in 
regions  of  increasing  boundary  layer  thickness.  6"  is  defined  by 


with  Up  representing  the  local  potential  flow  velocity.  Note  that  taking 
the  absolute  value  of  the  integrand  avoids  zero  and  negative  values  of 
4*  for  confluent  boundary  layers. 

The  grid  point  spacing  in  the  computational  domain  can  be  varied 
in  the  direction  of  the  surface  normal  using  a  suitable  stretch  factor  S, 
Grid  point  coordinates  are  obtained  from  yi  +  j  =  ^;  +  S/  0)  -  ij). 
j  =  2.  3,  ...N-l. 

The  equations  are  solved  employing  a  modification  of  the  Crank- 
Nicholson  finite  difference  method  due  to  Mellor  and  Herring  (ref.  9). 
Briefly,  the  governing  equations  are  written  at  the  midpoint  between 
two  consecutive  surface  stations  *j- 1  and  xj.  Denoting  by  «  any  depen¬ 
dent  variable  or  term  of  the  equations,  the  value  and  x-derivative  of  © 
at  this  midpoint  are 


NUMERICAL  PROPERTIES 
Surface  Curvature 


The  described  modification  of  the  k.  < -turbulence  model  for  the  ef¬ 
fect  of  Burface  curvature  differs  from  other  methods  such  as  the  one  of 
Launder  et  al.  (ref.  6).  For  this  reason,  the  results  of  the  test-theory 
comparison  used  to  calibrate  the  method  are  discussed  The  empirical 
curvature  coefficient  C»  has  been  determined  on  the  basis  of  the  ex¬ 
perimental  data  of  So  and  Mellor  (ref.  101  for  a  turbulent  boundary 
layer  developing  on  a  convex  surface.  This  test  case  is  well  suited  for 
such  a  calibration  since  the  boundary  layer  thickness  is  about  10  per¬ 
cent  of  the  local  radius  of  surface  curvature,  a  ratio  which  is  represen¬ 
tative  of  many  confluent  boundary  layers.  Furthermore,  streamwise 
pressure  gradients  are  absent  so  that  the  calibration  could  be 
performed  by  concentrating  solely  on  curvature  effects. 

Results  of  this  calibration  are  shown  in  figure  4.  They  were  obtain¬ 
ed  by  starting  the  theoretical  predictions  about  13  boundary  layer 
thicknesses  upstream  of  the  station  for  which  the  test-theory  com¬ 
parison  is  given.  Only  experimental  streamwise  velocities  were  used  at 
this  initial  station,  whereas  profiles  of  turbulenre  data  were  generated 
assuming  similar  profiles  for  U.  k, «.  The  value  C«  =  1.25  gave  the 
best  match  of  theory  with  experiment,  accurately  predicting  the  greatly- 
reduced  turbulent  activity  in  the  outer  half  of  the  boundary  layer  For 
comparison,  the  theoretical  results  predicted  with  formal  surface  cur¬ 
vature  terms,  but  without  any  additional  empirical  correction  (C,  =  0). 
are  included.  The  need  for  such  an  empirical  correction  is  apparent 

Initial  Values 
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(15)  The  confluent  boundary  layer  experiment  of  Pot  (ref6  11.  12).  il- 
lustrated  in  figure  5,  served  to  study  the  effect  of  the  two  described  op- 
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EMBEDDED  POTENTIAL  CORE 


tions  for  initial  values  on  the  solution  accuracy.  The  experimental  data 
include  detailed  measurements  of  streamwise  velocity  and  profiles  of 
Reynolds  stresses  of  a  single  turbulent  wake  merging  with  a  single 
boundary  layer  in  zero  pressure  gradient.  The  wake  and  boundary  layer 
were  generated  by  two  parallel  flat  plates,  sufficiently  removed  from 
each  other  to  allow  a  region  of  potential  flow  to  exist  between  them  in¬ 
itially. 

The  theoretical  predictions  were  started  at  the  end  of  this 
embedded  potential  core  (x  =  522mm)  with  different  initial  values 
(figure  6).  In  one  case,  all  required  initial  boundary  layer  profiles  were 
taken  from  the  experiment.  In  the  other  case,  only  the  measured 
streamwise  velocity  profile  was  used,  and  initial  values  for  turbulence 
data  were  calculated  assuming  similar  profiles.  The  two  starting  techni¬ 
ques  produced  virtually  identical  velocity  profiles  at  subsequent  surface 
stations  which  are  in  excellent  agreement  with  the  experiment  Tur¬ 
bulent  shear  stress  and  turbulent  kinetic  energy  profiles,  computed  by 
the  two  starting  techniques,  are  considerably  different  at  upstream  sur¬ 
face  stations  but  match  very  well  downstream.  Only  fair  agreement 
with  experimental  data  of  turbulent  quantities  could  be  achieved, 
which  is  of  little  concern  in  aerodynamic  applications  as  long  as  veloci¬ 
ty  profiles  or  equivalently  boundary  layer  integral  parameters  and  skin 
friction  are  accurately  predicted 
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b)  TURBULENT  SHEAR  STRESS 
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e)  TURBULENT  KINETIC  ENERGY 


•  EXSERIMENT,  so  and  meliok  i station  »1'.l 

- PRESENT  METMOO.  C„  •  t  .» 

- PRESENT  METHOO,  C„  •  0 

- POTENT! At  PlOW 

Figure  4.  -  Effect  of  Curvature  Coefficient  Cp  on  Boundary  Layer  of 
Convex  Surface 


Figure  S.  -  Confluent  Boundary  Layer  Experiment  of  Pot 


Streamwise  Step  Size  Limitation 

The  prediction  method  leads  to  converged  solutions  only  if  the 
streamwise  step  size  is  limited  to  small  values,  usually  about  one  half 
of  the  local  boundary  layer  thickness  At  the  initial  surface  station,  the 
maximum  step  size  is  restricted  to  a  small  fraction  of  the  boundary 
layer  thickness. 

The  cause  of  this  step  size  limitation  was  investigated  by  employ¬ 
ing  a  criterion  recently  applied  by  Wilcox  (ref  13)  to  determine  the 
stability  limits  of  a  similar  computational  method  This  criterion  re¬ 
quires  diagonal  dominance  of  the  tridiagonal  matrix  equations  (18>  for 
a  converged  solution  of  the  nonlinear  algebraic  equations  at  each  new 
surface  station  Application  of  this  criterion,  written  as 


I  Pj  i  >  (Oj  +  Oj ,  (191 

gives  the  following  results: 

a)  The  solution  of  the  x -momentum  equation  is  unconditionally 
stable  for  all  streamwise  step  sizes  Ax. 

b) The  solution  of  the  k.  (-equations  is  unconditionally  stable  if  the 
destruction  terms  are  larger  than  the  generation  terms 

c)  If  the  destruction  terms  are  smaller  than  the  generation  terms 
the  k,  (-equations  will  only  converge  if  the  streamwise  step  size 
is  limited  In  the  absence  of  surface  curvature  effects,  the 
k-equation  imposes  the  following  limit  on  the  step  size  Ax 


where  all  variables  are  written  at  the  midpoint  of  the  step  The 
(■equation  gives  a  similar  but  less  restrictive  formula 
In  order  to  prove  the  validity  of  equation  (20).  a  profile  of  the  step 
size  Reynolds  number  Re^x  =  (UeAx)/(  was  plotted  at  the  initial  sta¬ 
tion  of  a  flat  plate  boundary  layer  calculation  (figure  7)  This  profile 
shows  rapid  changes  caused  by  an  initial  velocity  profile  that  was  not 
smoothed.  The  maximum  allowable  step  size  is  given  by  the  absolute 
minimum  of  Re^x  which  occurs  very  close  to  the  surface.  This 
theoretical  value  of  Axmax  is  4(8  which  very  closely  agrees  with  the 
step  size  limitation  of  4/6  found  by  numerical  experimentation.  The 
result  confirms  numerically  that  the  streamwise  step  size  of  the  com¬ 
putational  method  is  limited  by  the  use  of  the  conservation  equations 
for  k  and  (  For  twodimensional  boundary  layer  computations,  this 
step  size  limitation  does  not  inhibit  the  economy  of  the  calculation, 
since  converged  solutions  at  each  surface  station  can  be  obtained  in  a 
few  iteration  cycles. 


Embedded  Potential  Core 

For  some  multielement  airfoil  configurations  and  flight  conditions, 
regions  of  inviscid  flow  separate  neighboring  wakes  and  boundary 
layers  The  length  of  such  a  region,  termed  potential  core,  must  be  ac¬ 
curately  predicted  since  merging  of  the  shear  layers  and  associated 
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c)  TURBULENT  KINETIC  ENERGY 


•  EXPERIMENT,  POT 

- PRESENT  METHOD  ALL  INITIAL  VALUES  FROM  EXPERIMENT 

- PRESENT  METHOD;  ONLY  U(YI  FROM  EXPERIMENT 


Figure  6  -  Effect  of  Initial  Values  on  Prediction  of  Confluent  Boundary  Layer 


•ignificant  changes  in  airfoil  performance  begin  with  the  disappearance 
of  this  potential  core.  The  k,  c-model  of  turbulence  is  well  suited  for 
such  a  prediction  since  the  type  of  flow  region,  either  boundary  layer, 
wake,  or  potential  flow,  need  not  be  specified  e  priori  and  can  be 
predicted  with  one  and  the  same  computational  method.  Accurate  mean 
flow  predictions  of  shear  layers  with  an  embedded  potential  core  are 
shown  in  figure  8  .  using  the  data  of  Pot  (ref.  12)  upstream  of  the 
previously  discussed  test-theory  comparison  based  on  the  same  experi¬ 
ment.  Corresponding  turbulence  data  are  also  compared  in  this  figure. 

In  order  to  perform  reliable  calculations  in  flow  regions  with  a  very 
low  level  of  turbulence,  care  must  be  taken  to  eliminate  numerical 
noise  from  the  values  of  the  dissipation  < .  The  latter  variable  is  the 
denominator  in  equation  (6)  for  the  eddy  viscosity  »T.  so  that  in  flow 
regions  with  little  dissipation  very  small  errors  in  <  can  lead  to  large 


errors  of  eT.  For  this  reason,  the  present  prediction  method  utilizes  on¬ 
ly  those  values  of  t  which  are  at  least  one  order  of  magnitude  larger 
than  the  corresponding  values  of  turbulent  kinetic  energy  k. 

Adverse  Pressure  Gradient 

The  main  assumption  of  the  described  two-point  wall  function 
method  concerns  the  existence  of  a  logarithmic  velocity  profile  at  the 
two  grid  points  closest  to  the  surface.  This  requirement  is  difficult  to 
satisfy  for  boundary  layers  in  adverse  pressure  gradients,  since  the 
relative  width  of  the  logarithmic  layer  is  grestly  reduced  when  separa¬ 
tion  is  approached.  To  illustrate  this  problem,  figure  9  gives  an  exam¬ 
ple  of  the  size  of  the  logarithmic  layer  in  the  computational 
x,  i) -domain  baaed  on  the  data  of  Schubauer  and  Spangenberg  (ref  141 
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Figure  7  -  Limitation  of  Streamwise  Step  Size  at  Initial  Station  of 
Flat  Plate  Boundary  Layer  (Rex=  0.63  x  10 6) 
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Figure  9.  -  Check  on  the  Validity  ot  the  Two-Point  Wall  Function 

Method  in  the  Presence  of  Adverse  Pressure  Gradients 


Accurate  predictions  of  the  boundary  layer  properties  can  only  be  per¬ 
formed  if  the  grid  point  2  is  chosen  such  that  it  will  stay  inside  this 
region  Numerical  experimentation  has  shown  that  the  location  of  grid 
point  1  does  not  affect  the  solution  accuracy 

Very  few  experimental  data  on  confluent  boundary  layers  in 
adverse  pressure  gradients  are  available  Goradia  and  Colwell  (ref  15] 
conducted  a  wall  jet  experiment  on  a  flat  surface  with  an  imposed 
pressure  gradient  simulating  the  confluent  boundary  layer  of  a  two- 
element  high-lift  airfoil.  A  comparison  of  the  present  theory  with 
measured  mean  velocity  profiles,  given  in  figure  10,  shows  excellent 
agreement  even  though  turbulence  data  were  not  available  to  start  the 
computation  Figure  11 ,  showing  a  test-theory  comparison  for  only  one 
velocity  profile  on  the  upper  flap  surface  of  a  high-lift  airfoil  (refs  16. 
17).  is  included  to  emphasize  the  need  for  additional  experimental  data 
The  author  of  this  paper  is  not  aware  of  any  other  published  ex¬ 
perimental  data  of  attached  confluent  boundary  layers  that  are 
available  in  sufficient  detail  for  a  further  evaluation  of  the  present 
prediction  method 


•  EXPERIMENT,  GORADIA 
-  PRESENT  METHOD 
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Figure  8.  -  Turbulent  Sheer  Layers  with  an  Embedded  Potential 
Core 
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Figure  10.  -  Velocity  Profiles  of  Confluent  Boundary  Layer  in 
Adverse  Pressure  Gradient  (6  gg=  0.24  Inches  ai 
Initial  Station) 


•  EXPERIMENT,  OMAR  ET  Al.  -  PRESENT  METHOD 


Figure  11.  -  Velocity  Profiles  on  Upper  Flap  Surface  of 
High-Lift  Airfoil 

CONCLUSIONS 

The  described  computational  method  is  applicable  without 
modification  to  many  different  types  of  turbulent  wall  flows  Test- 
theory  comparisons  for  ordinary  boundary  layers,  wall  jets,  and  con¬ 
fluent  boundary  layers  support  the  following  conclusions: 

a)  The  method  provides  an  accurate  prediction  of  those  turbulent 
shear  flows  that  exist  on  slotted  multielement  airfoils  operating 
at  low  free  stream  Mach  numbers. 

b)  Accurate  predictions  of  mean  flow  can  be  made  in  cases  where 
initial  values  of  turbulence  data  are  not  available. 

c)  The  use  of  the  k.  (-model  of  turbulence  and  a  finite  difference 
solution  method,  provide  sufficient  versatility  to  predict  the 
merging  of  different  types  of  turbulent  shear  flows. 

dl  The  method  is  computationally  efficient  and  numerically  reliable 
even  though  the  application  of  a  two-equation  turbulence  model 
has  severely  limited  the  grid  spacing  in  the  streamwise  direc¬ 
tion.  This  limitation  must  be  removed  before  the  method  is  ex¬ 
tended  to  predict  economically  threedimensional  flows. 

el  The  application  of  law  of  the  wall  boundary  conditions  is  com¬ 
putationally  efficient  but  causes  difficulties  in  boundary  layers 
approaching  separation 

0  There  is  need  ft  r  additional  experimental  data  of  confluent 
boundary  layers  comprising  streamwise  velocity  profiles,  skin 
friction,  and  Reynolds  stresses 
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ABSTRACT 

Experimental  results  of  the  boundary  layer  de¬ 
velopment  in  the  inlet  portion  of  a  rotating  pipe  are 
presented.  An  undeveloped  flow  with  a  rectangular 
velocity  distribution  was  introduced  into  the  pipe 
rotating  about  its  axis.  It  has  been  shown  that 
the  flow  in  the  boundary  layer  is  affected  by  two 
counter  effects.  One  is  a  destabilizing  effect  due 
to  an  increase  of  the  relative  velocity  of  fluid  at 
the  wall  surface  caused  by  the  pipe  rotation,  and 
the  other  is  a  stabilizing  effect  due  to  the  sup¬ 
pression  of  turbulence  brought  about  by  the  cent¬ 
rifugal  force  of  the  swirling  flow  component. 

Whether  the  stabilizing  effect  is  dominant  or  not 
depends  on  the  through- flow  Reynolds  number  and  the 
rotational  speed  of  the  pipe. 

It  has  been  verified  experimentally  that  a 
certain  combination  of  the  two  parameters  causes  a 
reverse  transition  from  turbulent  to  laminar  flow 
in  the  boundary  layer  flow. 

NOMENCLATURE 

a  :  pipe  radius 
d  :  pipe  diameter  -  2a 
H  :  form  parameter  =  5*/  9x 
N  :  rotation  rate  ■  V0/Um 
Re  :  axial  Reynolds  number  =  Umd/v 
Rex':  inlet  length  Reynolds  number  =  Umx'/v 
r  :  radial  distance 

s  ;  running  clearance  at  the  pipe  entrance 
U,  V,  W:  time  mean  velocity  components  in  x,  y,  and 
z  directions,  respectively 
U  :  instantaneous  velocity  component  in  x 
direction 

Ue  :  value  of  U  at  outer  edge  of  boundary  layer 
Um  :  mean  axial  velocity 
V0  :  peripheral  speed  of  rotating  pipe 
x  :  axial  distance  from  the  inlet  section  of 
rotating  pipe 

x'  :  axial  distance  from  the  assumed  leading 
edge  of  boundary  layer 
y  :  circumferential  distance  along  pipe 
periphery 

z  :  radial  distance  from  pipe  wall 
y  :  intermittency  factor 
6  :  thickness  of  boundary  layer 

6*  :  displacement  thickness  of  boundary  layer  in 
x  direction 
6 

(1  -  U/Ue)  (r/a)  dz 

0 


8x  :  momentum  thickness  of  boundary  layer  in 
x  direction 

5 

(U/Ue)(l  -  U/UeHr/a)  d: 

0 

8xy:  momentum  thickness  of  boundary  layer  in 
y  direction 

«  2 
(U/Ue)  CV/V o)  (r/ a)  oz 

0 

v  :  kinematic  viscosity 
INTRODUCTION 

When  a  flow  from  a  stationary  pipe  enters  an 
axially  rotating  pipe,  a  tangential  component  of  vel¬ 
ocity  is  given  to  the  flow  by  the  moving  wall,  which 
causes  a  large  change  both  in  the  axial  velocity 
profile  and  the  turbulent  structure  in  the  flow. 

This  type  of  flow  prevails  in  the  inlet  parts  of 
fluid  machinery,  heat  exchangers,  and  cooling  system 
of  rotors. 

The  decrease  in  the  hydraulic  loss  ir.  rotating 
pipes  when  a  fully  developed  turbulent  flow  was 
introduced  into  the  pipe  was  examined  by  Lev>  ; 1  and 
White(2).  Murakami  and  Kikuyama(3)  measured  both 
the  hydraulic  loss  and  velocity  profiles  in  axially 
rotating  pipes  when  the  flow  was  turbulent  and  found 
that  the  pipe  rotation  stabilized  the  flow  and  reduced 
the  hydraulic  loss  in  the  pipe.  In  this  case  the 
axial  velocity  profile  tended  to  approach  the  laminar 
flow  profile  in  the  downstream  region  of  the  rotating 
pipe.  Using  a  visualization  technique,  Cannon  and 
Kays (4)  found  two  kinds  of  flow  regions:  one  being  the 
core  region  without  a  rotational  component,  and  the 
other  being  the  wall  region  with  a  rotational  com¬ 
ponent.  In  the  latter  region  the  turbulence  was 
observed  to  be  suppressed. 

Pedley(S)  analyzed  theoretically  the  stability 
of  a  laminar  flow  in  a  rotating  pipe  when  the  flow 
had  a  solid  rotation  type  swirling  velocity  component, 
and  showed  that  the  pipe  rotation  destabilized  the 
laminar  flow  state  if  the  axial  Reynolds  number 
exceeded  82.9. 

From  the  authors'  study  cited  above,  it  may  be 
seen  that  the  pipe  rotation  stabilizes  or  destabilizes 
the  flow  in  accordance  with  the  states  of  flow  in  the 
pipe.  The  occurrence  of  the  same  phenomena  can  he 
expected  in  the  developing  boundary  layer  in  the  inlet 
region  of  the  rotating  pipe. 

This  paper  describes  the  effects  of  the  pipe 
rotation  on  the  transition  and  suppression  of 
turbulence  in  this  developing  boundary  layer. 
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EQUIPMENT  AND  METHOD  OF  EXPERIMENT 


A  schematic  outline  of  the  experimental 
apparatus  is  shown  in  Fig.  1(a).  The  air  discharged 
from  a  centrifugal  blower  flows  through  a  rectifying 
tank,  a  nozzle,  and  a  rotating  pipe,  successively, 
and  is  returned  to  the  blower  through  a  stationary 
pipe  and  a  filter.  In  order  to  make  the  velocity 
distribution  uniform  over  the  inlet  section  of  the 
rotating  pipe  and  to  homogenize  the  turbulence 
structure,  a  honeycomb  (20  mi  square  and  100  mm  long) 
and  six  screens  (mesh  size  :  1.0~2.62  mm,  screen 
wire  dia.  :  0. 26  ~  0.56  mm)  were  provided  in  the 
rectifying  tank  and  the  air  stream  from  the  tank  was 
throttled  by  the  nozzle  in  the  ratio  of  12.3  :  1. 


1.  Blower  2.  Rectifying  Tank 

3.  Honeycomb  4.  Gauze  Screen 

5.  Nozzle  6.  Bearing  Box 

7.  Rotating  Pipe  8.  Measuring  Section 

9.  Filter 

Fig.  1  (a)  Schematic  outline  of  Experimental 
apparatus 


1.  Rotating  Pipes  2.  Stationary  Ring 

3.  Pitot  Probe  4.  Pulley 

5.  Bearing  6.  Oil-seal 

Fig.  1  (b)  Details  in  measuring  section 


The  rotating  pipe  had  a  diameter  of  100  mm  and  a 
hydraulically  smooth  surface.  To  check  the  effect  of 
the  running  clearance  between  the  nozzle  and  the 
rotating  pipe  on  the  flow,  the  tests  were  made  at  two 
clearances  of  s  =  1.6  mm  (s/d  ■  0.016)  and  0.2  mm  ( 
s/d  »  0.002),  respectively. 

Measurements  of  velocities  were  made  at  the 
sections  of  x/d  =  0,  2.7,  5.7,  9.7,  12.7,>*«*  ,  and 
38.5,  where  a  hot  wire  probe  and  a  three-hole  Pitot 
tube  were  inserted.  These  probes  were  mounted  on  a 
narrow  stationary  ring  of  10  mm  length  placed  between 
two  rotating  sections  and  the  probes  were  inserted 
into  the  rotating  section  through  a  small  hole  drilled 
in  the  stationary  ring.  Details  of  this  measuring 
section  are  shown  in  Fig.  1(b).  The  leakage  of  the 
air  through  the  running  clearances  was  prevented  by 
the  oil-seals. 

The  experimental  ranges  of  the  axial  Reynolds 
number  Re  and  the  rotation  rate  N  were  6  *  104<Re£ 

9  x  104,  and  0£N<0.83,  respectively. 

EXPERIMENTAL  RESULTS  AND  DISCUSSIONS 

Velocity  Distributions  Figure  2  shows  the  velocity 
profile  at  the  entrance  section  of  the  rotating  pipe 
(x/d  =  0)  when  the  pipe  is  held  stationary  (N  =  0) 
and  Re  =  7.5  x  104  Both  the  uniformity  and  axi- 
symmetricity  are  seen  to  be  established  well  except 
for  a  narrow  region  near  the  wall,  the  thickness  being 
6*/a  =  0.015.  The  turbulence  intensity  u'/Ue  was 
measured  to  be  less  than  0.003  in  this  uniform 
velocity  field. 

Figure  3  shows  the  velocity  profiles  in  the 
boundary  layer  at  different  sections  when  the  pipe  is 
stationary  (N  =  0)  and  the  clearance  is  held  to  be 
1.6  mm.  The  radial  distance  z  is  made  dimensionless 


Fig.  2  Axial  velocity  distribution  at  the 
entrance  section 


Fig.  3  Velocity  profiles  for  N  =  0  (s  =  1.6  ram) 


by  the  momentum  thickness  6x  in  the  figure.  At  the 
sections  of  x/d  =  5.7  and  9.7,  the  velocity  profiles 
coincide  well  with  the  Blasius'  velocity  curve  for  the 
flow  on  a  flat  plate  with  no  pressure  gradient.  Thus, 
the  flow  in  this  stationary  pipe  is  considered  to  be 
laminar.  The  velocity  profile  is  changed  abruptly  at 
the  downstream  sections,  x/d  *  12.7  and  15.5.  The 
velocity  curve  at  x/d  =  15.5  shows  the  same  profile 
as  measured  by  Nikuradse  in  a  fully  developed  turbulent 
pipe  flow  (Re  *  1.1  x  10s )  as  shown  by  a  chain  line  in 
this  figure.  When  the  pipe  is  rotating,  the  flow 
receives  a  tangential  velocity  component  and  this 
component  brings  about  a  change  in  the  axial  velocity 
distribution. 

Figures  4(a),  (b) ,  (c) ,  and  (d)  show  the  axial 
and  tangential  velocity  curves  for  different  sections 
when  the  pipe  is  rotated  at  the  rates  of  N  =  0.25, 
0.35,  0.5  and  0.63,  respectively.  For  reference ,  the 
velocity  curves  obtained  by  Blasius  (laminar  flow)  and 
Nikuradse(turbulent  flow),  respectively,  are  also 
plotted  in  these  figures.  Judging  from  the  velocity 
profiles  for  N  =  0.25,  the  flow  is  said  to  be  laminar 
in  all  sections  upstream  of  x/d  -  12.',  but  at  the 
downstream  section  x/d  =  15.5,  the  flow  has  turned 
into  a  turbulent  state.  Comparing  this  results  with 
that  for  N  »  0,  it  may  be  considered  that  the  pipe 
rotation  in  this  case  stabilizes  the  flow,  since  the 


Fig.  4(b)  Changes  in  velocity  profiles 
for  N  =  0.35  (s  1  1.6  mm) 


Fig.  4(d)  Changes  in  velocity  profiles 
for  N  =  0.63  (s  *  1.6  mm) 
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transition  of  flow  from  laminar  to  turbulent  is  seen 
in  farther  downstream  sections  in  the  rotating  state. 

The  curves  of  the  tangential  velocities  V/VD  in 
different  sections  show  a  similar  tendency  within  the 
range  of  x/d  &  12.7,  and  a  discontinuity  observed  at 
about  the  point  of  V/Vo  *  0.6  will  be  due  to  a  local 
instability  caused  by  a  large  shear  near  the  moving 
wall.  At  the  section  x/d  *  15.5,  this  discontinuity 
cannot  be  seen  in  the  velocity  curve. 

When  the  rotation  rate  is  increased  to  N  =  0.55 
(Fig.  4(b)),  the  axial  velocity  profile  at  the 
section  x/d  *  5.7  exhibits  a  laminar  flow  pattern  and 
at  the  section  x/d  =  9.7  the  profile  begins  to  turn 
into  a  turbulent  state.  But  they  are  again  returned 
in  a  laminar  state  by  the  stabilizing  effect  of  the 
swirling  velocity  component  as  shown  in  the  profile 
of  x/d  *  12.7.  In  the  farther  downstream  section 
x/d  =  15.5,  however,  they  are  almost  in  a  turbulent 
flow  pattern.  The  stabilizing  and  destabilizing 
effects  of  the  pipe  rotation  become  more  dominant  when 
the  rotation  rate  is  increased  to  N  =  0.5  as  shown  in 
Fig.  4(c).  Both  of  the  axial  and  tangential 
velocity  profiles  in  the  section  of  x/d  »  5.7  exhibit 
a  laminar  flow  pattern,  but  in  the  section  of  x/d  = 
9.7  the  flow  pattern  becomes  a  turbulent  one. 

Farther  downstream,  at  x/d  =  12.7,  the  flow  pattern 
again  becomes  laminar,  namely  a  "relaminarization 
phenomenon"  is  seen  to  occur.  In  this  section, 
there  is  a  slight  discontinuity  in  the  curve  of  V/V0, 
corresponding  to  a  local  instability.  This  laminar 
state  of  flow  becomes  again  turbulent  at  the  section 
of  x/d  =  15.5.  At  the  rotational  speed  of  N  =  0.63 
(Fig.  4(d)),  the  axial  velocity  profile  is  of  a 
turbulent  flow  type  in  every  section. 

To  confirm  the  above  description,  a  hot  wire 
probe  was  inserted  at  the  section  x/d  =  12.7,  and 
its  instantaneous  output  was  recorded.  The  results 
are  shown  in  Fig.  5,  in  which  the  distance  z  of  the 
probe  from  the  pipe  wall  is  made  to  be  0.9  mm  (z'On 
=  0.5  ~1.0)  and  the  Reynolds  number  is  adjusted  is 
Re  -  7.5  »  10k.  The  output  corresponding  tc  the 
turbulent  velocity  component  U  in  the  stationary 


state  N  «  0  is  seen  to  fluctuate  just  as  in  a  turbulent 
flow.  If  the  pipe  is  made  to  rotate  and  its  rate  is 
elevated  to  N  =  0.43,  this  intensive  turbulent 
fluctuation  dies  away  and  the  flow  almost  becomes 
laminar.  A  further  increase  of  N  to  0.63,  however, 
again  brings  about  an  intensive  fluctuation  character¬ 
izing  a  turbulent  flow.  The  above  results  on  the 
fluctuation  of  velocities  will  confirm  well  the 
reason  for  the  change  in  the  velocity  profiles  in 
Figs.  3,  and  4(c)  and  (d). 

Momentum  thickness  and  form  parameter  Changes 

of  the  momentum  thicknesses  both  in  the  axial  and 
tangential  components  0x  and  8xy  along  the  pipe  axis 
are  shown  in  Fig.  6,  where  Re  *  7.5  *  lO1"  and  s/d  = 
0.016.  Already  at  the  inlet  section  of  the  rotating 
pipe,  the  boundary  layer  is  seen  to  be  developed, 
which  shows  the  effect  of  the  nozzle  wall  before  the 
inlet.  To  account  for  this,  an  equivalent  pipe 
length  is  introduced,  at  the  end  of  which  the  boundary 
layer  that  would  have  been  developed  is  the  same 
amount  as  that  observed  at  the  exit  section  of  the 
nozzle.  This  length  can  be  assumed  to  be  1.5d, 
irrespective  of  the  Reynolds  number,  and  the  axial 
distance  x'  from  the  assumed  leading  edge  is  expressed 
as 

x'  =  x  ♦  1.5d 

where  x  denotes  the  distance  measured  from  the  leading 
edge  of  the  rotating  pipe.  In  the  figure,  x/d  and 
also  Rex'  =  Umx'/v  are  taken  as  the  abscissa. 

When  the  pipe  is  stationary  (N  =  0 ) ,  9x  has  a 
comparative  high  increase  near  the  section  correspond¬ 
ing  to  Rex'  *  106  or  x/d  =  12.7.  Near  this  section 
the  boundary  layer  is  expected  to  change  from  laminai 
to  turbulent.  When  the  pipe  is  rotated  at  the  rate  of 
N  «  0. 15~9. 5,  the  point  of  the  transition  shifts  to  the 
downstream  side  and  comes  to  the  section  Rex'  =  1.2  ’ 
10'  The  same  change  can  be  seen  in  Bxy  when  N  4 
0.5.  When  the  rotation  rate  N  is  increased  to  0.b3, 
the  point  of  the  transition  is  seen  to  move  upstream. 
Hii;  shift  of  the  transition  corresponds  well  to  the 
results  described  already. 

rhe  form  parameters  H  for  different  Reynold? 
numbers  are  plotted  against  Rex’  in  Fig.  ",  when  N  *■  0. 
The  values  of  H  =  1.7  and  2.5  are  also  shown  in  this 
figure  by  broken  lines:  H  =  1 . 7  corresponds  to  a 
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Fig.  5  Output  signals  of  hot  wire  probe  for 
x/d  *  12.7,  Re  *  7.5  *  10k,  and  z/d 
*  0.009  (s  *  1.6  mm) 


Fig.  6  Changes  of  Sx  and  0xv  along  the  pipe 
for  s/d  *  0.016 
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Fig.  1 


a 


Changes  of  H  along  the  pipe  for  N 
and  s/d  =  0.016 


developed  turbulent  flow  and  H  =  2.5  to  a  developed 
laminar  flow.  Increasing  the  axial  Reynolds  number 
Re,  the  transition  point  moves  upstream  as  is  expected 
from  the  foregoing  results. 

Figures  8(a),  (b)  and  (c)  show  the  changes  of 
the  form  parameter  H  along  the  pipe  when  Re  =  6.0  * 

104,  7.5  »  104  and  9.0  x  104,  respectively.  When 
Re  =  6  *  10“  (Fig.  8(a)),  the  transition  point  moves 
upstream  gradually  as  the  rotation  rate  N  is  increas¬ 
ed.  and  at  N  =  0.83  this  point  reaches  the  section 
where  Rex'  =  0.35  *  10s. 

When  the  Reynolds  number  Re  is  increased  to  Re  = 
".5  x  io4  as  in  Fig.  8(b),  a  different  situation 
occurs  and  the  transition  point  in  the  rotating  state 
of  N  ~  0.15  comes  to  a  section  situating  downstream 
of  the  transition  in  the  stationary  state  N  *  0. 

This  delay  of  the  transition  in  the  rotating  pipe  is 
caused  by  a  stabiliting  effect  of  the  swirling  flow 
component.  If  N  is  increased  further  to  N  *  0.25, 
however,  the  pipe  rotation  disturbs  the  flow  and  the 
transition  from  laminar  to  turbulent  flow  occurs  at 
an  early  section.  In  this  case  the  turbulent  flow 
again  becomes  laminar  in  the  downstream  sections  and 
H  changes  in  a  wavy  form  along  the  pipe.  This  wavy 

change  in  H  is  seen  only  in  the  range  of  0.25  <  N  <. 

0.5.  When  N  is  increased  beyond  this  range, 
namely,  to  N  «  0.63,  the  flow  transition  occurs 

earlier,  and  H  decreases  gradually  along  the  pipe, 

showing  no  wavy  form.  At  the  Reynolds  number  Re  = 

9  *  104(Fig.  8(c)),  the  point  of  the  transition  moves 
downstream  as  N  is  increased  when  N  is  in  the  range 
of  SJsO.33  but  it  moves  upstream  when  S  is  increased 
beyond  the  limit.  The  curve  of  H  in  N  =  0.5  comes 
near  to  that  in  the  stationary  state  of  S  =  0. 


Mow  regimes  in  rotating  pipe  With  knowledge  of 

the  form  parameters  H  obtained  from  the  velocity 
profiles  and  the  intermi ttencv  factors  y  measured 
by  the  hot  wire  anemometer,  the  flow  regimes  in  the 
rotating  pipe  can  be  constructed.  Figures  9(a)  and 
(b)  exhibit  the  flow  regimes  obtained  for  the  inlet 
running  clearances  of  s/d  =  0.016  and  0.002, 
respectively.  In  these  figures  the  following  classi¬ 
fications  are  adopted,  depending  on  y  and  H: 

(1)  laminar  state  :  when  y£0.05  or  H  g  2.5, 

(2)  transition  state  :  when  0.05  <y<  0.9  or  2.5  > 

H  >  1.7, 

(3)  turbulent  state  :  when  y  £0.9  or  H  £  1.7. 

When  the  running  clearance  is  made  to  be  s/d  * 

0.016  (Fig.  9(a)),  the  laminar  region  becomes 
narrower  as  Re  increases.  In  the  case  of  Re  *  6  x 


Fig.  8(a)  Changes  of  H  along  the  pipe  for 
Re  --  6  »  104  and  s/d  =  0.016 


Fig.  8(b)  Changes  of  H  along  the  pipe  for 
Re  =  7,5  *  104  and  s/d  =  0.016 
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Fig.  8(c)  Changes  of  H  along  the  pipe  for 
Re  r  9  «  io4  and  s/d  =  0.016 
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Fig.  9(a)  Flow  regime  for  s/d  =  0.016 


Fig.  9(b)  FIdw  regime  for  s/d  =  0.002 


101*,  the  pipe  rotation  can  stabilize  the  flow  only 
when  N  <  0.1S,  and  if  N  is  increased  beyond  this 
limit,  the  flow  is  disturbed  and  an  early  transition 
is  brought  about.  When  the  rotation  rate  exceeds 
the  value  N  =  0.8,  the  flow  becomes  turbulent  shortly 
after  the  inlet  section  of  the  rotating  pipe. 

The  flow  regime  map  at  Re  =  7.5  *  10“  differs 
remarkably  from  that  at  Re  =  6  *  10“ .  In  the  case 
of  Re  =  7.5  »  10“.  the  dimension  of  the  laminar  flow 
region  situated  near  the  inlet  section  decreases  as 
N  increases.  Another  isolated  laminar  flow  region 
is  seen  inside  the  transition  flow  territory.  This 
laminar  region  appears  only  within  the  rotation  range 
0.3  <  N  <  0.45. 

When  Re  is  increased  to  9  «  10“,  the  laminar 
flow  region  after  the  inlet  section  becomes  narrower 
and  the  stabilizing  effect  of  the  rotating  pipe  is 
observed  only  in  a  small  range  of  0.2  <  N  <  0.5, 

Generally,  the  transition  phenomenon  is  very 
sensitive  to  the  upstream  condition  of  flow,  and  the 
running  clearance  at  the  rotating  pipe  inlet  will 
exert  some  influence  on  the  flow  regimes  explained 
above.  The  results  for  another  running  clearance  of 
s/d  =  0.002  are  shown  in  Fig.  9(b),  where  the  results 

for  s/d  *  0.016  are  also  plotted.  It  is  seen  that 
the  wider  clearance  causes  much  disturbance  to  the 
flow  and  an  early  transition  is  brought  about,  but 
the  flow  regime  maps  for  both  clearances  do  not 
exhibit  any  qualitative  differences. 

CONCLUSIONS 

An  undeveloped  uniform  flow  was  introduced  to  an 
axially  rotating  pipe,  and  the  velocity  distribution 
and  turbulence  intensity  were  measured  in  the  ranges 
of  the  Reynolds  number  Re  *  6  ~  9  «  10“  and  the 


rotation  rate  0  <  N  <  0.83.  The  results  obtained 
are  summarized  as  follows: 

(1)  Pipe  rotation  causes  a  stabilizing  effect 
or  a  destabilizing  effect  on  the  boundary  layer  flow 
according  to  the  values  of  Re  and  N.  A  relaminari- 
zation  phenomenon  is  observed  in  the  rotating  pipe 
within  certain  boundaries  of  Re  and  N. 

(2)  Transition  of  the  flow  is  sensitively 
affected  by  the  running  clearance  between  the  rotating 
pipe  and  the  upstream  stationary  nozzle,  but  if  the 
clearance  ratio  s/d  is  made  to  lie  in  the  range  of 
s/d  =  0.002  ~  0.016,  the  size  of  the  clearance  does 
not  give  any  qualitative  change  in  the  flow. 
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ABSTRACT 

An  analysis  and  experiments  are  presented  about  a 
turbulent  boundary  layer  on  a  cylinder  rotating  in  an 
axial  flow.  A  non-orthogonal  and  non-inertial  frame 
is  used  to  clarify  the  characteristics  of  the  boundary 
layer  in  the  near-wall  region.  Exploration  of  the 
boundary  layer  equation  leads  to  a  novel  type  wall 
variable  and  then  new  sublayer  and  logarithmic  layer 
velocity  distributions.  The  mean  velocity  profiles 
obtained  in  the  experiments  confirmed  the  novel  veloc¬ 
ity  distribution  law.  Power  spectra  measured  near  the 
wall  exhibited  a  mild  but  clear  peak.  Discussion  was 
made  as  to  the  origin  of  the  peak,  and  attention  was 
drawn  to  a  possible  large  eddy  structure. 

NOMENCLATURE 

a  -  radius  of  the  cylinder 

P  *  static  pressure 

Re  =  Um^/v,  reference  Reynolds  number 

r  -  a*  x1  =  a*z,  radial  coordinate 

Tij  -  contravariant  component  of  the  stress  tensor 
Tjj  =  physical  component  of  the  stress  tensor 
Ue  =  free  stream  velocity  outside  of  the  layer 
Um  =  reference  free  stream  velocity  at  x  =  0 

Ur  =  Ale2  *  (r-o)  ,  relative  velocity  of  the  inviscid 

flow  with  respect  to  the  rotating  frame 
Uro  =  Ale*  ♦  (uw) 1 ,  value  of  Ur  at  the  cylinder  sur¬ 
face 

U,V,K  -  mean  velocity  components  in  the  x-,  y-  and  z 
directions  respectively 

U1  =  contravariant  component  of  the  mean  velocity 

Uj  »  physical  component  of  the  mean  velocity 

Urei0  =  AJ2  ♦  (au  -  V) 2 ,  relative  velocity  in  the  bound¬ 
ary  layer  to  the  rotating  cylinder 
u^  =  contravariant  component  of  the  fluctuating  ve¬ 
locity 

Uj  =  physical  component  of  the  fluctuating  velocity 
V0  *  au,  peripheral  velocity  of  the  cylinder 

xi  •  coordinates  of  the  rotating  streamline  frame, 

—  Fig.  1 

x*  *  coordinates  of  the  non-inertial  Cartesian  re¬ 
ference  frame,  Fig.  1 

x,y,z  »  stationary  cylindrical  coordinates;  axial,  pe¬ 
ripheral  and  radial  coordinates  respectively, 
z  *  r  -  a 

Ti  -  V0/Ue,  local  speed  ratio 
lim  1  V0/Um,  reference  speed  ratio 
',l\  -  component  of  the  angular  velocity  of  the  ro¬ 

tating  Cartesian  frame  with  respect  to  the 
stationary  frame 

u  *  angular  velocity  of  the  cylinder 
4U«,4V«  *  normalized  one-dimensional  energy  spectra 
of  fluctuating  velocities 


Oberbars  are  used  to  designate  the  Cartesian  non- 
inertial  reference  frame. 

INTRODUCTION 

The  turbulent  shear  flow  along  a  flat  plate  has  a 
multi-layered  structure  as  the  most  fundamental  feature 
of  the  mean  velocity  field.  On  the  other  hand,  the 
details  of  the  multi-layered  structure  of  the  general 
complex  turbulent  shear  flow  along  a  wall  are  still 
unknown.  In  this  report  the  turbulent  boundary  layer 
on  a  rotating  cylinder  in  an  axial  flow  is  treated  as 
one  of  the  complex  turbulent  flows;  this  is  affected 
by  both  the  transverse  curvature  and  the  centrifugal 
force.  This  flow  is  perhaps  one  of  the  simplest  of 
general  three-dimensional  flows.  One  of  the  main  ob¬ 
jectives  of  the  present  paper  is  to  analyse  the  simi¬ 
larity  of  the  near-wall  flow  in  order  to  establish  a 
universal  velocity  distribution  law  which  is  similar 
to  the  classical  law  of  the  wall. 

Lohmann  (1_)  and  Arzoumanian  et  al .  (2j  insisted 
that  the  relative  velocity  to  the  rotating  cylinder 
show  the  same  logarithmic  profile  as  for  flat-plate 
flow.  We  earlier  made  a  suggestion  on  the  same  formu¬ 
lation  of  the  law  of  the  wall  (£) •  This  laK  might  be 
valid  in  a  thin  boundary  layer  having  negligible  ef¬ 
fects  of  the  transverse  curvature  and  the  centrifugal 
force.  If  the  boundary  layer  is  thick,  it  does  not 
show  *he  above-mentioned  logarithmic  law,  as  will  be 
shown  in  our  experimental  results.  This  phenomenon 
may  also  be  inferred  from  the  large  deviation  of  the 
mixing  length  distribution  from  that  of  the  two-dimen¬ 
sional  case  as  described  in  a  previous  paper  (£) . 

In  order  to  clarify  this  crucial  point,  we  derive 
the  boundary  layer  equations  expressed  by  a  non-orthog- 
onal  coordinate  system  rotating  with  the  cylinder  which 
reflects  well  the  features  of  the  present  flow,  and  ob¬ 
tain  a  novel  logarithmic  law.  Experiments  have  also 
been  performed  by  use  of  a  rotating  cylinder  in  an  ax¬ 
ial  flow.  The  mean  velocity  distribution  measured  de¬ 
finitely  confirms  the  novel  logarithmic  law.  Power 
spectra  of  turbulence  obtained  exhibited  a  particular 
characteristic  which  implied  a  special  large  eddy. 

DERIVATION  OF  BASIC  EQUATIONS  AND  LOGARITHMIC  LAW 


Boundary  Layer  Equations  in  a  Rotating  Streamline 


Frame 


Let  us  suppose  that  the  non-inertial  Cartesian 
reference  frame  (coordinates  xi)  is  firmly  attached  to 


the  cylinder  spinning  at  the  angular  velocity  A 
set  of  coordinates  x-  with  respect  to  the  non-inert lal 
curvilinear  frame  is  defined  as  shown  in  Fig.  1.  Sup¬ 
posing  an  inviscid  flow  of  velocity  Ue  in  the  x!-direc- 
tion  in  the  stationary  frame,  we  define  the  curved  x1- 


Fig.  1  Rotating  streamline  coordinates 


Here  we  assume  a  steady  turbulent  flow.  In  these  eq¬ 
uations,  the  comma  denotes  the  covariant  differentia¬ 
tion,  e1!*'  and  ejijm  are  permutation  tensors,  and  S.  are 
the  transformation  matrix  elements.  The  averaged^ 
stress  tensor  TA  is  defined  in  incompressible- fluid 
by  the  constitutive  equation, 

Tlj  «  -Pglj  ♦U(g1V,n*gljUi.il).  (51 

Introducing  all  the  geometric  coefficients  into 
Eqs.(3)  and  (4),  we  can  obtain,  after  some  algebra, 
the  basic  equations  for  a  turbulent  flow  with  respect 
to  the  rotating  streamline  coordinate  system.  In  what 
follows,  the  contravariant  physical  components  are 
written  with  subscripts. 

Using  the  physical  components  and  assuming  the 
axisymmetry  of  the  mean  flow,  the  continuity  equation 
is 


coordinate  line  as  a  line  whose  tangent  is  in  the  di¬ 
rection  of  the  relative  velocity  vector  with  respect 
to  the  rotating  frame.  The  x3-coordinate  curve  is  ra¬ 
dial  straight  line.  The  surface  x'-x3  is  a  helicoid. 
The  x2-coordinate  curve  is  chosen  parallel  to  the 
leading  edge  of  the  cylinder  considering  the  rotation¬ 
al  symmetry  of  the  flow.  The  x'-coordinate  is  the 
length  normalized  to  the  projected  length  on  the  cyl¬ 
inder  surface,  the  x2-coordinate  is  the  azimuthal  an¬ 
gle,  and  the  x3-coordinate  is  the  length  measured  from 
the  cylinder  surface.  A  set  of  coordinates  xi  is  thus 
a  non-inertial  non-orthogonal  curvilinear  system.  In 
what  follows,  we  term  this  system  a  rotating  stream¬ 
line  coordinate  system,  and  x'-direction  a  streamline 
direction. 

The  coordinate  transformation  is  given  by 

l  i 

x1  =  (a  ♦  x3)cos(x2  -  iu/g  (l/UR0)dx‘  ),  ' 

x2  =  -  (a  *  x3)sin(x2  -  uj*  (l/UR0)dx‘  ),  l  (1) 

i  .  ! 

x3  =  J*  (Ue/UR0)dx'  , 

where  Uro  «  AJe2  ♦  (aw) 2 .  Using  the  relations  (1),  we 
can  obtain  the  basic  equations  with  respect  to  the  ro¬ 
tating  streamline  frame,  following  non-Cartesian  ten¬ 
sor  analysis  (5).  Various  geometric  coefficients, 
i.e.,  the  transformation  matrix  elements,  the  metric 
tensor,  the  Christoffel  symbols  and  so  on,  are  requir¬ 
ed  for  the  present  purpose.  The  metric  tensor  g2j  is 
obtained  as 


1J 


d/X)2 

-  u(a  *  x3)2/UR0 


-  u(a  *  x3) 2 /UR0 
(a  ♦  x3)2 


0 


0 


3  l  ( AU  i )  -  3  i  (yo)XUi/yo  ♦  3  3U3  ♦  U3/(a  +  x3J  =  0,  (6) 

A  A  X 

and  the  Reynolds  equations  become, 

XU,ax,  (XU,)  ♦  U33x  j  (AU i )  -  3^1  (Yo)  (XUi ) 2/Y:  ■ 

=  [Yo23xi(Tn/Y2)  ♦  3x3f  (a*  x3)XT13}/(a  ♦x3)]/c  - 

♦  [Yo23xi (ui2 /y2)  ♦  3xj{ (a  ♦  x3)Xu3u3}/(a  ♦  x3) ] ,  ("a) 

XU)3x,U2  *  U33x,U2  ♦  w(a  ♦  x3)3x,  (UR0)  (XU,/Ue)2  - 

-  2u)XUiU3/Ur0  *  U2U3/(a  -  x3)  ♦  2wjU3  = 

=  [w(a  ♦  x3)3xj (URq)X2Tj  j/Ue2  ♦  Y o ^x i (Tj2/y)  - 

-  2uXT)  s/Urq  ♦3x3{(a*x3)2T23}/(a*x3)2]/c- 

-  [iu(a  ♦  x3 ) 3x j  (URQ)X2u~1i/Ue2  ♦  Yc3xi  (uiU2/y)  - 

-  2uXuiu3/Urq  *3x3{(a  +  x3)2uiu3}/(a*x3)‘],  Cb) 

XUi3xiU3  ♦  U3Sx3U3  -  (a  +  x3j  {uj(XUi  -  Ur0)/Urq  - 

-  U2/ (a  *  x3) }2  =  [-u2 (a  +  x3) X2Ti i/Uro2  * 

♦  2uXTi2/Urq  ♦Yo3xi(Ti3/y)  -  T22/(a*x3)  * 

♦  3x3{(a*x3)T33}/(awxs)]/o- 

-  [ -u}2  (a  ♦  x3)X2u75/Urq  +  2uXu)U2/Uro  * 

♦  Yo3xi (uiu3/y)  -  u22/ (a  *  x3)  ♦ 

«  9x s { (a  ♦  x3)u32 )/ (a  ♦  x3)] ,  CO 

where  3xi  =  3/3xi,  y  -  UR/Ue  and  Yo  -  URo/Ue.  The  e- 
volution  of  the  constitutive  equations  with  respect  to 
this  coordinate  system  is  straightforwards  but  consid¬ 
erably  tedious,  and  is  not  presented  here. 

Assuming,  for  the  present,  that  the  free  stream 
velocity  Ue  is  constant,  the  equations  for  the  thick 
turbulent  boundary  layer  read  as  follows: 


where  X  *  Uro/Ur  and  Ur  =  Ale2  ♦  (rui) 2 .  Other  quanti¬ 
ties  can  be  obtained  after  some  algebra. 

Let  be  the  angular  velocity  of  the  rotating 
frame  relative  to  the  stationary  frame.  The  present 
study  deals  with  the  case  of  a  steady  rotation  with 
ilj  =  Oj  *  0  and  fi3  =  -oj.  From  the  conservation  equa¬ 
tion  of  mass  and  momentum  of  fluid  with  respect  to  a 
non-inertial  non-Cartesian  frame  (see,  for  example, 
(5)),  we  obtain  the  following  continuity  equation  and 
Reynolds  equation  for  incompressible  fluid: 


3xi  (XU i )  ♦  3x3{  (a  ♦  x3)U3)/ (a  ♦  x3)  =  0,  (&i 

XU33xi(XUi)  ♦U33x,(XU,1  =  -Yo23xiP/^* 

♦  3xJ{  (a  ♦  x3)Xti  }/p(a  ♦  x3) ,  (9a) 

XUi3x,U2  ♦  U33x,U2  *  U2U3/(a  ♦  x3)  -  2<aU3(XUi  -  UR0 ) / 

/UrO  *  -You(a  ♦  x3)3x]P/oUe  ♦  [-2uXt!/Ur0  ♦ 

♦  3XS<  (a  ♦  xVt2}/(a  ♦  x 3 ) 2  ] /D,  (9b) 


*  0,  (3) 

uV^  ♦  2Eljke^gkllnj;uil* 

♦  EijkBj6knR(el5-^xm)  •  (Tij  -  ouVn./o.  14) 


(a  ‘  x3)  (u)(XUi  -  Uro)  /Uro  -U2/(a*x3)}2  =  ?xjP/c  - 
-  (a  ♦  x3)  {uiXui/Uro  -  u2/  (a  *  x3)  )2  * 

♦  3x * { (a  ♦  x3)u32)/(a  ♦  x3) ,  (9c) 

Where  T)  and  t2  are  shear  stress  components  in  the  x1- 
and  x2-directions ,  respectively,  defined  by 


2,8 


ti  *  p3xj (XUi)/X  -  pujuj ,  (10a) 

Tj  =  p(a  +  xs)3xj{U2/(a  *  x5) }  -  puj'uj.  (10b) 

Boundary  conditions  are 

x3  =0;  U,  *  U2  «  Uj  *  0,  uj  =  u2  *  uj  *  0,  (11a) 

,x3  •*  •»;  U,  ■*  Ur,  U2  -»  0,  u2 ,  u2 ,  U3  ■*  0.  (lib) 

Note  that  U2  is  not  assumed  to  be  small  in  Eqs. (9a)- 
(9c);  these  equations  and  Eq.(8)  are  general  basic 
equations  for  the  turbulent  boundary  layer  on  a  thin 
cylinder  spinning  in  a  uniform  axial  flow. 

It  is  noticed  that  the  pressure  gradient  in  x3- 
direction  can  be  eliminated  from  Eqs. (9a)  and  (9b). 
This  pressure  is  produced  due  to  the  rotating  bounda¬ 
ry  layer  as  expressed  by  Eq.(9c).  Therefore  it  can  be 
interpreted  that  the  effects  of  rotation  through  the 
pressure  gradient  on  Ui  and  on  U2  cancel  out  each 
other.  Elimination  of  the  pressure  gradient  from 
Eqs. (9a)  and  (9b)  leads  to 

Ml  3^  ,  (XU,)  +  U  3  (XU , )  -  YoUe{  XU,3x,U2  ♦  U33x  3U2  ♦ 

*  U2U3/(a  ♦  x3)}  -  3U3(XU,  -UR0)/(a  +  x3)  = 
s  [  3  { (a  *  x3)  3Xt,)/(a  ♦  x3) 3  - 

■  uR0-x3Ua  »  x3)2T2)/u,(a  ♦  x3)3]/p.  (12) 

Universal  Velocity  Distribution  Law 

The  components  of  mean  velocity  U2  (i  «  1,  3,  3) 
in  this  coordinate  system  are  related  to  the  axial, 
peripheral  and  radial  components,  U,  V  and  K,  respec¬ 
tively,  in  the  stationary  cylindrical  coordinate  sys¬ 
tem  as 

U,  =  yU,  U2  •  V  -  rw(l  -  U/Ue) ,  U3  =  K.  (13a,  b,  c) 

If  U;  =  0,  the  generalized  quasi-collateral  relation¬ 
ship  (6)  follows,  that  is, 

1  -  U/Ue  =  (a/r)V/V0.  (14) 

The  previous  experiments  (6)  have  shown  that  this  re¬ 
lationship  is  nearly  satisfied  in  the  turbulent  bound¬ 
ary  layer,  and  also  the  present  experiment  will  con¬ 
firm  this  relationship.  It  is  reasonable  to  assume 
that  U2  is  small,  an  assumption  whi -F  assures  the  ad¬ 
vantage  of  using  the  rotating  streamline  system. 

Neglecting  the  terms  including  L2  in  Eq.  (13)  for 
the  first  approximation,  we  obtain 

>U,5  1  (>U,)  *  U 3 3x 3 ( XU  1 )  +  2U3(XU,  -  UR0)/r  * 

=  3x3(r3>.Ti)/pr3,  (15) 

Here  the  Reynolds,  stress  -ou2u3  is  thought  to  be  zero 
in  this  case  because  of  the  axisymmetric  nature  of 
statistical  quantities. 

Near  the  wall,  the  inertia  terms  on  the  right- 
hand  side  of  Eq. (15)  may  be  neglected: 

i*x 3  (r3 'i  ,  J /cr3  *  0,  (lb) 

whence  follows 

r3>T,  =  const.  =  a3t0 ,  ,  (17) 

where  T01  is  the  x'-component  of  the  wall  shear  stress 
Substituting  the  Eq.(lOa)  into  Eq .(17)  and  introducing 
a  new  dimensionless  argument 

z*  =  (UlTa/v)(rJ  -a2)/2r2,  (18) 

we  obtain 

3  ♦(*Ui/UiT)  -  Mr3/a3)u7u"3/UiTJ  *  1,  (19) 

where  U,T  =  /ToT 77.  he  may  expect  the  solution  of  Eq. 
(19)  to  be 


XU,/U,T  *  F (z  ).  (30) 

This  is  the  law  of  the  wall  in  this  turbulent  boundary 
layer,  and  z ♦  defined  by  Eq. (18)  is  the  relavant  wall 
variable. 

In  the  viscous  sublayer,  the  Reynolds  stress  can 
be  neglected  in  Eq.(19),  and  the  velocity  distribution 
becomes 

XU,/U,T  =  z*  -  (U,Ta/v) (r2  -  a2 )/3r2 .  (31) 

Outside  the  viscous  sublayer,  the  universal  velocity 
distribution  may  be  deduced  on  the  basis  of  Eq. (30) 
using  various  more  or  less  sophisticated  methods  simi¬ 
lar  to  those  in  the  case  of  two-dimensional  flow. 

This  becoms 

XUi/Un-  =  A,Eog((U,Ta/v)(r2 -s2)/3r2]  »  Bj ,  (33) 

where  A,  and  B,  are  empirical  constants. 

Inserting  Eqs. (13a)  into  Eq . ( 33 ) ,  we  obtain  the 
logarithmic  velocity  distribution  in  the  axial  direction 

U/UT  =  Ax£og[ (UTa/v) (r2  -  j2)/3 r'l  ♦  Bx ,  (331 

where  UT  is  the  friction  velocity  in  the  x-direction, 
and 

Ax  -  A,/(l  ♦  fl2)17\  ^  j; 

Bx  »  [A,£og(l  ♦  iT2)1'4  ♦  B,]/(l  *  f;2)1'  \  * 

In  the  same  way,  using  Eq. (13bl  with  U2  =  C,  the  peri¬ 
pheral  velocity  distribution  becomes, 

{V0-  (a/ r)V)/VT  =  Ay  tog  [  (VTa/v)  (r2  -  a2  )/3r2  ]  *  By,  ,35) 

where  \\  is  the  friction  velocity  in  the  v-direction. 
and 

Av  =  A 1  *2 3 7  2/  (1  ♦  Q2)  w  “,  : 

By  *  [A,  tog{  (1  •»  33 2 ) 3 '  ** / 3< 1 7  2  }  *  B 3  ] .'. 1  2 /  ( 1  ♦  ! 

Equat i on  (35)  agrees  completely  with  the  expression  in 
the  previous  study  (6). 

EXPERIMENTAL  APPARATUS  AND  PROCEDURES 

The  wind  tunnel  used  is  shown  in  Fig.  3.  In  or¬ 
der  to  obtain  a  uniform  oncoming  flow  to  the  rotating 
cylinder,  the  boundary  layer  developing  on  the  front 
supporting  rod  is  sucked  through  the  slit,  and  it  goes 
through  the  hollow  rod  to  the  blower.  There  is  no 
strut  which  disturbs  the  inlet  flow.  Hot-wires  for 
measurement  are  made  of  tungsten  5  um  in  diameter.  A 
special  copper  plating  method  was  devised  to  make 
parts  of  the  pror.gs,  which  were  usually  made  of  sewing 
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Fig.  3  Schematic  diagram  of  apparatus,  ],  supporting 
hollow  rod;  3,  filters;  5,  gauze  screens;  4,  duct  cas¬ 
ing;  5,  spinning  cylinder;  b,  fan;  ?,  reference  probes 
8,  suction  blower 
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Fig.  3  Two-dimensional  Clauder's  plots  of  the  rel¬ 
ative  velocity  distribution  to  the  rotating  cylinder 
surface:  £)„,  «  1.  o,  x  -  350  ram;  ®,  550;  s,  750; 
e,  850;  •,  950 


needles  or  similar. 

Measurements  were  made  using  a  V-type  hot-wire 
probe  so  designed  that  the  plane  including  the  two 
wires  is  parallel  to  the  surface  of  the  cylinder  wall, 
and  partly  using  a  rotated  hot-wire  probe  of  I -type 
especially  in  the  near-wall  region,  n  X-probe  was 
also  used  but  not  extensively.  A  three-hole  cobra 
probe  was  used  jointly  in  the  mean  flow  measurements. 

Reynolds  number  based  on  the  cylinder  radius  a 
and  the  reference  free-stream  velocity  Um  was  kept 
constant:  Re  *  3«10‘,  and  the  speed  ratio  slm  =  Vo/Um 
was  varied:  0,  0.5,  1  and  1.5,  although  the  experi¬ 
ments  at  these  speed  ratios  did  not  cover  all  the 
measuring  stations. 

RESULTS  AND  DISCUSSION 

The  distribution  of  the  velocity  components  U, 
and  U2,  and  the  polar  diagram  based  on  Eq.  (14)  were 
plotted  at  3jn  •  1  over  the  range  from  x  =  25  mm  to 
950  mm.  These  results  showed  that  U2  was  very  small 
in  the  turbulent  boundary  layer  beyond  the  station  of 
x  =  350  mm;  the  assumption  of  U2  =  0  for  the  first  ap¬ 
proximation  made  in  the  preceding  section  is  acceptable. 

Logarithmic  Velocity  Distribution 

Lohmann  U)  and  Arzoumanian  et  al .  (^)  presented 
their  experimental  data  for  the  relative  velocity  em¬ 
ploying  a  two-dimensional  wall  variable.  Figure  3 
shows  the  present  results  for  the  relative  velocity 
plotted  on  a  two-dimensional  Clauser's  chart,  where 
Urelc  is  the  relative  velocity  to  the  cylinder  sur¬ 
face.  It  is  impossible  to  find  a  line  which  corre¬ 
sponds  to  the  experimental  data,  as  is  clearly  seen 
from  Fig.  3.  Bissonnette  and  Mellor  (7)  considered  a 
modification  of  the  similarity  law  of  the  velocity 
near  the  wall,  but  it  does  not  seem  successful. 

We  have  derived  the  logarithmic  law  for  the  x1- 
direction,  Eq.(22),  to  take  the  place  of  the  earlier 
propositions.  We  must,  first  of  all,  determine  the 
values  of  A;  and  Bj.  The  specially  designed  hot-wire 
probe  made  it  possible  to  measure  the  velocity  pro¬ 
files  near  the  wall  and  then  to  deduce  the  wall  shear 
stress.  Fortunately,  the  velocity  near  the  wall  with 
rotation  is  so  large  that  the  influence  of  the  wall  on 
a  hot-wire  signal  is  thought  to  be  relatively  small 
and  negligible. 

Thus,  we  deduced  the  wall  shear- stresses  from  the 
velocity  profiles  measured  near  the  wall  with  various 
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Fig.  4  Law  of  the  wall  representation  of  the  velocity 
distribution  in  the  x’-direction,  based  on  Eqs.(21) 
and  (22)  with  Eqs. (27a,  b):  x  =  850  mm.  ©,  =  0.5; 

o,  •,  1;  e,  1.5 
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Fig.  5  Velocity  profiles  in  the  x1-  and  x'-directions 
with  respect  to  the  rotating  streamline  frame:  =  1, 
x  *  850  mm 


speed  ratio  (ftm  =  0.5,  1  and  1.5),  but  only  at  the  sta¬ 
tion  of  x  =  850  mm.  Using  these  wall  shear-stresses, 
the  experimental  results  were  plotted,  on  the  basis  of 
the  logarithmic  law  for  the  x’-direction.  It  implied 
that  the  logarithmic  portions  of  the  velocity  distribu¬ 
tion  collapse  into  one  single  line  independent  of  the 
speed  ratio  within  the  present  experimental  condition. 
The  optimum  line  gave 


B,  =  7.5. 
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In  Fig.  4,  the  experimental  results  are  replotted 
according  to  the  Eq. (22)  with  Eqs. (27a,  b).  The  wall 
shear-stresses  used  in  these  plots  have  been  determined 
by  Clauser's  chart  based  on  these  equations.  The  ve¬ 
locity  distribution  very  close  to  the  wall  measured  by 
means  of  I-probe  it  (lg  ■  1  are  also  presented.  The 
figure  shows  that  the  logarithmic  law  (22)  with  the 
constants  deduced  above  and  the  sublayer  expression 
(21)  describe  very  well  the  experimental  results. 

Figure  5,  the  velocity  distributions  in  the  x’- 
and  x*-directions ,  is  presented  in  illustration  of  the 
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Fig.  6a  Logarithmic  velocity  distribution  in  the 
axial  direction  based  on  Eq. (2?)  with  Ax  =  3.6  and 
Bx  =  6.6:  flj,  =  1 .  O,  x  =  350  mm;  ®,  S50;  «,?S0; 

©,  850;  •  ,  950 


IS 


1  og  '  ViO  'V.  O' V:,.  j»'i. 

Fig.  6b  Logarithmic  velocity  distribution  in  the 
peripheral  direction  based  on  Eq.(2S)  with  Ay  =  3.5 
and  Bv  =  6.S:  =1.  +,  x  =  550  mm;  «>,  550;  »,  750; 

O.  85t);  -e.  950 

correctness  of  the  value  of  the  wall  shear-stress  de¬ 
termined  in  the  way  mentioned  above.  Attention  is  fo¬ 
cussed  on  the  profile  very  close  to  the  wall,  and  the 
profile  near  the  wall  is  enlarged  in  the  figure.  The 
gradient  of  the  line  in  the  figure  corresponds  to  the 
wall  shear-stress  in  the  x'-direction.  The  experimen¬ 
tal  points  lie  on  the  line  showing  the  validity  of  the 
present  law  of  the  wall,  and  the  correctness  of  the 
value  of  the  UtT  is  confirmed. 

We  further  examine  the  propriety  of  this  loga¬ 
rithmic  law  (22)  and  the  universality  of  the  velues  of 
Ai  and  Bi,  using  the  experimental  results  at  various 
stations.  Let  us  use  the  logarithmic  velocity  distri¬ 
butions  in  the  x-  and  y-directions ,  Eqs.(23)  and  (25) 
respectively.  The  experimental  results  at  various 
stations  with  fig,  ■=  1  are  presented  in  Figs.  6a  and  6b. 
The  wall  shear-stresses  were  determined,  in  the  same 
way  as  mentioned  above,  on  the  basis  of  the  logarith¬ 
mic  laws  (23)  and  (25).  Here  the  coefficients  Ax  and 
Bx,  and  Ay  and  By  are  computed  from  Eqs.(24)  and  (26). 
These  values  vary  with  the  local  speed  ratio  fl,  but 


were  nearly  constant  in  this  experiment  when  Bm  «  1 . 

Figures  6a  and  6b  show  that  the  logarithmic  laws, 
Eqs.(23),  (25)  and  also  (22),  describe  extremely  well 
the  experimental  results  at  various  stations.  Using 
the  wall  shear-stress  values  estimated  here,  a  momen¬ 
tum-integral  check  was  made  comparing  the  two  sides  of 
the  momentum  integral  equations  (6)  in  the  x-  and  y- 
directions.  The  two  sides  of  each  equation  agreed  ex¬ 
cellently  with  each  other,  and  the  correctness  of  the 
wall  shear-stress  values  was  confirmed. 

Turbulence  Structure 

The  authors  reported  details  of  the  turbulent 
field  in  the  boundary  layer  on  a  rotating  conical  body 
with  its  radius  decreasing  in  the  downstream  (4J .  The 
data  were  accumulated  by  use  of  various  single  wire  ro¬ 
tation.  In  the  present  experiment  measurements  were 
performed  with  1-,  V-  and  X-probes  in  order  to  increase 
accuracy.  There  are  many  points  to  be  discussed  about 
the  turbulent  field,  energy  balance,  Reynolds  stress 
balance  and  so  on,  but  here  we  will  be  concerned  with 
the  turbulent  energy  spectra. 

In  principle  we  may  expect  that  the  fluid  dynamic¬ 
ally  meaningful  turbulent  structure  will  be  reflected 
in  its  power  spectrum.  Let  u*  and  v*  be  the  fluctuat¬ 
ing  velocity  components  in  the  directions  of  local  mean 
velocity  U*  in  the  stationary  frame  and  perpendicular 
to  it,  respectively.  The  power  spectra  4>u*  and  tv •  are 
presented  in  Figs.  7a  and  7b,  where  they  are  normal iced 
by  u*2  and  v*2,  respectively,  and  the  wave  number  k  is 
given  by  the  relation  k  =  2iTf/U*(r),  where  f  is  the 
frequency.  The  spectra  of  u*  near  the  wall  exhibit  a 
mild  but  explicit  hill  or  peak,  and  it  disappears  in 
the  outer  layer.  4-v*  shows  a  similar  hill  near  the 
wall,  but  it  still  appears  in  the  outer  layer. 

However,  it  should  be  considered  as  a  particular  fea¬ 
ture  of  the  transverse  spectrum  (see,  for  example,  (Sj  I. 
In  the  inner  layer  the  hill  is  superposed  on  this  in¬ 
herent  trend  of  the  5>v*  curve.  Lohmann  reported  some 
curves  of  4>u*  obtained  by  conventional  I-probe  (l_i, 
and  the  result  measured  at  c/f  =  0.04  showed  a  very 
slight  but  perceptible  hill.  However,  he  made  no  com¬ 
ment  about  this  phenomenon.  In  the  present  experiment, 
the  probe  has  come  down  to  2/6  -  0.005  at  z  *  0.1  mm 
much  nearer  the  wal  1  than  reached  by  Lohmann' s  probe ,  and 
then  the  hill  became  evident.  In  the  cases  of  other 
speed  ratios,  this  slight  peak  was  also  seen. 

There  are  various  possible  reasons  for  such  a  hill 
appearing  in  the  spectrum.  The  first  type  derives  from 
the  characteristics  of  the  apparatus  used,  and  it  may 
be  classified  as  ( a 4  a  wake  produced  by  some  still  ob¬ 
stacles  in  front  of  the  rotating  cylinder,  and  (b)  ex- 
centricity  of  the  rotating  cylinder  or  irregularity  of 
the  cylinder  surface.  The  second  type  originates  in 
the  instricsic  flow  pattern  of  this  boundary  layer. 

It  may  be  classified  as  (c)  the  reminiscence  of  the 
laminar-turbulent  transition,  which  perhaps  consists  of 
a  T-S  wave  process  mixed  with  the  Taylor-Gort lcr  insta¬ 
bility  (9),  and  (d)  the  strong  excitation  or  production 
of  the  velocity  fluctuation  in  a  certain  spectral  re¬ 
gion  in  this  turbulent  boundary  layer. 

Although  the  value  of  the  wave  number  at  the  hill 
varies  with  the  distance  from  the  wall  and  with  the 
speed  ratio,  the  frequency  at  the  hill  in  the  spectra 
of  the  inner  layer  is  about  250  Hz  and  independent  of 
2  and  Bm.  Both  the  cases  (a)  and  (b)  are  denied  by 
the  consideration  of  the  nature  of  hot-wire  signal  pro¬ 
duced  by  possible  disturbances  originating  from  (a) 
and  (b).  We  are  compeled  to  think  that  the  hill  in  the 
spectrum  originates  in  (c)  or  (d). 

The  wave  length  Xx  of  the  large  structure  in  the 
axial  direction  can  be  evaluated  as  'x  =  \Ue/U*  * Ue/f  = 

40  mm  using  Ue  -  10  m/s  and  f  -  250  Hz,  and  it  is  in- 
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Fig.  7  Power  spectra  of  the  fluctuating 
velocity  and  perpendicular  to  it:  fig,  -  1 
•,  0.7;  o,  2.S;  e,  1S.0;  a,  35.0 


dependent  of  flm-  If  we  assume  the  helical  Taylor  vor¬ 
tex  system  as  a  simple  model,  it  consists  of  six  vor¬ 
tices  around  the  circumference  at  Slg,  =  1.  Since  the 
actual  flow  is  turbulent  and  has  a  continuous  spec¬ 
trum,  it  may  not  be  correct  to  imagine  such  a  regular 
pattern,  but  we  should  expect  a  so-called  eddy.  It 
may  be  said  that  there  is  a  relatively  strong  eddy  a- 
round  the  hill  of  the  present  spectrum.  Perhaps  it 
relates  to  some  instability  of  this  turbulent  bounda¬ 
ry  layer  which  resembles  the  Gortler  vertices  in  the 
turbulent  boundary  layer  envisaged  at  first  by  Tani 
(10) ■  The  eddy  is  most  evident  in  the  buffer  layer  as 
seen  from  Figs.  7a  and  7b,  and  it  may  regulate  the 
"burst."  The  eddy  structure  could  be  elucidated  by 
space-time  correlation  measurements. 

CONCLUDING  REMARKS 

Theoretical  and  experimental  investigation  were 
conducted  on  the  thick  and  skewed  turbulent  boundary 
layer  on  a  rotating  thin  cylinder  in  the  uniform  axial 
flow.  The  following  conclusions  were  obtained. 

First,  a  non-inertial  non-orthogonal  curvilinear 
coordinate  system  fitting  the  flow  geometry  is  intro¬ 
duced  to  depict  the  flow  field.  The  boundary  layer 
equations  deduced  in  this  coordinate  system  suggest 
the  relevant  non-dimensional  distance  from  the  wall  as 
(Ui^a/v)  (r2  -  a2)/2r2.  The  logarithmic  law  which  must 
hold  in  the  x'-direction  is  Eq.(22),  The  logarithmic 
law  in  the  axial  direction  follows  as  Eq.(23),  and  the 
assumption  of  generalized  quasi-col  laterality  yields 
Eq. (25)  for  the  peripheral  direction. 

Secondly,  the  experimental  results  show  clearly 
the  inadequacy  of  the  two-dimensional  logarithmic  law 
in  the  relative  streamline  direction.  The  proposed 
logarithmic  laws,  Eqs.(22),  (23)  and  (25)  were  con¬ 
firmed  by  the  experiments. 

Thirdly,  the  power  spectra  of  the  fluctuating  ve¬ 
locity  components  were  measured.  In  the  inner  layer, 
they  exhibited  an  obvious  hill  in  the  region  of  the 
energy  containing  eddy.  Discussion  on  the  origin  of 
this  hill  suggested  it  derives  from  a  particular  large 
eddy  inherent  in  this  boundary  layer. 
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ABSTRACT 

A  fully  developed  two-dimensional  boundary 
layer  on  a  cylinder  is  submitted  to  a  sudden  trans¬ 
versal  distorsion  by  rotation  of  the  downstream  part 
of  the  wall.  In  these  experiments  the  wa21  speed  is 
of  the  same  order  as  the  outer  velocity.  This  paper 
deals  with  the  experimental  results  concerning  the 
turbulent  velocity  field.  In  order  to  analyse  the 
evolution  of  three-dimensional  effects,  two  measure¬ 
ment  stations  have  been  explored.  Emphasis  has  been 
placed  on  the  very-close-to-the-wal 1  regions  up  to 
the  sublayer.  The  influence  of  the  rotation  on  the 
standan'  deviations  of  longitudinal  and  transverse 
velocity  fluctuations  and  their  correlations  has 
been  examined.  In  these  regions,  u'v'  and  w' v'  Rey¬ 
nolds  stresses  can  be  attained  only  by  integrating 
the  statistical  momentum  equations.  Actually,  it 
will  be  shown  that  interpretation  of  most  of  these 
results  must  be  done  by  considering  a  relative  coor¬ 
dinate  system  spinning  with  the  cylinder.  In  parti¬ 
cular,  comparison  can  be  made  between  the  results 
obtained  with  rotation,  and  considered  in  these  axes, 
and  those  obtained  with  no  rotation. 

NOMENCLATURE 

a  Cylinder  radius,  m 

q  Mean  velocity  vector,  q  (u,w),ms  1 

22  1/2  -I 

qfi  Free  stream  velocity,  qe»(Ue+WQ)  ,ms 

qr  Relative  mean  velocity  vector  (see  Fig.  5), 

-  ms" 1 

R  Correlation  coefficient  of  u'  and  w' 

Friction  velocity  defined  by  U**U*q  /U  , 

-  o  *  -  o  of  e 

ms 

Uj  Friction  velocity  with  no  rotation, ms  1 


u,v,w  Velocity  components  in  S(x,y,z)  system, ms 
U£  Local  axial  free  stream  velocity,  ms  1 

U  U  for  X  «  -30  ms,  ms  * 

e  e 

o 

Wq  Velocity  of  the  wall,  ms  1 

X  Axial  distance  along  rotating  wall,  m 

x,y,z,  Coordinates  in  fixed  system  S(see  Fig.  1),  m 
y  Distance  from  the  wall,  y  “>’U  /v 

y  Angle  defined  in  Fig.  5,  degree 

{  Local  boundary  layer  thickness  (t  ' ,m 

6'  Boundary  layer  thickness  for  X*-30  mm 

°  (u*  .99lT  1  ,m 

e 

Angle  defined  on  Fig.  5'degree 

(  )',(  )  Fluctuation  and  mean  value  of  (  ) 

(  )  Quantities  in  relative  system  S(x,y) 

(see  Fig.  5) 


INTRODUCTION 

Measurements  in  three-dimensional  boundary  layer 
are  still  rare  and  fails  to  establish  turbulence  models 
for  the  computation  of  boundary  layer  flows.  The  main 
purpose  of  the  present  investigation  is  to  provide 
such  experimental  tools  in  the  case  of  an  axially  ro¬ 
tated  cylinder  with  special  emphasis  in  the  region 
very  close  to  the  moving  wall.  This  body  has  a  fon»rd 
stationary  part  along  which  a  two-dimensional  boun¬ 
dary  layer  is  developing. 

In  a  first  set  of  experiments,  presented  in  the 
previous  Turbulent  shear  flows  symposium  (_0 ,  the 
mean  velocity  field  had  been  explored  in  a  region 


Sufficiently  far  away  the  origin  of  the  apinning 
part.  In  that  region  the  reorgani ration  of  the  three- 
dimensional  boundary  layer  into  a  two-dimensional 
one  -  in  a  relative  coordinate  system  -  is  in  an 
advanced  phase.  The  present  paper  is  entended  to  give 
last  experimental  results  which  concern  the  turbulent 
field.  Moreover,  in  order  to  determine  the  evolution 
of  the  rotation  effect,  measurements  have  been  car¬ 
ried  out  nearer  the  origin  where  the  three- 
dimensionality  is  stronger.  In  particular,  it  is 
pointed  out  that,  when  measurements  results  related 
to  the  moving  wall  are  analysed  in  the  same  co¬ 
ordinates  system  as  in  the  stationary  case,  their 
interpretations  can  be  very  misleading. 

EXPERIMENTAL  CONDITIONS  AND  PROCEDURES 

A  detailed  description  of  the  model  and  the 
wind  tunnel  has  been  already  given  (_0 ,  (^) . 


Fig.  I  :  Schematic  arrangement  of  apparatus 

(dimensions  in  mm).  R  :  roughnesses, 
S  :  stripe,  SC  :  scores. 


The  scheme  (Fig.  1)  recalls  geometrical  confi-  Fig.  2  :  Longitudinal  variation  of  the  maximum  of  the 
gurations  to  mind.  The  aerodynamical  conditions  are  y  angle, 

summarized  hereafter  : 


-  for  X/.'p  *  -  1.3,  just  upstream  the  rotating  part  : 

U  -  12.38  ms'1,  22.5  mm  (<*  -  28  mm), 

e  o  o 


»,*N  /v-  23  000,  U*«  .47  ms-1 
°0  e  o  o  • 

-  at  the  measurement  station  X/5'*5.5  : 

o 

U  -  12.40  ms-1,  {-  29  mm  («’■  24  mm) 
e 

-  at  the  measurement  station  X/6’*  28  : 

o 

U  -  12.42  ms-1,  5-  34  mm  ({'-  28,3  mm). 


The  stream  static  pressure  gradient  is  weak, 
the  Clauser  parameter  (J^  being  small  :  -  .026. 

The  peripheral  wall  speed  is  W  ■  10.8  ms-* 

i.e.  W  /U  -  .88.  0 

o  e 

o 

The  measurement  stations  have  been  selected 
from  the  longitudinal  evolution  (Fig.  2)  of  the  de¬ 
viation  y  of  the  relative  velocity  vector  q  defined 
on  Fig.  5.  This  angle  y  characterizes  the  eFfect  of 
three-dimensionality.  All  along  the  x  direction,  two 
laws  can  be  pointed  out  for  the  variation  of  the 


maximum  y  angle  (Fig.  2).  These  results  are  deduced 
from  u  and  w  velocity  profiles  O ,2) . 

Concerning  the  instrumentation,  various  types 
of  difficulties  have  been  got  over,  in  particular, 
for  the  investigation  of  very-close-to-the-wal 1  region 
(y*  >  2) .  Measurement  procedure  of  the  modulus  and 
the  direction  of  mean  velocity  vectors  have  been  pre¬ 
viously  reported  (2),  (2)  ■  While  the  wall  effects 
plays  an  important  role  in  the  stationary  wall  case 
(for  y  <  1  mm),  no  correction  seems  to  be  necessary 
in  the  rotating  wall  case  in  the  aforecited  experi¬ 
mental  conditions.  This  is  owing  to  the  relatively 
high  velocities  which  prevail  in  these  regions. 

Turbulent  quantities  need  more  elaborate  tech¬ 
niques.  A  data  acquisition  system  and  a  digital  treat¬ 
ment  have  been  used  in  connection  with  a  single 
straight  rotating  hot  wire.  A  three  equation  system 
corresponding  to  the  different  positions  of  the  wire 
yields  u'*,  wr*,uTwT.  Thermal  drifts,  calibrations 
and  experimental  conditions  variations  are  numeri¬ 
cally  taken  into  account.  Moreover  the  hot  wire  is 
sensitive  to  the  tangential  component  of  the  velocity 
vector  and  this  influence  is  not  negligible  for  the 
incidences  of  the  wire  presently  adopted  (t»*40°). 

The  contribution  of  this  component  has  been  taken 
into  account  for  measurements  corresponding  to 
X/A'-  5.5. 

In  the  contrast, direct  measurements  of  the 
tangential  turbulent  stresses  u'v'  and  w'v'  are  no 


Fig.  3  :  Standard  deviations  of  longitudinal 
and  transverse  velocity  components 
(no  rotation). 


more  possible  in  the  sublayer  and  the  buffer  layer 
owing  to  the  dimensions  of  the  probe.  Therefore  these 
terms  have  been  computed  by  integrating  the  corres¬ 
ponding  momentum  equations  from  mean  velocity  measu¬ 
rements  O)  . 

EXPERIMENTAL  RESULTS  AND  INTERPRETATIONS 
No  Rotation  Case 


Fig.  3  and  4  give  results  related  to  longitu¬ 
dinal  and  transversal  standard  deviations  at  the  two 
measurements  stations.  Far  away  the  wall  (y/{>.03, 
fig.  3)  results  have  a  similar  behavior  as  these  at¬ 
tained  in  the  boundary  layer  of  a  flate  plate  by 
Klebanoff  (3).  Very  r’ose  to  the  wall  (y+<30,  Fig.  4), 
the  variation  of  (u'‘)!^2/U*  are  in  agreement  with 
Klebanoff  (_3)  and  Laufer  (4)  measurements.  At  the 
contrary  .  it  appears  that  7W7"2)  '  /U*  yields 
values  noticely  higher  than  those  of  Laufer  (4)  and 
Sirkar  (5).  This  could  be  due  to  the  differences  of 


Fig.  4  :  Standard  deviations  of  longitudinal  and 
transverse  velocity  components  close  to 
the  wall  (no  rotation).  K  :(3) .  L  :(£) , 
Si  (5). 


Fig.  5  :  Definitions  of  velocities  and  angles 
in  the  hodograph  plane. 

the  wall  geometry. 

As  concerns  the  correlation  u'w'  the  values 
obtained  (Fig.  7,  9,  10,  11)  even  near  the  wall  are 
practically  null  as  one  might  expect. 

Definitions 


Fig.  5  shows,  in  the  hodograph  plane,  the  defi¬ 
nitions  of  different  quantities  which  will  be  used 
hereafter.  In  this  representation  (u/l’  ,  (W  -w)/U  ) 
the  transverse  velocity  is  null  at  theevalf  and  out¬ 
ward  the  boundary  layer,  the  velocity  vector  direc¬ 
tion  is  defined  by  the  angle.  In  the  case  of  an 


Fig.  6  :  Standard  deviations  of  longitudinal  and 
transverse  velocity  components  for  X/f’* 
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Correlations  and  correlation  coefficients 
of  longitudinal  and  transverse  velocity 
components  for  X/c^«  28 

(a)  :  *,0  [(-U7^)/!!2]  10“  ; 


[(-u'w')/q  ]  10 


(b)  :  •  0  R  , 


infinitely  long  cylinder,  q  would  be  colinear  to 
that  direction,  the  flow  would  become  colateral  and 
would  be  considered  as  two-dimensional  in  the  (x,z) 
coordinates  system  S  .  So,  in  the  same  way  that  y 
(with  tg  v„  v/tj)  characterises,  for  the  mean  flow, 
the  level  of  the  three-dimensionality,  it  would  be 
necessary  to  consider  the  turbulent  quantities  in 
the  S  system.  In  the  case  of  an  infinite  rotating 
cylinder,  we  would  have  w  *  0  and  on  the  other  hand 
'j/'lg  and  turbulent  quantities  similar  to  the  values 
obtained,  at  the  same  distance  X,  on  a  stationary 
cylinder,  not  with  an  outer  velocity  Ue  but  with  an 
outer  velocity  q  .  The  component  (u,w)  of  the  velo¬ 
city  vector  q  in  S  system  are  deduced  from  (u,Wo~w) 
by  a  rotatioBrof  an  angle  ii0  (Fig.  5).  For  instance  : 

u'  -  u'(iyqe)  -  w'  (Wo/qe) 

w'  -  -  u’(Wo/qe)  -  w'  a’e/qe) 

The  influence  of  the  rotation  on  the  turbulent 
quantities  and  the  three-dimensional  effects  which 
are  induced  are  pointed  out  by  comparing  respectively 


Fig.  8  :  Standard  deviation  of  longitudinal  and 

tranverse  velocity  components  for  X/fp=5.5 
See  caption  Fig.  6  (-  -  -  Klebanoff  (3) ) 

<iTV/2/qe  ,  (w77)1''2^  ,  u’w'/q!  ,  u’v’/qe  , 

w'v’/qe  (at  WQ^0)  to  (u77) 1  ,  (wT7):,fJ/L'e 

u’w'/U2  ,  u'v'/U2  ,  w'v’/l'2.  Close  to  the  wall, 

e  e  e 
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Fig.  9  :  Correl  ations  and  correlation  coefficients 
of  longitudinal  and  transverse  velocity 
Components  for  X/{’  *  5.5 
See  caption  Fig.  7  (-  -  X/r  -  28) 
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the  normalization  is  made  with  U*  and  U*  respectively 

-O  o 


Results  far  from  the  wall 

At  X/6'-  28,  sufficiently  far  from  the  origin 
of  the  spinning  part, ^tbe  influence  of  the  rotation 
on  (u1^)  /  and  (w ' * ) 1 '  seems  important  in  the  abso¬ 
lute  reference  system  (Fig.  6).  Actually,  when  S 
system  is  considered,  (u'*) 3 '  /«lc  and  (w72)3/2,^ 
values  are  coincident  practically  with 

\ 3 /2  i 


(^)1/2/ 


c  C  4  . 

rotation  .  Of  course,  this  interpretation  is  to  be 
made  only  in  the  region_bounded  to  the  influence  zone 
of  the  rotation  (where  w  +  0) .  In  the  contrast,  the 
correlation  u'w*  and  the  coefficient  correlation  R 
seems  more  modified  (Fig.  7)  than  standard  devia¬ 
tions.  It  can  be  also  noticed  that  R  presents,  in 
the  wall  region,  a  constant  value  of  about  -.3. 
Furthermore  this  value  is  approximately  of  the  same 
order  as  those  obtained  from  a  theoritical  law  (6) 
which  gives  R = -  0.2.  However  this  law  is  not  valid 
in  the  low  Reynolds  number  region  very-close-to-the- 
wall  where  measurements  reveal  an  increase  of  R. 


respectively,  with  no 


components  close  to  the  wall  (X/4^-28) 

•  ,  0  (^)l/2/u*  ;  r ,  tf  (^)’/2/u; 
p  ,fi  (-TO/U*2  ;  —  •  -  (^)1/2 
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Fig.  II  :  Reynolds  stresses  close  to  the  wall 
(X/£*  -  28) 
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At  X/{'  *  5.5,  in  the  absolute  coordinates 
system,  the  effect  of  the  rotation  on  (u’-)'/‘'  seems 
practically  negligible  even  in  the  region  where  w  ^0. 
This  would  suggest  that  the  longitudinal  velocity 
fluctuations  have  a  strong  memory.  In  the  S  system 
the  trend  to  the  two-dimensionality  is  then  in  defect. 
Concerning  the  correlations,  their  high  level  obtai¬ 
ned  in  absolute  axes,  for  .03  <  y/f  »  .2,  are  mis¬ 
leading  as  it  is  shown  on  Fig.  9,  in  the  S  representa¬ 
tion.  It  can  be  noticed,  at  this  station,  the  corre¬ 
lation  coefficient  has  no  more  a  constant  value  about 

the  theoretical  value  of  -.2  as  for  X/f  *  28. 

o 

Results  c lose-to-the-wal 1 

In  these  regions,  the  parameter  corresponding 

to  II*  (with  no  rotation)  in  the  S  svstem  must  be 
o 

q  /U  which  is  linked  to  the  skin  friction  of 

a  boundary  layer  in  which  the  outer  velocity  would  be 
q  and  the  wall  conditions  Wo-0.  Indeed,  the  skin 
friction  coefficient  is  irrelevant  inasmuch  as  it  is 
practically  independent  of  the  velocity  when  this 
one  varies  from  Up  to  q  . 

At  X/6'  -28,  Fig.eIO  shows  for  the  longitudinal 
velocity  fluctuations  a  similar  behaviour  as  farther 
from  the  wall  (Fig.  6)  :  in  the  S  system,  one  finds 
again  the  values  corresponding  to  W  *0,  what  shows 
that  for  this  component  all  is  so  tfiat  the  boundary 


Fig.  12  :  Standard  deviations  and  correlations  of 
longitudinal  and  transverse  velocity 
components  close  to  the  wall  (X/f  *  5.5) 
See  caption  Fig.  10. 

layer  would  be  entirely  reorganized  into  a  two- 
dimensional  structure.  The  slight  three-dimensional 
effects  observed  at  this  station,  and  in  this  region 
of  the  boundary  layer,  appear  partly  through  the 
transverse  velocity  component.  The  correlations 
u  w  /l_o‘  and  u  w  are  very  similar.  Besides,  in 

the  same  order  of  idea,  it  is  found  (Fig.  11)  that 
w ' v '  is  practically  null.  The  three  dimensionality 
seems  to  be  revealed  principaly  through  u'v'  ,  as  it 
is  displayed,  as  an  example,  on  Fig.  II. 

At  X/ip  *  5.5,  Fig.  12  points  out  that  the 
standard  deviations  of  longitudinal  and  transverse 
velocity  and  the  correlation  of  corresponding  fluc¬ 
tuations  have  a  similar  behaviour  as  at  the  previous 
stations.  This  result  would  show  that,  even  at  this 
small  longitudinal  distance  of  the  origin  of  the 
spinning  part,  the  three-dimensional  effect  would  be 


weak  close  to  the  wall.  This  would  be  consistent 
with  the  collaterality  of  the  flow,  in  these  wall 
regions,  and  with  the  existence  of  an  inflexion  point 
in  the  hodograph  (2,  2,  T) ■ 

CONCLUSION 

The  turbulent  field  of  a  complex  wall  flow  has 
been  investigated.  The  experiments  are  carried  out  in 
the  boundary  layer  of  an  axially  rotating  cylinder  up 
to  the  inner  part  of  the  sublayer.  The  interpretation 
of  results  must  be  made  in  a  relative  coordinates 
system  linked  to  the  moving  cylinder  with  an  x-axes 
corresponding  to  the  outer  relative  velocity.  Tar 
from  the  origin  (X/f  «  28)of  the  spinning  part,  the 
turbulent  quantities  are  very  slighty  influenced  by 
the  three-dimensional  effects,  except  the  Reynolds 
stress  u'v'.  A  similar  result  is  obtained  nearer 
(X/6^  ■  28)in  the  very-close-to-the-wal 1  region.  This 
suggests  that, in  this  region,  the  flow  has  a  behaviour 
of  a  two-dimensional  boundary  layer,  what  is  consis¬ 
tent  with  the  collaterality  of  the  mean  flow  the  direc¬ 
tion  of  which  has  been  found  aligned  with  the  exter¬ 
nal  relative  velocity.  In  the  contrast,  at  this  sta¬ 
tion  (X/f '  5.5),  the  three-dimensional  effects  are 

well  marked  far  from  the  wall.  So,  the  zone  where  the 
flow  is  collateral,  is  developed  from  the  wall.  This 
occurs  from  X-distance  relatively  small  (X/f  «  5). 
Actually,  the  strong  three-dimensional  effec?s  soread 
from  the  wall  to  the  whole  boundary  layer  in  the  very 
initial  zone  of  the  spinning  part  of  the  cylinder. 
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ABSTRACT 


This  paper  deals  with  a  numerical  study  of  tur¬ 
bulent  corner  flow.  The  basic  equations  are  the 
streamwise  momentum  equation,  the  streamvise  component 
of  the  vorticity  equation  and  two  equations  of 
Poisson's  type  for  the  secondary  velocities.  The  va¬ 
rious  kinds  of  secondary  flows  are  discussed.  In  the 
case  of  a  straight  corner  with  a  uniform  external  ve¬ 
locity,  the  modelling  of  the  Reynolds  stresses  is 
crucial  to  predict  correctly  the  development  of  second 
kind  secondary  flows.  The  boundary  conditions  imposed 
to  secondary  veloc i' les  are  also  discussed.  First 
results  relati"  ro  corner  flow  with  positive  pressure 
gradient  are  presented.  In  a  general  manner,  the 
overall  agreement  with  experiments  seems  to  be  good, 
but  the  extent  of  the  vortices  is  underestimated. 


NOMENCLATURE 


Cf 

H 

k 

P 

p' 


skin  friction  coefficient 
shape  parameter 
turbulence  kinetic  energy 
static  pressure 
pressure  fluctuation 
mean  velocity  components 


AX.  \J  '  JU.  “U?  ,  V  M* 

V1, 

x,  y.  z 

£ 


Vt 


Reynolds  shear  stress  components 

normal  Reynolds  stress  components 
Cartesian  coordinates 
boundary  layer  thickness 
isotropic  dissipation  rate 
viscosity 

kinematic  viscosity 
eddy  viscosity 


C  fluid  density 

t;  ;  Xe  vorticity  components 

Subscript  “ 

“  two-dimensional  quantity  (y  or  z  - 

INTRODUCTION 

Developing  turhilent  flow  along  an  unbounded, 
streamwise  corner  represents  a  usual  example  of  com¬ 
plex  three-dimensional  flow  and  has  some  practical 
importance.  The  main  feature  of  such  a  flow  is  the 
presence  of  mean  transversal  vortex-like  metier,  (secor. 
dary  flow  ),  which  alters  the  primary  flow  in  the  cor¬ 
ner  region.  This  pattern  provides  a  good  tool  for 
examining  the  validity  of  turbulence  models.  Indeed, 
the  main  objective  of  this  paper  is  to  evaluate  the 
importance  of  the  closure  problem  for  calculating  the 
secondary  flow. 

Experimental  studies  of  incompressible  corner 
flow  had  been  done  by  several  authors,  for  zero  pres¬ 
sure  gradient  (Mojola  and  Young  /  1  /,  Bragg  /  2  /) 
and  non  zero  pressure  gradient  (Mojola  and  Young  /  1 
Toan  /  3  /) .  Another  problem  close  to  the  corner  flow 
problem  is  the  duct  flow  probler  for  which  experimen¬ 
tal  data  are  available  (Gessner  et  al.  /  4  /,  Melling 
and  Whitelay  /  5  /).ln  the  latter  case,  the  axial  ve¬ 
locity  must  be  calculated  step  by  step  by  ensuring 
the  total  mass  conservation  ;  on  the  contrary,  the 
external  velocity  distribution  is  a  datum  for  the  cor¬ 
ner  flow  problet.  Moreover,  the  boundary  conditions 
are  less  obvious  for  the  corner  flow  than  for  the  duct 
one,  where  the  geometry  imposes  simple  symmetry  condi¬ 
tions.  This  problem  will  be  discussed  later  on  in  this 
paper. 

GEOMETRY  AND  EQUATIONS 


The  considered  geometry  and  the  governing  equa¬ 
tions  are  given  in  Figure  1.  The  corner  is  formed  by 
r  two  semi-infinite  planes  intersecting  at  right  angle  ; 

the  intersection  line  is  parallel  to  the  external 
velocity  Ue. 

This  work  was  sponsored  by  the  Soclete  Technique  des  Programmes  Aeronaut iques  under  Grant  STPA  n°  80.95.004 
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The  equations  to  be  solved  are  the  following 
ones  : 
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These  equations  are: the  streamwise  momentum 
equation,  the  equation  for  the  streamwise  component 
of  the  vorticity,  and  two  Poisson's  equations  for  the 
secondary  velocities  V  and  U’.  Equations  (3)  and  (4) 
are  deduced  from  the  continuity  equation  and  from 
the  definition  of  >. '  (equation  5).  The  x-diffuslon 
terms  and  the  first  derivatives  of  the  Reynolds 
stresses  in  the  streamwise  direction  are  neglected  ; 

and  are  assumed  to  be  the  preponderant  deriva¬ 
tives  of  the  mean  velocity  ;  in  the  x-momentum  equa¬ 
tion  (1),  the  pressure  P  is  supposed  to  be  a  given 
function  of  x. 

This  set  of  assumptions,  which  constitutes  an 
extension  of  the  usual  boundary  layer  hypothesis, 
leads  to  a  parabolized  system  in  the  x  direction.  For 
solving  the  elliptic  equations  for  V  and  W  in  each 
(y,  z)  plane,  a  double-sweep  procedure  is  used  /  6  /. 

The  equation  fort'  contains  terms  of  particular 
importance  :  the  first  term  of  the  right-hand  side 
describes  the  "vortex  stretching"  ;  the  two  follo¬ 
wing  terms  describe  the  production  of  "Prandtl’s 
first  kind  secondary  flows"  by  skewing  of  the  mean 
shear  ;  these  terms  are  very  small  in  the  present 
study. The  last  two  terms  of  the  right-hand  side 
appear  only  in  turbulent  flow,  they  are  responsible 
for  maintaining  "Prandtl's  second  kind  secondary 
flows".  The  experimental  results  given  in  Figure  2 
(  /  1  /,  /  2  /)  show  examples  of  such  secondary  flows 
as  they  appear  in  an  unbounded  corner.  These  secon¬ 
dary  flows  consist  of  two  "vortices",  the  presence  of 
which  is  shown  by  a  distorsion  ,  towards  the  corner, 
of  streamwise  longitudinal  velocity  contours.  So  an 
accurate  description  of  the  anisotropy  of  turbulence 
is  necessary  to  reproduce  the  vortex-like  pattern 
observed  in  experiments. 

CLOSURE  RELATIONSHIPS 

Two  turbulence  models  (TM1  and  TK2)  have  been 
tested . 

TM1  model 

This  model  constitutes  an  extension  of 
Boussinesq's  assumption  : 


s  -  Vt  (  —  e 

4  5  9  \  9x;  9Xi.  / 


<6) 


6ij  is  the  Kronecker 's  symbol,  r.  the  turbulence 
kinetic  energy  (k  -  j-  u'^)  and  ethe  eddy  viscosity. 

Vt  is  expressed  by  a  classic  mixing  length  relation¬ 
ship  : 

vt .  ft*  [gif,  m 


h.  _  0.08S 
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4“  represents  the  "two-dimensional”  boundary 
layer  thickness  when  y  (or  z)  goes  to  infinity.  F  is 
a  damping  function  for  the  near-wall  regions  ;  its 
form  constitutes  an  extension  of  Van  Driest 's  formula: 


TM2  model 

It  should  be  possible  to  solve  the  transport 
equations  for  .  : 

,  *  9xfr  .  >  4  »  9xy  *  9xfc; 
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To  simplify  the  numerical  work,  it  is  interesting 
to  neglect  the  convection  and  diffusion  terms  ;  it  is 

also  assumed  that  2v  (  )  *  —r  f  i;  £, 

i  o  * 

with  e  •  v  (  )  ;  the  modelling  of  the  redistri¬ 


bution  terms  proposed  by  Launder-Recce-Rod i  /  7  /  is 
adopted  ;  if  the  derivatives  of  the  mean  velocity 

other  than  and  are  neglected,  the  Reynolds 

stress  components  are  expressed  by  analytical  formu¬ 
lae.  In  particular,  we  have  : 
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This  procedure,  proposed  by  Launder  /  8  /  has 
been  used  by  Gessner  et  al.  /  9  /,  /  10  /  for  calcu¬ 
lating  turbulent  flows  in  ducts. 

Two  constants,  Cj  and  C^,  appear  in  the  model. 

Let  us  set  C?  *  0.25. 

Then  ■  ~  -  »  0,  and  the  turbulent 

production  terms  in  equation  (2)  are  equal  to  zero. 
This  means  that  no  second  kind  secondary  flow  can  be 
generated. 

The  eddy  viscosity  .  _ has  been  calculated,  by 
using  the  same  mixing  length  formula  as  in  TK1 , 
instead  of  solving  the  k-c  equations.  The 
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dissipation  race  E.  is  obtained  from  the  simplified 
V. -equation  (convection  end  diffusion  neglected)  : 


t  =  -Z&  4y  .  u!wr'  VJ. 

•*5r  *  a. 

end  the  turbulent  kinetic  energy  from  Vfc  - 


INITIAL  AND  BOUNDARY  CONDITIONS 


For  estimating  the  Ut  V,  W  and  w  fields  in  the 
initial  (y,z)  plane,  we  extend  Carrier's  formulation 
/  11  /,  initially  used  for  the  laminar  comer  flow 
problem.  Uith  the  dimensionless  quantities 
and  T  a  x/£_  ,  the  mean  velocities  are  expressed 

by  :  *  * 


These  relations  allow  the  continuity  equation  to 
be  satisfied.  Moreover,  the  function  is  given  by  : 

%=,U^)UV>  with  (C5)  =  { 

where  ^  represents  the  classic  two-dimensional  boun¬ 
dary  layer  profile,  and  AVd*  is  estimated  by  : 
o.  *>04 


<u,  . 
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<■  is  calculated  from  its  definition.  It  can  be  poin¬ 
ted  out  that  the  two  vortices  responsible  for  the 
secondary  flow  are  not  included  in  the  initial  condi¬ 
tions. 

The  calculation  grid  is  shown  in  Figure  3.  The 
equations  are  solved  in  the  (Y,  Z)  coordinates  defi¬ 
ned  by  : 

Y  *  z  -  y  and  Z  *  2yz 
The  boundary  conditions  are  : 

V  •  V  -  V  -  0 

_  <>v  aw  _  0 
au  ^  av  ~*y  ql  0 

“  8£  "  8h  ~ 

.  along  boundary  4  :  U  *  Ue  ;  V  »  V  (A)  ;W*W  (B) 

The  boundary  conditions  for  W  are  obtained  by 

using  the  derivatives  and  ?V. 
the  upstream  station.  ° 


.  along  boundary 
.  along  boundary 
.  along  boundary 


calculated  at 


NUMERICAL  RESULTS  OBJ  INED  WITH  TM1 

Figure  4  shows  the  results  obtained  at  Ax. 

*  0.4  m  and  Ax.  *  0.9  a,  with  a  constant  external 
velocity  (Ue  -  22  m/s)  ;  Ax  is  the  distance  measu¬ 
red  from  the  initial  station.  The  turbulent  produc¬ 
tion  terms  are  small,  and  the  iso-velocity  lines 
remain  close  to  the  initial  distribution.  This 
turbulence  model  is  unable  to  reproduce  the  secon¬ 
dary  flow,  as  it  is  observed  in  the  experiments. 


and  0.30.  These  distributions  are  practically  opposite 
because  the  quantity  4  -  1 ,  which  appears  in  equa¬ 

tion  (9), changes  sign,  and  k  does  not  depend  very  much 
on  C2>  With  C^  *  0.40,  the  magnitude  of  w®.  •\c A 
becomes  three  times  greater  than  the  one  obtained  with 

0.25  gives  tf"w  so’1 


Cj  •  0.30.  Let  us  recall  that  C^ 

Similar  observations  can  be  made  for  the  other  turbu¬ 
lent  production  term,  uw 1 . 

The  results  obtained  at  Ax  ■  0.9  m  for  C^C.20, 


0.25  and  0.30  are  plotted  in  Figures  6  to  8.  The  ex¬ 
ternal  velocity  is  still  equal  to  22  m/s.  These 
Figures  give  the  streamwise  iso-velocity  contours, 
the  secondary  velocities  (indicated  by  arrows)  and 
the  iso-colines. 

For  C^  *  0.20,  below  the  bisector,  a  clock-wise 


rotating  secondary  flow  associated  with  positive 
values  of  to  is  observed  (Fig.  6).  Along  the  bisector, 

V  and  W  are  positive,  inducing  an  outward  bulging  of 
the  streamwise  velocity  contours.  These  results  are 
completely  at  variance  with  the  experimental  results. 
Therefore,  this  value  of  is  not  acceptable. 

For  *  0.25  (Figure  7),  no  second  kind  seconda¬ 


ry  flow  can  be  generated.  As  with  the  T.YJ  model,  the 
numerical  results  do  not  change  very  much  from  the 
initial  conditions. 

Better  results  are  obtained  for  =  0.30 

(Figure  8).  The  secondary  flow  rotates  as  expected, 
and  the  iso-velocity  lines  begin  to  be  distcrdec  near 
the  bisector.  The  tendency  is  the  same  for  =  0.40, 


but  the  intensity  of  the  streamwise  vortices  grows 
downstream  without  bound.  On  the  contrary,  the  calcu¬ 
lation  remains  stable  with  ■  0.30,  and  this  value 

will  be  used  in  the  following  calculations. 


Comparison  with  the  experiments  of  Noiola  and  Yeung 
Figure  9  allows  comparison  between  prediction 
and  experimental  data  of  Mojola  and  Young  /  1  .  The 

external  velocity  is  constant  and  equal  to  30  ~'s- 
The  calculation  starts  at  x  ■  0.15  m  (distance  from 
the  leading  edge  of  the  plates),  and  the  comparison 
is  made  at  x  1  1.091  m.  The  overall  pattern  of  the 
experimental  contours  is  correct,  but  the  calculation 
underestimates  the  extent  of  the  distorted  region  : 
see  in  particular  the  iso-velocity  line  U/Ue  ■=  0.70. 
This  observation  becomes  clearer  by  comparing  the 
experimental  and  calculated  secondary  flow  patterns 
(Figure  10).  Another  observation  is  that,  outside 
the  vortex  region,  the  experimental  secondary  flow 
becomes  practically  parallel  to  the  y-axis,  whereas 
the  calculated  secondary  flow  is  parallel  to  the 
bisector.  This  problem  will  be  discussed  later. 


IMPROVEMENTS  OF  THE  MODEL 

Modification  of  the  mixing  length  formula 

In  order  to  investigate  the  effects  of  the  alge¬ 
braic  form  given  to  the  mixing  length,  the  expression 
of  d  given  by  equation  (7)  has  been  modified.  The 
new  expression  is  deduced  from  Buleev's  formulation: 


NUMERICAL  RESULTS  OBTAINED  WITH  TM2 
Influence  of 

Four  values  of  have  been  tested  :  0.20,0.25, 
0.30  and  0.40.  An  example  of  initial  distributions 
of  is  shown  in  Figure  5,  for  *  0.20 
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In  the  case  of  the  corner  flow,  *  *«A 
and  d  takes  the  following  font  : 


JL  =  2. _ 


1  V 

Note  that,  when  z/y  (respectively  y/z)  goes  to 
Infinity,  d  is  equal  to  y  (respectively  z) ,  which 
corresponds  to  the  classic  two-dimensional  mixing 
length  formulation. 

The  advantage  of  this  expression  is  to  give  a 
smooth  evolution  of  the  mixing  length  near  the  cor¬ 
ner  bisector.  In  fact,  the  numerical  results  are 
almost  similar.  The  secondary  velocities  are  a  bit 
smaller,  but  the  dlstorsion  of  the  longitudinal 
velocity  lines  remains  practically  unchanged. 

Modification  of  the  boundary  conditions 

The  problem  is  to  reproduce  the  experimental 
pattern  of  the  secondary  flow  outside  the  vortex  re- 

■XV 

gion.  For  this,  the  condition  0  imposed  along 

boundary  3  is  replaced  by  V  *  0,  and  the  condition 
■iW 

*  0  imposed  along  boundary  4  is  replaced  vy 

W  «  0. 

Figure  11  shows  the  calculated  secondary  flows 
obtained  at  Lx.  =  0.9  m  with  the  old  and  the  new 
boundary  conditions.  The  latter  leads  to  a  better 
qualitative  agreement  with  experiments,  without  im¬ 
portant  changes  in  the  iso-velocity  contours. 

FIRST  CALCULATION'S  WITH  POSITIVE  PRESSURE  GRADIENT 

Mojola  and  Young  have  performed  measurements  in 
a  comer  flow  with  positive  pressure  gradient  /  1  /. 
Figure  12  shows  the  external  velocity  distributions 
and  the  evolution  of  the  shape  parameter,  and  of  the 
skin  friction  coefficient  far  from  the  corner.  It  can 
be  seen  that  at  the  last  station  (x  «  1.245  m),  the 
two-dimensional  boundary  layer  is  near  separation. 

Figure  13  compares  experimental  and  calculated 
evolutions  of  with  the  lateral  distance, 

for  different  x-stations.  At  x  -  1.19  m,  both  experi¬ 
ments  and  calculations  indicate  a  separation  near  the 
corner  itself,  the  two-dimensional  regions  far  from 
the  corner  being  not  separated.  At  x  »  1.245  m,  the 
separated  region  is  extended  (the  accuracy  of  the 
calculation  is  certainly  poor,  due  to  the  parabolized 
treatment  of  the  equation).  It  appears  also  that  the 
region  where  vortices  are  present  is  characterized  by 
a  kink  in  the  Tp./'Gp.,*  curves  ;  as  in  the  zero  pres¬ 
sure  gradient  case,  the  extent  of  this  region  is 
underestimated  by  the  calculations. 

CONCLUSIONS 


An  accurate  description  of  the  anisotropy  of 
turbulence  is  needed  to  reproduce  the  vortex-like 
pattern  of  the  secondary  flow  observed  in  experiment. 
However,  when  lateral  curvature  is  involved,  a  refi¬ 
ned  turbulence  modelling  could  be  less  important  ; 
in  this  case,  indeed,  the  first  kind  secondary  flows 
are  likely  to  be  larger  than  the  second  kind  ones 
(Johnston,  in  Bradshaw  /  12  /). 

When  positive  pressure  gradients  are  present, 
separation  appears  at  first  near  the  corner  itself  ; 
other  calculations  are  necessary  to  study  the 
influence  of  the  turbulence  modelling  on  the  separa¬ 
tion  location. 

In  a  general  manner,  the  extent  of  the  secondary 
flow  region  remains  too  small  when  compared  with 
experiments.  Possibly,  this  problem  is  related  to  the 
very  simple  mixing  length  formula  used  in  calcula¬ 


tions  ;  improvements  could  be  obtained  by  solving 
transport  equations  for  k  and  £.  ,  especially  in  the 
cases  where  lontltudinal  pressure  gradients  are 
important. 
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ABSTRACT 


INTRODUCTION 


The  formulation  of  a  pressure-strain  model  for 
90-degree  corner  flows  based  cn  the  method  of  images 
is  described.  Experimental  results  are  analyzed  in 
order  to  compare  the  model  with  the  superposition 
model  proposed  by  Reece.  On  the  basis  of  these  com¬ 
parisons,  some  preliminary  conclusions  are  drawn 
about  Che  relative  merits  of  each  model. 


NOMENCLATURE 


a 

b 


n 

P 

P 


r,r  ,r  .r 

Rt 

Reb 

u,v,w 


u-  ,  v  ,w- 
-uv,-uw,-vv 

U 

t'b 

U- 

v.v, 

x,y,z 

v  ,  z  or  y ' , z ' 


i  i 


w 

Subscripts 

s 

cb 

wb 


duct  half  height 
duct  half  width 
primary  coefficients 
wall  correction  coefficients 
corner  correction  coefficients 
correction  coefficients  (final) 
empirical  coefficients 
turbulence  kinetic  energy 
length  scales 
normal  coordi. ate 
fluctuating  static  pressure 
turb.  kinetic  energy  prod,  rate 
separation  distances  (Fig.  1) 
turb.  Reynolds  no.  (R-j-Ek- /  ( vt ) ) 
bulk  Reynolds  no.  (Rej,  =  2al'b/ ») 
fluctuating  velocity  components  in 
the  x,  y,  and  z  directions,  respt. 
Reynolds  normal  stress  components 
Reynolds  shear  stress  components 
mean  velocity  component  in  x  dir. 

bulk  velocity  _ 

friction  velocity  (U.  =  >Tw/n) 

integration  volumes 

cartesian  coordinates  (Fig.  1) 

reference  positions  (Fig.  1) 

corner  angle  (Fig.  1) 

primary  coefficients 

wall  correction  coefficients 

dissipation  rate 

empirical  coefficients 

kinematic  viscosity 

prod,  rate/dissipation  rate  ( C  =  P/ f ) 

density 

wall  shear  stress 


plane  homogeneous  shear  flow 
corner  bisector 
wall  bisector 


This  paper  presents  a  near-wall  pressure-strain 
model  for  turbulent  corner  flows  which  is  an  extended 
form  of  the  model  proposed  by  Launder,  Reece,  and  Rodi 
(1975)  for  two-dimensional  wall  flows.  Rather  than 
superimposing  effects  near  the  bounding  walls  of  a 
corner  to  model  pressure-strain  behavior  in  the  corner 
layer,  as  suggested  by  Reece  (1977),  a  more  rigorous 
development  is  pursued  which  is  based  on  the  method  of 
images.  More  specifically,  the  volume  and  surface  in¬ 
tegrals  which  model  the  pressure-strain  correlation 
are  replaced  by  a  volume  integral  which  includes  image 
point  distances  in  the  integrand.  The  integral  form  is 
an  extended  version  of  the  form  originally  proposed  by- 
Irwin  (1974)  for  two-dimensional  boundary  layer  flows. 
Implicit  in  both  formulations  is  the  assumption  that 
the  normal  derivative  of  the  fluctuating  static  pres¬ 
sure  along  a  bounding  wall  is  negligibly  small,  which 
is  a  reasonable  approximation  on  the  basis  of  argu¬ 
ments  presented  by  Kraichnan  (1956)  and  Irvir.  (1974). 

In  terms  of  modelling  this  effect,  the  condition 
that  "‘p/jn  be  identically  zero  at  all  points  along  the 
bounding  walls  of  a  90-degree  corner  can  be  satisfied 
by  the  image  point  pattern  shown  in  Fig.  la.  If  a 
pressure  fluctuation  is  interpreted  as  originating 
from  a  source  at  (y’,z'),  than  a  source  of  equal 
strength  must  be  located  at  the  image  point  <-y',z') 
to  satisfy  the  condition  that  ^p/'-n  be  zero  on  the 
wall  y=0  at  points  distant  from  the  corner.  By  simi¬ 
lar  reasoning,  a  source  must  also  be  located  at  the 
image  point  (y'.-z’)  to  ensure  that  -p/  n  will  be  zero 
on  the  wall  z*C  when  y  is  large.  In  the  near  vicinity 
of  the  corner,  however,  sources  located  only  at 
(y',-z)  and  (y',-z')  will  cause  ip/  n  to  be  non-zero 
along  each  bounding  wall.  This  situation  can  be  cor¬ 
rected  by  considering  a  source  to  be  present  at  a 
third  image  point,  (-y',-z'),  located  as  shown  in  Fig. 
la.  Under  these  conditions  ip/:-n  will  be  identically 
zero  at  all  points  along  each  wall,  regardless  of  cor¬ 
ner  proximity. 

The  above  arguments  can  be  extended  to  other  cor¬ 
ner  flow  situations  when  the  included  angle  between 
intersecting  walls  (j)  is  different  from  90  degrees. 
When  a«60  degrees,  for  example,  five  image  points  are 
required  (Fig.  lb),  and  the  number  of  image  points  in¬ 
creases  to  seven  when  a*45  degrees  (Fig.  lc).  In  more 
general  terms,  if  the  imaged  point  in  the  flow  is  in¬ 
cluded  (y'.z1),  the  total  number  of  points  (N)  which 
influence  the  pressure-strain  correlation  at  the  point 
of  interest  (yj.z.)  must  be  such  that  N.«»2-  (i  in 
radians)  where  N  is  an  even  integer.  This  relation¬ 
ship  implies  that  pressure-strain  effects  can  be  mod¬ 
elled  conveniently  only  in  certain  corner  flows,  for 
unless  2-/i  is  an  even  Integer,  the  normal  derivative 
boundary  condition  cannot  be  satisfied  exactly,  re¬ 
gardless  of  the  number  of  image  points  used. 
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Fig.  1  Typical  image  point  locations  for  various 
corner  configurations 

THEORETICAL  CONSIDERATIONS 

Model  Formulation 

In  order  to  develop  a  working  relationship  for 
the  pressure-strain  correlation  which  applies  for 
90-degree  corner  flows,  the  influence  of  fictitious 
fluctuations  at  the  three  image  point  locations  shown 
in  Fig.  la  must  be  taken  into  account.  If  these 
effects  are  superimposed  (cf.  Eppich  1981),  then 
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where  l/re£f-l/r+l/ri+l/r2+l/r3.  If  eq.  (1)  is  multi¬ 
plied  by  (3u£/3xj  +  3u_j/dxi)  and  time  averaged,  then 
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In  view  of  the  similarity  between  eqs.  (3)  and  (4), 
the  effect  of  the  first  image  point  (rj)  will  be  mod¬ 
elled  by  letting 
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(8) 

where  b/j  is  a  fourth  order  tensor  subject  to  the  same 
kinematic  constraints  as  a?},  and  (r/r " )  is  the  inte¬ 
grated  volume  average  of  r/r]  over  a  sphere  of  radius 
£  where  £  is  a  length  scale  indicative  of  the  size  of 
the  energy  containing  eddies.  An  explicit  form  for 
(r/rj)  can  be  developed  by  restricting  the  distance  £ 
to  be  less  than  or  equal  to  the  distance  between  the 
wall  and  the  point  of  interest .  In  accordance  with 
this  point  of  view,  we  let 
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where,  with  reference  to  Fig.  2, 
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Integration  yields 
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where  y*iy/£.  Since  £/y  lies  between  the  limits  of 
zero  and  unity  (refer  to  Fig.  2),  the  interval  of  in¬ 
terest  for  y*  is  1  :  y*  ■  for  which  the  bracketed 
term  in  eq.  (11)  has  a  unique  value  (0.5)  for  all  v* 
values  within  this  interval.  It  follows,  therefore, 
that 
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with  similar  expressions  applying  for  *ij,u-  and 
:ij'v;--  The  first  contribution  to  the  volume  integral 
for  will  be  modelled  by  means  of  Rotta's  hypothe¬ 
sis  (1951)  and,  following  Launder,  Reece,  and  Rodi 
(1975),  the  second  contribution  will  be  modelled  as 
the  product  of  the  mean-rate-of-strain  tensor  and  a 
fourth-order  tensor  subject  to  certain  kinematic  con¬ 
straints  imposed  by  assumed  local  homogeneity  of  the 
turbulent  field.  Accordingly,  we  let: 
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C^'»iu£uj  +  [n6mi4£j  +  v(6m£4ij  +  (7) 


which  is  directly  analogous  to  the  linear  decay  func¬ 
tion  assumed  by  LRR  in  their  development. 


Fig.  2  Geometric  configuration  for  volume 
averaging  procedure 

By  means  of  arguments  similar  to  those  employed 
in  developing  eqs.  (8)  and  (12),  analogous  expressions 
for  (*ij+^ji)w.  and  (4ij+<ji>wj  can  bc  developed,  so 
that  the  net  effect  of  the  image  points  on  the  pressure- 
strain  correlation  can  be  represented  as: 
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where 


TTJ  .  3  _  t  ,  m  .  3 1 

8(y:  +  z2)V2  [r3J  8z 


and  d™j  and  g£j  are  fourthjorder  tensors  having  the 
same  functional  form  as  b^.  If  equal  weight  argu¬ 
ments  are  applied  for  the  Influence  of  each  bounding 
wall  of  the  corner,  then  gjj  and  b“j  must  be  identi¬ 
cal  in  form,  which  implies  that  cj  3  must  equal  cy  . 
By  considering  the  linear  nature  o’f  a^!|,  bjj,  d9j, 
and  g’Jjj,  equations  (2),  (5),  and  (13)  can  be  combined 
to  yield  a  composite  model  for  the  pressure-strain 
correlation  of  the  form: 
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In  LRR's  development,  the  sum  28*+4v*+n*  (for  both  the 
primary  and  wall  correction  coefficients)  is  set  equal 
to  zero.  It  is  not  necessary  to  invoke  this  condition, 
however,  because  6^  3TT l/Zxn  -  tV^/dx^  -  0.  If,  in 
fact,  the  condition  28'+4v'+n'  «  0  (LRR's  notation)  is 
invoked  for  the  wall  correction  coefficients  and  £ '  is 
set  equal  to  zero  (as  specified  by  LRR),  then  the 
Green's  function  condition:  3a '+46'  *  0  and  the  contin¬ 
uity  condition:  a'+5£'+c2'  «  0  cannot  be  satisfied 
simultaneously.  The  above  inconsistency  is  avoided  in 
the  present  development . 


Specification  of  Model  Coefficients 


The  system  of  equations  given  by  (14)  through  (22) 
implies  that  nine  coefficients  must  be  specified  in 
order  to  complete  the  model.  These  coefficients  in¬ 
clude  three  primary  coefficients  (c,,  c- ,  and  ■),  three 
wall  correction  coefficients  (cj  j,c-  j,  and  ,,)  and 
three  corner  correction  coefficients  (clt;,  c-  and 
>2).  The  required  number  of  coefficients  can  be  re¬ 
duced,  however,  on  the  basis  of  the  following  consider¬ 
ations.  Consider  the  modified  form  of  the  RS  transport 
equations  suggested  by  LRR,  but  with  convection  and 
diffusion  effects  modelled  by  means  of  Rodi's  approxi¬ 
mation  (1976),  namely: 
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where  Pi-  uj<u£  ’U]</  >x£ .  Following  Gessner  and  Emery 
(1976),  algebraic  expressions  for  the  Revpolds  stress 
components  in  normalized  form  can  be  developed  from 
eq.  (24).  The  equations  are  summarized  below: 
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where  r *=”*+.*,  which  always  appear  as  a  sum  in  the 
expanded  form  for  a*9?:J  when  applied  to  two-dimensional 
wall  boundary  layers  or  turbulent  corner  flows.  The 
coefficients  j*  and  r*  can  be  expressed  in  terms  of 
C; *  by  invoking  the  constraints  imposed  by  Green’s 
third  identify  and  continuity,  namely: 
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Solution  of 
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It  should  be  noted  here  that  the  above  approach  differs 
fundamentally  from  the  approach  taken  by  LRR.  In  ex¬ 
panded  form,  the  continuity  constraint  can  be  written 

as: 


where  :  P/c  and  k  .  (u-  +  v-  +  w7")/2.  Equations  (25)  - 
(30)  can  be  recast  into  forms  which  express  c;*.  c  *, 
and  3*  explicitly  in  terms  of  the  normalized  stress 
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component*.  Along  the  corner  and  wall  bisectors  of  a 
rectangular  duct,  the  following  relationships  apply: 
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Corner  Bisector 


C)*,cb  -  1-6+4!;  12 


•  P  i2f£' 


+  efesl 


cl**cb  *I6L4'22 


1_  (  k  J  cb  I  k  J  cb 

vv)  ~] 

>JcbJ 


>T 


J-Pa-7, 


*  ..(c^.cb-K-DfuTF  (15c2*,cb-l)pi 
'  cb  e  lkjcb- 


22 


■m 


(34) 

(35) 


cb 


(36) 


A  comparison  of  eqs.  (34)  -  (36)  with  eqs.  (31)  -  (33) 
indicates  that 
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In  order  to  investigate  whether  or  not  these  con¬ 
ditions  hold,  Reynolds  stress  measurements  were  made 
in  the  near-wall  region  of  a  square  duct  under  fully- 
developed  flow  conditions.  Distributions  measured  by 
Eppich  (1981)  along  both  wall  and  corner  bisectors  of 
the  duct  for  three  different  Reynolds  numbers  are 
shown  in  Fig.  3.  Superimposed  in  Fig.  3a  are  results 
based  on  the  measurements  of  Comte-Bellot  (1963)  and 
line  distributions  representative  of  the  consensus  set 
of  values  proposed  by  LRR.  Although  there  is  close 
agreement  among  the  various  data  sets  along  each  bi¬ 
sector,  data  measured  along  the  wall  bisector  are  not 
in  complete  accord  with  the  consensus  values,  which 
Indicates  that  near-wall  similarity  in  incompressible 
turbulent  boundary  layers  may  not  be  as  universal  as 
previously  thought.  In  general,  however,  Fig.  3b  in¬ 
dicates  chat  the  conditions  imposed  by  (38)  are  well 
satisfied.  This  result  enables  eqs.  (37)  to  be  writ¬ 
ten  as 


C]*  -  C)  +  cl'  f 

c2*  -  C2  +  cj •  f  (40) 

Y*  -  y  +  Y*  f  (41) 

where  the  primed  quantities  now  denote  the  wall  cor¬ 
rection  coefficients  with 


where  kf  and  Cf  are  empirical  coefficients  to  be  sel¬ 
ected  so  that  f  is  approximately  unity  throughout  the 
entire  near-wall  layer.  (It  should  be  noted  here  that 
the  comer  correction  coefficients  (c  i  2,  c;  ,  and 
Y2 )  have  now  been  effectively  eliminated  from’ the  model .) 
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Fig.  3  Normalized  stress  component  distributions  in 
the  near-wall  region  of  a  rectangular  duct 

In  regions  distant  from  the  corner  (e.g.,  in  the 
near-wall  region  adjacent  to  the  wall  y=0  for  large  z) 
eq.  (42)  assumes  the  following  limiting  form: 

lim  f  -  lim  kf  ■— ]  =  lira  kf  j-jj  =  1  (43) 
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On  the  basis  of  measurements  by  Lund  (1977)  a. id  Eppich 
(1981)  in  the  near-wall  region  of  a  square  duct,  ■  and 
<  j  are  approximately  equal  to  0.40  and  0.23,  respec¬ 
tively,  for  which  Cf*-3.0.  The  final  form  of  the  decay 
function  (for  an  unbounded  comer  flow)  may  now  be  ex¬ 
pressed  as 
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or  alternatively,  for  a  rectangular  duct  of  arbitrary 
aspect  ratio,  as 
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which  lead  to  the  best  overall  agreement  between  cal¬ 
culated  and  measured  stress  component  values  when  com¬ 
pared  to  the  data  of  CHC  and  HGC.  The  normalized 
stress  components  calculated  from  reduced  forms  of 
eqs.  (25)  -  (28)  using  the  present  coefficients  and 
those  specified  by  LRR  are  compared  in  Table  1  below. 


where  a  and  b  are  the  half-width  dimensions  of  the 
duct.  It  should  be  noted  here  that  for  k-£  type  pre¬ 
dictions,  Ip  in  eqs.  (47)  and  (48)  can  be  replaced  by 
(alO^/e,  but  with  "a"  defined  as  (uv2  +  uQ2)^2/k, 
rather  than  specified  as  a  constant,  because 
(uv2+uw2)  *fyk  varies  systematically  in  the  near-wall 
layer  (e.g.,  between  0.23  and  0.29  in  the  near-wall 
region  of  a  square  duct  on  the  basis  of  data  obtained 
by  Eppich  (1981). 

With  the  decay  function  now  defined  for  both 
bounded  and  unbounded  90-degree  comer  flows,  the  task 
which  remains  is  to  specify  numerical  values  for  both 
the  primary  (cj,  c2,  and  y)  and  wall  correction  (cj', 
c2 ' ,  and  y')  coefficients  which  appear  in  eqs.  (39)  - 
(41).  In  order  to  determine  the  primary  coefficients, 
reference  will  be  made  to  the  plane  homogeous  shear 
flow  data  of  Champagne,  Harris,  and  Corrsin  (1970) 
and  Harris,  Graham,  and  Corrsin  (1977),  henceforth 
designated  as  CHC  and  HGC,  respectively.  From  the 
data  of  both  studies,  it  is  possible  to  determine  num¬ 
erical  values  for  Cj,  c2,  and  y  from  reduced  forms  of 
eqs.  (31)  -  (33)  applicable  to  plane  homogeneous  shear 
flow.  With  ££l  for  the  CHC  data  and  with  ££1.55  for 
the  HGC  data  (as  suggested  by  Leslie  1980),  the  numer¬ 
ical  values  for  cj  and  c2  are  1.34  and  0.34,  respec¬ 
tively,  for  the  CHC  data  and  1.27  and  0.41  for  the  HGC 
data.  If  one  utilizes  the  average  values  for  c;  and 
c2  generated  from  these  data  sets  (c’j-1.3,  F2-0.37), 
then  the  transverse  anisotropy  calculated  from  an 
equation  derivable  from  eqs.  (26)  and  (27),  namely 


-4:(4c:  -  1) 
11(C)  +'  £  -  1) 


(49) 


is  -0.13  when  C=l,  and  -0.15  when  £=1.55.  This  spread 
in  values  does  not  simulate  the  experimentally  observed 
increase  in  transverse  anisotropy  which  occurs  as  de¬ 
partures  from  local  equilibrium  become  significant. 
(For  the  HGC  data  set,  for  which  £-l.j^5,  (~ -  w2~)/k  - 
-0.2,  whereas  for  the  CHC  data  set,  (vl-w?)/k-  -0.1 
when  £=1.  In  order  to  circumvent  this  shortcoming,  a 
new  coefficient,  will  be  defined  of  the  form: 


X*  -  >  +  ■'{ 


(50) 


which  effectively  replaces  c  *  as  an  independently 
specified  quantity.  If  c  *  is  redefined  in  terms  of 
■  *  as 

l  ~  -1 

c  *  -  ~r 1  4-11  *(c  *+?-l)j  (51) 

1°  L 

then  eq.  (49)  can  be  rewritten  as 


(52) 


Reference 

u^/k 

v^/k 

w^/k 

-uv/k 

CHC  (data) 

0.94 

0.48 

0.58 

0.33 

Present  work 

(£-1) 

0.94 

0.47 

0.59 

0.33 

LRR  (£-1) 

0.93 

0.46 

0.61 

0.36 

HGC  (data) 

1.00 

0.40 

0.60 

0.30 

Present  work 

(£-1.55) 

0.98 

0.42 

0.60 

0.29 

LRR  (£-1.55) 

0.96 

0.44 

0.60 

0.37 

Table  1 

Normalized 

stress 

component  values 

general,  the 

present  coefficients  (c 

.-1.4, 

.=  .= 

-0.12),  in  comparison  to  those  specified  by  LRR  (c;= 
1.5,  c2-0.4),  lead  to  improved  agreement  between  cal¬ 
culated  and  measured  stress  component  values.  On  the 
basis  of  these  results,  the  primary  coefficients  chosen 
in  this  study  were  used  to  determine  numerical  values 
for  the  wall  correction  coefficients  (cj',  y' ,  and  >' ) . 

The  coefficient  Cj'  was  evaluated  by  means  of  an 
expression  which  follows  from  eqs.  (31)  and  (39)  with 
f=£=l,  namely 


r 

:  i '  -  4[i2i4-i 


+  3;^_  . 


-  8  ! 


(53) 


where,  for  the  set  values  of  (u£/k)wband  (v-'/k-v  /k)wb 
indicated  in  Fig.  3a,  c i *  is  a  Reynolds  number  depend¬ 
ent  coefficient  which  var*.  as  shown  in  Table  2  when 
C]=1.4.  The  variation  is  roughly  centered  about  the 
nominal  value  for  c  j  *  suggested  by  LRR  (-0.5)  for  a 
best  fit  of  the  consensus  data  (near-wall  stress  valuesl 
tabulated  in  their  paper.  The  coefficient  •’  can  be 
determined  by  differencing  eqs.  (26)  and  (27),  apply¬ 
ing  eqs.  (22)  and  (51)  with  £Tl,  and  letting  f*l  in  the 
defining  relationship  for  •*  given  by  eq.  (50).  This 
procedure  yields 


fv-  w_) 

1  k  "  k  jwb 


(54) 


from  which  >'=-0.08  when  >  -0.12  with  (v- /k-w- /k)wb  “ 
-0.020  on  the  basis  of  the  set  value  shown  in  Fig.  3a. 

This  completes  the  number  of  independent  coeffi¬ 
cients  (5)  which  must  be  specified  in  the  present  model 
(cj,  >,  y,  Cj',  *').  The  remaining  coefficeint, 
depends  on  c;  and  C)',  and  can  be  evaluated  from  an 
equation  which  is  derivable  from  eqs.  (26),  (27),  and 
(28),  after  i*  and  r*  are  written  in  terms  of  c*  on 
the  basis  of  eqs.  (21)  and  (22),  and  then  in  terms  of 
>*  and  cj*  from  eq.  (51),  namely 


P  -^*wb 
1_  128 


(48-11 


'*vb)-T.wb  (C+C 
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1  * - - 

wb  c  !  +c  J 


(55) 


which  yields  values  for  the  transverse  anisotropy 
which  are  in  better  agreement  with  the  experimental 
values  observed  by  HGC  and  CHC  than  values  predicted 
from  eq.  (49).  (For  a=-0.12,  eq.  (52)  yields 
(v2  —  w7)/k  - -0.18  and  -0.12,  respectively,  when 
f«1.55  and  1). 

In  view  of  this  improvement,  *  was  specified  as 
-0.12  in  the  present  study  to  complement  the  values 
selected  for  Cj  and  y  (1.4  and  -0.12,  respectively) 


where  >:-0.12,  (-uv/k)wt,-0. 24 ,  and  ;*wb=(v  /k-v  /klvb= 
-0.20  on  the  basis  of  eq.  (54)  and  the  set  values  shown 
in  Fig.  3a.  Table  2  summarizes  the  numerical  values 
selected  for  both  the  primary  (c j ,  ',  y)  and  wall  cor¬ 
rection  (c,’,  >')  coefficients  utilized  in  the  present 
development.  The  corresponding  values  for  c  and  c  ', 
as  calculated  from  eq.  (51),  are  also  shown  in  this 
table.  The  calculated  value  for  c  (0.37)  is  in  close 
agreement  with  the  value  specified  by  LRR  (0.40).  The 
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values  for  C2 ’  shown  in  Table  2  differ  in  sign  from 
the  value  specified  by  LRR  (0.06),  primarily  because 
the  authors  let  B'“0  in  their  development.  This  con¬ 
dition  is  equivalent  to  assuming  that  essentially  no 
energy  is  transferred  from  the  w?  stress  component  to 
the  U7  component  in  the  near-wall  layer.  Data  ob¬ 
tained  in  the  present  study  and  by  Comte-Bellot  (1963) 
show  that  this  is  not  true,  however,  for  high  Reynolds 
number  duct  flows,  where  energy  is  extracted  from  both 
the  v?  and  w?  stress  components  in  the  near-wall  re¬ 
gion  to  elevate  uT/k  over  its  plane  homogeneous  shear 
flow  value.  This  point  will  be  discussed  in  more  de¬ 
tail  shortly. 


Reb  C1 

A 

y 

Cl' 

X' 

C2 

c2  * 

50,000  1.4 

-0.12 

-0.12 

0 

-0.08 

0.37 

-0.101 

120,000  " 

II 

" 

-0.57 

M 

II 

-0.109 

250,000 

II 

It 

-0.87 

If 

II 

-0.113 

Table  2  Primary  and  Wall  Correction  Coefficients 

In  the  present  development,  all  model  coeffici¬ 
ents  are  constant,  except  for  C]',  which  has  an  appar¬ 
ent  Reynolds  number  dependency.  With  reference  to  eq . 
(31),  the  different  values  for  cj'  which  appear  in 
Table  2  are  directly  attributable  to  the  different 
set  values  for  u?7k  shown  in  Fig.  3a.  These  values 
were  determined  by  neglecting  tail-up  behavior  of 
u*~/k,  which  occurs  in  a  low  Reynolds  number  region  of 
the  flow  (Rt<400;  refer  to  Fig.  3a)  where  viscous  ef¬ 
fects  acting  on  the  dissipation  rate  may  be  responsi¬ 
ble  for  the  observed  increase  in  IT7k. _ 

_  Figure  4a  shows  distributions  of  u2/k,  v-/k,  and 
w-/k  measured  by  Eppich  (1981)  in  the  near-wall  region 
of  a  square  duct  under  fully  developed  flow  conditions. 
In  the  outer  portion  of  the  wall  bisector  traverse 
(0.06<y/as0. 10) ,  there  is  a  relatively  strong  varia¬ 
tion  in  the  level  of  anisotropy  with  a  change  in  Rey¬ 
nolds  number.  In  particular,  there  is  an  upward  shift 
in  u!7k  values  with  an  increase  in  Reynolds  number,  and 
a  corresponding  downward  shift  in  v:7k  and  w: /k  values . 
Similar  shifts  are  evident  in  the  distributions  shown 
in  Fig.  4b,  which  are  based  on  the  measurements  of 
Comte-Bellot  (1963)  on  the  plane  of  symmetry  of  a  high 
aspect  ratio  rectangular  duct  at  three  different  Rey¬ 
nolds  numbers.  The  shift  levels  shown  in  Fig.  4a  are 
somewhat  higher  for  a  given  change  in  Reynolds  number , 
however,  which  appears  to  indicate  that  the  convecting 
influence  of  secondary  flow  along  the  wall  bisector  may 
be  responsible,  in  part,  for  higher  shift  levels  ob¬ 
served  in  Fig.  4a.  In  this  figure  it  can  also  be  seen 
that  normal  stress  levels  measured  at  the  lowest  Rey¬ 
nolds  number  (50,000)  are  similar  to  plane  homogeneous 
shear  flow  (PHSF)  levels,  which  correspond  to  average  val¬ 
ues  of  the  CHC  and  HGC  data  shown  in  Table  1,  and  that  devi¬ 
ation  of  the  data  from  PHSF  levels  increases  with  an 
increase  in  Reynolds  number.  Figure  4  also  shows  that 
when  Reb>10  J,  vC/k  and  w^/k  lie  below  their  PSHF  coun¬ 
terparts,  which  implies  that  energy  is  transferred 
from  both  the  v-  and  w^  stress  components  to  the  stress 
component  in  the  immediate  vicinity  of  the  wall. 

A  plausible  explanation  of  the  shifts  shown  in 
Fig.  4  which  occur  within  the  interval  0. 06iy/ai0. 10 
is  not  a  simple  task.  First  of  all,  it  may  be  stated 
(with  reasonable  certainty)  that  the  observed  shifts 
are  not  Interpretable  as  a  low  Reynolds  number  effect , 
because  RT  is  relatively  high  within  this  interval 
(refer  to  tabulated  values  of  RT  at  y/a«0.10  in  Fig. 
4a^.  Furthermore,  the  observed  shifts  are  not  assoc¬ 
iated  with  some  anomalous  behavior  of  the  decay  func¬ 
tion,  because  f-1  in  this  region  for  all  three  Rey¬ 
nolds  numbers.  Since  k/U,  is  essentially  constant 


and  does  not  vary  with  Reynolds  number,  as  shown  in 
Fig.  4a,  the  flow  must  be  in  local  equilibrium,  re¬ 
gardless  of  the  fact  that  the  turbulence  kinetic  ener¬ 
gy  is  distributed  differently  among  the  various  stress 
components.  This  interpretation  is  supported  by  addi¬ 
tional  data  taken  by  Eppich  (1981)  which  show  that 
-DV/U^=1.0  within  the  interval  0.06<y/ai0.10  for  all 
three  Reynolds  numbers.  The  near-wall  flow  in  this 
region  is  thus  a  high  Reynolds  number  flow  in  local 
equilibrium,  which  implies  that  pressure-strain  ef¬ 
fects  (as  opposed  to  dissipation  rate  phenomena)  must 
be  responsible  for  the  shift  in  anisotropy  levels 
shown  in  Fig.  4a.  As  one  possibility,  one  may  con¬ 
sider  non-linear  redistribution  effects,  but  the  model 
proposed  by  Lumley  and  Khajeh-Nouri  (1974),  when  ap¬ 
plied  to  the  near-wall  region,  will  yield  values  for 
u-Vk,  v27k,  and  wT/k  which  are  identically  constant 
when  constant  coefficients  are  specified.  The  problem 
can  be  overcome  by  assigning  a  new  value  to  cj'  in  the 
present  model  whenever  there  is  a  change  in  Reynolds 
number.  Under  these  conditions,  the  model  will  mimic 
the  shift  in  anisotropy  levels  shown  in  Fig.  4a  (as 
indicated  by  the  R1 ,  R2,  and  R3  levels  in  the  figure), 
without  altering  calculated  values  of  (v^-~ )/k  and 
-uv'/k  (which  should  remain  constant  to  be  in  accord 
with  the  data).  This  is  a  less-than-satisfying  ap¬ 
proach,  uowever,  and  current  ef forts  are  being  directed 
toward  developing  a  plausible  explanation  (and  model) 
for  the  anisotropy  shifts  which  have  been  observed  in 
the  present  study. 


Fig.  4  Normalized  stress  component  distributions 

along  a  wall  bisector  in  the  near-wall  region 
of  a  rectangular  duct 

COMPARISON  BETWEEN  MODELS 

The  final  form  of  the  pressure-strain  model  which 
has  been  developed  in  this  paper  consists  of  the  expres¬ 
sion  for  (p/l  )  (  -iu^/ <xj+  -Uj /f'xj )  given  by  eq.  (l-).with 
c,*,  a*,  and  e*  defined,  respectively,  bv  eqs.  (51), 
(21),  and  (22),  where  c*.  >*,  and  v*  (  •*+.*)  are 

defined,  respectively,  hv  eqs.  (39),  (50),  and  (41)  in 
terms  of  both  primary  (c,,  •,  > )  and  wall  correction 
(C)',  ,')  coefficients  whose  values  are  given  in 

Table  2,  with  ,  '  to  be  evaluated  from  eq.  (55),  and 
with  f  to  be  evaluated  bv  means  of  either  eq.  (47)  or 
(48).  The  relative  merits  of  this  model  will  be 
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examined  by  means  of  comparisons  with  the  model  pro¬ 
posed  by  Reece  (1977). 

The  decay  function  developed  during  the  present 
study  is  given  by  eq.  (47).  An  analogous  "two- 
dimensional”  expression,  which  is  equivalent  to  the 
superposition  model  suggested  by  Reece  when  restricted 
to  the  near-wall  region,  can  be  written  as:  f2D“ 
(£p/«)<l/y+l/z).  In  order  to  examine  the  relative  be¬ 
havior  of  f  and  f2D  in  the  near-wall  region  of  a  square 
duct.  Ip  was  evaluated  from  measured  primary  shear  stress 
components  and  experimentally  determined  mean-strain 
rates  by  means _of  the  formula :  £p  -  (0D2  +  uw2 )  V*  5 
[(3U/3y)2 +  (3U/3z)2] ^  (Gessner  and  Emery  1977).  The 
shear  stress  and  mean-strain  rate  values  were  deter¬ 
mined  from  data  obtained  by  Lund  (1977)  and  Eppich 
(1981)  at  Rej,-250,000  under  fully  developed  flow  con¬ 
ditions.  Calculated  values  of  f  based  on  x«0.40  and 
the  data  are  near  unity  throughout  the  entire  near¬ 
wall  layer  (0<y/a<0.1,  0<z/ail).  Calculated  values  of 
f 2D  within  the  same  region  are  approximately  unity  on 
the  wall  bisector  (z/a«l),  but  increase  to  an  average 
value  of  1.14  on  the  corner  bisector. 

The  consequences  of  this  behavior  can  be  examined 
by  referring  to  Fig.  5,  which  shows  calculated  and 
measured  normalized  stress  component  values  in  the  near¬ 
wall  region  along  wall  (Fig.  5a)  and  corner  (Fig.  5b) 
bisectors  of  the  duct.  Both  models  yield  results  which 
are  in  generally  good  agreement  with  measured  values 
on  the  wall  bisector,  except  that  Reece's  model  over¬ 
predicts  wT/k  (refer  to  Fig.  5a)  because  the  influence 
of  a  wall  effect  on  wT  is  not  taken  into  account  fn  his 
model.  Figure  5b  indicates  that  both  models  tend  to 
underestimate  or  overestimate  u^"/k  and  vF/k  (or  w- /k) 
on  the  corner  bisector  by  approximately  the  same  amount . 
Reece's  mode..,  however,  underestimates  -uv/k  by  approx¬ 
imately  50/1  and  overestimates  -vw/k  by  a  factor  greater 
than  two  on  this  traverse.  In  contrast,  the  present  model 
leads  to  values  for -uv/k  and  -vw/k  on  the  corner  bisec  tor 
which  are  in  reasonable  agreement  with  the  data .  The  lack 
of  agreement  between  Reece's  model  and  measured  values 
of  -uv/k  on  the  corner  bisector  is  not  attributable  to 
the  coefficient  values  specif led  in  Reece ' s  model,  but 
rather  to  the  decay  function  which  exceeds  unity  on  the 
corner  bisector  when  f2D  is  used  to  model  decay  function 
behavior.  When  f  is  used  to  calculate  -uv/k  on  the  cor¬ 
ner  bisector  with  Reece's  coefficients,  the  value  is 
0.166,  which  is  in  close  accord  with  the  data  and  with  the 
value  calculated  by  means  of  the  present  model  (0.170). 
This  does  not  imply,  however,  that  Reece '  s  model  would  be 
entirely  suitable  if  f2p  were  simply  replaced  by  f,  be¬ 
cause  the  -vw/k  value  calculated  on  the  corner  bisector 
using f and  Reece's  coefficients  (0. 169)  still  exceeds 
experimentally  measured  values  by  a  factor  of  two. 

In  order  to  compare  the  present  model  with  Reece's 
model  more  fully,  additional  comparisons  involving  the 
balance  of  production,  dissipation,  and  pressure-strain 
effects  in  the  flow  were  made.  The  Reynolds  stress 
transport  equations  were  first  written  in  reduced  form 
by  neglecting  transport  effects  and  by  assuming  local 
equilibrium,  so  that  the  overall  dissipation  rate  could 
be  modelled  in  termB  of  the  production  rate;  i.e., 
e--(uv  3U/3y  +  uw  3lT/3z).  The  individual  terms  which 
appear  in  the  reduced  equation  for  each  stress  compon¬ 
ent  were  then  evaluated  from  data  obtained  by  Lund 
(1977)  and  Eppich  (1981)  in  the  near-wall  region  of  a 
square  duct.  Figure  6  shows  normalized  pressure-strain 
distributions  for  u7,  vT,  wT>  and  W  along  three  near¬ 
wall  traverses  (z/a”0.1,  0.6,  and  1.0)  calculated  by 
means  of  the  present  model  and  Reece's  model.  Distri¬ 
butions  of  the  rates  of  production  and  dissipation  are 
also  shown  on  this  figure,  as  well  as  the  sum  of  terms  (S) , 
which  Ideally  should  be  zero  along  each  traverse. 

Without  exception,  the  sum  of  terms  for  each  stress 
component  along  a  given  traverse  is  closer  to  zero  when 
the  pressure-strain  term  is  evaluated  by  means  of  the 
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Fig.  5  Comparison  of  calculated  and  measured  normalized 
stress  component  distributions  in  the  near-wal 1 
region  of  a  square  duct ,  86^=250,000 

present  model,  rather  than  Reece’s  model.  Even 
along  the  wall  bisector  (z/a=l)  there  is  marked  improve¬ 
ment  in  the  balance  for  each  stress  component .  These  re¬ 
sults  are  independent  of  decay  function  considerations 
(since  f-f2D‘l  on  the  wall  bisector),  which  implies 
that  both  the  unprimed  and  primed  coefficient  valves 
specified  in  the  present  model  are  preferable  to  the  val¬ 
ues  employed  by  Reece. 

The  sensitivity  of  the  balances  to  pressure-strain 
modelling  was  examined  more  closely  bv  comparing  the  su; 
of  effects  for  the  v-  and  uV  stress  components  in  the 
immediate  vicinity  of  the  corner.  Figure  7  shows  the  sur 
of  terms  associated  with  redistributive  and  dissipative 
effects  on  the  v?  stress  component  (S=PS+D)  and  the  sum 
of  terms  associated  with  production  and  pressure-strain 
effects  on  the  uv  stress  component  (S=P+PS).  From  the 
figure  it  can  be  seen  that  the  sum  of  terms  alone  a 
given  traverse  is  generally  closer  to  zero  when  the 
present  model  is  employed.  The  differences  between  the 
two  models  are  most  evident  along  the  traverse  closest 
to  the  wall  (z/a=0.02).  Along  this  traverse,  the  sum.  of 
terms  associated  with  redistributive  and  dissipative 
effects  on  the  transverse  anisotrony  (v7-v- ) /Vf  is 
close  to  zero  and  varies  between  ±1.4xlG““  within  the 
interval  0 . 04^y/ai0. 10.  In  contrast ,  when  Reece 1  s  mod.- 1 
is  emploved,  the  sum  of  terms  varies  from  8.6x10“'  t  ■ 
11.5x10”“  along  this  same  interval ,  i .e. ,  there  is  at 
least  a  six-fold  increase  in  the  imbalance  level.  Inas¬ 
much  as  transverse  gradients  of  vT-wT  are  responsible 
for  the  generation  of  axial  vorticity  in  the  flow,  it 
is  likely  that  the  present  pressure-st rain  mode)  will 
lead  to  improved  predictions  of  the  overall  flow  fieic 
(especially  in  the  near-vicinity  of  a  corner''  in  com¬ 
parison  to  Reece's  model. 

CONCLUDING  REMARKS 

A  near-wall  pressure-strain  model  for  90-degree  cor¬ 
ner  flows  has  been  presented  in  this  paper  which  is  based 
on  a  more  rigorous  approach  than  that  employed  in  previous 
studies.  The  present  three-image  point  model  is  based  on 
a  decay  function  which  is  approximately  unity  in  the  entire 
near-wall  layer.  In  contrast ,  the  two-image  point  (su¬ 
perposition)  model  leads  to  a  decay  function  which  in¬ 
creases  cont  inual ly  as  a  corner  is  approached.  This  be¬ 
havior  leads  to  calculated  normal ized  stress  component 
values  on  the  corner  bisector  which  are  not  in  complete  ac¬ 
cord  with  the  data,  whereas  calculated  values  based  on  the 
present  model  are  in  good  overall  agreement.  Modelling 
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Fig.  6  Production,  dissipation,  and  pressure-strain 
effects  on  the  Reynolds  stress  components  in  the 
near-wall  region  of  a  square  duct,  Reb*250,000 

pressure-strain  effects  in  the  Reynolds  stress  transport 
equations  by  means  of  the  present  model  leads  to  imbalance 
levels  for  each  stress  component  which  are  significantly 
less  than  those  associated  with  Reece’s  model,  even  in 
nominally  two-dimensional  regions  distant  from  a  corner. 
The  comparisons  described  in  this  paper  indicate  that  the 
present  model  is  superior  to  Reece's  model  in  several  re¬ 
spects.  Full  confirmation  of  the  model  must  await  com¬ 
parisons  with  numerical  predictions,  which  is  one  of  our 
main  objectives  in  future  work. 
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ABSTRACT 

The  rapid  distortion  of  a  turbulent  motion  by  a  mean 
bulk  dilatation,  and  the  subsequent  evolution  of 
Reynolds  stresses,  are  examined.  Some  properties  are 
given  for  a  solenoidal  velocity  fluctuation  field. 

It  is  shown  that  mean  velocity  divergence  does  not 
contribute  to  the  rapid  part  of  the  pressure-strain 
correlation  terms.  Models  for  these  terms  are  deduced, 
and  a  variable  which  takes  in  account  the  mean 
compressibility  effects  and  behaves  like  Reynolds 
stresses  in  subsonic  flows,  is  defined.  These  proper¬ 
ties  are  in  good  agreement  with  experimental  results 
obtained  in  a  supersonic  boundary  layer  relaminarized 
by  an  expansion  fan.  It  is  deduced  that  bulk  dila¬ 
tation  and  mean  pressure  gradient  contribute  largely 
to  relaminarization,  and  that  the  solenoidal  appro¬ 
ximation  seems  to  be  valid  in  distortions  like  an 
expansion  for  moderate  supersonic  Mach  numbers. 

NOMENCLATURE 


aij  -  dimensionless  Reynolds  stress  deviatoric 
dij  «  fluctuating  strain  rate  tensor 
Dij  *  mean  strain  rate  tensor 

D/Dt  -  -/-c  +  uj  3/3xj  derivative  along  the  mean 
motion 

L  ■  spatial  extent  of  the  distortion 

M  *  Mach  number 

p  *  pressure 

pt?  =  pitot  pressure 

q'  -  (u;2-  uj2  *  up)1'2 

rij  =  fluctuating  rotation  rate  tensor 
Rij  -  mean  rotation  rate  tensor 

Ruv  *  correlation  coefficient  between  longitudinal 
and  transversal  velocity  fluctuations 
R ru  *  correlation  coefficient  between  density  and 
longitudinal  velocity  fluctuations 
F.v  ■  correlation  coefficient  between  density  and 
transversal  velocity  fluctuations 
T  *  tenroerature 
Tij  -  uTuT/O2/" 

u  *  u  ♦  u'  longitudinal  velocity  component 
uj  •  Uj  ♦  uj  component  of  velocity 

U  *  mean  velocity  modulus 

Uo  •  velocity  in  the  initial  external  flow 


Vj  -  ^TTUT/- 


v  •  v  4  v'  transversal  velocity  component 
(s,n,zl , (x,y,z)  -  frames  of  reference  (fig.  I) 
lo  »  initial  boundary  layer  thickness 
fjj  *  Kronecker  symbol 
£  •  Laplacean  operator 


y  •  Cp/Cv  ratio  of  specific  heats 
A  ■  integral  turbulent  scale 

"ij  ’  ”  («j3p'/3*j  +  uj  SP'/3Xi)/c 

p  «  specific  mass 

T„  *  wall  friction 


Superscripts  : 


(  )*  ensemble  average 

(  )•  Favre  average  :  w  ■ 

(  ) '  »  fluctuation 


INTRODUCTION 


The  classical  description  of  equilibrium  supersonic 
turbulent  flows  often  uses  the  Morkovin's  hypothesis 
/!/,  according  to  which  turbulence  structure  is 
supposed  to  be  the  same  as  in  subsonic  flows.  In  such 
conditions,  mean  compressibility  appears  only  in  the 
variations  of  the  mean  specific  mass.  Moreover,  as 
the  flows  examined  by  Morkovin  are  quasi-parallel  and 
have  only  very  slight  longitudinal  evolutions,  the 
mean  density  gradient  is  nearly  perpendicular  to  the 
mean  velocity,  so  that  the  mean  velocity  divergence 
is  very  small,  if  compared  to  the  mean  strain  :  mean 
dilatation  can  tb-n  be  neglected.  When  a  supersonic 
flow  is  subjected  to  a  pressure  gradient,  the 
situation  is  quite  different  :  there  are  large  varia¬ 
tions  of  mean  density.  Such  flows  were  examined  in 
the  last  decade  /2/,/3/,  in  order  to  introduce  the 
dilatation  influence  in  turbulence  models.  Neverthe¬ 
less,  as  noticed  by  Bradshaw  /4/,  only  few  things 
were  known  about  the  effect  of  longitudinal  density 
variations  on  turbulent  quantities.  This  paper  brings 
some  elements  of  physical  understanding  of  these 
phenomena,  and  compares  them  to  experimental  results. 
The  influence  of  a  mean  bulk  dilatation  on  Reynolds 
stresses  can  be  described  as  the  action  of  mean  velo¬ 
city  or  associated  density  gradients  on  turbulent 
transfers  :  the  simpler  problem  of  this  type  is  a 
rapid  distortion  one.  This  approximation  is  here 
applied  to  the  Reynolds  stress  equations.  Attention 
is  focused  on  the  pressure  fluctuation.  It  is  shown 
that  in  a  rapid  distortion,  if  the  fluctuating  motion 
can  be  considered  as  essentially  incompressible,  the 
pressure  fluctuation  is  given  by  the  same  equation  as 
in  heated  subsonic  flows.  By  assuming  that  the  veloci¬ 
ty  fluctuation  field  is  solenoidaL  the  way  to  adapt 
to  the  supersonic  case  will  be  deduced,  and  a  new 
variable  will  be  defined  from  the  Reynolds  stress  and 
the  mean  density,  which  takes  implicitly  in  account 
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Che  effect!  of  mean  compressibility.  An  experiment 
is  presented,  in  which  a  turbulent  boundary  layer 
subjected  to  a  centered  expansion  is  studied  ;  tur¬ 
bulence  measurements  are  performed  in  the  expanded 
cone.  The  measured  evolution  of  the  velocity  variance 
is  compared  to  the  evolution  deduced  from  the  propo  - 
sed  analysis. 

ANALYSIS 


Reynolds  Stress  Equations  in  a  Rapid  Distortion 

A  distortion  is  "rapid"  151  if  it  is  applied  to  a 
turbulent  field  during  a  time  which  is  much  lesser 
than  the  characteristic  time  of  turbulence.  The 
following  inequality  must  be  verified  : 

(q'/U)  (L/A)«  1 

A/n'  is  a  characteristic  time  scale  of  turbulence 
L/u  is  the  time  of  flight  of  a  fluid  particle  in 
the  distortion,  the  spatial  extent  of  which  is 
L. 

In  such  conditions,  the  rate  of  dissipation  of  tur¬ 
bulent  kinetic  energy  per  unit  mass  car  he  condi- 
dered  roughly  as  a  constant,  and  equal  to  its  value 
upstream  of  the  distortion. 

We  will  consider  now  situations  in  which  the  new 
production  terms  developped  in  the  distortion  are 
much  larger  than  the  dissipation  one  ;  in  addition 
it  will  be  supposed  that  the  flow  is  not  too 
inhomogeneous,  so  that  the  diffusive  effects  will  not 
change  strongly  the  Reynolds  stress  evolution,  and 
can  be  neglected. 

With  these  assumptions,  the  Reynolds  stress  equation, 
expressed  for  Favre  averaged  variables  /6/,  writes  : 


u~u'  3uj  _  uTu/  3ui 
i  k  3xk  1  *  3xk 


very  different  forms,  according  as  the  velocity  fluc¬ 
tuation  divergence  is  zero  or  non-zero.  In  the 
Kovaaznay's  theory  /II/,  the  "acoustic  mode"  corres¬ 
ponds  to  the  irrotational  part  of  the  velocity  fluc¬ 
tuation  (3  u£  +  o)  while  the  "vorticity  mode" 
is  related  to  the  solenoidal  part  of  the  velocity 
fluctuation  (Su^/Bx^O) .  For  equilibrium  flows,  a 
consequence  of  the  Morkovin' s  hypothesis  is  that 
the  vorticity  mode  is  presumably  predominant.  Then, 
for  non  hypersonic  turbulent  flows,  it  is  attractive 
to  assume  that  the  fluctuating  motion  is  essentially 
incompressible,  i.e.  3u//3x.«  0.  This  basic  assump¬ 
tion  is  made  here.  This ^hypothesis  is  well  adapted 
to  equilibrium  layers  and  can  also  give  a  good 
approximation  in  distortions  which  do  not  amplify 
too  much  the  acoustic  mode. 

For  a  solenoidal  field  of  velocity  fluctuations,  if 
the  mean  flow  is  steady  and  if  the  second  derivatives 
of  mean  velocity  can  be  neglected,  the  equation  for 
the  rapid  part  of  pressure  writes  : 


»'  ■ « % 

22i  * 

3Xi 

Sp'  30i 

) 

£i 

♦  p* 

dx. 

1 

3*j 

9  at 

♦  u.  . 

J 

>«; 

—  *  u!  • 
3xj  J 

— ) 
3Xj 

The  first  two  terms  of  (2)  are  identical  to  those 
found  10/  in  subsonic  flows  with  heat  sources.  In 
ref.  /I0/,  it  is  pointed  out  that  for  fluctuations 
associated  to  small  wavenumbers,  the  last  two  terms 
become  the  more  important  ones,  but  for  the  main  part 
of  the  spectral  range  containing  energy,  it  seems 
reasonable  to  make  the  following  approximation  : 


puj  3P_  +  _3P  (I) 

p2  3Xj  p?  3x. 


3u!  du .  3p  *  3u. 

=  +  _  .  (u. 

>  3Xj  3x.  a*i  i  3xj 


(3) 
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,  -  3p 
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,  3p 

Uj  3x. 
1 
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On  the  two  first  lines  of  the  right  hand  side(r.h.s) 
member  of  (I),  the  production  terms  in  the  mean  velo¬ 
city  gradient  and  in  the  mean  pressure  gradient  are 
written  .  The  term  of  the  third  line  is  generally  of 
the  same  order  of  magnitude  as  the  production,  and 
must  be  modelled.  In  the  models  for  turbulent  subso¬ 
nic  flows,  it  is  now  accepted  /7/,/8/,/9/  to 
represent  this  term  by  the  sum  of  two  parts.  The 
first  called "return-to-isotropy  "  term,  is  due  to 
non-linear  turbulent  mechanisms  ;  the  other,  which 
is  only  one  to  be  considered  in  a  rapid  distortion, 
is  called  10/  the 'Vapid  part  of  pressure".  This  rapid 
part  of  the  pressure  is  deduced  from  the  pressure 
equation  obtained  from  the  linearized  Euler's  equa¬ 
tions.  Only  this  rapid  part  is  considered  here  :  some 
limits  of  validity  of  such  an  approximation  can  be 
found  in  ref.  / 10/ . 


The  Rapid  Part  of  Pressure 


By  assuming  little  fluctuations  of  velocity,  density, 
pressure,  deducing  a  linearized  equation  for  the 
fluctuation  from  the  Euler's  equations,  and  taking 
their  divergence,  an  equation  for  the  pressure  fluc¬ 
tuation  can  be  obtained.  This  equation  can  have 


Two  additional  assumptions  are  made  :  we  consider 
flows  where  mean  pressure  forces  are  strong,  so  that 
3p/3x.^  -  5Uj  Suj^/Sxj  .  at  iast>  jt  js  assumed  that, 
as  in  equilibrium  turbulent  flows  / 1 2/ ,  the  tempera¬ 
ture  fluctuations  are  practically  isobaric  : 
o'/p  =  -  T'/T  .The. final  form  of  (3)  is  : 


-ip'  -  ♦  2P  iiiL 

3x. 

3 


3u  ^ 

3x. 

i 


_  1L 

.  3x. 

l  l 


(4) 


The  first  term  of  the  r.h.s.  member  of  (4)  can  be 
related  to  the  production  in  the  mean  velocity  gra¬ 
dient,  the  second  one  to  the  product’.'"  in  the  mean 
pressure  gradients.  According  f  "  he  contribution 
of  these  two  terms  to  the  pressu  -ation  can  be 

examined  separately  ;  the  first  .e.  '  be  parti¬ 

cularly  studied  hereafter. 

A  classical  separation  is  used  for  the  velocity  gra¬ 
dients.  When  the  divergence  of  velocity  fluctuation 
is  null,  3u!/3x.  can  be  separated  into  a  symmetric 
part  d.  .  (fluctuating  rate  of  strain),  and  a  anti¬ 
symmetric  part  j.  .  (fluctuating  rate  of  rotation);  as 
the  mean  flow  tV compressible,  3u./3x.  is  separated 
into  an  isotropic  part  3u'k/3xk  6^ j  (mean  dilatation 
rate)  and  a  deviatoric  ;  the  deviatoric  is  separated 
in  the  same  way  as3u!/?Xj  : 
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Applying  the  rules  of  tensor  algebra,  the  contri¬ 
bution  of  the  velocity  gradients  to  the  pressure 
fluctuation  can  be  expressed  by  : 

dp’ 


r.  .  R.  .) 
ij  ij 


2p  (d.  .  D.  . 

1J  .1J 

The  swan  dilatation  rate  does  not  contribute  to  p' 
because  the  fluctuating  motion  is  supposed  to  be 
solenoidal.  With  this  assumption,  only  D. .  and  R. . 
have  to  be  considered,  as  in  subsonic  fl&is.  The1J 
same  conclusion  can  be  drawn  / 10/  for  the  part  of 
p'  related  to  the  mean  pressure  gradient  :  if 
3u^/3x^  ■  0  ,  the  contribution  of  the  mean  pressure 
gradient  term  to  the  rapid  part  of  the  pressure- 
strain  correlation  can  be  modelled  as  in  subsonic 
flows. 

Models  for  the  Rapid  Part  of  the  Pressure-Strain 
Terms 

It  follows  from  the  previous  considerations,  that 
the  way  used,  for  example,  by  Lumley  /9/  or  by 
Launder,  Reece  and  Rodi  /8/  to  model  the  pressure- 
strain  correlations  can  be  adapted  to  the  supersonic 
case.  It  can  be  shown  / I 0/  that,  with  the  assumption 
Su^/SXj^  *  0  ,  the  rapid  part  of  the  pressure-strain 
correlations  can  be  represented  by  the  same  function 
(or  functional)  of  the  Reynolds  stress  and  of  R. . 
and  D. .  as  in  subsonic  flows.  The  adaptation  to1Jthe 
supersonic  case  is  then  very  simple  :  the  model 
remains  unchanged  when  expressed  in  terms  of  D. .  and 
Rj .  (but  not  in  terms  of  3u./3x.).  In  this  pape^ 

three  models  will  be  used  :  Launder's  model  /8/, 

the  quasi  isotropic  model  given  by  Lumley  /9/,  and 
the  model  used  by  Naot,  Shavit,  Wolfsthein  / 1 3/ .  In 
the  latter,  which  is  the  simpler  one,  the  modelled 
terms  are  proportionnal ,  for  imcompressible  flows, 
to  the  production  of  Reynolds  stress  deviatoric  in 
the  mean  velocity  zradient.  They  are  respectively  : 
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where  a^  »  ulu'^/q'  -  6.  /3  ;  Index  u  indicates 

the  contribution  of  the  mean  velocity  gradient  de¬ 
viatoric  :  With  these  three  approximations,  we  used 
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Lumley' s  proposal  / 9/  for  the  contribution  of  the 
mean  pressure  gradient  : 
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where  T’u^/T  -  -p’ul/p  ,  if  /i2/  the  low  pressure 
fluctuation  level  hypothesis  is  valid. 

Definition  of  an  "Incompressible"  Variable 

Let  us  consider  eq.  / 1 / .  Let  r.  .  be  the  fluctuating 
pressure  term  :  ld 
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is  used  for  3u^/3x.  ,  and  introducing  the  mean  conti¬ 
nuity  equation,  eq^  (1)  writes  : 
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In  this  equation,  the  mean  dilatation  terms  appear 
only  in  the  first  term  of  the  r.h.s.  member.  In 
addition,  as  the  r61e  of  r. .  is  to  moderate  the  pro¬ 
duction  terms  due  to  D.fc  R.  and  ?p/3x.  ,  the 
production  term  involving  the  Aean  dilatation  is  the 

only  one  which  is  not  reduced  by  it.  .  . 

ij 

In  rapid  distortions  where  dilatation  effects  are 
predominant,  eq.  (10)  yields  : 
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it  follows  that  DT. ./Dt  »  0 
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After  integration,  it  comes,  whatever  i  and  j  : 

Cst  or  ^  L.j?2  -  (-r^)2/3  (11) 
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It  can  be  remarked  that  a  mean  dilatation,  i.e.  an 
homogeneous,  isotropic  mean  distortion  does  not 
change  the  Reynolds  stress  anisotropy  :  every  compo¬ 
nent  is  changed,  but  at  the  same  relative  rate,  so 
that  the  principal  directions  of  the  Reynolds  tensor 
are  unchanged.  The  same  type  of  conclusion  was 
reached  in  ref.  /14/,  from  a  less  general  analysis 
involving  only  the  production  terms. 

Formula  (11)  was  soon  given  by  Batchelor  / 1 5 /  who 
used  dimensional  considerations  based  on  angular 
momentum  conservation.  We  show  here  that  Batchelor's 
result  is  exact  for  a  solenoidal  field  of  velocity 
fluctuations . 

An  equation  for  T. .  can  be  derived  from  (10).  The 
terms  of  the  r.h.J'l  member  of  (10)  involving  D.  .  and 

R. .  can  be  expressed  in  terms  of  T. .  instead  of 
IJ  ij 
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u!u!  .  Some  particular  problems  appear  in  Che  mean 
pressure  gradient  cerms.  For  supersonic  flows  without 
heat  sources  / 1 / .  / 3/ ,  /10/./16/,  the  relations 
derived  from  the  "Strong  Reynolds  Analogy"  (S.R.A.) 
may  be  used  to  represent  -r~  or  ,  : 


p’u'/  p  -  T'uJ/T 


esent  — 5 — r  or  ri — r 
p  u!  I  u! 

R  (y-1)  M2  u^/u 
pu 
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pv  uv 

It  appears  that  the  production  terms  and  the  part  of 

ir.  .  involving  — i— r  can  be  related  to  T, .  and  T,,. 
lj  °  p  u!  11  12 

Then,  the  equation  for  T. .  has  the  following  form  : 
(no  summation  on  i  and  j)1^ 

~  T.  .  -  -  T..  (D..  +  R..)  -  T..  (D..  +  8,  J 
Dt  lj  ik  jk  jk  Jk  lk  Ik 


♦  K.f  (Y-I)M2  .Tu.^£  ♦  K..  (V-l)M2 

P  u  Sx.  P  u 

3 


rij . 

J  'Mr  y-  . 


K.  are  constants  when  the  correlation  coefficients 

R1  ,  R  ,  R  are  fixed  :  T..  is  the  only  turbulent 
pu  pv  uv  ik 

quantity  used  in  the  expression  of  tr^. 

Therefore  T. .  appears  like  an  "incompressible" 

variable  1J  because  : 

i)  its  evolution  does  not  depend  on  the  mean  dilata¬ 
tion  rate; 

ii)  as  far  as  the  action  of  the  mean  strain  and  the 

mean  rotation  rates  are  concerned  in  a  rapid 
distortion  problem,  the  terms  in  which  these 
variables  appear  are  identical  with  the  ones 
found  in  the  equation  for  uTuT  in  incompressible 
flows.  1  J 

These  conclusions  are  compared  to  experimental 

results  in  the  following  chapter. 


EXPERIMENTS 


Description  of  the  flow 


Fig.  1  :  Sketch  of  the  flow 

The  flow  in  which  measurements  were  performed  / 10/ 
is  shown  on  fig.  1.  A  fully  turbulent  boundary  layer 
develops  on  a  flat  plate  ;  the  external  Mach  number 
is  1.76  ;  in  the  outer  flow,  the  stagnation  pressure 
is  40530  N/nr  and  the  total  temperature  ia  typically 
296  K.  The  wall  Temperature  is,  with  a  good  approxi¬ 
mation,  the  adiabatic  flat  plate  recovery  temperatire 


upstream  of  the  expansion.  In  this  latter  zone,  the 
boundary  layer  is  Icm  thick  :  the  Reynolds  number, 
baaed  on  momentum  thickness  is  5000. 

A  12  deg.  deflection  of  the  wall  around  a  sharp  edge 
produces  an  expansion  fan  ;  the  boundary  layer  is 
deviated  without  separation.  The  expansion  produces 
large  density  and  pressure  varationa.  If  Ap  and  t 
are  respectively  the  pressure  drop  absolute  value  and 
the  wall  friction  in  the  initial  boundary  layer,  the 
ratio  Ap/ tw  ia  100  ;  such  a  value  (17), (18)  corres¬ 
ponds  to  a  relaminarization  of  the  flow,  downstream 
of  the  expansion.  It  seems  likely  (4)  that  bulk  dila¬ 
tation  contributes  to  such  a  relairinarization.  At 
last,  in  the  expansion  and  out  of  the  viscous  sub¬ 
layer,  the  mean  flow  can  be  computed  by  neglecting 
the  friction  terms  in  the  momentum  equation,  for  the 
pressure  force  is  very  strong.  This  enables  to  calcu¬ 
late  the  mean  flow  independently  from  turbulence,  and 
to  get  an  accurate  determination  of  the  means  gra¬ 
dients  contributing  to  the  "source"  terms  in  the 
equation  of  T^ . . 

Measurements  methods.  Apparatus 

The  measured  mean  variables  are  total  pressure  and 
total  temperature.  Total  pressure  was  measured  with 
Pitot  probes  and  piezo  resistant  pressure  tansducers  ; 
total  temperature  was  measured  with  hot-wire  probes. 

Turbulent  quantities  (variance  of  temperature  fluc¬ 
tuations,  of  longitudinal  velocity  fluctuations  ; 
velocity  temperature  correlation  coefficient)  were 
measured  by  a  "constant  current"  hot-wire  anemometer. 
The  bandwidth  of  the  uncompensated  amplifier  reached 
310  kHz.  Errors  coming  from  the  imperfections  of  the 
time  lag  compensating  circuit  were  reduced  by  ad  hoc 
corrections  /19/.  The  Kovasznay's  "fluctuation  dia- 
gram"technique  /  1 1  / was  used.  Details  of  the  apparatus 
and  of  measurement  methods  are  given  in  ref.  / 1 0 / . 

Mean  flow  determination  in  the  expansion 

As  indicated  hereabove,  the  mean  flow  out  of  the 
viscous  sublayer  can  be  computed  by  resolving  the 
Euler's  equations  by  a  method  of  characteristics. 

Such  a  computation  is  more  accurate  than  measurements 
for  the  intrusion  of  a  static  pressure  probe  in  the 
expansion  provokes  systematic  errors.  The  calculation 
was  made  as  in  ref.  / 20 /  by  assuming  that  mean 
entropy  and  mean  total  enthalpy  are  constant  along 
streamlines.  The  results  of  the  computation  are  in 
good  agreement  with  Pitot  pressure  measurements .  so 
that  all  the  information  on  mean  field  was  deduced 
from  the  results  of  the  method  of  characteristics. 

Turbulence  Measurements 

It  was  checked  from  u'*  measurements  that  the 
initial  boundary  layer  is  in  equilibrium.  Fig.  2 
gives  the  results  in  the  representation  suggested 
by  Morkovin  /!/.  t  is  the  wall  friction  determined 
from  the  law  of  the  wall,  for  compressible  turbulent 
boundary  layers.  The  present  results  are  consistent 
with  the  other  boundary  layer  data. 
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The  normal  stress  uf  was  measured  just  downstream 
of  the  last  expansion  characteristic  (Fig.  3)  and 
along  the  streamline  whose  location  in  the  initial 
boundary  layer  is  y/6o  *  0,3  (Fig.  4) 


Fig.  3  :  u‘*  measurements  upstream  and  downstream  of 
the  expansion. 

_ ■"  DvUtation  ffTttt 
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Fig.  4  :  evolution  along  the  explored  streamline. 


Up  is  the  mean  velocity  in  the  initial  external  flow  ; 
ujf  is  the  initial  value  of  u**  .  On  fig.  4,  s'  is 
the  curvilinear  abscissa  along  the  streamline. 

The  striking  fact  is  the  large  decrease  of  in  the 
expansion,  mainly  in  the  internal  half  of  the  bounda¬ 
ry  layer.  _ 

Temperature  variance  T'*  and  velocity  temperature 
correlation  coefficient  R  were  also  measured. 
Upstream  and  downstream  or  the  expansion  (Fig.  5)and 
along  the  explored  streamline,  the  S.R.A.  formula  is 
verified  and  R  can  be  considered  as  a  constant, 

R  *  -  0,8.  These  conclusions  are  valid  only  in 

the  non  intermittent  part  of  the  flow,  i.e.  y/6o<C(6, 
and  will  be  used  in  the  calculations  presented  in 


Fig.  5  :  Temperature  variance  ;  velocity  temperature 
correlation  coefficient,  upstream  (•)  and 
downstream  (a)  of  the  expansion. 

DISCUSSION 

Firstly,  it  was  checked  that  the  distortion  is 
rapid.  The  parameter  q'L/(UA)  is  roughly  0.1,  outside 
of  the  viscous  sublayer.  Secondly,  different  hypothe¬ 
sis  were  used  to  explain  the  u1*  evolution.  It  was 
at  first  assumed  that  bulk  dilatation  effect  is  pre¬ 
dominant,  i.e.  T j  j  is  constant.  The  result,  noted 
"dilatation  effect"  is  shown  on  fig.  3  and  4  ;  it  is 
consistent  (Fig.  4)  with  the  measured  values  of  u '* , 
in  the  external  half  of  the  boundary  1 ayer ■  In  the 
internal  half,  the  predicted  values  of  u5*  with  the 
former  assumption  are  much  larger  than  the  measured 
ones.  Note  that,  due  to  the  lack  of  measurements  near 
the  wall,  the  part  of  the  initial  u"1^  profile  for 
y/So  <  0,3  is  extrapoled  on  the  basis  of  Klebanoff's 
measurements.  Kistler's  results  (Fig.  2)  seem  to 
indicate  that  near  the  wall,  the  supersonic  data  could 
be  lover  than  the  subsonic  ones.  Nevertheless,  an 
extrapolation  based  on  Kistler's  data,  associated 
with  the  only  dilatation  effects,  would  not  reproduce 
the  low  u'  level  observed  downstream  of  the  expan¬ 
sion,  for  y/4o  <  0,3  . 

The  influence  of  dissipation  has  been  estimated 
by  assuming  it  is  isotropic,  constant  in  the  distor¬ 
tion,  and  equal  to  production  upstream  of  the  expan¬ 
sion.  The  result  is  indicated  on  fig.  3  by  a  dashed 
zone.  It  can  be  concluded  that  the  contribution  of 
dissipation  to  the  measured  evolution  is  of  low 
importance . 

A  last  approximation  is  then  used,  by  assuming 
that  for  y/4o  (  0,3  ,  it.  .  and  all  the  terms  of  pro¬ 
duction  can  be  important}  and  that  diffusive  and 
dissipative  effects  can  be  neglected.  Formulas(6), 

(7),  (8)  to  which  "linear  approximation"  N'1,2,3  are 


i 


referred  on  fig.  4,  are  used  to  repretent  the  part 
of  r. .  involving  D. .  and  S...  These  formulations  are 
uaed^vith  Lumlcy'»JproposH/9/.  eq.  (10).,  for  the 
part  of  depending  on  p'u.'  .  The  Reynolds  stress 
calculation  was  then  made  along  the  mean  streamline 
initiating  at  y/So  •  0,3.  The  equations  were  written 
in  an  "intrinsic"  frame  of  reference,  i.e.  relative 
to  the  mean  streamline.  The  geometry  of  this  stream¬ 
line  (location,  radii  of  curvature)  and  the  mean 
field  are  deduced  from  the  results  of  the  method  of 
characteristics.  The  initial  conditions  on  the  Rey¬ 
nolds  stresses  are  given  by  the  u^  measurements  and 
by  assuming  that  the  different  stresses  are  in  the 
same  proportions  as  in  subsonic  equilibrium  boundary 
layers.  The  results  on  r*  are  given  on  fig.  4  which 
shows  that  the  rapid  distortion  approximations  are  in 
good  agreement  with  the  measurements.  It  seems  ama¬ 
zing  that  the  three  different  formulations  give  prac¬ 
tically  the  same  results.  An  inspection  of  the  source 
terms  in  the  equation  of  indicate  that  the  main 
contribution  to  "u^  is  due  to  the  bulk  dilatation 
and  to  the  mean  pressure  gradient,  the  terms  related 
to  and  R.^  being  very  low. 

CONCLUSION 

The  evolution  of  the  normal  Reynolds  stress 
related  to  longitudinal  velocity  fluctuations  in  an 
expansion  leading  to  the  relaminarization  of  a 
boundary  layer  at  supersonic  speed  has  been  analyzed 
by  a  rapid  distortion  approximation.  Some  properties 
of  the  action  of  a  bulk  dilatation  on  a  solenoidal 
field  of  velocity  fluctuations  have  been  given.  The 
results  show  that,  outside  of  the  viscous  sublayer, 
bulk  dilatation  contributes  largely  to  relaminari¬ 
zation,  though  the  effect  of  the  mean  pressure  gra¬ 
dient  cannot  be  neglected. 

The  proposed  analysis  was  based  on  the  assump¬ 
tion  that  the  fluctuating  motion  is  essentially 
incompressible.  Although  the  used  approximations  and 
models  can  reduce  the  generality  of  the  conclusions, 
it  seems  that  this  basic  hypothesis  can  be  safely 
used  to  describe  the  turbulent  fluxes  in  distortions 
like  a  centered  expansion,  for  non  hypersonic  flows. 
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ABSTRACT 


INTRODUCTION 


In  an  axial  jet  turbulent  diffusion  flame 
issuing  from  a  double  concentric  burner  mea¬ 
surements  were  made  of  local  ionization, 
temperature  and  flow  velocity.  The  ioniza¬ 
tion  signals  allow  the  instantaneous  thermal 
structure  and  propagation  behaviour  of  the 
flame  front  to  be  explained.  Cross  corre¬ 
lation  measurements  with  a  double  ionization 
probe  show  that  the  average  value  of  the 
absolute  flame  front  velocity  is  different 
from  the  mean  flow  velocity.  Except  in  the 
external  boundary  zone  of  the  flame,  flame 
velocity  is  slower  than  flow  velocity. 
Temperature  measurements  were  correlated 
with  ionization  and  indicate  the  characteri¬ 
stic  differences  of  combustion  progress  of 
the  premixed  and  of  the  diffusive  type. 


Investigations  on  flames  using  ionization 
measurements  have  been  known  for  many  years. 
The  first  studies  in  turbulent  flames  were 
done  by  Karlovitz  et  al./1/  who  used  the 
ionization  probe  to  determine  the  position 
of  turbulent  flame  fronts.  Ahlheim  and 
Gunther  / 2 /  found  a  strong  relationship  bet¬ 
ween  the  ionization  measured  locally  and  the 
local  reaction  density.  The  reaction  density 
is  defined  in  this  context  as  the  total  con¬ 
sumption  of  methane  divided  by  the  total 
flame  surface.  This  relationship  will  help 
in  investigating  the  structure  of  turbulent 
diffusion  flames  by  ionization  measurements, 
as  carried  out  before  by  Ahlheim  and  Gvinther 
/3/  in  natural  gas  flames. 


EXPERIMENTAL  CONDITIONS 


NOMENCLATURE 


d 

I 

r 

T 

t 

x 

y 


burner  diameter 
ionization  current 
correlation  coefficient 
temperature 
time 

distance  from  burner  exit 
radial  distance  from  flame  axis 
time  mean  value 
fluctuation  value 

root  mean  square  value  of 
fluctuation 


All  measurements  were  made  with  a  7.9  mm  in¬ 
ternal  diameter  tube  burner  with  centric 
fuel  gas  flow,  surrounded  by  annular  con¬ 
centric  gas  flow  which  was  1.07  times  the 
stoichiometric  rate.  The  flames  were  stabi¬ 
lized  by  oxygen  issuing  from  a  small  annular 
slit  surrounding  the  fuel  tube.  The  gas  velo¬ 
city  was  50  m/s  and  the  air  gas  velocity  rate 
was  0.29.  The  Reynolds  number  was  about 
26  000.  The  flame  produced  by  this  burner 
was  absolutely  non-luminous,  i.e.  soot  free. 


IONIZATION  MEASUREMENTS 


Ionization  measurements  by  Ahlheim  and 
GUnther  / 3/  demonstrate  the  progress  of 
combustion  very  clearly.  Fig.  1  shows  the 
time  mean  values  of  ionization.  At  x/d*20 
the  reaction  has  not  yet  reached  the  flame 
axis  and  is  very  weak  for  most  of  the  cross 
section.  At  x/d«40  the  fresh  air  has  pene¬ 
trated  to  the  flame  axis,  and  a  very  inten¬ 
sive  reaction  can  be  seen  across  the  whole 
flame  cross  section.  Further  on  the  profile 
of  ionization  becomes  more  and  more  equa¬ 
lized  across  the  jet  due  to  the  advanced 
mixing  of  fuel  and  air.  The  flame  ends  at 
x/d«100. 
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Fig.  Root  mean  square  values  of 
ionization  fluctuations 

The  fluctuation  of  ionization  (Fig.  2)  des¬ 
cribes  the  fluctuation  of  the  reaction  den¬ 
sity,  which  is  influenced  by  the  mixture  of 
gas  and  air  and  by  the  aerodynamic  structure 
of  the  reaction  zone.  In  a  turbulent  diffu¬ 
sion  flame  there  exists  any  mixture  of  fuel, 
air  and  waste  gas.  To  interpretate  the  ioni¬ 
zation  signals  measured  in  a  turbulent  dif¬ 
fusion  flame,  some  preliminary  examinations 
were  made  in  laminar  diffusion  flames  and  in 
laminar  premixed  flames.  The  result  of  those 
measurements  are  shown  in  Fig.  4. 

In  a  turbulent  diffusion  flame  the  simplest 
model  is  that  of  eddies  of  fuel  and  air 
existing  side  by  side,  with  a  flame  front 
possibly  existing  between  fuel  and  air. 

Fig.  3  shows  a  scheme  of  this  model  and  the 
corresponding  ionization  signal.  Figs.  4a- 
4c  show  the  signal  measured  in  a  laminar 
diffusion  flame,  and  Fig.  5a  the  equivalent 
signal  measured  in  a  turbulent  diffusion 
flame.  The  measurements  of  Fig.  4  were  made 
in  a  flame  from  a  cylindrical  burner ,  so  that 


Fig.  3:  Scheme  of  a  reacting  eddy  structure 
moving  over  the  measuring  point 


Fig.  4:  Ionization  profiles  of  laminar  flame 
fronts 

a)  diffusion  flame,  flame  root 

b)  diffusion  fl suite ,  transition  region 

c)  diffusion  flame,  flame  tail 

d)  premixed  flame,  9.5  Vol  %  methane 

e)  premixed  flame,  12  Vol  »  methane 

the  ionization  probe  crossing  the  flame 
detected  two  flame  fronts.  Fig.  4b  and  4c 
show  the  progress  of  mixing  of  fuel  and  air 
across  the  flame  axis  with  increasing  down¬ 
stream  distance.  It  is  supposed  that  in  a 
turbulent  diffusion  flame  two  flame  fronts 
with  this  pattern  of  ionization  do  not  exist, 
because  in  a  turbulent  eddy  fuel  is  not  being 
continously  supplied  to  the  reaction  fronts 
as  it  is  in  the  laminar  flame.  The  occurence 
of  signals  of  the  type  of  Fig.  4c,  as  shown 
in  Fig.  5b,  will  be  explained  later  in  an¬ 
other  way.  In  Fig.  4d  and  4e  is  shown  the 
typical  profile  of  an  ionization  signal  of  a 
premixed  flame.  The  difference  to  the  diffus¬ 
ion  flame  is  obvious.  On  the  fuel  side  the 
increase  of  the  ionization  signal  is  steep  up 
to  the  top  of  the  peak,  and  on  the  waste  gas 
side  it  drops  more  slowly  to  the  normal  zero 
value,  because  the  ions  will  gradually  decay 
in  the  hot  waste  gas. 
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(see  .) 

Fig.  6  explains  the  model  of  spreading  of  a 
P>-orHved  flame  front  in  a  turbulent  diffus¬ 
ion  iitine.  .'vom  the  ignition  point  the 
flame  front  spreads  spherically.  Now  there 
are  two  possibilities  of  the  ionisation 
probe  crossing  such  a  flame  front  (Fig.  6a 
and  6b) ,  and  correspondingly  two  types  of 
signals  can  be  distinguished. 

Fig.  5b  shows  a  typical  signal  resulting 
from  the  probe  crossing  the  flame  front 
once.  There  is  a  steep  rise  in  ionization  on 
the  fuel  side  and  a  much  slower  decrease  on 
the  burned  gas  side.  The  rate  at  which  the 
signal  decreases  is  mainl-  dependent  on  the 
reaction  intensity  and  the  local  tempera¬ 
ture  of  the  burned  gas.  At  higher  tempera¬ 
ture  the  ions  have  longer  lifetimes,  which 
leads  to  a  slower  decrease  of  ionization. 


In  turbulent  diffusion  flames,  the  most  like¬ 
ly  situation  will  be  a  simultanous  occurrence 
of  both  types  of  combustion,  resulting  in  a 
practically  premixed  reaction.  The  ionization 
signals  from  this  sort  of  flame  front  can  not 
be  interpretated  without  ambiguity. 

The  ratio  of  diffusion  flames  to  premixed 
flames  to  mixture  zone  flames  was  estimated 
in  the  present  investigation  to  be  about 
1:2:7. 


Fig.  5c  shows  the  signal  corresponding  to 
the  model  of  Fig.  ^b.  The  probe  crosses  **'e 
flame  front  twice  and  two  sharp  ionization 
peaks  are  recorded.  The  level  of  ionization 
between  them  depends  on  the  number  of  ions 
remaining  in  the  burned  gas ,  and  on  the 
distance  between  the  two  crossing  points. 
The  gradient  is  equally  large  on  both 
sides,  since  fuel  is  present  on  both  sides. 

Fig.  6c  shows  a  model  for  the  occurrence  of 
the  signal  of  Fig.  5d.  In  a  fuel-rich 
mixture  the  excess  hot  fuel  diffuses  out 
of  the  flame  zone.  This  fuel  can  react  with 
the  air  flowing  from  the  surroundings,  so 
that  a  diffusion  flame  zone  rises  in  addit¬ 
ion  to  the  premixed  flame.  Unpublished  work 
on  laminar  flames  with  incomplete  premixing 
by  E.  Hof fmann -Berlin g  at  the  authors' 
institute  confirmed  the  relationship  bet¬ 
ween  flame  form  and  signal  shape. 


EVALUATION  OF  FLAME  PROPAGATION  VELOCITY  FROM 
IONIZATION  MEASUREMENTS,  AND  COMPARISON  WITH 
FLOW  VELOCITY 


In  the  preceding  paragraphs,  the  relative 
movement  of  the  flame  front  in  the  surround¬ 
ing  gas  has  not  yet  been  considered .Measure¬ 
ments  of  the  velocity  of  the  flame  fronts 
were  made  in  the  diffusion  flame  by  cross 
correlation  with  a  double  ionization  probe. 
From  measurements  of  time  intervals  in  three 
directions,  the  magnitude  of  the  velocity  of 
flame  fronts  and  their  direction  of  propagat¬ 
ion  were  calculated .The  difference  between 
the  velocity  of  flame  fronts  and  the  local 
flow  velocity  measured  by  Seifert  /4/  (Fig. 8)  is 
important.  The  relative  velocity  of  flame 
fronts  in  the  flow  is  up  to  5  m/s.  Near  the 
axis,  the  relative  flame  speed  direction  is 
always  upstream.  At  the  beginning  of  the  main 


reaction  zone  (x/d  «  40),  the  movement  of 
flame  fronts  in  the  flow  change  its  sign  at 
greater  radii,  i.e.  to  downstream  direction. 

In  a  premixed  flame  the  movement  of  flame 
fronts  in  the  flow  was  explained  by  laminar 
flame  speed  /5/.  In  the  diffusion  flame,  the 
relative  velocity  reaches  up  to  5  m/s,  but 
the  maximum  laminar  flame  speed  of  natural 
gas  is  only  0.43  m/s.  This  can  be  explained 
by  two  effects.  The  preheating  of  gases 
before  reaction,  which  occurrs  in  diffusion 
flames,  increases  the  laminar  flame  speed. 

But  even  with  very  high  preheat  temperatures 
the  burning  velocity  does  not  reach  more 
than  1.5  m/s,  so  this  influence  can  explain 
only  a  part  of  the  observed  values.  The 
turbulent  flame  speed  cannot  be  considered 
here,  since  it  concerns  the  mean  flame  sur¬ 
face  and  not  the  real  instantaneous  flame 
surface  which  was  observed.  The  second  reason 
for  the  great  difference  of  flame  front 
velocity  and  flow  velocity  must  be  found  in 
the  structure  of  the  turbulent  reaction  zone. 

Whereas  the  flow  velocity  is  measured  contin¬ 
uously,  the  measurement  of  flame  front  veloc¬ 
ity  is  correlated  with  the  occurrence  of  a 
flame  front.  But  the  occurrence  of  a  flame 
front  itself  is  correlated  with  a  nearly 
stoichiometric  mixture.  The  initial  fuel 
velocity  is  high  and  that  of  the  air  is  low, 
but  the  stoichiometric  mixture  consists  of 
about  a  ten  times  more  mass  of  air  than  mass 
of  fuel.  Therefore,  the  observed  instantan¬ 
eous  flame  front  velocities  must  be  strongly 
correlated  with  the  occurrence  of  flow 
velocities . 

Direct  measurements  of  this  correlation  are 
very  difficult.  First  experiments  with 
Laser-Doppler-Anemometry  and  simultaneous 
ionization  measurements  show  a  way  to  get 
reasonable  information  on  this  question,  but 
the  results  of  the  preliminary  measurements 
made  by  now  are  not  yet  sufficiwtly  reliable 
in  order  to  make  a  clear  statement. 


CORRELATION  OF  IONIZATION  AND  GAS 
TEMPERATURE 


In  addition  to  the  measurements  of  ionization 
and  the  correlation  of  ionization  and  flow 
velocity,  investigations  were  made  to  corre¬ 
late  temperature  and  ionization.  Very  useful 
information  can  be  drawn  from  those  results. 

In  Fig.  7.1  the  mechanism  of  ignition, 
propagation  and  extinction  in  a  fuel-air 
mixture  is  shown.  When  a  reaction  front 
passes  the  probe,  there  will  be  an  ionization 
peak  as  well  as  a  temperature  peak  (Fig. 7. la). 
When  reaction  is  finished  in  such  a  front, 
the  probe  will  observe  only  a  temperature 
peak  (Fig.  7.1b).  When  a  reaction  spreads 
over  a  premixed  zone  temperature  and  ioniz¬ 
ation  signals  will  be  found  as  shown  in  Fig. 
7.1c.  The  flame  moves  to  one  or  both  sides 
of  this  zone,  and  hence  two  ionization  peaks 
are  found.  Between  those  two  reaction  zones 


Fig.  7.1:  Behaviour  of  ionization  and  temper¬ 
ature  with  reaction  in  a  stationary  fuel-air 
mixture  (premixed  reaction) 

a)  Ignition  just  started 

b)  Reaction  started  and  extinguished 
immediately  afterwards 

c)  Reaction  propagates  to  both  sides 

d)  Reaction  has  propagated  across  the 
premixed  zone  and  then  extinguished 


Fig.  7.2:  Behaviour  of  ionization  and  temper¬ 
ature  with  reaction  in  a  stationary  fuel-air 
boundary  layer  (diffusion  reaction) 

a)  Ignition  just  started 

b)  Reaction  started  and  extinguished 
immediately  afterwards 

c)  Diffusive  reaction  for  a  longer  period 
of  fume 

d)  Diffusive  reaction  ceases  for  a  longer 
period  of  fume,  and  then  extinguished 

there  is  hot  waste  gas  present.  If  the  react¬ 
ion  zone  has  extinguished  there  will  be  hot 
waste  gas  left  (Fig.  7. Id). 

In  contrast  to  a  premixed  flame.  Fig.  7.2 
shows  a  diffusion  flame.  First  there  will  be 
a  sharp  boundary  surface  between  air  and  fuel 
When  both  gases  start  to  diffuse  into  each 
other  and  ignite  at  once,  the  peaks  of  ioniz¬ 
ation  and  temperature  will  be  very  simular  to 
those  of  a  premixed  flame  (Fig.  7.2a).  If  the 
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Fit;.  8:  Flame  propagation  and  flow  velocities 
(from  /4/  ) 
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Fig.  9:  Instantaneous  temperature  and 
ionization  signals  recorded  at  different 
points  on  the  flame  axis 


Fig.  10:  Correlation  coefficient  of  ionizat¬ 
ion  and  temperature  along  the  flame  axis 

reaction  stops  at  once  there  will  be  again  no 
difference  to  a  premixed  flame  (Fig.  7.2b) . 
But  if  the  reaction  goes  on  for  a  certain 
time,  the  mechanism  will  become  entirely 
different.  Fresh  air  and  fuel  have  to  diffuse 
to  the  reaction  zone,  and  hot  waste  gas  moves 
away.  The  temperature  is  proportional  to  the 
concentration  of  waste  gas  and  expands  in 
both  directions .The  reaction  shifts  to  the 
side  of  the  air  because  the  reaction  needs 
more  air  than  fuel.  For  this  reason,  the 
temperature  profile  becomes  asymmetric  as  is 
shown  in  Fig.  7.2c.  After  the  reaction  has 
died,  the  temperature  profile  will  stay  the 
same  as  in  Fig.  7. 2d. 

There  are  premixed  and  non-premixed  eddies 
in  a  turbulent  diffusion  flame  as  can  be  seen 
from  Fig.  9.  There  are  premixed  flames  which 
are  accompanied  by  a  temperature  step,  and 
non-premixed  flames  which  are  surrounded  by 
a  field  of  high  temperature. 

It  is  to  say  that  the  temperature  integrates 
all  reactions  along  the  flow  path  up  to  that 
point  (heat  transfer  neglected) ,  whereas  the 
ionization  describes  the  instantaneous  react¬ 
ion  at  the  measuring  point. 

Measurements  of  ionization  and  temperature 
fluctuations  show  the  combustion  progress 
along  the  flame  axis  (Fig.  10) .  Near  the 
burner  exit  (x/d  small)  only  few  temperature 
peaks  occur  which  are  always  accompanied  by 
ionization  peaks.  At  the  beginning  of  the 
main  reaction  zone  the  frequency  of  temper¬ 
ature  fluctuations  increases  more  than  of 
ionization  fluctuations,  which  is  caused  by 
eddies  of  combustion  gases,  which  do  not 
react  but  are  still  hot.  This  is  expressed 
by  the  correlation  coefficient  (Fig.  10) 
between  both.  The  high  correlation  coeffic¬ 
ient  at  the  beginning  is  caused  by  the 
coincidence  of  ionization  and  temperature. 
This  coincidence  decreases  in  the  main 
reaction  zone  and  the  correlation  coeffic¬ 
ient  becomes  lower,  respectively.  The  weak 
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maximum  at  x/d  “  80  can  be  explained  by  the 
entrainment  of  cold  air  into  the  hot  gases 
still  containing  fuel,  and  resulting  in 
further  reactions. 


CONCLUSIONS 

Measurements  of  ionization,  velocity  and 
temperature  were  made  to  get  informations 
of  the  structure  of  a  turbulent  diffusion 
flame. 

It  can  be  concluded: 

-  the  shape  of  ionization  signals  give 
answer  over  the  momentary  structure 
of  a  flame  front  in  a  turbulent 
diffusion  flame 

-  velocity  measurements  with  a  double 
ionization  probe  show  that  absolute 
flame  front  velocity  is  slower  than 
mean  flow  velocity,  exept  in  the  ex¬ 
ternal  boundary  zone 

-  correlation  measurements  of  temperature 
and  ionization  show  the  characteristic 
differences  of  combustion  progress  of 
the  premixed  and  of  the  diffusive  type. 
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ABSTRACT 

Flow-visualization  has  for  long  been  a  powerful 
tool  in  experimental  studies  in  fluid  mechanics.  A 
novel  technique  utilizing  NHj-HCl  reaction  is  pre¬ 
sented  and  used  in  order  to  study  the  motion  of 
large  structures  in  a  plane  mixing  layer  and  is  shown 
to  be  successful.  A  scheme  for  studying  the  inter¬ 
action  of  the  chemical  reaction  between  NO  and  0. 
with  turbulence  in  plane  mixing  layer  is  discussed 
and  results  predicted  by  Monte  Carlo  method  are 
presented. 


NOMENCLATURE 


-  concentration  of  species/non-dimensional 
product  concentration 

-  particle  diameter 

-  photodetector  output /molecular  mixing  term 

-  total  number  of  particles  per  unit  volune 
greater  than  a  given  diameter  d 

-  passive  scalar 

-  intensity  of  light  signal  with  absorption 

-  intensity  of  light  signal  without  absorption 
by  species 

-  reaction  rate  constant 

-  rate  constant  for  NO-Oj  reaction 

-  rate  of  n.ucleation  of  NHjCl 

-  patii- length  of  absorption 

-  mass  fraction  of  species  k  in  the  flow 

-  nunber  of  particles  per  unit  volune 

-  pressure 

*  probability  density  function 

-  correlation  coefficient/gas  constant 

-  rate  of  NG-J,  reaction 

-  temperature 

-  mean  flow  velocity 

-  velocity  of  the  flow  in  transverse  direction 

-  molecular  weight  of  species  k 

-  distance  along  mean  flow  direction 

-  distance  transverse  to  mean  flow  direction 

-  \ 


-  absorption  constant 

5  -  defined  as  (Z03)2 

(2N?2 

6  -  mixing  layer  width 

T  -  normalised  cross-stream  distance 

o  -  d6 

3x 

t  -  turbulent  diffusivity 

a  -  defined  as  Pkf 

KT 

-  turbulent  frequency 


Subscripts 


1  refers  to  fast  stream 

2  refers  to  slow  stream 


One  of  the  simplest  free  shear  flows  is  the  plane 
mixing  layer  formed  between  two  parallel  streams  when 
they  came  together.  Substantial  work  has  been  reported 
on  this  in  the  last  decade,  whereby  some  important 
features  of  this  type  of  flow  have  been  brought  to 
light  (although  there  is  considerable  scatter  in  data 
from  different  researchers  owing  mainly  to  different 
experimental  conditions) .  One  feature  that  has  been 
considered  of  great  importance  by  many  is  coherent 
structures  and  interaction  among  them  put  in  evidence 
in  low  Reynolds  nunber  flows  by,  among  others,  Browand 
(1).  That  this  was  not  a  phenomenon  of  transition  and 
that  this  mechanism  is  exhibited  also  at  high  Reynolds 
numbers  was  shown  by  Brown  and  Roshko  (2),  Dimot- 
akis  and  Brown  (3).  Kith  the  existing  state  ot  art, 
a  clear  understanding  of  the  nature  of  the  large 
structures  observed  in  shear  flows  seems  essential  to 
the  understanding  of  mechanism  of  entrainment  and 
growth  of  mixing  layer. 


Another  area  which  needs  attention  (and  which 
has  been  studied  much  less)is  the  interaction  between 
turbulence  and  chemical  reaction.  Although  it  was 
realized  long  ago  that  chemical  kinetics  and  turbulent 
mixing  go  hand  in  hand  in  the  study  of  many  systems 
of  interest  (combustion,  chemical  industry,  pollution, 
etc.),  the  interaction  between  the  two  is  not  well 
understood.  Most  of  the  time  complex  turbulent  fl<vs 
and  complex  chemical  kinetics  are  investigated  and 
then  getting  even  a  clear  qualitative  picture  of  these 
systems  becomes  difficult. 

Important  parameters  controlling  the  turbulent 
mixing  of  two  chemically  reacting  species  are  the 
velocity  ratio,  the  Reynolds  lumber,  the  enthalpy 
ratio,  the  reaction  speed  nunber  and  the  concentration 
ratio.  Velocity  ratio  has  been  known  to  influence  the 
growth  of  the  mixing  layer  and  through  this  affects 
the  chemical  reaction.  The  Reynolds  lumber  comes  into 
the  picture  because  the  smallest  turbulent  length 
scales  can  be  related  to  its  actual  value.  Its  role 
in  turbulent  reaction,  however,  is  not  clear  yet. 

Shea  (4)  concluded  that  increasing  the  Reynolds  lum¬ 
ber  for  a  turbulent  jet  has  no  systematic  effect  in 
product  concentration  whereas  Konrad  (S)  found  a  251 
increase  in  the  rate  of  mixing  of  a  two-dimensional 
mixing  layer  above  a  certain  critical  value  of  the 
Reynolds  number.  The  enthalpy  ratio,  defined  as  the 
ratio  of  the  reaction  generated  enthalpy  and  the 
initial  enthalpy  of  the  mixture,  defines  the  importance 
of  exothermicity  of  the  reaction.  The  reaction  speed 
number  (also  known  as  Damkohler  nunber) ,  is  the  ratio 
of  the  time-scale  responsible  for  turbulent  mixing  to 
that  of  the  reaction.  Whenever  this  ratio  is  large, 
mixing  controls  the  overall  process  and  vice  versa 
for  small  values  of  it. 

Theoretical  approaches  in  dealing  with  this  pro¬ 
blem  are  many,  but  none  that  is  completely  satisfactory 
mainly  because  of  closure  problems.  Formal  treatments 
of  turbulent  reacting  flows  with  large  reaction  speed 
numbers  are  on  firms  grounds  (Toor  (6) ,  O'Brien  (7) , 
Bilger  (8))  relating  them  to  inert  species  mixing. 
Probability  methods  Dopazo  (9)  allows  for  the  exact 
treatment  of  the  turbulent  reaction  rates  and  are 
very  advantageous  when  dealing  with  a  few  chemical 
species.  Developments  on  the  conditioned  formulation 
by  Libby  (10)  and  Dopazo  (11)  and  their  application 
to  fast  chemical  reactions  in  turbulent  fields  permit 
determination  of  the  local  average  turbulent  reaction 
rate,  once  a  few  conditioned  characteristics  are 
experimentally  obtained.  Monte  Carlo  technique 
developed  by  Pope  (12)  seems  computationally  efficient 
and  promising  since  it  can  handle  a  large  nunber  of 
chemically  reacting  species  but  its  accuracy  depends 
on  precise  knowledge  of  initial  conditions. 

EXPERIMENTAL  FACILITIES 

A  study  is  being  conducted  in  a  wind-tunnel  in 
which  two  parallel  streams  of  air  are  kept  apart  from 
each  other  prior  to  their  mixing  in  the  test  section. 
They  can  thus  be  seeded  with  different  chemical  species 
to  study  their  reaction  occurring  in  the  test  section 
which  is  25  cm  x  100  an  long  (x  15  an  wide) .  With  the 
velocities  used  this  corresponds  to  a  maxinum  Reynolds 
nunber  of  250,000  (based  on  velocity  in  the  fast  stream 
and  maximum  distance  downstream).  Honeycombs  and 
screens  are  placed  in  the  flow  to  reduce  the  turbulence 
intensity  and  cut  the  large  scale  structures  at  the 
inlet  of  the  test  section.  Initial  tests  revealed 


that  the  bouidary  layer  on  the  splitter  plate  was 
laminar  with  momentum  thicknesses  of  0.6  am  and  0.9 
am  in  fast  and  slow  streams  respectively.  The  splitter 
plate  made  out  of  1/16”  thick  stainless  steel  plate 
was  tapered  over  25  an  length  to  0.05  mn  thickness 
at  the  trailing  edge.  Velocity  profile  in  each  sec¬ 
tion  was  flat  with  variations  less  than  II  when 
measurements  were  made  with  blowers.  In  addition,  an 
inert  gas  delivery  system  was  set  up  to  study  reactions 
in  which  the  reactants  could  react  with  any  of  the 
constituents  of  air.  This  system  delivers  high  purity 
nitrogen  from  eight  bottles  simultaneously  so  that 
large  flow- rates  could  be  obtained.  For  the  study  of 
the  NO-0,  reaction,  since  the  quantities  of  reactants 
are  large  and  it  is  not  feasible  to  put  an  ozonator 
an  line,  we  stored  ozone  in  special  containers  after 
it  had  been  generated  in  the  laboratory  using  the 
T-816  Welshbach  ozonator.  The  species  NO,  when  re¬ 
quired,  is  obtained  from  bottles  cormercially  available. 

Velocity  measurements  were  made  using  a  DISA  LDV 
modular  system  and  the  flow  was  seeded  with  silicon 
oil  droplets  0.8  am  in  mean  diameter  using  a  TSI  9306 
atomizer.  The  data  acquisition  system  consists  of  a 
PDP  -  11/23  minicomputer  having  128  KB  of  RAM  with 
extended  memory  support.  The  computer  is  operated 
on  RT-11  software  using  extended  memory  monitor.  The 
system  is  equipped  with  a  real  time  programmable  clock, 
4  channel  A/D  converter  (12  bits) ,  D/A  converter  and 
direct  memory  access.  The  peripherals  include  a  dual 
density  floppy  disk  drive,  a  20MB  Winchester  disk 
drive  and  a  magnetic  tape  unit  with  800/1600  bp i/ 

45ips  capability.  Since  runs  of  3  minutes  with  samp¬ 
ling  at  50  kHz  for  4  channels  results  in  a  memor, 
overflow,  data  transmission  to  the  disk  is  done 
simultaneously  with  data  acquisition  through  buffer 
tables. 

FLOW  VISUALIZATION  TECHNIQUE 

Although  Ml.Cl  is  known  to  form  dense  white  fumes 
little  effort  has  been  directed  in  assessing  different 
aspects  of  MC.-HC1  reaction  and  its  applicability  for 
flow-visualization.  While  the  reaction  is  very  rapid 
and  mixing  limited  at  roam  tenperature,  the  actual 
smoke  formation  can  be  attributed  only  to  condensation 
and  growth  of  particles  described  by  colloidal  chemis¬ 
try  of  Ml. Cl.  The  generation  of  solid  particles  of 
Mi^Cl  can  De  written  in  terms  of  following  equations: 

Mij  ♦  HC1  *  M14C1  ,  k-2xl0'17  cm3/,. 

(q-1)  NH.C1  (gas)  -  (NH.C1)  (solid) 

4  Q*1 

The  first  reaction  is  a  chemical  phenomenon  while  the 
second  reaction  is  a  physical  process  involving  homo¬ 
genous  nucleation  and  definite  growth  of  NHjCl,  pos¬ 
sible  when  the  particles  have  (q*l)  or  more  monomers. 
Particles  with  q  monomers  are  as  likely  to  grow  as 
to  disintegrate,  and  particles  with  less  than  q 
monomers  tend  to  go  back  to  molecular  form.  The 
value  of  q  has  been  cited  as  7.5  by  Heicklen  (13). 
gravitational  settling,  wall-deposition  and  coagulation 
are  unimportant  in  the  condensation  of  m^Cl  vapors. 

The  particle  nunber  density  can  be  estimated  from 
the  rate  law  for  nucleation  given  by  Heicklen. 
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The  smoke  generated  by  formation  of  NH.C1  is  then 
poly-dispersed,  the  particle  size  distribution  being 
dependent  an  the  extent  of  mixing  and  time.  It  is 
expected  that  if  F(d)  is  the  total  lumber  of  particles 
per  unit  volume  that  are  larger  than  a  given  diameter 
d  and  N(t)  is  the  total  mmber  of  particles  at  time 
t,  then 

'Cd 


where  C  is  weakly  dependent  an  time,  except  for  ear¬ 
liest  reaction  times.  Estimates  of  particle  si2e  in 
the  range  0.01  um  to  0.6  ym  in  the  study  reported 
seem  reasonable.  Furthermore,  relaxation  time  for 
the  largest  NH.Cl  particles  expected,  i.e.  0.6  um, 
is  of  the  ordef  of  1.7  x  10'°  s  which  implies  that 
all  the  NH.C1  particles  can  be  expected  to  follow 
the  flow  faithfully. 

The  use  of  this  reaction  to  observe  coherent 
structures  in  shear  flow  proved  valuable  as  can  be 
seen  from  plates  1  to  4.  They  represent  three  sets 
of  flow -visualization  experiments.  In  the  first  one 
(a  typical  sequence  shewn  in  plate  1  §  2),  the  reac¬ 
ting  species  were  seeded  only  at  the  edge  of  the 
splitter  plate  just  before  mixing  so  that  only  thin 
layers  adjacent  to  either  side  of  the  splitter  plate 
were  seeded  with  reactants.  The  purpose  of  this  was 
to  study  the  motion  of  large  structures  (marked  by 
dense  white  funes  of  VW.C1)  and  transport  of  a 
chemically  inert  quantify,  in  this  case,  NH.Cl,  which 
is  possible  since  reaction  is  essentially  complete 
very  soon  after  the  edge  of  the  splitter  plate.  In 
the  second  set  of  experiments  on  flow-visualization 
(plate  3)  the  reactants  were  introduced  into  the  flow 
facility  by  passing  compressed  air  over  concentrated 
solutions  of  reactants  in  waters  and  injecting  this 
in  the  two  streams  separately.  Hence  the  two  streams 
were  uniformly  seeded  with  reactants  by  the  time  the 
gases  reached  the  test  section.  In  the  third  set  of 
experiments  (plate  4),  the  reactants  were  introduced 
just  before  the  two  streams  entered  the  test  section 
at  positions  1.25  cm  above  and  1.25  cm  below  the 
splitter  plate.  Tnis  permits  observing  the  large 
structures  after  the  nixing  layer  becomes  larger  than 
a  certain  width.  A  16  inn  movie  camera  was  used  to 
record  this  using  typically  4x  Kodak  film. 

NO  -  03  REACTION 

It  is  intended  to  explore  the  effect  of  tur¬ 
bulence  on  chemical  reaction  and  the  mechanisms  of 
mixing  in  plane  shear  flow  by  seeding  the  two  streams 
with  NO  and  0,  respectively  and  monitoring  the 
chemical  reaction  between  the  two  species  in  the 
mixing  layer.  Air  is  unsuitable  as  carrier  gas  in 
this  case  since  NO  reacts  with  oxygen  at  room  tem¬ 
perature  at  moderate  rate.  Also,  presence  of  any 
moisture  is  undesirable  since  the  product  NO-  combines 
with  it  immediately  creating  problems  in  the  mea¬ 
surement  of  NO-  concentration.  A  good  choice  then  is 
high  purity  nitrogen  ccrmercially  available  in  bot¬ 
tles. 


Plate  1:  Growth  of  plane  mixing  layer.  NHjOH  and 
HC1  brushed  on  either  side  of  splitter 
plate.  ■  0.76 

This  particular  reaction, 

NO  ♦  0j  *  NO^  ♦  O2  ♦  hv 

is  chosen  for  several  reasons.  It  is  well -documented 
and  its  hcmegenous  chemical  kinetics  is  well-known; 
it  is  simple,  second-ordered,  fast  (mixing  limited) 
and  irreversible  at  room  temperature;  for  low  con¬ 
centrations  the  heat  release  effects  are  negligible; 
and  most  important,  even  at  these  low  concentrations 
detection  and  measurements  can  readily  be  done  using 
absorptions  at  253.7  nm  and  435.0  nm  respectively. 

The  absorption  law 

In  (yi— )  *  aa[c]L,  where 
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Plate  2:  Grovrth  of  plane  mixing  layer.  MH.CH  and 
HC1  brushed  on  either  side  of  splitter 
plate.  l^/U^  “  0*^ 


Plate  3:  Growth  of  plane  mixing  layer.  The  two 
streams  seeded  uniformly  with  NH^CH  and 
HC1  respectively  prior  to  mixing? 
l^/Uj  «  0.50 


1,1-  intensities  of  sighal  with  and  without, 
0  resp. ,  absorbing  species 
[c]  -  mean  concentration  of  species  along 

absorption  path 

L  -  path  length  of  absorption 

<»a  -  absorption  constant 

is  exploited  in  monitoring  the  concentrations  of  the 
two  species  NO,  and  0.  in  the  mixing  layer.  Table  1 
lists  the  absorption  coefficients  of  the  species 
involved  in  the  reaction.  The  corresponding  signal- 
to-noise  ratio  for  ozone  concentration  measurement 
is  85. 


Table  1:  Absorption  Coefficients  for  Different 


Species  in  NO  -  0j  Reaction 

“f  I  —■■■■■  1^1  ' 


'^'««Sj>ecies 

NO 

°3 

no2 

°2 

N2 

183.0  im 

40 

0.5 

0.1 

0.1 

=0 

253.7  nm 

1 

139 

0.6 

*0 

=  0 

(35.0  nm 

*0 

*0 

0.6 

*0 

*0 

PREDICTED  RESULTS 


With  E  being  the  output  of  the  photodetector 
with  no  absorbing  chemical  species, 

5^  *  °a  [C1  L  . 

where  hE  is  the  attenuation  in  photodetector  output 
due  to  absorption  by  the  species.  Tnis  linear 
relationship  has  been  verified  experimentally  with 
species  .NO^  ana  0^  indepenaently. 

Tiie  actual  concentration  measurements  are  made 
with  a  specially  designed  fiber  optics  probe  which  is 
a  refinement  of  the  technique  used  by  Brodkev  (14) 
and  Batt  (IS).  The  probe  consists  of  two  stainless 
steel  tubes  of  Dm  outside  diameter  with  90°  bends 
and  separated  by  Iran  gap.  These  tubes  carry  very 
pure  fused  silica  optical  fibres  200vn  in  diameter 
bundled  in  Iran  dianeter  extension  cables.  The  fibre 
bundle  is  illuminated  by  a  100  K  short-arc  mercury 
vapor  lamp  and  the  signal  at  the  output  end  is  de¬ 
tected  with  EMI  9781B  photomultipliers.  A  reference 
channel  tracks  any  drift  and  fluctuations  in  the 
intensity  of  the  lamp,  which  is  important  because 
tiie  level  of  concentration  signals  being  low,  there 
is  more  stringent  demand  on  accuracy  of  measurements. 
Fig.  1  shows  a  schematic  of  this  arrangement. 

This  scheme,  although  intrusive,  allows  simul¬ 
taneous  instantaneous  concentration  measurements  of 
0,  and  NO-.  Computation  of  microscale  of  the  flow, 
based  on  information  on  plane  mixing  layer  available 
in  existing  literature,  reveal  that  probe  dimensions 
are  of  the  same  order  of  magnitude  as  the  Taylor 
microscale  of  the  flow  under  investigation.  Hence 
it  is  reasonable  to  expect  good  measurements  of 
concentration  fluctuations  to  be  made  in  this  flow. 
Together  with  the  LDA  this  system  provides  a  feasible 
means  of  making  measurements  of  joint  statistics  of 
velocity  and  concentration  in  the  mixing  layer. 


Using  Monte  Carlo  method  (12) ,  calculations  were 
performed  for  the  turbulent  mixing  layer  with  high 
speed  stream  carrying  NO  and  slow  speed  stream  carrying 
0_.  The  velocity  field  is  first  computed  by  solving 
boundary  layer  equations  using  finite  difference 
method. 

‘  Since  there  are  four  species  involved  in  the 
reaction,  four  equations  for  species  transport  can 
be  written  and  because  they  are  linearly  dependent 
they  can  be  replaced  by  just  two  equations  -  one  for 
a  conserved  scalar  f  and  other  for  a  non-dimensional 
product  concentration.  A  complete  statistical  des¬ 
cription  of  the  scalars  in  the  flow  is  then  provided 
by  the  joint  pdf  of  f  and  c,  p(f,  cf,  x,  t) ,  defined 
so  that  p(f,  c)  df  dc  is  the  probability  that  f  and 
c  are  in  the  Tanges 


f  <  f  <{  *  dt 

and  c  <  c  <  c  ♦  dc 


,  where  c  = 


For  two  dimensional  boundary  layer  flows,  the  modelled 
joint  pdf  equation  (16)  is, 


<u>  +  <v> 


lH  -  L.  Tt  £2 

3y  by  by 


le  * 


wtE(f,0  (1) 


In  this  equation  2  *  (2n  )  /  (Zv  )  , 

3  2  2  2 
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and 


S*  (f,c)  ■  (a  £-c)  (1-f-c), 

S  is  the  chemical  reaction  rate  and  u  is  defined  as 


Pkf 

“  W) 


rate  constant 


o  -  (ZNCp1 

T rrr 


subscripts  1  and  2  for  fast  and 
slow  streams  respectively 


for  species  k  being  defined 

Zk*?k 


where  m.  and  K.  are  mass -fraction  and  molecular  weight 
respectively  for  species  k.  x  is  the  turbulent 
diffusivity  (gradient  diffusion  model  is  assuned) , 
turbulent  frequency  u  represents  rate  of  molecular 
mixing  and  E  represents  molecular  mixing  term  which 
is  modelled  by  Curl's  model 

£(?,  cj  »  4  ||  p(f+f*  t* c*)p(f-f*,  c-c*) 
df*  dc*  -  p(f,  c) 

The  rest  of  the  terms  in  eq  (1)  are  exact. 

The  joint  pdf  equation  can  now  be  cast  in 
dimensionless  form  by  defining  the  following  nor¬ 
malised  parameters 

x*  5  xSu/TJ, 


0  5  x  *  xo 

<  U(x,  y)  >  *  U*  (T)  Uj 

<  V(x,  y)  >  -  V*(T)  Ux 
tt  (x,  y)  -  xj  (T)  Uj« 

(x,  y)  *  u!  (T)  & 


p(?,  c,  x,  y)  -  p*  (f,  c,  x*.  T) 

The  transformed  pdf  equation  is: 

x*  oU*  3£*  +  (V*  -  Toll*)  2£*  •  3  x*  3£*  ♦ 
lx*  3n  3n  1  3n 

x*o  3  (p*  S*  (f,  c))  ♦  fc(f,  c) 

w  m 

As  can  be  seen  U. ,  U-,  8  and  u  do  not  appear  and  U*. 
V*,  t*  u*  and  oiareidetermined  by  the  velocity  ratio 
lU/Uj  alone.  The  chemistry  enters  through  the  source 
temrS*  (f,  2)  which  depends  on  the  conditions  only 
through  the  concentration  ratio  a.  Thus  the  solution 
to  eq  (2)  depends  only  upon  two  dimensionless  ratios 


The  absolute  value  of  U.  and  8  determine  the  scaling 
factor  for  dcwnstrean  distance  xt 

x  »  x*  Uj 

TBw]- 

The  solution  for  this  was  obtained  using  Monte  Carlo 
method  for  0  <  x*  <  900  and  for  a  ■  2  and  IL/U  »0.3. 
The  results  are  shown  in  Fig.  4  which  will  Be  dis¬ 
cussed  in  details  in  the  next  section. 


RESULTS  AND  DISCUSSION 


From  plates  1-4  it  is  clear  that  this  novel 
technique  for  flow  visualization  can  be  very  useful 
in  understanding  the  nature  of  coherent  structures. 
These  picture*  ■: '.early  underline  once  again  the 
import  ah' x  -f*  -WHioned  sampling  in  shear  layer 
measurw'C'.x? 


entrainment  in  the  mixing  layer 
are  tyr  «tfV  *  --ures  that  can  be  observed  in  these 
photogr-ouf' .  ?  Vi  the  studies  conducted  it  can  be 

rea-'f j  mae-i  rafjniusively  that  pairing  of  large 
S'ti>\c5ur<»  ^5  ssrssential  for  growth  of  mixing  layer  - 
p..»*e  «■  ifiia  "0.76  showing  no  signs  of  pairing 

h**. ■>**?!  cftarsftt  Structures  and  very  small  rate  of 
y-.VA  (if  fixing  layer  against  plate  2  (U2/U.»0.57) 
shewing  ■*  pairing  sequence  and  a  larger  growth  of 
sluing' layer.  The  average  size  of  coherent  structures 
when  plotted  against  distance  downstream  for  three 
different  velocity  ratios  (Fig.  2)  is  representative 
of  dependence  mixing  layer  growth  rate  on  velocity 
ratio.  Another  characteristic  that  can  be  seen  in 
Fig.  2  is  the  systematic  decrease  in  growth  rate  of 
average  size  of  coherent  structures  after  certain 
distance  downstream,  in  this  case  about  65  cm.  This 
is  probably  because  the  effect  of  stretching  in  the 
mean  flow  direction  is  felt  very  little  when  the 
structures  are  small  and  much  more  at  large  distances 
downstream  where  size  of  these  structures  is  large. 


From  plates  2  and  3  it  can  further  be  suggested 
that  entrainment  in  the  early  part  of  the  mixing 
layer  has  contributions  from  two  mechanisms  -  the 
major  one  being  the  process  of  engulfing  fluid  in 
the  surrounding  stream  and  then  making  the  ingested 
fluid  turbulent  within  the  vortex.  Small  contribution 
cones  from  the  oscillating  interface  connecting  two 
large  structures  where  nibbling  seems  to  occur.  Also 
from  plate  3,  it  seems  as  if  the  fluid  from  the  fast 
stream  is  engulfed  first  and  while  it  is  being  made 
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Fig.  2:  Grxvth  of  size  of  coherent  structures  in 
plane  mixing  layer 
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Plate  4:  Growth  of  plane  mixing  layer.  NH.  and  HC1 
injected  1.25  an  above  and  1.25  cm  below 
splitter  plate  just  before  mixing. 
tyUj  -0.48 

turbulent  the  fluid  from  slow  stream  is  surrounded 
next.  The  mixing  between  the  two  then  is  observable 
if  reacting  species  are  present  in  the  two  streams 
(as  in  plate  3).  Nothing  much  can  be  said  about 
Plate  4.  The  large  structures  appear  more  turbulent 
in  this  case  because  of  the  two  wakes  in  the  two 
streams  caused  by  plates  from  where  the  flow  was 
seeded. 

Results  of  Monte  Carlo  calculations  are  shown  in 


Fig.  4  to  7  with  definition  sketch  shown  in  Fig.  3. 
Fig.  4  and  5  show  calculated  profiles  of  <c(n,  x*)> 
for  .1  <  x*  <  900.  For  x*  >  100  the  profiles  are 


Fig.  3:  Definition  sketch 
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Fig.  4:  Mean  concentration  (normalised!  profiles 

vui  ■  °-3-  :soU  /  is;,  = 2 
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virtually  coincident  indicating  that  chemical 
equilibrium  prevails.  Finite  reaction  rates  seem 
important  in  the  region  0.3  <  x*  <  10.  It  can  also 
be  seen  that  profiles  for  <  c(“fx*)  >  assuming  no 
turbulent  fluctuations  are  typically  20*  higher.  This 
is  hardly  surprising  because  this  reaction  being  "fast' 
the  probability  of  coexistence  of  reactants  is  very 
small  and  since  reactiort  takes  place  because  of 
contact  at  molecular  level  one  could  think  of  a 
reaction  surface,  the  frequency  of  crossing  across 
which  directly  determines  rate  of  product  formation. 

In  this  case  of  fast  rhpraistrv  the  rorrplaririn 
coefficient  [C0  ]  IC^  /  is  expected  to 

be  negative,  an$  in  a  sense  turbulence  reduces  the 
mean  rate  of  chemical  reaction  (17). 

Fig.  6  and  7  show  profiles  of  <f,2>  and 
and  the  correlation  coefficient 

Rc?.i  <fV>  (<f,:>  <c#2>r  1/2 
at  x**3  and  x*-300.  The  profile  of  <f'2>  which  is 


Fig.  5:  Mean  concentration  (normalised)  profiles 
assuming  no  turbulent  fluctuations. 

U2/Ui  -  0.3,  rsJx  /  ICo3]2  -  2 


The  correlation  coefficient  R  .  is  virtually  the 
sane  at  x*  ■  3.0  and  x*  -  300  and  the  absolute  values 
are  surprisingly  high  on  both  edges  of  the  mixing 
layer. 

CONCLUSION 

From  this  study  the  following  conclusions  can  be 
drawn: 

(1)  A  novel  technique  is  developed  for  flew 
visualization  in  flews  in  which  main  stream  is  air  or 
any  colorless  gas  that  does  not  interfere  with 

IHj  -  HC1  reaction. 

(2)  It  is  possible  with  the  fibre  optics  probe 
and  LDA  to  make  simultaneous  measurements  of  con¬ 
centrations  and  velocity  to  obtain  joint  statistics 
of  the  two  fields.  This  can  then  be  compared  with 
the  results  predicted  by  Monte  Carlo  method. 
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ABSTRACT 

To  characterize  the  behaviour  of  a  turbulent 
diffusion  flame  above  a  solid  surface  in  a  channel 
flow  we  designed  and  built  an  experimental  device. 

Th  r.elf-sustained  diffusion  flame  was  obtained  by 
injecting  through  a  porous  wall  a  gaseous  fuel  into 
a  mainstream  of  air.  Velocity,  temperature  and  turbu¬ 
lence  profiles  were  obtained  by  laser  doppler  veloci- 
metry  and  compensated  thermocouples  measurements.  We 
developed  a  q-e-g  turbulence  model  and  a  probabilistic 
combustion  model  •  Agreement  between  theory  and  experi¬ 
ment  is  particularly  good  for  temperature  and  veloci¬ 
ty  mean  values.  The  velocity  overshoot  is  well  pre¬ 
dicted,  though  at  the  present  stage  the  model  can't 
explain  all  the  phenomena  experimentally  observed 
(low  frequency  oscillations,  . ). 

INTRODUCTION 

For  several  years  we  have  been  involved  in  our 
laboratory  with  the  study  of  gas-solid  combustion  ; 
our  interest  being  phenomena  occuring  during  fire 
propagation  and  inside  solid  rocket  chambers,  mainly 
relationships  between  burning  rates  and  parameters 
characterizing  heat,  mass  and  momentum  transfer. 

The  model  we  considered  is  a  reacting  gas  flo¬ 
wing  over  a  slab  of  solid  material  which  behaves  as 
a  reacting  surface.  The  experimental  study  showed 
(I,  2)  :  the  dependence  of  combustion  rates,  fluxes 
at  the  wall  on  fluid  dynamics  and  thermodynamic  pro¬ 
perties  ;  and  the  influence  of  combustion  and  blowing 
of  gasified  solid  on  the  turbulent  boundary  layer. 

In  gas-solid  combustion  the  experiment  duration 
is  always  too  short  (only  a  few  seconds)  to  charac¬ 


terize  the  behaviour  of  the  turbulent  diffusion  flame 
above  the  solid  surface.  Therefore  to  study  these 
self-sustained  diffusion  flames,  we  designed  and 
built  an  experimental  apparatus  to  simulate  partly 
these  phenomena.  The  diffusion  flames  were  obtained 
by  injecting  through  a  porous  wall  a  gaseous  fuel  (m) 
into  the  turbulent  main  stream  of  air  (G„)  for  diffe¬ 
rent  ratio  F  »  m/C  equal  to  those  observed  with  gas- 
solid  systems. 

EXPERIMENTAL  METHOD 

The  experiments  have  been  carried  out  using  the 
apparatus  described  on  Fig.  I  which  includes  : 


1.  A  gas  feeding  installation  (insulated  and  prehea¬ 
ted  connecting  pipes,  flow  meters,  . ). 

2.  A  square  duct  combustion  chamber  :  0.03  mx0.03  m 
cross  section  and  0.4  tr  long.  The  fuel  was  injec¬ 
ted  through  a  sintered  stainless  steel  porous  wall 
of  dimensions  0.03  mx0.3  m. 

3.  A  fluidized  bed  aerosol  generator  to  disperse  solid 
powders  (1  u  zirconium  oxide)  for  flow  seeding. 
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Turbulence  energy  : 


4.  A  LDV  system  (He-Ne  IS  mW  laser,  optics  with 
Bragg  cell,  photomultiplier,  counter,  spectrum 

analyser,  oscilloscope,  . ). 

5.  Compensated  thermocouples  and  Pitot  tubes. 

6.  Data  acquisition  and  processing  (minicomputer, 

interfaces  and  peripherals,  . ). 

All  the  experiments  were  driven  by  the  minicom¬ 
puter  in  order  to  obtain  sore  reliable  and  accurate 
measurements . 

Data  processing  was  lone  taking  a  relatively 
large  sample  of  values  (N) .  We  obtained  the  mean 
velocity  u,  and  its  turbulent  fluctuation  1c  consi¬ 
dered  equal  to  1/2  u'2  : 

N  _  —  N  _ 

u  -  1/N  .  I  u.  ,  k  -  1/2  u'2  -  1/2  N  .  I  (u  -  u.y 
1  1  1  1 

To  obtain  a  random  probability  density  function 
or  "pdf",  we  plotted  the  number  of  informations_ 
i(Ei  «  N)  data  processing  as  a  function  of  (u-u)/ 

■  1/2 

(u'z)  for  different  coordinates  x  and  y.  The  same 
procedure  was  used  for  temperature  obtained  by  means 
of  fine  (25  and  50  y  diameters  Pt-Pt/10  Z  Rh  and 
chrome  1-alumel  wires)  thermocouples,  giving  as  before 

T,  T'2  and  the  "pdf".  Temperature  fluctuations  were 
obtained  by  means  of  analogue  compensated  thermocou¬ 
ples.  Radiation  losses  were  measured  and  taken  into 
account. 


THEORETICAL  STUDY 

•  IUlkl!iSS£S_S5^£i'  The  fl0"8  considered  inclu¬ 
de  low  Reynolds  nuniier  pipe  flow  with  wall  injec¬ 
tion.  The  model  of  turbulence  employed  is  one  where 
the  turbulence  energy  q  and  its  dissipation  rate  e 
are  calculated  by  way  of  transport  equations  which 
are  solved  simultaneously  with  the  conservation 
equations  for  the  mean  flow.  The  closure  of  Reynolds 
stress  and  dissipation  rates  equations  have  been  made 
considering  the  direct  influence  of  viscosity  and 
transport  processes  (3).  The  hydrodynamic  predictions 
have  been  obtained  from  the  resolution  of  he  follo¬ 
wing  system  of  differential  and  auxiliary  equations. 

Streamnse  momentum  : 


3u  .  3u  3  ,  3u  — i — r\  dP 

pu  — —  ♦  pv  — - —  ■  — - —  (y  — - p  u  v  ) T — ■ 

3x  3y  3y  3y  dx 
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Turbulent  viscosity  hypothesis  : 
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— i — r  3u  „  p  q 

-  PU  V  .  yT_.  Cw  — - 

where  :  C  *  0.09 
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Turbulence  dissipation  rate  : 
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q  and  c  are  equal  to  zero  at  the  wall. 

.  Chemical  reaction  model.  It's  a  fast  chemistry 
model.  The  Shvab-Zeldovich  formulation  together  with 
a  linear  combination  of  the  equations  describing  the 
conservation  of  species  yield  an  equation  which  has 
no  source  term.  The  dependent  variable,  the  mixture 
fraction  4,  of  the  resultant  equation  is  defined  as  : 


(vm 


fu 


m  )  ♦  m 


vm,  *  m 

fu,s  OX,” 


[71 


using  the  Boussinesq  assumption  : 

-  p  uV  «  uT  3<p / 3y  [8] 

The  differential  equation  for  *  can  be  written  as 
follows  : 


pu  ~»r  * pv 


3 

sy 


*  -<rr>  ^  [9> 


Then,  the  assumption  of  instantaneous  chemical  equi¬ 
librium  gives  : 
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.  Thermodynamic  model .  The  enthalpy  h  is  defined 


h  -  h 


ref 
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dT 
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Tref  r"in 


where  C  ■  l  m.  C  and  h  is  the  heat  of  com- 
p«in  j  J  pj 
bustion  per  kg  of  fuel. 

Assuming  equal  turbulent  exchange  coefficients 
for  diffusion  of  species  and  heat,  the  specific  en¬ 
thalpy  is  simply  obtained  from  : 

h  -  hf  ♦  ♦  (1  -  ♦)  h^ 


[141 


without  the  need  to  solve  its  balance  equation.  The 
temperature  is  obtained  from  the  above  enthalpy  defi¬ 
nition  and  the  density  via  the  perfect  gas  law. 

.  Combustion  model.  SPALDING  (4)  was  the  first 
to  assume  that  the  root  mean  square  fluctuating  con¬ 
centration  obeys  a  parabolic  differential  equation 
including  convection,  diffusion,  generation  and  dis¬ 
sipation  terms.  BRAY  and  MOSS  (3)  presented  a  unf fied 
statistical  analysis  of  the  premixed  turbulent  flame 
supported  by  a  single  step  global  reaction.  LOCKWOOD 
and  NAGUIB  (6)  adapted  this  method  to  the  prediction 
of  free  round  turbulent  jet  diffusion  flames.  They_2 
proposed  the  following  balance  equation  for  g  «($-$). 


+  pv 


the  mean  value  of  ^  (♦  ia  simply  the  first  moment  of 
the  "pdf"  about  *  ■  0)  and  of  g  the  second  moment 


about  ♦  •  The  mean  matt  fraction  is.,  temperature 

T,  density  p  are  computed  by  an  analytical  integra¬ 
tion  of  the  following  linear  equations. 

n 


RESULTS 


2 

♦  2.8  u_  (-41-)  -  1.82  pc  -E-  (15] 

T  ay  q 

In  the  range  0  <  »  <  1,  the  probability  distri¬ 
bution  function  is  assumed  to  obey  a  normal  distri¬ 
bution.  TAMANINI  (7)  used  a  "pdf"  generated  by  the 
combination  of  two  parabolae.  BORGHI  and  MOREAU  (8) 
for  premixed  flame,  approximated  a  gaussian-like 
profile  bounded  by  two  Dirac  delta  functions  ;  the 
gaussian  profile  is  approximated  by  a  rectangle  ; 
the  delta  functions  appear  for  the  value  *  -  0  and 
t  *  1.  CHAMPION  (9)  made  the  same  assumption  to 
study  a  two  dimensional  probability  function.  In  this 
work  P(c)  is  defined  by  the  rectangular  approximation 
as  shown  on  Fig.  2. 


In  the  range  6  <  «  <  n  the  mixture  fraction  fluctua¬ 
tion  is  assumed  constant.  The  unwanted  parts  of  the 
distribution  for  %  <  0  and  p  >  I  are  lumped  into  Dirac 
delta  function  of  ♦  ■  0  and  1-1.  The  "pdf’  may  be 
expressed  as  : 

•  o£(0)  ♦  85(1)  ♦  y[uft-£>  -  uf*  -  nH  [16] 

where  trfp  -  if  is  the  HEAVISIDE  function  so  that  the 
expression  [ufp-6>  -  has  the  value  1  in 

the  range  6  <  p  <  n  and  tero  elsewhere.  These  charac¬ 
teristic  parameters  a,  8,  y,  £,  n  are  computed  from 


Under  appropriate  conditions  (limited  by  flame 

blow-off)  of  uniform  air  mass  flow  rate  G  and  of 

00 

fuel  mass  flow  injection  rate  m,  a  stable  turbulent 
two  dimensional  diffusion  flame  was  established  in 
the  boundary  layer  over  the  porous  plate. 

Without  combustion,  Fig.  3,  the  agreement_bet- 
ween  theoretical  and  experimental  results  for  u  and 
q  is  quite  good  and  the  influence  of  blowing  is  con¬ 
sistent  with  previous  work.  Then,  the  turbulence 
model  used  seems  particularly  well  adapted. 

With  combustion.  Fig.  4  and  5,  a  marked  feature 
of  the  mean  velocity  profile  is  the  appearance  of  a 
velocity  overshoot  that  exceeds  the  stream  mean  velo¬ 
city  as  for  laminar  flow.  This  overshoot  can  be  di¬ 
rectly  related  to  the  enhancement  by  combustion  of 

the  source  term  of  the  momentum  equation  :  — * - . 

pu  dx 

Starting  from  the  porous  wall,  q  decreases  for  same 
distance  and  then  increases  drastically  up  to  a  cer¬ 
tain  location  which  could  be  assumed  to  be  just  above 
the  flame  "position”.  The  location  of  this  minimum 
and  maximum  of  q  and  the  flame  stand-off  distance 
increase  with  m.  The  turbulence  intensity  behaves  in 
a  same  but  less  marked  way.  Far  above  the  flame  we 
have  a  dissipation  of  q  and  of  turbulence  intensity 
to  their  value  at  the  center  line.  For  temperature, 
the  profiles  are  very  similar  to  those  obtained  for 

velocity  at  the  same  location.  A  minimum  of  T'*  cor¬ 
responds  to  a  maximum  of  T  which  may  correspond  to 
the  flame  tone.  There  is  a  good  agreement  between 

theory  and  experiment  for  u  and  T.  For  q,  the  agree¬ 
ment  is  only  good  below  the  flame.  We  can  predict  the 
decreasing  but  not  the  peak  value  just  above  the 
flame.  The  discrepancy  could  be  related  probably  to 
the  experimentally  observed  low  frequency  oscilla¬ 
tions  or  to  non-stationary  boundary  conditions. 

Fig.  6  shows  for  a  given  x  location  the  varia¬ 
tion  across  the  boundary  layer  of  the  probability 
density  function  of  fluctuating  velocity.  Increasing 
y  we  observed  for  both  u  and  T  different  shapes  for 
the  "pdf"  :  in  the  flame  and  below  the  "pdf"  has  only 

one  peak,  some  distance  above  where  u'2  and  T'2  are 
maximvmi  the  "pdf”  has  two  peaks,  and  further  away 
only  one  peak  appears.  The  temperature  spectrum  ana¬ 
lysis  showed  a  low  frequency  sequence  (a  few  Hz)  of 
hot  and  cold  "peaks”.  The  amplitude  of  these  oscil¬ 
lations  is  minimum  in  the  flame  zone  and  maximum 

where  u'2  and  T’2  are  maximum. _  _ 

On  Fig.  7  we  plotted  the  u  and  T  profiles  for 
three x locations  in  the  flow  direction.  The  maximum 
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mean  velocity  increase*  with  x  but  T  _  teems  nearly 

BIZ 

constant.  The  preaiaed  flan e  stand-off  distance  in¬ 
creases  also  slightly  with  x. 

The  theoretical  aodel  can  fit  relatively  well 

the  experimental  data  obtained  for  u  and  T  with  and 
without  combustion  but  can't  explain,  at  the  present 
stage,  all  the  phenonena  experimentally  observed 
(low  frequency  flame  oscillations,  peak  value  for  q 
above  the  flame,  discrepancy  between  theory  and  ex¬ 
periment  for  q  and  turbulence  intensity  in  the  core, 

. ).  Meanwhile,  as  this  model  can  predict  the 

phenomena  below  the  flame  it  can  be  used  to  charac¬ 
terize  gas  solid  turbulent  combustion,  to  obtain  the 
heat  flux  at  the  wall  and  then  the  mass  burning  rate. 
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Fig.  3  :  Without  combustion  :  the  velocity  gradient 
and  1^  increase  with  m. 


Fig.  5  :  The  flame  "stand-off  distance"  increases 
slightly  with  m. 


Fig.  6  bis  :  Probability  density  function  of  fluc- 
tuating  temperature. 


For  a  given  F,  the  shape  of  the  velocity  pro¬ 
files  it  less  dependent  on  m  with  cosfcustion 
than  without. 
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Fig.  7  :  Theoretical  velocity  overshoot,  maximum  mean 
temperature  and  flame  "stand-off  distance" 
increase  with  x. 
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Fig.  7  bis  :  Experimental  mean  velocity  profiles  : 
influence  of  x. 
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Fig.  8  :  Experimental  profiles  :  influence  of  G  and  F. 
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Fig ■  9  :  Influence  of  fuel  mass  fraction  on  mean  ve¬ 
locity  and  temperature  profiles  (wall  fuel 
mass  fraction  fluctuation  may  explain  flame 
position  and  velocity  overshoot  oscilla¬ 
tions)  . 
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ABSTRACT 

Numerical  predictions  are  compared  with  experi¬ 
mental  results  of  flow  velocity,  gas  temperature, 
species  concentration  together  with  the  fluctuation 
properties  such  as  kinetic  energy  of  turbulence  and 
correlation  of  velocity  and  temperature  fluctuations 
in  turbulent  jets  with  and  without  flame.  It  indi¬ 
cates  the  validity  of  the  two-equation  k-e  turbulence 
model  with  a  modification  for  the  low  Reynolds  number 
effects  due  to  the  existence  of  flame  in  the  lower 
fuel  jet  velocity.  Effects  of  the  density  fluctuation 
are  discussed  to  imply  that  neglecting  the  density 
fluctuation  gives  a  fairly  good  approximation  for  the 
prediction  of  the  present  flow  and  combustion  charac¬ 
teristics. 

INTRODUCTION 

The  numerical  prediction  of  the  flow  and  combus¬ 
tion  characteristics  in  turbulent  diffusion  flames  is 
one  of  the  subjects  of  current  interest.  There  have 
been  analytical  studies  [1],[2]  for  developing  the 
prediction  procedure  for  turbulent  diffusion  flames 
along  with  the  experimental  studies  [3]. 

The  validity  of  the  prediction  procedure  must  be 
verified  by  the  comparisons  with  the  experiments  be¬ 
cause  the  prediction  procedure  Includes  semi-empiri- 
cal  turbulence  model  and  reaction  model  in  turbulent 
flow  fields.  The  comparisons  are  desired  of  the  fluc¬ 
tuating  properties  as  well  as  the  time-mean  proper¬ 
ties  because  they  are  directly  concerned  with  the 
turbulence  model. 

The  experimental  data  used  for  the  comparison 
with  present  calculation  are  based  on  the  measurements 


of  our  own  which  are  planed  to  Include  time-mean  axial 
flow  velocity,  temperature,  species  concentrations  and 
statistical  properties  of  fluctuations  such  as  kinetic 
energy  of  turbulence  and  correlation  of  velocity  and 
temperature  fluctuation  in  turbulent  jets  with  and 
without  flame. 

Experimental  results  are  compared  with  the  calcu¬ 
lated  ones  which  are  based  on  the  two-equation  k-e 
turbulence  model  paying  special  attention  to  the  fluc¬ 
tuating  properties.  Effects  of  the  viscosity  increase 
and  the  density  fluctuation  due  to  the  existence  of 
the  flame  are  also  discussed. 

EXPERIMENTS 

The  experimental  data  used  for  the  comparison 
with  calculations  are  based  on  the  measurements  in 
the  turbulent  fuel  jets  with  and  without  flame  issu¬ 
ing  vertically  upward  from  a  round  tube  nozzle  of  4.9 
am  inner  diameter.  The  fuel  of  the  nozzle  fluid  is 
the  mixture  of  hydrogen  and  nitrogen  whose  volume  ra¬ 
tio  is  0.68  :  1.  The  average  velocity  Uj  of  the  fuel 
jet  at  the  nozzle  exit  is  selected  to  be  20.4  and 
55.7  m/s  which  is  surrounded  by  coaxial  air  stream  of 
uniform  velocity  of  5.1  m/s. 

The  experimental  data  include  time-mean  flow 
velocity,  temperature  and  species  concentrations  wich 
statistical  properties  of  fluctuations  such  as  turbu¬ 
lence  intensity  in  axial,  radial  and  circumferential 
directions ,  correlation  of  velocity  fluctuation  in 
axial  and  radial  direction  uv,  correlation  of  radial 
flow  velocity  and  temperature  fluctuation  v?  and 
length  scale  derived  from  the  velocity  or  temperature 
fluctuation. 

Time-mean  and  fluctuating  velocity  were  detected 
by  a  laser  Doppler  veloclmeter  equipped  with  a  Bragg 
cell  for  a  frequency  shift  and  a  frequency  tracker. 

The  fluctuating  temperature  were  measured  by  a  thermo¬ 
couple  (25.4  um  in  diameter)  compensated  electrically 
for  the  time  la*  due  to  the  heat  capacity.  The  gas 
species  concentrations  were  analyzed  by  a  gas  chro¬ 
matograph  after  gas  sampling  by  a  water-cooled  sampl¬ 
ing  probe. 


The  details  of  the  experiaents  ere  in  14], [5]. 
ANALYTICAL  PROCEDURE 

The  calculations  are  based  on  the  time-averaged 
boundary- layer-type  conservation  equations  of  aass, 
•omentum,  energy  and  chemical  species  in  axlsyusetrlc 
coordinate  system. 


the  reaction  and  the  assumption  that  effective  Schmidt 
nuaber  is  the  same  for  all  species. 


(9) 

(10) 


^(rpU)  +  £(rpV)  =  0 

(1) 

*02  “  8  *H2  +  ^"02*°  '  f(8(*H2lF  +  I*No21o> 

(11) 

,..3U  +  V3U1  -  Jl£  +  1  A/ru 
+  V3F>  -  *3l  +  7JPrueff 

f)*P9 

(2) 

“H2°  "  9f*“H2*F  "  9“h2 

(12) 

(3) 

"N2  "  1  *  *H2  '  *°2  ‘  *h20 

(13) 

m 

*  Rj 

(4) 

f  Is  the  so-called  mixture  fraction  which  means 
mass  fraction  of  the  nozzle  fluid.  Suffix  of  F 

the 
or  0 

where  x  or  r  *  axial  or  radial  coordinate,  U  or  V  • 
velocity  In  axial  or  radial  direction,  h  •  enthalpy, 
m,  «  mass  fraction  of  J  species,  ueff  ■  effective 
viscosity  (  -  laminar  viscosity  uy  plus  turbulent 
viscosity  pt),  p  “  density,  Rj  ■  reaction  rate  of  j 
species,  0|,  or  om  -  turbulent  Prandtl  or  Schmidt  num¬ 
ber. 


means  the  value  at  the  nozzle  fluid  or  surrounding 
sir,  respectively.  Reaction  rate  RH  In  eq.  (10)  Is 
evaluated  by  the  eddy  dissipation  model  [9]  which 
postulates  that  reaction  rate  is  proportional  to  the 
turbulent  eddy  dissipation  rate.  Calculations  were 
also  tried  In  the  case  of  the  Infinite  reaction  rate 
which  leads  to  the  flame  sheet  model. 

Gas  temperature  is  calculated  by  the  relation. 


In  order  to  evaluate  the  turbulent  viscosity, 
k-e  turbulence  model  is  applied.  Kinetic  energy  of 
turbulence  k  and  Its  dissipation  rate  e  are  calculated 
from  the  following  transport  equations  [6], 


p(o£  ♦  vfi) 
’<“6 + 


1  3  eff  3k, 


3U,2 


(5) 


r  3r*r  d'k  3r^  ^Sr*  *  °E 

1  3  /  3c  \  .  Cr  p  /  3U\2  p  \  /  c\ 

r  3r<'r~o^~  3r  3r}  *  C2ce}  ^ 


where  Cy,  C2,  and  ae  are  empirical  constants.  The 
turbulent  viscosity  is  evaluated  by  the  expression, 

ut  5  CD  *  fl  *  ok2/E  (7) 

f,  =  {  1  -  exp  (  -  Rt/A)}2  (0) 

where,  Ry  -  pk^/tUy  which  Is  a  kind  of  local  turbu¬ 
lence  Reynolds  number,  Cp  and  A  -  empirical  constants. 
The  factor  fy  Is  Introduced  In  the  present  calculation 
to  modify  the  Prandtl- Kolmogorov  expression  of  pt  «  P 
Cp.  k 7/e  for  low  Reynolds  number  (not  fully  turbulent) 
flow.  The  existence  of  flame  results  In  the  signifi¬ 
cant  Increase  of  the  kinetic  viscosity  due  to  the 
temperature  rise  and  induces  local  lamlnarlzatlon  (7] 
especially  In  low  fuel  Jet  velocity.  These  low  Rey¬ 
nolds  number  effect  Is  taken  into  consideration  by 
the  empirical  factor  fy.  The  expression  of  fy  In 
terms  of  Ry  (-  (Ut/py)/Cp  )  and  the  constant  A  (“30) 
is  selected  so  that  fy  tends  to  unity  and  eq.  (7)  Is 
equivalent  to  the  standard  Prandtl-Kolmogorov  expres¬ 
sion  for  high  Reynolds  number  flow  (|it/py»  1).  The 
empirical  constants  In  eqs.(3)-(7)  are  selected  to  be 
as  follows.  Cj>  -  0.09,  Cy  -  1.45,  Cy  “  1.95,  O,  -  oh 
“  0.7,  0^  “  1.0,  oE  “1.3.  They  are  selected  referring 
to  (6], [8]  and  as  for  C2,  taking  Into  consideration 
the  optimization  for  the  fit  of  the  prediction  vlth 
the  present  experiments. 

The  gas  spades  considered  are  the  main  spedas 
of  reactants  and  products  of  N2,  H2,  H2O  and  O2.  The 
one-stags  reaction  of  H2  +  O2/2  •  H2O  Is  considered. 
Four  spades  conservation  eqs.  (4)  are  converted  into 
the  following  two  differential  equations  and  three 
algebraic  aquations  based  on  the  stoichiometry  of 


h  '  ]  »J  /?0CPJ  dT  +  ]  "J^j  (U> 

where  Tq  “  reference  temperature,  Cp,  “  constant 
pressure  specific  heat  of  J  species,  Hgj  “  standard 
heat  of  formation. 

Density  Is  evaluated  from  the  Ideal  gas  law. 

The  above  differential  equations  are  solved 
numerically  using  a  finite  difference  method  based 
on  the  procedure  developed  by  Patankar  and  Spalding 
[10].  60  grid  points  are  located  In  radial  direction 
at  nonuniform  Intervals. 

Boundary  conditions  are  selected  to  correspond 
to  the  experimental  conditions  as  much  as  possible. 
Initial  profiles  of  k  and  length  scale  of  turbulence 
i  (E  Is  obtained  by  c  •  Cpkl-'/f  )  at  the  exit  of  the 
fuel  nozzle  are  given  by  quadratic  profiles  similar 
to  that  predicted  in  the  fully  developed  fuel  nozzle 
flow  by  the  same  k-e  turbulence  model  where  thin  lami¬ 
nar  layer  is  neglected.  Length  scale  In  the  surround¬ 
ing  air  stream  is  given  to  be  0.01  times  the  radius 
of  the  throat  of  the  air  stream.  The  selection  of  the 
length  scale  In  the  surrounding  air  stream  is  not 
sensitive  to  the  calculated  results. 

RESULTS  AND  DISCUSSIONS 

Comparisons  of  the  experimental  results  and 
calculations  are  made.  Plots  and  solid  lines  In  the 
Figures  are  experimental  results  and  calculated  ones, 
respectively  unless  It  la  noted. 

Non  Rescting  Flows 

In  Figs  1  to  5,  axial  and  radial  profiles  of 
experimented  snd  predicted  flow  velocity  In  axial 
direction  U,  gas  concentrstlon,  kinetic  energy  of 
turbulence  k  and  cross  correlstlon  of  axial  and  radial 
velocity  fluctuation  u7  are  compared  for  the  case  of 
low  and  high  fuel  jet  velocities  (U<  •  20.4  and  55.7 
m/s)  without  flame.  The  condition  or  low  or  high  ve¬ 
locity  without  flame  Is  labelled  as  RUN  CL  or  RUN  CB, 
respectively  as  shown  In  the  Figures.  L  and  r  In  the 
Figures  are  axial  distance  from  the  fuel  nozzle  tip 
and  the  radial  distance  from  the  jet  axis,  respective¬ 
ly.  Predicted  ulT  is  obtained  from  the  relation. 
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Fig.l  Axial  profiles 

(Uj-20.4  m/s,  Cold) 


uv  «  -ut(3U/3r)/p. 

It  is  noted  the  measured  profiles  of  flow  veloci¬ 
ty,  species  concentration  for  two  cases  of  low  and 
high  fuel  jet  velocities  can  be  well  predicted  by  the 
present  calculations. 

The  profiles  of  turbulent  kinetic  energy  along 
the  axis  (Figs. 1,4)  have  peak  near  the  nozzle  tip  and 
gradually  decay  along  the  axis.  Such  tendency  can  be 
well  predicted.  Radial  profiles  of  k  and  uv  are  also 
predicted  considerably  well.  These  results  indicates 
that  the  applied  models  can  describe  the  fluctuating 
properties  as  well  as  the  macroscopic  flow  and  mixing 
characteristics  for  the  fuel  jets  without  flame. 

The  factor  f j  in  eq. (7)  is  almost  unity  in  the 
present  fuel  jets  because  the  flows  are  fully  turbu¬ 
lent  (ut>>u^)  in  the  flows  without  flame. 

REACTING  FLOWS 

In  Figs. 6  to  11,  experimented  and  predicted  axi¬ 
al  and  radial  profiles  of  flew  velocity  U,  temper¬ 
ature  T,  gas  species  concentration,  kinetic  energy  of 
turbulence  k,  cross  correlation  uv  and  vT  are  com¬ 
pared  for  the  case  of  low  and  high  fuel  jet  velocitls 
(Uj*20.4  and  55.7  m/s)  with  flame.  The  condition  of 
low  or  high  fuel  jet  velocity  with  flame  is  labelled 
as  RUN  FL  or  RUN  FH,  respectively  as  shown  in  the 
Figures. 

The  predicted  cross  correlation  of  the  fluctua¬ 
tion  of  velocity  and  temperature  vT  Is  obtained  from 
the  relation,  vT  ■  -ut/oh(3T/3r)/p. 

Figs. 6  to  7  and  Figs. 10  to  12  indicate  that  flow 
velocity,  temperature  and  species  concentration  can 
be  well  predicted  in  the  flames  of  both  low  and  high 
fuel  jet  velocities. 

In  the  flow  of  the  1«  fuel  jet  velocity  with 
flame,  the  ratio  ut/ui  decreases  at  the  high  temper¬ 
ature  region  of  the  outer  part  near  the  fuel  nozzle 
tip.  This  seems  to  correspond  to  the  local  lamlnarl- 
zatlon  phenomena  observed  clearly  in  the  same  flame 


r  mm 


Fig. 3  Radial  profiles  of  uv 
(Uj-20.4  m/s.  Cold) 


without  surrounding  air  flow  [7). 

In  the  low  velocity  flame,  the  unmodified  turbu¬ 
lence  model  available  in  fully  turbulent  flow  over¬ 
estimates  the  turbulent  viscosity  and  other  transport 
coefficients.  The  modification  of  the  turbulence 
model  by  the  eqs.(7)  and  (8)  gives  a  better  prediction 
as  shown  in  Figs. 6  and  7. 

The  modification  is  not  necessary  for  the  flame 
of  the  higher  fuel  jet  velocity  because  the  ut/u^  is 
much  larger  than  unity. 

The  axial  profiles  of  turbulence  kinetic  energy 
along  the  axis  (Figs. 6  and  10)  in  the  cases  with 
flame  Increases  more  gradually  along  the  axis  and  have 
peak  in  the  downstream  as  compared  with  the  caaes 
without  flame  (Flgs.l  and  4).  These  tendencies  are 
predicted  by  the  calculation  as  shown  in  Fig. 6  and  10. 
Predictions  of  profiles  of  k,  uv  and  vT  are  not  very 
well  but  the  qualitative  agreement  is  fairly  well 
vhich  supports  the  gradient-transport-model  Incorpo¬ 
rated  with  the  two-equation  k-c  turbulence  model  for 
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Fig. 4  Axial  profiles 

(Uj-55.7  m/s.  Cold) 


Fig. 5  Radial  profiles 

(Uj-55.7  m/s,  Cold) 


the  transport  of  the  momentum  and  heat  even  in  the 
reacting  flows. 

DISCUSSIONS  ' 

In  the  turbulent  flow  fields  with  flame,  sign!' 
flcant  density  fluctuation  would  prevail  and  conven¬ 
tional  time  averaging  of  the  governing  equations 
yields  a  number  of  cross  correlations  including  densi¬ 
ty  fluctuation. 

The  equations  used  in  the  preceding  section  are 
equivalent  to  those  obtained  by  neglecting  density 
fluctuation  when  the  variables  such  as  U,  T,  mj,  etc. 
in  the  equatlona_are  taken  to  be  conventional  time 
averaging  U,  T,  mj ,  etc.  Based  on  the  comparisons 
between  the  experimental  and  calculated  results  des¬ 
cribed  above,  it  can  be  said  that  flow  velocity,  tem¬ 
perature,  species  concentration  and  fluctuating  pro¬ 
perties  can  be  predicted  by  the  equations  neglecting 
density  fluctuation  although  the  spatial  variation  of 
density  is  taken  into  account. 

On  the  other  hand,  if  the  density  weighted  ave¬ 
raging  (Favre  averaging)  is  applied  for  the  variable 
except  for  p  and  P,  the  density  fluctuation  can  be 
taken  into  account  without  any  apparent  change  in  the 
governing  equations  (1).  In  this  case,  the  variables 
such  as  0,  T,  m . ,  etc.  are  supposed  to  be  density 
weighted  averaging  'J  (-pU/o) ,  T  («pT/p),  m,  (-pm, /p) , 
etc.  In  this  case,  the  prediction  yields  dencltyJ 
weighted  avarsglng  0,  T,  m, ,  etc. 

On  the  other  hand,  the  measured  velocity  U  by  a 
laser  Doppler  velocimeter  and  the  temperature  T  by  a 
thermocouple  are_supposed  to  be  conventional  time 
averatlng  0  and  T.  But,  species  concentrations 
measured  by  gas  sampling  are  supposed  to  be  density 
weighted  averaging  a, . 

Now,  we  consider  the  relations  between  conven¬ 
tional  time  averaging  and  density  weighted  avaraglng 
as  follows. 


3f  -  D  {  1  -  CT'/T)  (u’/U)  Rro  > 

1-  (T'/T)2  }  (15) 

1-  (T'/T)  (mj'/mj)  R^  } 

where  T' ,  u'  or  m, '  is  the  root  mean  square  of  the 
fluctuation  of  T,u  or  mj  and  Rm  or  R^  is  the 
correlation  coefficient  of  the  fluctuation  of  T  and 
U  or  T  and  mj.  The  equations  are  derived  by  the 
approximation  that  the  density  fluctuation  is  mainly 
caused  by  the  temperature  fluctuation  according  to 
the  ideal  gas  law.  _  _ 

The  profllejs  o£  T,  T,  U,  U,  T'  and  u'  are  shown 
in  Fig. 12  where  T,  U,  T' ,  u'  are  measured  ones  and  T 
and  V  are  calculated  by  eq.(15)  using  the  measured 
Rpu,  u',T'.  It  is  noted  T  is  always  less  than  T  and 
the  difference  is  at  most  15  X  of  T  at  the  outer  part 
of  the  flame  where  T'/T  is  large.  0  is  larger  than  U 
at  the  inner  part  ojf  the  flame  where  R-pj  is  negative 
but  U  Is  less  than  0  at  the  outer  part  of  the  flame  _ 
where  Rju  Is  positive^  The  difference  between  U  and  U 
is  less  than  10  X  of  0. 

It  can  be  said  that  the  comparisons  between  pre¬ 
dictions  and  experiments  are  available  whether  the 
measured  or  calculated  values  are  conventional  time 
averaged  or  density  weighted  averaged  and  the  density 
fluctuation  does  not  play  significant  role  for  the 
present  flame  conditions. 

SUMMARY 

(1)  The  measured  profiles  of  time  mean  velocity 
temperature  and  species  concentration  In  the  fuel  Jets 
with  and  without  flame  can  be  well  predicted  by  two- 
equation  k-e  turbulence  model  which  is  modified  for 
the  low  bynolds  number  effects  due  to  the  existence 
of  flame. 

(2)  The  fluctuating  properties  such  as  kinetic 
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energy  of  turbulence  and  cross  correlations  of  uv 
and  vT  are  also  predicted  fairly  veil  which  support 
the  grad lent- transport -mod el  for  the  turbulent  trans¬ 
port  of  momentum  snd  heat  in  turbulent  diffusion 
flames. 

(3)  The  difference  between  conventional  time 
averaging  U  or  T  and  density  weighted  averaging  U  or 
f  is  not  so  great  which  lndicatas  that  neglecting  the 
density  fluctuation  gives  an  fairly  good  approxima¬ 
tion. 
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ABSTRACT 

A  study  was  performed  in  order  to  gain  new  in¬ 
sight  into  the  phenomenology  and  mathematical  model¬ 
ling  of  turbulent  diffusion  flames. 

The  numerical  part  of  the  present  investigation 
treats  unsteady  one-dimensional  laminar  diffusion 
flames  using  an  extended  kinetic  scheme.  The  result 
of  these  predictions  yields  the  instantaneous  sub¬ 
structure  of  turbulent  diffusion  flames.  In  order 
to  check  the  validity  of  the  model  oredictions  in¬ 
stantaneous  peak  temperatures  as  well  as  time  mean 
concentrations  have  been  measured  in  turbulent  me¬ 
thane  diffusion  flames. 


nomenclature 


x 

y 


heat  capacity  of  species  i  at  constant 
pressure 

mixture  heat  capacity 

binary  diffusion  coefficient  for  species  i 
in  nitrogen 

nondimensional  rate  of  chemical  heat  release 

as  a  function  of  T 

mixture  enthalpy 

enthalpy  of  species  i 

standard  heat  of  formation  of  species  i 

number  of  species 

Reynolds-number  defined  by  nozzle  diameter 
and  nozzle  exit  velocity 
layer  thickness 

initial  layer  thickness  .  . 

stretch  rate  defined  by  -S  54 
time  coordinate  5  at 

local  temperature 
initial 

adiabatic  flame  temperature 


reference  temperature 
nondimensional  temperature  defined  bv 

rs<T-ToV(TarTo> 

normal  velocity  of  convective  transport 
through  the  flame 


chemical  production/consumption  rate  of 
species  i 


coordinate  normal  to  the  flame  zone 


Kolmogorov  strain  rate  (reciprocal  value  of 
Kolmogorov  time  scale) 


A  thermal  conductivity 

vi  viscosity,  used  in  the  thermal  conduction  term  of 
eg.  (1)  for  Prandtl  number  unity 
u  nondimensional  space  coordinate  normal  to  the 
flame  zone 
o  density 

cr  mole  number  of  species  i  in  1  kg  mixtures 
t  characteristic  chemical  time  scale,  defined 
_  so  that  the  peak  value  of  F(T")  becomes  unity 
(~)time  mean  values 


INTRODUCTION 

Combustion  of  nonpremixed  reactants  has  been  in¬ 
vestigated  in  turbulent  jet  flames  with  attention  fo¬ 
cussed  on  hydrogen  combustion.  Compared  with  hydro¬ 
gen  combustion,  however,  turbulent  hydrocarbon  dif¬ 
fusion  flames  introduce  additional  problems  due  to 
the  more  complex  combustion  reactions. 

An  essential  feature  of  some  combustion  models 
for  turbulent  diffusion  flames  is  a  unique  determina¬ 
tion  of  the  instantaneous  molecular  species  concen¬ 
tration  by  a  conserved  scalar.  The  assumption  of  a 
one-step  irreversible  reaction  leads  to  the  flame 
sheet  model,  with  the  combustion  reactions  taking 
place  in  an  infinitesimally  thin  flame  sheet.  If  the 
fast  chemistry  assumption  is  not  restricted  to  a  one- 
step  irreversible  reaction  it  follows  that  the  pro¬ 
ducts  are  in  chemical  equilibrium.  Due  to  the  shift¬ 
ing  equilibrium  reactions  a  large  amount  of  carbon 
monoxide  is  predicted  by  this  model  in  the  fuel-rich 
region  of  a  diffusion  flame,  more  than  is  found  ex¬ 
perimentally  in  laminar  or  in  turbulent  diffusion 
flames.  As  it  has  been  shown  (1)  a  turbulent  natural 
gas  diffusion  flame  can  be  predicted  rather  well  by  a 
chemistry  model  which  is  based  on  the  assumption  that 
the  instantaneous  gas  composition  in  a  turbulent  flame 
is  that  corresponding  to  local  chemical  equilibrium 
over  a  wide  range  of  mixture  strength  around  stoichio¬ 
metric,  and  that  the  shifting  equilibrium  reactions 
freeze  at  a  unique  fuel-rich  mixture  fraction.  To 
check  the  validity  and  limitations  of  this  simplified 
instantaneous  reaction  model,  one-dimensional  unstea¬ 
dy  laminar  diffusion  flames  have  been  investigated. 
These  flames  are  assumed  to  be  representative  of  the 
diffusive  reactive  interfaces  between  fuel  and  air 
eddies  in  a  turbulent  flame. 
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THE  UNSTEADY  LAMINAR  DIFFUSION  FLAME 


The  behaviour  of  the  quasi- laminar  substructure 
of  turbulent  flames  has  been  discussed  qualitatively 
by  Williams  (2)  in  terms  of  the  unsteady,  one-dimen¬ 
sional  temperature  equation 


It  '  Y  x 


3T*  8  T 

+  uo  33  vf3Tr" 


Y  (F(T') 


This  equation  is  obtained  if  the  coordinav  system 
moves  parallel  to  the  reactive  layer  such  that  the 
tangential  velocity  component  becomes  zero  at  the 
origin  of  the  coordinate  system.  The  second  and  third 
term  in  equation  (1)  reoresent  convective  fluxes  due 
to  flame  stretch  and  a  velocity  component  normal  to 
the  flame  front.  In  the  following  these  convective 
fluxes  will  be  neglected,  but  the  stretching  process 
is  considered  with  respect  to  a  decrease  of  the 
thickness  of  the  reactive  layer  as  proposed  by  Spal¬ 
ding  (3). The  resulting  balance  equations  are 


Concentration  : 

3oOi  i3  3ci  . 

IT  '  s?  33  D  Di  “  *  wi ; 
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(2) 


Energy  : 

3ch  1 _ 3 

"ST  '  s:  3^  cp 
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(3) 


with  the  non-dimensional ized  space  coordinate  tj=x/s, 
0  <  u  <  1  and 


NS  T  NS 

h  «  £h.  C,;  h^h.0  ♦  /  Cp>.  dT;  cpii  0,. 

i*l  T°  i=l 


The  following  conditions  were  used  for  the  calcula¬ 
tions  : 

1.  As  it  is  difficult  to  specify  the  time  dependent 
thickness  of  the  shear  layer,  a  constant  stretch  S 
was  assumed,  which  yields  (3) 


with  s0  as  the  initial  shear  layer  thickness. 


2.  Initial  conditions  of  the  the  computations  are  cha¬ 
racterized  by  a  step  change  in  the  concentrations 
of  fuel  gas  and  air  with  a  very  thin  layer  of  hot 
gas  at  the  interface. 


3.  Dimensions  of  the  fuel  gas  and  air  volumes  are 
large  compared  to  the  thickness  of  the  diffusion 
layer. 


4.  29  elementary  reactions  were  used  to  describe  the 
oxidation  process  of  methane  adopted  as  a  fuel. 


5.  Binary  diffusion  coefficients  for  the  gas  compo¬ 
nents  in  N2,  Lewis  number  equal  to  one. 

Details  of  the  numerical  computations  are  given 
in  (4). 

In  order  to  get  information  about  the  properties 
of  flamelets  in  turbulent  diffusion  flames,  direct 
thermocouple  measurements  of  instantaneous  temoeratures 
were  made  in  free  burning  turbulent  methane  flames  at 
various  Reynolds  numbers  (5).  The  different  Reynolds 
numbers  were  chosen  to  get~flames  with  very  different 
flow  structures,  which  were  visualized  by  a  schlieren 
technique.  They  ranged  from  orderly  coherent  struc¬ 
tures  to  fully  developed  three-dimensional  small  scale 
turbulence. 


In  addition,  conventional  measurements  of  mean  concen¬ 
tration  were  performed  to  get  further  information  about 
the  net  influence  on  the  reactions. 

RESULTS 

In  Fig.  I  computed  rates  of  CO  and  Oo  as  func¬ 
tions  of  the  excess  air  ratio  are  shown.  The  effects 
of  diffusion  are  clearly  visible  in  the  changing  peak 
values.  The  limit  for  the  freezing  of  the  reactions 
assumed  in  the  flame  zone  model  (1)  lies  within  the 
area  in  which  the  reactions  are  frozen  during  the 
successive  time  steps.  The  calculations  have  been  per¬ 
formed  for  a  time  period  of  25  milliseconds  which  is 
beyond  the  eddy  life  times  of  the  turbulent  flames 
considered. 
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Fig.  1  Production  rates  of  CO  and  Oj  in  a  one  dimen¬ 
sional  unsteady  laminar  natural  gas  diffusion 
flame  for  different  time  steps  as  function  of 
the  excess  air  ratio  X 

The  concentrations  and  temperatures  shown  in 
Fig. 2  do  not  change  significantly  during  the  time  pe¬ 
riod  considered.  This  means  that  even  with  very  large 
concentration  gradients  the  conditions  at  the  begin¬ 
ning  of  the  lifetime  of  an  eddy  are  not  very  different 
from  those  at  later  time  steps.  This  result,  to  a  cer¬ 
tain  extent,  can  justify  a  posteriori  the  neglect  of 
the  flame  stretch  which  strongly  influences  the  gra¬ 
dients  within  the  reaction  zone  and  can  result  in 
quenching  under  certain  conditions. 


Fig.  2  Concentrations  of  CO,  O2  and  temperature  T 
as  functions  of  the  excess  air  ratio  X 

A  particularly  important  result  is  the  fact  that 
the  computed  peak  temperatures  of  a  non-stretched 
flame  zone  lie  around  1  930  K  as  did  the  thermocouple 
measurements  in  the  turbulent  methane  diffusion  flames. 
This  value  is  considerably  below  the  adiabatic  equili¬ 
brium  flame  temperature  of  2  280  K  (Fig,  3) .  The 
measured  Deak  temperatures  of  1  90C  -  2  000  K  (Figs. 

4,  5)  in  all  regions  of  the  turbulent  flames  at  dif¬ 
ferent  Reynolds  numbers  (5)  may  also  be  compared  to 
the  value  of  about  2  000  7  from  Laser  Raman  measure¬ 
ments  (6)  in  a  laminar  methane  diffusion  flame  and 
thermocouple  measurements  in  a  different  laminar  dif¬ 
fusion  flame  (.Ti¬ 
lt  follows  from  Figures  4  and  5  that  the  maximum 
peak  temperatures  in  the  region  of  the  visible  cohe¬ 
rent  structures  (x/d  *  20,  Re  =  5  500)  are  approxi¬ 
mately  equal  to  this  of  fully  developed  three-dimen¬ 
sional  turbulence  (x/d  =  60,  Re  -  37  000).  It  may 
therefore  be  concluded  that  the  instantaneous  peak 
temperatures  in  turbulent  diffusion  flames  are  not 
significantly  affected  by  turbulence.  The  measurements 
of  mean  concentrations  also  show  that  in  large  parts 
of  the  flame  the  combustion  takes  place  in  diffusion 
flamelets. 

The  influence  of  the  stretch  rate  S  on  the  beha¬ 
viour  of  the  diffusive  reactive  layer  was  studied  pa¬ 
rametrical  ly.  In  Fig.  6  the  predicted  time  dependent 
temperatures  and  concentrations  of  a  stretched  layer 
are  shown  (S  =  Ills-!).  The  decrease  of  temperature 
and  maximum  CO-concentration  indicates  a  decreasing 
reaction  intensity  which  finally  leads  to  quenching 
of  the  reactions. 

Concentration  measurements  in  free  burning  tur¬ 
bulent  natural  gas  diffusion  flames  of  different  Rey¬ 
nolds  numbers  clearly  indicate  that  even  in  stably 
burning  flames  quenched  regions  occur  near  the  nozzle, 
through  which  unreacted  oxygen  penetrates  to  the 
flame  axis.  Fig.  7.  Due  to  this  premixed  combustion 
occurs  to  a  certain  extent  further  downstream. 

Fig.  8  shows  measured  axial  CO  profiles  in  turbulent 
flames  of  different  Reynolds  numbers.  The  rapid  de¬ 
crease  of  downstream  CO-concentration  in  the  lower 
Reynolds  number  flames  is  due  to  mixing  enhanced  by 


Fig.  3  Comparison  of  CO-concentration  and  temperature 
T  calculated  by  two  different  flame  models  and 
finite  kinetics  (t  =  25  ms) 

buoyancy.  The  dashed  curve  which  refers  to  flame  No. 3 
represents  computed  values.  The  predictions  are  based 
on  the  instantaneous  gas  composition  (Fig.  2),  a  pdf- 
representation  of  the  mixture  fraction  and  the  k-e- 
model  for  the  flow  field  (8). 
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Fig.  4  Radial  profiles  of  measured  peak  and  time 
mean  temperatures  in  a  free  burning  natural 
gas  flame.  Re  =  5  500, (S) 


Fig.  5  Radial  profiles  of  measured  peak  and  time 
mean  temperatures  in  a  free  burning  natural 
gas  flame.  Re  *  37  000  (^) 


Fig.  6  CO-concentrations  and  temperatures  as  function 
of  the  excess  air  ratio  >. 

-  stretch  rate  S  =  111  s~* 

—  without  stretch 


Fig.  7  Measured  axial  profiles  of  Op-concentrations 
in  free  burning  natural  gas  diffusion  flames 
at  different  Reynolds  numbers 


Fig.  8  Measured  and  predicted  axial  profiles  of  C0- 
concentrations  in  free  burning  natural  gas 
diffusion  flames  at  different  Reynolds 
numbers 

CONCLUSIONS 

1.  From  comparison  of  predictions  and  measurements 
it  can  be  concluded  that  turbulent  diffusion 
flames  over  a  large  range  are  composed  of  laminar 
diffusion  flamelets  with  instantaneous  peak  tem¬ 
peratures  about  300  K  below  the  adiabatic  eaui li¬ 
brium  temperature. 

This  is  an  especially  useful  information  with  re¬ 
gard  to  the  thermal  NO- formation,  this  being 
Strongly  dependent  on  the  peak  temperature. 

2.  Areas  of  premixed  combustion  can  occur  even  in 
flames  stably  burning  at  the  nozzle  exit. 

3.  The  instantaneous  temperature  and  concentration 
profiles  do  not  change  greatly  during  the  most 
probable  life  time  of  an  eddy.  This  result  can  be 
compared  to  some  extent  to  the  conclusions  of 
Biloer  (9)  who  found  by  inspection  of  measure¬ 
ments  in  laminar  diffusion  flames  that  the  gas- 
composition  is  independent  of  the  position  in  the 
flame  and  therefore  independent  of  the  flow 
structure. 

With  a  representative  profile  of  the  instantaneous  gas 
composition  shown  in  Fig,  3  instead  of  the  one  used 
earlier  (_1 ) ,  a  turbulent  diffusion  flame  based  on  the 
k-e-model  and  a  pdf  of  the  mixture  fraction  can  be 
well  predicted  as  long  as  premixed  combustion  does 
not  take  place. 
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ABSTRACT 

A  joint  pdf  transport  equation  has  been  solved 
to  calculate  the  oroperties  of  the  self-similar, 
plane,  turbulent  jet.  The  joint  probability  density 
function  (pdf)  is  that  of  the  three  velocity  com¬ 
ponents  and  of  the  nozzle-fluid  concentration, 
which  is  a  conserved,  passive  scalar.  The  advantage 
of  basing  a  turbulence  closure  on  the  joint  pdf 
equation  is  that  convective  transport  appears  in 
closed  form.  Consequently,  the  gradient-diffusion 
assumption  is  avoided.  For  self-similar  shear  flows, 
the  joint  pdf  is  a  function  of  five  variables.  Its 
transport  equation  is  solved  by  a  Lagrangian  method 
with  stochastic  modelling  of  the  unclosed  terras. 

The  calculated  Reynolds  stresses  and  triple  velocity 
correlations  agree  well  with  the  experimental  data. 
Calculated  pdf's  and  joint  pdf's  are  also  reported. 

NOMENCLATURE 

CR,  C*  model  constants 

D  velocity  dissipation  term 

E  conditionally-expected  value 

f(V,  '*)  velocity-scalar  joint  pdf 

G  scalar  dissipation  term 

p(l)  scalar  pdf 

<p>,  p'  mean  and  fluctuating  pressure 

R  redistribution  term 

r,0,  z  polar-cylindrical  coordinates 

t,  it  time,  time  interval 

U,  u  velocity,  fluctuating  velocity 

V  independent  velocitv  variables 

x,y,z  axial,  lateral  and  spanwise  coordinates 

y^  jet  half  width 

Greek  symbols 

T  molecular  diffusion  coefficient 

€  dissipation  rate  of  turbulent  kinetic 

energy 

n  cross-stream  variable  y/yjj 

u  molecular  viscosity 

$,  $'  scalar,  fluctuating  scalar 

p  independent  scalar  variable 

u,  u  turbulent  frequency,  normalised  frequency 


INTRODUCTION 

A  modelled  joint  pdf  equation  [11  has  been 
solved  to  calculate  the  one-point  statistical  pro¬ 
perties  of  the  self-similar  plane  turbulent  jet. 

The  equation  solved  is  for  the  Joint  probability 
density  function  (pdf)  of  the  three  velocity  com¬ 
ponents  U(x,t)  and  a  conserved  passive  scalar 
d  (x ,  t )  .  With  6  being  the  non-dimensional,  cross¬ 
stream  variable,  the  joint  pdf  is  f(V,t;6),  where 
—  5  vl>  v2>  v3  ant*  *  are  t*1e  Independent  variables 
corresponding  to  U  and  t.  Since  f(V,C;S)  is  a 
function  of  five  variables,  the  solution  of  its 
transport  equation  by  a  finite-difference  method  is 
impracticable.  Instead,  the  transport  equation  is 
solved  by  a  Lagrangian  method  with  stochastic  mo¬ 
delling  of  the  unclosed  terms.  The  simplest  possi¬ 
ble  models  are  used  -  n at  the  most  accurate  -  the 
emphasis  being  on  demonstrating  the  use  of  the  joint 
pdf  equation  and  the  performance  of  the  solution 
procedure. 

Transport  equations  for  pdf’s  are  useful  in 
modelling  turbulent  flows  because  non-linear  one- 
point  processes  (such  as  convection  and  reaction) 
can  be  treated  without  approximation  11-31. 

The  transport  equation  for  the  joint  pdf  of  a  set  of 
scalars  p(l_;x,t)  is  particularly  useful  in  reactive 
flows  since  the  term  pertaining  to  reaction  appears 
in  closed  form.  Irrespective  of  the  complexity  and 
non-linearity  of  the  reaction  scheme.  Pope  [-1  ar.j 
Janicka,  Kolbe  and  Kollmann  [51  have  reported  accu¬ 
rate  calculations  of  premixed  and  diffusion  flames 
based  on  the  scalar  pdf  equation.  For  more  than 
one  or  two  scalars,  finite-difference  solutions  are 
impracticable,  but  a  Monte  Carlo  method  [61  has  been 
developed  for  the  general  case. 

The  great  advantage  of  considering  the  joint 
pdf  of  velocity  and  scalars  is  that  conveccive  trans¬ 
port  appears  in  closed  form.  Consequently,  the 
assumption  of  turbulent  transport  by  gradient  diffu¬ 
sion  is  avoided.  In  fact,  for  a  variable-density 
reactive  flow,  the  terms  pertaining  to  convection, 
reaction,  buoyancy  and  the  mean  pressure  gradient 
all  appear  in  closed  form.  Only  the  effects  of 
molecular  mixing  and  the  fluctuating  pressure  gradi¬ 
ent  need  to  be  modelled.  Models  for  these  processes 
have  been  given  in  a  recent  paper  [11  which  contains 
a  derivation  and  discusssion  of  the  joint  pdf  equa¬ 
tion. 
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Self-similar  free  shear  flows  are  good  test 
cases  for  the  modelled  joint  pdf  equation.  The  condi¬ 
tion  of  self-similarity  can  be  used  to  reduce  the 
number  of  spatial  dimensions  to  one  -  namely,  the 
normalized  cross-stream  coordinate  9.  And  for  self- 
similar  flows  there  is  a  wealth  of  experimental 
data.  The  plane  jet  was  chosen  for  this  Initial 
study  because  of  the  simple  coordinate  system  and 
boundary  conditions. 

In  the  following  three  sections,  the  Joint  pdf 
transport  equation  is  presented,  the  solution  proce¬ 
dure  is  described,  and  the  results  of  the  calcula¬ 
tions  are  reported.  The  results  include  profiles 
of  the  mean  velocity,  Reynolds  stresses  and  triple 
velocity  correlations,  all  of  which  are  compared 
with  the  experimental  data  of  Heskestad  [7]. 

Calculated  scalar  pdf's  and  joint  pdf’s  are  also 
reported  but  no  data  are  available  for  comparison. 

JOIST  PDF  EQUATION 

The  joint  pdf  f (V,4;x, t I  contains  all  the 
one-point  statistical  information  about  the  velocity 
U  (x,t)  and  the  conserved,  passive  scalar  4(x,t)  in 
a  constant-density  turbulent  flow.  If  0(U,4)  is  any 
function  of  U  and  4,  then  its  mean  value  (at  any 
)c,t)  can  be  determined  from  the  joint  pdf  by 

<Q(U,t)>  *  //  Q(V,i)  f(V,4)  dV  d*.  (1) 

Here  and  below,  ,'dV  represents  integration  over  the 
whole  of  the  velocity  space  and,  similarly,  /dc  re¬ 
resents  integration  over  all  possible  values  of  4. 
Substituting  Q(U,i)  *  Uj  in  equation  (1)  shows  the 
mean  velocity  to  be 

<Uj>  -  ::  Vj  f (V,v)  dV  d-;  .  (2) 

Similarly  the  Reynolds  stresses  are 

<u^uj>  »  -  'L"^)  (Vj  -  <l’j>)  f(V,4)  dV  d-1, 

O) 

and  the  scalar  fluxes  are 

-  //(Vj  -  <Ut>)  (v  -  <4>)  f(V,C)  dV  dl. 

(4) 

Thus,  any  one-point  statistic  can  be  obtained  from 
f(V,i). 


The  pdf  of  the  scalar  alone  p(4;it,t)  is  ob¬ 
tained  by  integrating  f (V,4)  over  velocity  space 


“  sV  Ijj  “  X>  ♦“*)) 

-  |^  (f  E(TV2 4  |U  -  V,  4-4)).  (8) 

(The  fluid  density  p  has  been  set  to  unity).  The 
terms  on  the  left-hand  side  represent  convection  and 
the  effect  of  the  mean  pressure  gradient.  These 
terms  are  in  closed  form  and  therefore  require  no 
modelling.  The  terms  on  the  right-hand  side  of 
the  equation  contain  (as  unknowns  to  be  modelled) 
conditionally-expected  values. 


The  first  term  on  the  right-hand  side 


R(V,4;x,t)  «_3  {f  E(3p./3Xj  ju-V, 


4-4),  (9) 


represents  the  effects  of  the  fluctuating  pressure 
gradient.  The  term  can  be  decomposed  into  three 
parts  [1J:  a  transport  term  and  two  redistribution 
terms.  As  in  Reynolds-stress  models  [8],  the  re¬ 
distribution  terms  do  not  affect  the  mean  velocity 
or  the  turbulent  kinetic  energy,  but  they  redis¬ 
tribute  the  energy  in  velocity  space.  The  rapid 
part  of  the  redistribution  is  due  to  pressure  fluc¬ 
tuations  caused  by  mean-velocity  gradients:  the 
Rotta  part  [9]  is  due  solely  to  the  turbulence. 
Models  for  all  three  contributions  to  R(V,-.  ;x,  t) 
are  available  Ill,  but  for  this  initial  study 
only  the  Rotta  term  is  included. 

In  Reynolds-stress  models,  the  Rotta  term 
corresponds  to  a  linear  return  to  isotropy,  i.e. 


i_ 

dt 


<uiV 


-CR-(<UiV  -^^iVij5' 
(10) 


where  CR  Is  a  constant  and  _■  ( jc ,  t)is  the  turbulent 
frequency  (dissipation  rate/turbulent  kinetic  energy). 
In  the  joint  pdf  equation,  this  term  is  modelled  by 
a  stochastic  process  that  randomly  reorientates  the 
energy  in  velocity  space.  The  effect  on  the  Reynolds 
stresses  is  just  that  given  by  equation  (10). 


The  second  term  on  the  right-hand  side  of 
equation  (8) 


D(V,4;x,t) 


9 


f  E(i/:2U  !v 


v,  e  -  .)'•, 

(in 


p(i)  -  /f (7,4)  dV,  (5) 

and  the  joint  pdf  of  velocity  g(V;x,t)  is 


corresponds  to  dissipation  -  it  does  not  affect  the 
mean  velocity  but  decreases  the  turbulent  kinetic 
energy.  Neglecting  low-Reynolds-number  terms,  D  is 
related  to  the  dissipation  (1]  by 


g(V)  -  /f(V,4)  d*.  (6) 

Each  of  the  pdfs  satisfies  the  normalization  condi¬ 
tion 

/p(4)  d4  -  /g(V)  dV  »//f(V,*)dV  dtf,  -  1.  (7) 


E  -  //> sVjVj  D(V,4;x,t)  dV  d*.  (12) 

In  the  Joint  pdf  equation.  Curl’s  coalescence/dis- 
oersal  model  [10]  is  used  to  represent  this  process. 
(Because  the  turbulent  frequency  u  is  defined  in 
terms  of  e,  no  additional  model  constant  arises). 


A  transport  equation  for  f(V,4;x,t)  can  be 
derived  from  the  conservation  equations  for  U  and 
*  UJ  r 
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The  final  term  in  equation  (8) 


G  (V,*;x,t) 


_3  (f  E(TV2  t|U  ■  V, 
34 


■  4)  ), 
(13) 
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corresponds  to  scalar  dissipation  and  is  analogous 
to  the  velocity  dissipation  term  D.  The  effect  of 
the  term  is  to  reduce  the  scalar  variance  <  #*2>  with¬ 
out  affecting  the  mean  Again,  Curl's  model 

(10]  is  used  to  represent  the  process.  The  model 
involves  a  constant  C  which  is  the  ratio  of  the 
velocity  to  scalar  turbulent  time  scales.  Following 

conventional  modelling  [11]  we  take  C  ■  2.0. 

o 

The  calculations  for  the  self-similar  plane 
jet  are  performed  in  the  polar-cylindrical  coordi¬ 
nates  r,  6,  z .  The  distance  from  the  virtual  origin 
is  r,  the  angle  to  the  plane  of  symmetry  is  6,  and 
z  is  the  spanwlse  distance.  Some  of  the  results  are 
reported  in  the  conventional  Cartesian  coordinate 
system  (x,y,z)  in  which  x  is  the  axial  distance 
(x  ■  r  cos  8)  and  y  is  the  lateral  distance 
(v  »  r  sin  8  ).  The  half-width  of  the  jet  is  y*5. 

It  is  assumed  that  the  turbulent  frequency  w(r,  6,z) 
does  not  vary  across  the  jet  -  i.e.  that  w  is  inde¬ 
pendent  of  9.  Then,  the  conditions  for  self¬ 
similarity  require  that  the  normalised  frequency 


u*  5  cV-i  /  <U>0 


(14) 


be  a  constant.  (<U>  is  the  center-line  velocity). 
By  transforming  equStion  (8)  into  polar-cylindrical 
coordinates  and  applying  the  conditions  of  self¬ 
similarity,  a  transport  equation  is  obtained  for 
the  joint  pdf  f  (V'r>V  ,V z » i  6  ,t).  This  equation 
is  obtained  without  invoking  the  boundary-layer 
assumptions  and  without  neglecting  any  terms. 

It  is  solved  for  0q  f<Fmax  “  0-5,  with  symmetry 
conditions  applied  at  4  ■  0  and  with  the  boundary 
conditions  at  8  corresponding  to  potential  flow 
with  4  »  0.  aX 


The  values  of  the  constants  u*  ■  0.165  and 
CR  “  4.5  are  chosen  to  produce  approximately  the 
correct  spreading  rate  (dyVdx  *  0.1)  and  center- 
line  turbulent  kinetic  energy  (!s<u^u^>?/<U»:’  =  0.065). 
The  value  of  CR  is  greater  than  the  usual  vfilue 
CR  “1.5  [8]  because  the  modelled  redistribution  term 
has  to  account  for  boch  the  Rotta  and  rapid  terms. 

To  summarize,  in  the  joint  pdf  equation  (Eq.  8), 
convective  transport  appears  in  closed  form.  Con¬ 
sequently,  there  are  no  Reynolds  stresses,  scalar 
fluxes  or  other  velocity  correlations  to  be  modelled: 
the  gradient-transport  assumption  is  avoided.  There 
are  three  unclosed  terms  representing,  respectively, 
redistribution  of  kinetic  energy  in  velocity  space, 
dissipation  of  velocity  fluctuations,  and  dissipa¬ 
tion  of  scalar  fluctuations.  These  three  terms  are 
modelled  by  simple  stochastic  processes,  each  of 
which  proceeds  at  a  rate  proportional  to  the  tur¬ 
bulent  frequency  u.  For  the  self-similar  plane  jet, 
the  turbulent  frequency  is  assumed  to  be  uniform 
across  the  jet.  A  fuller  description  and  analvtic 
expressions  for  the  models  can  be  found  in  [1], 


SOLUTION  PROCEDURE 


the  joint  pdf  f(Vr,V.,V  ,<i;6,t)  is  a 
function  of  five  independent  variables  and 


Since 

independent  variables  and  time,  it 
is  obvious  that  its  transport  equation  cannot  be 
solved  by  a  standard  numerical  method.  The  solution 
is  obtained  as  the  steady  state  of  a  transient  cal¬ 
culation.  The  calculation  advances  from  time  t  to 
time  t+  At  in  two  fractional  steps.  In  the  first 
step,  the  exact  terms  are  treated  by  solving  the 
equation 


II  +  V  ii  -  M  3<p>  -  0  (15) 

St  1  Sxt  3V13x1 


by  a  Lagrangian  method.  In  the  second  step,  stochas¬ 
tic  models  are  used  to  solve  the  equation 

3f  -  R  +  D  +  C.  (16) 

St 


After  the  second  step,  the  result  is  the  pdf  at  time 
t  +  At  (according  to  eq.  8)  plus  a  truncation  error 
of  order  it2.  The  truncation  error  can  be  reduced 
at  will  by  reducing  it. 


In  the  numerical  procedure,  the  pdf  is  repre¬ 
sented  indirectly  by  a  large  number  (N)  of  elements 
in  the  solution  domain  0<  9£f  “  0.5.  The  n  th 
element  is  located  at  anS* has  the  properties 

*<">.  Let  nltn, . n*  be  the  M 

elements  In  the  sub-interval  e  -  4i  f  464  f  -t-  4i  B  . 

(The  elements  are  approximately  uniformly  distributed 
and  hence  M  *  A8N/ ^a*,)  At  location  e  ,  an  approxi¬ 
mation  to  the  mean  value  of  any  function  Q(£, t  )  is 
h 

<Q(u,  *  )>  =  -  *(nm)  )•  (17) 


Similarly,  the  pdf  at  8  can  be  approximated  by  the 
histogram  formed  from  the  M  elements.  In  these 
approximations  there  is  a  truncation  error  (of  order 
A92)  and  a  statistical  sampling  error  of  order  M"4. 
These  errors  can,  in  principle,  be  reduced  at  will 
by  decreasing  i  8  and  increasing  NA  8  .  In  practice, 
for  realistic  values  of  N  and  if,  the  error  is  large, 
and  a  more  sophisticated  method  of  determining  means 
based  on  least-square  cubic  splines  is  used.  But 
the  principle  is  the  same. 

The  solution  of  equation  (15)  is  facilitated 
by  the  observation  that  it  is  the  pdf  transport  equa¬ 
tion  for  the  Lagrangian  system: 


dx  m  U  ,  d£  •  -V<p> 

dt  d7 


d  t  »  0  . 
dt 


(18) 


Thus,  for  the  first  of  the  fractional  steps,  the 
properties  of  each  of  the  N  elements  evolve  accor¬ 
ding  to  equation  (18)  for  a  time  it. 

In  the  second  fractional  step,  stochastic  models 
are  used  to  solve  equation  (16).  Pairs  of  elements 
that  are  close  to  each  other  in  physical  space 
interact  to  cause  redistribution  and  velocity  and 
scalar  dissipation  -  the  terms  R,  D  and  G.  The 
solution  domain  is  divided  into  K  sub-intervals,  of 
width  A9  ■  8max/K,  and  the  ensembles  of  elements 
within  each  sub-interval  are  treated  separately. 

In  Curl's  model  for  the  velocity  dissipation  (D), 


each  ensemble  Is  treated  In  turn  and,  at  a  rate  uM, 
pairs  of  elements  are  selected  at  random  (M  Is  the 
number  of  elements  In  the  ensemble).  Denoting 
the  two  elements  by  n  and  m,  their  velocities  are 
replaced  with  the  values 

D<n)  _  u(m)  _  ij  (u *n)+  (j(m))  f  (19) 

—  —  — 0  —* 0 

where  Is  the  value  of  before  the  process, 

This  has  the  effect  of  decreasing  the  energy  <U 
without  affecting  the  mean  <IJ>. 

The  Implementation  of  Curl's  model  for  the 
scalar  dissipation  (G)  is  precisely  analogous. 
Fairs  of  elements  are  selected  at  a  rate  C  uM  and 
the  values  of  $  are  replaced  with  ? 

(20) 


V 


In  the  stochastic  model  of  redistribution 
(R),  at  a  rate  C„wM,  pairs  of  elements  are  selected 
at  random  from  tne  ensemble.  The  velocities  of 
the  two  elements  (n  and  m)  are  then  replaced  with 
the  values 


's(u0(n)+  u<m))  ±  V  € 


.,(n)  (m), 

s.  lio  Ho  i 


(21) 


where  !  is  a  random  vector  of  unit  length, 
uniformly  distributed  on  the  unit  sphere.  This 
transformation  from  U to  U^n^,U/n)  cor¬ 

responds  to  a  random  rotation  of  the  elements  in 
velocity  space.  Since  neither  their  mean  position 
nor  their  separation  is  altered,  the  transformation 
conserves  both  momentum  and  energy;  the  effect  of 
the  random  rotation  is  to  decrease  the  anisotrophy. 


The  two  fractional  steps  advance  time  by 
it.  This  sequence  of  operations  is  repeated  until 
the  (statistically)  steady  state  is  attained. 


For  the  calculations  reported  in  the  next 
section,  there  were  N  -  7,200  elements,  and  K  ”48  sub¬ 
intervals  in  the  solution  domain  O<0«8  *  0.5. 

max 

With  a  time  step  of  it  *  0.2  y4/<U>u,  400  time  steps 
were  taken.  (The  sampling  error  is  decreased  by 
time-averaging:  hence  the  large  number  of  steps). 

The  total  CPU  time  on  a  VAX  computer  was  27  minutes, 
at  a  cost  of  $16. 


RESULTS 


The  calculations  reported  in  this  section  were 
obtained  from  the  numerical  solution  of  the  model¬ 
led  joint  pdf  equation.  All  the  results  are  norma¬ 
lized  with  the  center-line  values  <U>q  and< 1  >0  . 
Comparison  is  made  with  the  hot-wire  data  of 
Heskestad  [7]. 

Figure  1  shows  the  mean  axial  velocity  (in  Car¬ 
tesian  coordinates)  plotted  against  the  normalised 
y-coordlnate  n  -  y/y*j.  There  is  good  agreement  be¬ 
tween  the  calculated  and  measured  profiles,  but  it 
should  be  remembered  that  the  normalization  forces 
agreement  it  n  •  0  and  n  «  1.  Figures  2  and  3  show 
the  normal-stress  profiles  •*x2>  end  <u  2>  .  The 
profile  shapes  are  calculated  quite  accurately  as 
are  the  magnitudes.  The  profile  of  <uz2>  (not 
shown)  is  similar  to  that  of  <u  2>  and  the  level  of 
agreement  is  the  same. 


Fig.  1:  Mean  axial  velocity  against  lateral  distance: 
-  calculation;  o  experiment  [7). 


1 

Fig.  2:  Mean  square  axial  velocity  fluctuations 

against  lateral  distance:  -  calculation; 

o  experiment  [7], 


1 


Fig.  3:  Mean  square  lateral  velocity  fluctuations 

against  lateral  distance:  -  calculation 

o  experiment  [7] . 
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Profiles  of  Che  shear  screes  <u  u  >  are  shown 

x  y 

In  figure  4.  It  may  be  seen  Chat  Che  measured  values 
are,  typically,  202  lower  chan  Che  calculations. 

Using  the  measured  mean  velocity  and  normal  stresses, 
Heskestad  used  Che  axial  momentum  equation  to  obtain 
an  independent  estimate  of  the  shear  stress.  This 
estimate  (indicated  by  the  broken  line)  is  in  good 
agreement  with  the  calculations.  This  supports 
Heskestad's  conclusion  that  the  measured  values  of 
<u  u  >  are  subject  to  error. 

*  y 


V 

rie.  4:  Shear  stress  against  lateral  distance: 


-  calculation:  c  experiment  [7];  -  -  -  - 

deduced  from  measured  mean  velocity  and 
momentum  balance  [7], 


1 

ri*.  5:  Triple  velocity  correlation  against  lateral 

distance:  -  calculation;  o  experiment 

[7];  -  -  gradient  model  [8]  evaluated 

from  calculated  Reynolds  stresses. 


Heskestad's  results  Include  triple  velocity  cor¬ 
relations,  measured  in  a  local  mean-streamline  coordi¬ 
nate  system.  In  the  x  -  y  plane,  the  fluctuating 
velocity  components  parallel  and  normal  to  the  mean 
velocity  vector  are  u  and  u  .  Figure  S  shows  measured 
and  calculated  valuesof  thentriple  correlation  <u  u2>. 
Also  shown  on  the  figure  is  the  value  of  the  triple 
correlation  obtained  from  Launder,  Reece  and  Rodl's 
[8]  gradient- diffusion  model.  Near  to  the  plane  of 
symmetry  0<n<0.5,  both  the  joint-pdf  calculations  and 
the  gradient  model  give  significant  negative  values, 
while  the  measured  values  are  close  to  zero.  The  max¬ 
imum  value  of  <u  u2>  occurs  at  n  -  1:  the  maximum  value 
from  the  joint-plfncalculation  is  302  greater  than 
that  measured,  while  for  the  gradient  model  it  is  802 
less.  The  level  of  agreement  between  the  measurements 
and  the  joint-pdf  calculations  is  satisfactory  consi¬ 
dering  the  likely  measurement  error  and  the  simplicity 
of  the  closure  assuptions. 


This  completes  the  comparison  of  calculated  ve¬ 
locity  statistics  with  the  experimental  data  of 


* 


Rig.  6:  Scalar  pdf's  and  the  contribution  from  out¬ 
ward-flowing  fluid  at  different  lateral 
positions:  -  p(w);  -  p+(*) . 
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Heakestad.  For  the  scalar  field,  the  only  measure- 
aents  are  for  the  mean  profile,  see  [12],  for  example. 
It  Is  found  that  for  the  self-similar  plane  Jet,  the 
spreading  rate  of  the  mean  scalar  Is  402  greater  than 
the  spreading  rate  of  the  mean  velocity.  In  the  cal¬ 
culation,  however,  the  scalar  spreading  rate  Is  52 
less.  This  disappointing  result  is  undoubtedly  due 
to  the  simplistic  modelling  of  the  fluctuating  pres¬ 
sure  gradient  terms.  Future  calculations  that  in¬ 
cluded  the  rapid  term  and  the  pressure  transport  term 
will,  hopefully,  not  suffer  from  this  defect.  The 
normalized  scalar  profile  (not  shown)  is  calculated 
accurately. 

Figure  6  shows  the  scalar  pdf  p (tp; f, )  (for  dif¬ 
ferent  values  of  n)  and  p+(t;n),  which  is  the  contri¬ 
bution  to  p (ip ; n)  from  outward-flowing  fluid: 


p+(*;n)  •_£  f(Vr,Ve,Vz.«;r)  dV^VgdV^  (22) 


Tle.  7:  Joint  pdf  of  radial  and  circumferential 
velocity  at  n  ■  1.0. 


On  the  plane  of  symmetry,  p(ii)  is  bell-shaped  and, 
because  (for  n  ■  0)  inflowing  and  outflowing  fluid  are 
indistinguishable,  p+(*)  is  equal  to  one  half  of  p (ip) . 
At  the  furthest  location  (n  ■  1.5)  p(*)  is  centered 
on  low  values  of  i|i  corresponding  to  recently  entrained 
fluid:  p.(tji)  is  biased  towards  larger  values  of  pslnce 
outward-flowing  fluid  comes  from  the  interior  of  the 
Jet  where  the  level  of  4  is  higher. 

Figure  7  shows  the  joint  pdf  of  the  radial  and 
circumferential  velocities  at  n  »  1.0.  This  joint 
pdf  is  defined  by 

fr6(W  •“  f(Vr,Ve*Vz,li')  dV*dC*  (23> 

The  figure  shows  f^V^.Vg)  plotted  against  Vr  for 

different  values  of  V  .  At  this  location  (n  »  1.0), 
the  mean  circumferential  velocity  is  <U  >  *  -0.04, 
and  the  mean  radial  velocity  is  <U  >  *  o. 5.  It 
may  be  seen  that  the  joint  pdf  is  a  maximum  close  to 
V  •  <Ur>,  vp”  <L'e>  .  That  the  curves  of  f  ,(V  ,V  ^ 
move  to  higher  values  of  V  as  Increases  in'-  r 
dicates  that  the  shear  stress  <u  u  >  is  positive 
(cf.  fig.  4).  re 
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The  reactive  flow  obtained  by  injecting  a  fresh 
mixture  of  propane  and  air  in  a  stream  of  hot  gas 
through  a  porous  plate  is  studied  both  theoretically 
and  experimentally.  Using  Favre  averaging  and  a 
temperature  probability  density  function  the  closed 
set  of  7  transport  equations  is  solved.  The  numerical 
results  are  compared  with  measurements  of  mean  velo¬ 
city,  velocity  RMS  value  and  mean  temperature. 

NOMENCLATURE 
£  injection  rate 

k  mass  weighted  kinetic  energy  of  turbulence 
■p  mean  pressure 
V  probability  density  function 
T  temperature 

mass  weighted  mean  velocity  (x  component) 
u"  fluctuating  part  of  u  (Favre  decomposition) 

^  mass  weighted  mean  velocity  (y  component) 
x  longitudinal  coordinate 
y  transversal  coordinate 
Yp  product  mass  fraction 
6  boundary  layer  j^hickness 
t  dissipation  of  k 
Dp  eddy  viscosity 

SUBSCRIPTS 

b  burnt  gas 
e  chemical  equilibrium 
f  fresh  mixture 
w  wall 

OVERSCRIPTS 

—  conventional  average 
'v  mass  weighted  average 

INTRODUCTION 

Turbulent  boundary  layer  with  injection  and 
combustion  is  an  important  problem  occuring  in  many 
practical  devices.  In  such  a  configuration,  the  in¬ 
teraction  between  turbulence  and  chemical  reactions 
which  occur  within  the  flow  can  be  very  strong.  Many 
works  have  been  devoted  to  the  case  where  the  fuel  and 
the  oxydiser  are  not  premixed  / 1—2/  and  where  it  is 
generally  admitted  that  the  flame  sheet  model  is  va¬ 
lid  i.e.  the  flow  is  controlled  by  turbulent  mixing 
rather  than  chemical  kinetics.  In  the  present  work 
an  experimental  and  theoretical  study  is  made  on  the 
structure  of  a  premixed  turbulent  combustion  zone. 

This  zone  is  obtained  by  injecting  a  frash  mixture 
of  propane  and  air  through  a  porous  plate  into  an 
incoming  flow  of  hot  gas .  The  purpose  of  this  paper 


is  to  describe  the  structure  of  this  turbulent  reac¬ 
tive  boundary  layer  with  injection  in  term  of  the 
mean  quantities  profiles  such  as  velocity  D,  velocity 
RMS  value  W'it  mean  temperature  T  and  to  investigate 
the  effect  of  the  combustion  on  the  turbulent  flow. 

A  comparison  between  the  experimental  results  and 
numerical  calculations  i^  made  through  a  model  which 
employs  a  classical  k  -  e  type  of  closure  and  where 
a  probability  density  function  of  the  temperature 
is  defined  in  order  to  express  the  mean  chemical 
production  rate  in  a  closed  form. 

EXPERIMENTAL  APPARATUS 

The  schematic  diagram  of  the  experimental  appa¬ 
ratus  is  shown  in  Figure  1.  It  consists  of  a  10  cm 
square  channel,  21  cm  in  length,  fed  with  hot  burnt 
gas  (1370  K)  coming  from  an  upstream  burner,  and 
whose  lower  wall  is  a  porous  plate.  With  a  Reynolds 
number  Re  which  is  about  5.10"  a  turbulent  boundary 
layer  is  formed  on  this  plate.  A  fresh  mixture  of 
propane  and  air  at  an  equivalence  ratio  (<  1)  and 
diluted  with  nitrogen  is  injected  through  the  plate 
into  this  hot  boundary  layer.  Then  a  combustion  zone 
stabilized  by  the  hot  gas  is  obtained.  The  injection 
rate  is  defined  by  : 

F  ’  Df  vf/pb  “b 

where  f  and  b  refer  to  fresh  and  burnt  gas  respecti¬ 
vely  and  its  value  is  varied  from  0.01  to  0.02. 

The  mean  stream  wise  velocity  u  and  its  RMS 
vaIue(Tr2)  i  are  measured  in  the  boundary  layer 
by  means  of  a  Laser  Doppler  Anemometry  system  and 
bias  corrections  are  made  according  to  Durao  et  al. 

/ 3/ .  The  mean  temperature  T  is  obtained  using  a 
chromel-alumel  thermocouple. 

THE  REACTION  AND  TURBULENCE  MODEL 

The  combustion  is  sustained  by  a  global  reaction 
between  the  fresh  mixture  M  of  propane-air  and  the 
burnt  product  : 


whose  order  is  taken  to  be  1.8  and 
where  N^  is  considered  as  a  diluent. 

Moreover  the  assumption  is  made  that,  in  the 
combustion  zone  itself,  i.e.  where  the  chemical 
production  rate  u  is  not  negligible,  the  change  of 
enthalpy  h  is  due  to  the  heat  release  only.  Then, 
when  the  Lewis  numbers  of  the  different  species  are 
unity, and  introducing  an  instantaneous  equation  for 
the  conservation  of  carbon  the  temperature  T  can  be 
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defined  ae  the  reaction  progress  variable  /A/.  Thus, 
using  use  weighted  averaged  quantities  defined  by  : 

g  »  g  ♦  g  with  g  »  pg/p  Vg  (1) 


to  : 


The  turbulence  compressible  reactive  flow  is  descri¬ 
bed  by  the  following  set  of  transpat  equations  where 
all  turbulent  transport  ang  dissipation  terms  are 
closed  according  to  a  k  -  e  model  /S-6/.  The  general 
following  form  for  those  equations  is  : 

!;  (p  u  $>  ♦  IP  v  $)  -  (pu*  ^  (2) 

The  expression  of  y*  and  S.  for  each  equation  is  gi¬ 
ven  in  table  1.  * 


equation 

~ — i 
0  1 

M 

“t 

n - z - 

s<t> 

continuity 

1 

0 

0 

x  momentum 

'V, 
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WT 
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energy  of 
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PT 

,3u.  2  -r,  3P  „  -  y 

UT(37)  -  u  ^  *  C3  p  k 

& 

l3x 

3v.  —  n. 

*  ^  -  P  e 

product 

mass 
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* 

p 

uT 

Scy 

U> 

y 

temperature 

* 

UT 

PrT 

“T 

dissipation 
of  K 

% 

e 

UT 

ce 

|  (C!  PT  4)2  -C2*h 

temperature 
mean  square 
fluctuation 

^»»2 

UT 

PrT 

,12  y  h, 
^  '  P|Tn2 

Table  1  -  Diffusion  coefficients  and  source  terms  for  governing  differential 
equations  . 


-  -  c.  £  f-2^  i"  *£  ♦  Z±  -  US) 


and  following  Borghi  and  Dutoya  /8 /  the  last  term 
of  this  expression  is  given  by  : 


U  dip 
and  finally  : 


^..2  “V 


and  finally  :  / 

-  -  c  i  fi/i  .  c  -tT-  > 

4£  1  p  »y  3y  pi-y(  4^H 

where  the  constant  C,  has  given  a  value  of  0.35  / 6/ . 


Values  of  the  various  constants  appearing  in  Table  1 
are  given  below  : 

oe  •  1.3  SCy"  1.  Pry  *  0.7 

Cu  -  0.09  C(  -  1.55  C2  -  2.  C3  -  I. 

and  ut  's  the  usual  eddy  viscosity  defined  by  : 


-fe2 

WT  *  Cy  P  j 

—  'X/ 

The  dilatation  tern  o  k 


%  'U 

(iH  ♦  is> 

v3x  3yJ 


of  the  k  equa¬ 
tion  has  been  modeled  according  to  Bray  111  and  re¬ 
presents  the  change  of  kinetic  energy  of  turbulence 
due  to  the  h^at  release.  This  term  corresponds  to  a 
decrease  of  k  and  u"2  and  we  found  it  important  in 
the  computation.  Taking  an  equation  of  state  into 


_  ~TT  d£  .  _  u"T"  d£ 
dx  ^  dx 

/v 

The  transport  term  u”T"  is  then  expressed  by  assu¬ 
ming  that  production  balances  exactly  dissipation  in 
the  transport  equation  for  this  quantity.  This  leads 


It  must  be  noticed  that  this  model  implies  that 
is  a  positive  quantity  and  then  no  "counter  dif¬ 
fusion”,  due  to  an  eventual  important  transversal 
mean  pressure  gradient  3p/3y,  occurs  /9/.  This 
implicit  assumption  has  to  be  confirm  or  infirm 
by  measuring  the  transport  term  v"T". 

The  mean  chemical  rates  uy  and  uy  are  closed 
by  introducing  a  probability  density  function  IP(T) 
such  that  :  x 

uJT)  dT  1-  Y,  T 


T  i^(T)  dT  -  tua^  a  -  Y,  T 
"w 

where  Te  is  the  equilibrium  temperature  correspon¬ 
ding  to  a  product  mass  fraction  Y_  whose  value  is 
unity.  According  to  an  extended  Bray  and  Moss  model 
/ 10/  the  structure  of  such  a  probability  density 
function  is  taken  to  be  a  uniform  value  between 
either  two  Dirac  delta  peaks  in  Tu  and  Te  or  two 
limiting  temperatures  T|  and  T2.  In  any  case  the 


and 


=  ./* 

0  4 

v 

r-/' 


1P(T) 


1P(T) 
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p.d.f.  depend*  on  three  parameters  which  are  rela¬ 
ted  to  f  and  T"2  by  : 


y* 


‘  ‘  I  ‘  ‘ 


hot  gas  I  COj  ♦  HjO  ♦  Radicals  )  rnir 
fresh  mixture  C3Hg  .  02  *  Nj 


Moreover,  it  oust  be  pointejg  out  that  the  only 
part  of  k  which  was  measured  i*  u"*.  It^is  the  reason 
why  we  solved  an  additive  equation  for  u"2,  which, 
in  a  closed  form,  can  be  written  as 


-  2  H"  !*  -  2  p  Z 
dx  h/ 

k 


-  2  p  u" 


3u 

31 


Fig.  1  -  Schematic  of  the  10  cm  square  channel. 
NUMERICAL  METHOD 

The  parabolical  partial  differential  set  of 
equations  shown  in  table  1  are  solved  by  using  a 
procedure  which  employs  a  Crank-Nicholson  type  of 
discretisation  /IS/  and  where  a  special  treatment 
of  the  flow  close  to  the  wall  has  been  developed 
in  order  to  deal  with  the  strong  injection  rates. 

Initial  profiles  (x  •  0-)  ^re  given  from  the 
experiment^  for  mean  velocity  u,  the  corresponding 
RMS  value  u"2,  mean  temperature  T  and  mean  product 
mass  fraction  Yp.  Different  assumptions  were  made 
to  prescribe  the  initial  values  of  c  and  T"2  but 
calculations  performed  with  different  initial  pro¬ 
files  for  those  quantities  proved  that  the  com¬ 
puted  values  at  the  working  distance  i.e.  x  ■  19  cm 
are  rather  insensitive  to  the  initial  conditions. 

RESULTS  AND  DISCUSSION 

Before  discussing  the  results,  it  oust  be  em¬ 
phasized  that  the  measured  mean  values  differ  from 
the  mass  weighted  averages,  the  difference  being 
given  by  : 

g  -  g  *  P'g'/p  Vg 

In  fact,  studying  a  mixing  layer  with  density 
gradients  whose  orders  of  magnitude  ere  about  the 
same  aa  those  that  we  can  expected  in  our  present 
study,  Chassaing  ct  al.  / 14/  showed  a  good  agreement 
between  computed  and  experimental  profiles  for  mean 
velocity  u  and  rather  small  discrepancies  for  se¬ 
cond  order  correlation*  such  a*  u"2. 


Fig.  2  -  Cold  flow 

mean  velocity  profile 
x  ■  19  cm,  F  *  0.02 


Fig.  3  -  Cold  flow 

Intensity  of  velocity  fluctuations 
at  x  •  19  cm,  F  *  0.02 


3.40 


'I 


As  a  first  step  the  characteristics  of  the  cor¬ 
responding  cold  boundary  layer  with  injection  are 
investigated  both  experiaentally  and  theoretically  ; 
the  flow  being  obtained  by  replacing  burnt  gas  and 
fresh  mixture  by  air  at  ambient  temperature 
(Tjj  =  Tw  =  290  K).  This  case  without  chemical  reac¬ 
tion  and  without  important  density  variations  was 
also  used  to  illustrate  the  computation  capability 
with  strong  injection  rates.  Mean  streaowise  veloci¬ 
ty  and  the  corresponding  R.M.S.  value  for  F*  .02  are 
shown  in  figures  2  and  3.  It  is  noticeable  that^ 
for  such  a  value  of  F,  the  position  of  maximum  u"2 
is  clearly  distinct  from  the  plate. 

Experiments  with  combustion  show  that  a  station- 
nary  premixed  combustion  tone  stabilized  only  by  the 
hot  burnt  gas  is  obtained  in  the  turbulent  boundary 
layer  if  the  porous  plate  is  sufficiently  cooled  by 
the  fresh  mixture  of  propane  and  air.  At  an  equiva¬ 
lence  ratio  which  is  unity,  this  requirement  is  full 
filled  by  diluting  this  injected  fresh  mixture  with 
nitrogen  /II/.  The  mass  fraction  y*  of  added  nitro¬ 
gen  is  :  2 


With  this  value  of  yN  the  temperature  Tw  of  the 
plate,  which  is  1000  K  at  x  •  0,  is  stationnary  and 
slightly  decreases  with  x. 


Fig.  A  -  Velocity  profile,  x  -  19  cm,  F  -  0.01 

Figures  4  to  6  show  the  transverse  profiles  of 
streamwise  mean  velocity,  streamwise  velocity  R.M.S. 
value  and  mean  temperature  for  F  -  0.01.  The  thicke¬ 
ning  of  the  boundary  layer  which  is  a  result  of  com¬ 
bustion  is  found  to  be  not  very  sensitive  to  the  va¬ 
lue  of  F  up  to  F  •  0.02  (6  =  2.4  cm).  Figure  5  shows 
a  discripency  between  the  predicted  u"2  profiles  and 
measurements  at  a  position  which  corresponds  to  the 
maximum  of  heat  release.  This  difference  is  due  to 
the  fact  that,  as  it  is  illustrated  by  figure  7. the 
measured  streamwise  velocity  probability  density 
function  S»(u)  is  found  to  be  bi-modal  in  the  zone 
where  the  chemical  reaction  rate  is  large .  This  be¬ 
haviour  of  the  velocity  field,  which  cannot  be  easi¬ 
ly  taken  into  account  by  our  present  theoretical 
model,  corresponds  to  a  low  frequency  oscillation  of 
the  combustion  zone.  This  phenomenon  has  been  already 
observed  in  others  studies  of  reactive  boundary  layers, 
particularly  by  Cheng  ct  al.  / 12/  in  the  case  of  a 


Fig.  5  -  Velocity  fluctuations  profile,  x  »  19  cm, 
F  -  0.01. 


Fig.  6  -  Mean  temperature  profile,  x  •  19  cm, 

F  -  0.01. 

premixed  combustion  developing  over  a  heated  flat 
plate. 

The  case  with  F  ■  0.014  is  illustrated  by  figures 
8,  9  and  10.  As  far  as  it  concerns  the  mean  velocity 
and  mean  temperature  profiles  through  the  boundary 
layer  the  agreement  betveen  computation  and  experi¬ 
mental  results  is  reasonably  good.  However  it  is  no¬ 
ticeable  that  the  measured  velocity  profile  exhibits 
an  inflection  (already  slightly  apparent  in  figure  4 
for  F  ■  0.01)  and  which  is  not  well  recovered  by  the 
nwerieal  model.  This  effect  which  has  been  also  no¬ 
ticed  in  the  cate  of  a  diffusion  flame  over  a  flat 
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Fig.  7  -  Velocity  probability  density  function 
x  -  19  cm,  F  »  0.01. 


Fig.  8  -  Velocity  profile,  x  »  19  cm,  F  »  0.014. 

plate  by  Hooldridge  and  Muzzy  /1 3/  seems  to  be 
due  to  a  transverse  pressure  gradient  3p/3y  asso¬ 
ciated  with  the  accelerating  effect  of  the  flame. 
However  pressure  measurements  through  Che  boundary 
layer  should  be  performed  to  confirm  this  explanation. 

The  discrepancy  which  appears  between  the  velo¬ 
city  R.M.S.  fluctuation  profiles  is  more  difficult 
to  explain  since  it  can  be  the  consequence  of  diffe¬ 
rent  effects.  A  relative  thickening  of  the  combustion 
zone  invalidating  the  usual  closure  for  dissipation 
terms  / 1 6/  might  be  the  cause  of  this  phenomenon. 


Fig.  9  -  Velocity  fluctuations  profile  x  ■  19  cm, 
F  -  0.019. 


Fig.  10  -  Mean  temperature  profile,  x  ■  19  cm, 

F  »  0.014. 

CONCLUSION  - 

The  present  work  reports  the  first  experimental 
and  theoretical  results  of  an  investigation  of  the 
turbulent  boundary  layer  with  wall  injection  of  a 
propane-air  mixture.  It  demonstrates  that  there  is 
a  good  agreement  between  measurements  and  computation 
up  to  an  injection  rate  of  0.01.  For  larger  injection 
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rates  phenomena  due  to  pressure  and  probably  dissipa¬ 
tion  effects  occur.  Pressure  measurements  should  be 
performed  before  going  further  into  the  model.  The 
finding  of  a  velocity  probability  density  function 
which  is  bi-modal  at  the  location  of  the  combustion 
zone  is  of  interest  and  this  property  could  be  in¬ 
troduced  in  a  more  elaborate  model. 
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ABSTRACT 

This  paper  explores  the  effect  of  time-dependent  turbulent  flow  structure 
on  diffusion  of  a  conserved  scalar.  The  conserved  scalar  can  represent  diffusion 
flame  propagation  when  the  flame  sheet  model  is  used.  The  time-dependent 
flow  structure  is  calculated  by  the  Lagrangian  discrete  vortex  dynamics  method. 
The  flow  Held  is  two-dimensional  and  is  confined  to  a  square  by  the  use  of 
periodic  boundary  conditions.  The  velocity  field  defined  by  the  known  vortex 
locations  determines  the  convection  velocity  of  the  scalar  on  a  fixed  Eulerian 
mesh.  The  scalar  convection  and  diffusion  is  calculated  with  a  flux-corrected 
transport  algorithm  which  allows  steep  gradients  to  be  computed  without  ex¬ 
ceeding  the  scalar  bounds  of  tero  and  one.  The  effect  of  turbuience  intensity  on 
scalar  diffusion  has  been  calculated  at  three  intensity  levels  at  a  fixed  length 
scale.  The  enhanced  diffusion  effect  can  be  correlated  with  a  linear  dependence 
on  turbulence  intensity  at  .'red  length  scale. 

NOMENCLATURE 

Ci.cj  —  constants  in  amplitude  time  function 
Cf  fuel  concentration 
D  =  mass  diffusivity  coefllcient 
L  =  reference  length  unit 
.V  =  number  of  discrete  vortices,  equals  200 
Q  «  quantity  of  fuel 
r  =  position  vector 
—  vortex  core  radius 
5  w*  conserved  scalar  concentration 
t  =  lime 

3  «  Eulerian  velocity  vector 
V  =  Lagrangian  velocity  vector 
*■»  «■  Cartesian  coordinate  system 
A  =  Lagrangian  position  vector 
T  — i  vortex  circulation  strength 
6t  —  discrete  time  step,  equals  0.00625r 
t  “  reference  time  unit 
♦  vortex  produced  streamfunction 

INTRODUCTION 

The  ability  to  calculate  chemically  reacting  flow  involving  30  or  100  different 
reactions  is  now  an  accomplished  numerical  technique  for  laminar  flow.  Details 
of  chemical  nonequilibrium  structure  in  realistic  systems  can  be  studied  (Miller 
and  Kee,  1977 1.  In  addition  to  these  steady  state  solutions,  non-linear  oscil¬ 
lations  have  been  predicted  (Margolis,  1980)  and  experimentally  confirmed 
(Stephenson,  1980)  for  premixed  flames  when  the  flame  speed  is  much  smaller 
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than  the  adiabatic  limit.  Unfortunately,  in  most  practical  applications  the 
flow  is  turbulent  and  not  laminar  The  interplay  between  turbulent  mixing 
and  chemical  reaction  is  not  well  understood  (e  g.,  see  review  bv  Vlurthy 
1975)  Even  the  observed  “turbulent"  flame  speed  may  be  unique  to  >he 
overall  experiment  geometry  since  both  the  turbulence  intensity  and  lenyb 
scale  affect  the  propagation  of  the  reaction  tone.  Williams  and  Libby  il9j0i 
have  reviewed  recent  progress  in  the  field  of  turbulent  combusuou  and  find  the 
persistent  assumption  of  gradient  transport  inappropriate  for  reacting  flow 
They  cite  several  experiments  where  the  turbulent  fluxes  are  opposed  to  the 
mean  gradient  direction.  In  order  to  avoid  the  gradient  transport  model, 
this  paper  explores  the  interaction  between  time-dependent  turbulent  flow 
structure  and  a  diffusion  flame 

The  time-dependent  turbulent  flow  structure  has  been  calculated  by  the 
discrete  vortex  dynamics  method.  This  Lagrangian  method  has  the  capability 
to  simulate  a  turbulent  mixing  layer  I.Ashurst.  1979)  and  two-dimensional 
separated  flow  (Ashurstet  at.,  1980).  While  the  velocity  field  is  described  by 
the  Lagrangian  solution  of  the  discrete  vorticity  motion,  the  conserved  scalar 
transport  is  calculated  with  a  fixed  Eulerian  mesh.  Following  the  work  of 
Grotzbach  and  Schumann  (1979),  the  conservation  laws  are  written  for  Unite 
grid  volumes  and  a  staggered  grid  is  used.  The  fluxes  are  defined  at  tbe 
grid  volume  surfaces  and  the  scalar  quantities  are  defined  at  tbe  center  of  the 
grid  volumes.  Though  in  the  work  of  Grotzbach  and  Schumann  tbe  effect  of 
subgrid-scale  motion  upon  tbe  fluxes  required  a  turbulence  model,  in  this  new 
combined  Lagrangian-Eulerian  method  a  turbulence  model  is  not  needed  since 
subgrid-scale  fluxes  can  be  directly  calculated  from  the  known  discrete  vortex 
locations.  Thus  this  hybrid  calculational  scheme  has  the  advantage  that  if  a 
model  of  subgrid  motion  is  needed,  it  will  be  needed  only  at  a  length  scale  much 
smaller  than  the  numerical  grid  size,  i.e  .  at  the  vortex  core  size  Consequently 
the  results  will  be  less  sensitive  to  turbulence  modeling  assumptions  In  these 
preliminary  results  no  such  model  has  been  used  and  the  subgrid-scale  fluxes 
have  been  temporarily  ignored. 

The  flame  sheet  approximation  of  Burke  and  Schumann  is  used  to  obtain 
a  simple  reaction  system  (see  description  in  Miller  and  Kee.  1977)  Assuming 
chemical  reaction  rates  that  are  much  faster  than  turbulent  mixing  rates 
produces  an  infinitely  thin  reaction  zone  which  is  spatially  located  wherever 
there  is  a  stoichiometric  ratio  of  fuel  to  oxidizer.  This  assumption  of  infinite 
reaction  rate  combined  with  the  conserved  scalar  technique  makes  the  combus¬ 
tion  calculation  extremely  simple.  Tbe  conserved  scalar  equation  is  created  by 
adding  the  species  equations  together  in  such  a  way  that  tbe  chemical  reaction 
rate  terms  are  eliminated.  Thus  only  a  single  transport  equation,  which  has 
no  chemical  source  terms,  needs  to  be  solved  (see  Williams  and  Libby  and  tbe 
work  by  Bilger  cited  therein). 

For  these  calculations  a  constant  mass  diffusivity  coefficient  and  constant 
density  have  been  used.  Thus  the  current  results  focus  on  the  effect  of  tur¬ 
bulence  upon  diffusion  flame  propagation.  Relaxation  of  tbe  constant-density 
assumption  Will  require  incorporation  of  two  effects:  1)  perturbation  of  the 
vortex  produced  velocity  field  by  tbe  volume  expansion  in  the  reaction  zone 
and  2)  vorticity  generation  from  the  density  gradient  vector  crossed  with  t he 
pressure  gradient  vector  term  in  the  Lagrangian  vorticity  transport  equation 
The  importance  of  such  a  calculation  is  that  it  would  provide  the  feedback  of 
chemical  h(.>-  elease  upon  the  turbulence  and  is  tbe  goal  of  future  work. 


FLOWFIELD 

The  fiowfleld  it  two-dimensional  and  is  confined  to  a  square  of  side  length 
L  through  the  use  of  periodic  boundary  conditions.  If  during  the  calculation 
a  discrete  vortei  leases  one  edge  of  (he  square  it  will  enter  the  square  on 
the  opposite  side.  Each  discrete  Tories  has  a  single  pairwise  interaction  with 
each  of  the  remaining  vortices.  Because  of  the  periodic  boundaries,  the  largest 
separation  distance  of  a  vortex  pair  in  each  coordinate  direction  is  L/ 2.  The 
vortex  streamfunction  is 

*--iln(r>  +  r?.„)  (1) 

where  r  is  the  distance  from  the  vortex  center.  reort  the  vortex  core  radius, 
and  T  the  circulation  strength.  In  a  previous  calculation  of  two-dimensional 
separated  flow  in  a  channel,  the  Poisson  equation  for  the  streamfunction  was 
numerically  solved  to  determine  the  vortex  velocity  on  the  finite-difference 
mesh.  However,  as  described  in  that  work  (Ashurst  et  al.  1980)  the  mesh- 
calculated  velocity  must  be  corrected  at  short  range  (within  3  cell  lengths) 
to  remove  non-physical  mesh  effects.  In  the  current  work,  direct  calculation 
of  velocity  and  streamfunction  has  been  used  and  so  no  mesh  corrections  are 
required. 

To  calculate  the  transport  of  the  conserved  scalar,  an  Eulerian  mesh  with  a 
40-by-40  mesh  sue  is  used.  The  flow  is  calculated  in  a  periodic  two-dimensional 
square  with  side  length  L.  The  distance  L  is  used  to  non-dimensionalize  ail 
length  units.  A  reference  time  unit  r  is  used  to  reduce  all  time  quantities. 
Thus,  these  numerical  results  may  be  scaled  by  L  and  r.  The  transport 
equation  for  a  conserved  scalar  5  is 

^  +  T.!S-DT!S  (2! 
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where  D  is  the  constant  mass  diffusing  coefficient  (*  0.00C5L3/r)  and  the 
velocity  n  is  determined  from  the  streamfunction  produced  by  all  the  discrete 
vorticity.  The  streamfunction  produced  by  the  discrete  vorticity  is  calculated 
at  the  corner  of  each  mesh  cell,  and  the  velocity  through  the  cell  face  is  found 
by  differencing  the  streamfunction  corner  values.  The  cell  face  scalar  value 
is  determined  by  eighth-order  interpolation  of  the  cell  values  The  transport 
is  calculated  with  the  flux-corrected  transport  scheme  developed  by  Zalrsak 
(1979;  This  scheme  has  recently  been  evaluated  by  Barr  and  Ashurst  11981  (for 
pure  ,-onvection  and  for  convection  with  diffusion.  One-  and  two-dimensional 
Gaussian  profiles  were  convected  at  constant  speed  using  a  Courant  number 
of  one-eighth.  For  the  two-dimensional  diffusion  case  during  a  three  unit  lime 
period,  the  Gaussian  profile  diffused  at  a  rate  within  a  half  percent  of  the 
desired  value  and  the  profile  kunosis  changed  by  only  three  percent.  Thus, 
numerical  diffusion  is  extremely  small  in  this  method. 

These  good  results  are  in  sharp  contrast  with  earlier  calculations  which 
defined  the  cell  face  scalar  value  as  the  average  of  the  two  cell  values  adjacent 
to  that  face  Those  calculations  produced  undesirable  over-  and  undershoots 
of  the  scalar  in  regions  of  steep  gradients.  While  the  scalar  was  conserved,  it 
was  not  very  appealing  to  have  negative  values  for  a  scalar  bounded  between 
zero  ind  one  The  advantage  of  the  flux-corrected  scheme  is  that  desired 
bounds  are  never  exceeded 

While  scalar  quantities  and  their  transport  are  described  on  a  mesh,  the 
discrete  vortices  are  not.  and  to  advance  the  vortex  locations  in  time  the 
velocity  at  each  vortex  is  calculated  from  the  known  vortei  locations  and  their 
strengths  For  the  vortex  trajectories,  Adams-Bashfortb  two-step  integration 
is  used.  The  new  vortex  location  at  time  t  +  it  is 

JC(f  +  St)  =  .£<()  +  W2l(3r<()  -  C(t  -  J(||.  (3) 

This  second-order  scheme  requires  a  fixed  time  step  (dt  *=  0  00€25r  was  used). 
The  scalar  transport  is  advanced  from  t  to  t  +  4t  by  using  the  streamfunction 
at  t  and  an  interpolated  value  at  ( -l-  Jt/2.  In  the  transport  subprogram,  an 
Euler  prediction  is  made  for  values  at  I  +  4t/2  from  those  values  ai  t.  then 
a  leapfrog  step  from  t  to  f  +  It  is  followed  by  the  flux  correction  [equa.ions 
6'  through  14'.  17'  and  IS'  in  Zalesak  (19791],  In  the  leap  step  the  convec” 
fluxes  are  time  centered  but  the  diffusion  fluxes  are  time  lagged.  s.«,  ti 
diffusion  is  based  on  values  at  time  (. 

To  start  a  calculation.  N  discrete  vortices  are  randomly  placed  ic  the 
square  (in  these  results  two  hundred  such  vortices  have  been  usedl.  The  vortex 
circulation  strength  and  core  sixe  are  also  randomly  selected  within  a  preset 
range  After  selection,  the  sum  of  vorticity  is  adjusted  to  be  tero.  Different 
initial  conditions  enn  be  generated  by  making  extra  calls  to  the  random  number 
generator.  Tbni  the  calculated  velocity  Held  hat  four  parameters:  I )  number 
of  vortices,  2)  range  of  circulation  strength.  3)  range  of  core  siae.  and  4)  the 
particular  initial  conditions.  Notice  that  none  of  these  parameter!  would  be 


experimentally  measured.  Consequently,  in  order  to  characterise  the  velocity 
field  in  terms  of  experimental  quantities,  several  long-time  calculations  have 
been  made  to  measure  the  root-mean- square  velocity  (RMS)  and  the  velocity 
spatiai  and  time  correlations.  The  two  correlations  can  be  integrated  to 
determine  the  integral  length  and  time  scales  (Tennekes  and  Lumley.  p.  252. 
1972).  The  velocity-time  correlation,  or  autocorrelation,  was  calculated  at  four 
equally  spaced  locations  along  a  diagonal  of  the  square  for  a  time  period  of  55 
r,  where  r  is  the  time  unit  by  which  these  results  may  be  scaled. 

Calculations  with  a  core  radius  range  of  tero  to  0.32  L  were  made  With 
this  core  range,  calculations  have  been  done  for  three  ranges  of  circulation 
strength:  T  —  ±0.1.  ±0.2,  and  ±0.4  in  units  of  L2/r,  where  L  is  the  square 
edge  length.  When  T  is  ±0.2 Z2/r,  the  RMS  velocity  is  0.39  ±  0.042./-  and 
the  average  velocity  autocorrelation  decays  to  zero  in  about  3  r.  Changing 
only  the  circnialion  parameter  creates  a  simple  time  scaling  relation  between 
the  results:  the  velocity  scales  directly  with  the  circulation  strength  and  the 
time  scales  inversely  Therefore,  for  the  weakest  ease  the  RMS  velocity  is  0  20 
and  the  autocorrelation  decays  to  tero  at  6  r,  while  for  the  strongest  case 
considered  the  RMS  velocity  is  0.78  and  the  decay  time  is  1.5  r. 

The  effect  of  the  vortex  core  parameter  was  determined  by  reducing  the 
maximum  core  size  by  factors  of  two  and  thirty  and  recalculating  the  long¬ 
time  correlation.  For  T  «  ±0.1  L?/r  and  maximum  core  site  of  0  01  L  the 
autocorrelation  decays  to  zero  at  3  r  (about  half  of  the  large  core  value!  and  the 
RMS  velocity  increases  to  0.32  ±  0  022,/t  (from  0  2L/r).  The  core  value  also 
has  a  large  effect  on  the  spatial  structure  of  the  flow  For  the  two  largest  core 
ranges,  the  correlations  indicate  that  the  flow  fleld  structure  is  comparable  to 
the  system  size  whereas  the  smaller  core  results  in  spatial  correlations  that  are 
one-tenth  of  the  square  edge,  see  Ashurst  (1981) 

DIFFUSION  FLAME  RESULTS 

Assuming  chemical  reaction  rates  to  be  much  faster  than  tvrbulent  mixing 
rates  produces  an  infinitely  thin  reaction  zone  which  is  spatially  located  wherever 
there  is  a  stoichiometric  ratio  of  fuel  to  oxidizer  This  assumpiion  of  infinite 
reaction  rate  combined  with  the  conserved  scalar  technique  makes  the  diffusion 
flame  calculation  extremely  simple  The  conserved  scalar  equation  is  created 
by  adding  the  species  equations  together  in  such  a  way  that  the  chemical  reac¬ 
tion  rale  terms  are  eliminated  Thus  only  a  single  transport  equation,  which 
has  no  chemical  source  terms,  needs  to  be  solved  The  conserved  scalar 
will  be  normalized  so  that  pure  fuel  corresponds  to  unity  and  pure  oxidizer 
to  zero.  The  reaction  zone  value  can  be  left  unspecified  for  this  ;eneral 
study 

The  fuel  consumption  rate  is  calculated  by  considering  a  volume  which 
contains  an  oxidizer  and  into  which  a  fixed  amount  of  fuel  is  introduced  at 
lime  zero.  If  the  velocity  field  at  time  zero  is  turbulent,  then  fuel  consumption 
is  expected  to  occur  faster  than  in  a  pure  diffusion  experiment,  i  e  zero 
velocity  for  all  time  Thus  comparisons  will  be  made  with  respect  to  pure 
diffusion  conditions  Because  of  the  flame-sheet-model  assumptions  the  time- 
dependent  reaction  rale  is  known  from  the  conserved  scalar  time  history  If 
the  reaction  value  of  the  conserved  scalar  is  specified,  then  consumption  of 
all  the  fuel  occurs  when  the  maximum  scalar  value  drops  below  the  reaction 
value  For  this  study  the  reaction  value  need,  not  be  specified  and  only  The 
maximum  scalar  value  will  be  recorded  as  a  function  of  time  for  comparison 
with  rhe  pure  diffusion  case. 

In  an  idealized  experiment  the  fuel  would  be  introduced  at  a  point  or 
along  a  line  source  of  zero  radius  at  lime  zero  The  infinite  line  source  will 
generate  two-dimensional  Sow  in  a  plane  normal  to  the  line  and  the  laminar 
solution  of  the  diffusion  equation  for  the  resulting  fuel  concentration  is 
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where  r2  «  i!  -f  y2  and  Q  is  the  quantity  of  fuel.  After  a  finite  time  duration 
the  solution  will  be  a  Gaussian  profile  with  a  finite  amplitude  and  it  is  this 
type  that  is  used  for  the  numerical  calculation  So  instead  of  using  a  source 
of  zero  size,  the  initial  distribution  of  fuel  and  oxidizer  (t  e  conserved  sralari 
is  confined  to  a  circle  in  the  i,y  p.'ine  whose  radius  is  0  2  L.  where  L  is 
the  square  edge  length  The  concentration  is  unity  at  the  circle  renter  ipure 
fuel )  and  decays  to  zero  at  its  edge  (pure  oxiditerl  A  cubic  distribution  is 
used  with  zero  concentration  gradients  at  the  center  and  edge  of  the  circle 
approximately  a  Gaussian  profile  The  calculations  are  done  for  a  time  period 
of  5  r,  at  this  time  the  maximum  scalar  value  is  0  2  By  analogy  with  the 
source  time  dependence,  the  maximum  amplitude  of  the  scalar  is  expected 
to  hare  a  time  dependence  of  ci/(fj  -I-  4 D  t)  where  c,  and  rj  are  related  to 
the  initial  conditions.  The  resnlt  of  a  laminar  calculation  is  shown  in  Figure 
1  along  with  a  enrre  fit  with  this  functional  form.  The  agreement  with  the 
desired  coefflent  of  0  00252,J/r  is  very  good. 
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Calculations  ban  been  done  for  three  ranges  of  cortex  strength:  ±0.1, 
±0.2.  and  ±0.4  in  units  of  l?/r.  Two  hundred  discrete  vortices  have  been 
used.  In  Figure  2.  contour  plots  show  the  evolution  of  the  conserved  scalar 
interacting  with  one  of  the  stronger  turbulent  velocity  Adds.  During  this 
same  unit  time  period,  the  pure  diffusion  contours  expand  by  only  twenty- 
flve  percent  and  of  coarse  remain  circular.  At  time  r,  the  maximum  scalar 
concentration  in  Figure  2  is  0.27,  whereas  in  the  pure  diffusion  case  the 
corresponding  time  to  reach  0.27  maximum  concentration  is  3.5  r.  Thus  if  a 
particular  fuel-oxidiser  system  reacted  only  at  this  0.27  scalar  concentration, 
the  effect  of  turbulence  in  this  case  would  be  an  apparent  fuel  consumption 
rate  3.5  times  the  laminar  value. 

For  each  range  of  vortex  strength,  an  ensemble  average  was  formed  by 
nsing  five  different  initial  conditions  obtained  with  different  random  numbers 
in  selecting  the  initial  vortex  locations  and  core  sizes.  The  variation  in  the 
scalar  contours  produced  by  the  weakest  vortex  Held  after  two  time  units  are 
shown  in  Figure  3.  Figure  4  shows  the  average  time  history  of  the  maximum 
scalar  amplitude  and  the  standard  deviation  about  the  mean.  In  addition, 
a  curve  At  with  the  form  of  Ci/(c3  +  4D  1)  is  shown  by  the  chain-dashed 
line.  The  initial  time  period  was  ignored  in  determining  the  curve  At.  The 
apparent  values  of  D  are  0.0039,  0.0042  and  0  0050  O/r,  in  order  of  increasing 
velocity  Add  turbuleoce  intensity.  A  plot  of  these  values  versus  the  turbulence 
intensity  yields  a  straight  line,  but  the  line  does  not  pass  through  the  laminar 
value  of  0.0025.  This  extrapolation  would  imply  enhanced  diffusion  at  laminar 
conditions  and  thus  must  be  rejected.  This  indicates  that  instead  of  forcing 
the  turbulent  results  to  the  laminar  form,  a  higher  order  polynomial  should 
be  used. 

As  another  way  to  summarize  the  results,  the  laminar  amplitude  (Fig.  1) 
divided  by  the  turbulent  value  is  plotted  in  Figure  5.  This  ratio  starts  at  unity 
because  of  the  identical  initial  conditions,  but  then  shows  increasing  diffusion 
at  a  linear  rate.  The  linear  slope  of  each  curve  lignoring  the  intial  region  I  is 
plotted  versus  the  velocity  Aeld  turbulence  intensity  in  Figure  6.  .Vow  a  linear 
variation  with  turbulence  intensity  has  been  obtained  which  reduces  to  the 
laminar  value  at  zero  turbulence  intensity  This  result  allows  estimation  of 
scalar  turbulent  diffusion  by  knowing  only  the  RMS  velocity  and  the  laminar 
time  dependence.  However,  the  current  results  have  not  investigated  the  effect 
of  turbulent  length  scale.  In  premixed  calculations  of  Aow  structure  on  Aame 
speed  lAshurst.  1981),  the  core  range  had  an  important  effect  on  the  Aowfleld 
leugiu  scale  and  flame  speed.  Thus  the  current  results  may  also  depend  upon 
the  core  range  of  the  vortices. 


Figure  1.  Calculated  lime  dependence  of  maximum  scalar  amplitude  for 
pure  diffusion  (solid  liue).  Note  the  good  agreement  with  the  chain-dash  line 
which  represents  the  analytical  source  time  dependence. 


CONCLUSIONS 

The  combination  of  a  Lagrangian  calculated  velocity  Aeld  with  an  Eulerian 
scalar  transport  method  allows  new  insight  into  turbulent  combustion  problems. 
It  will  now  be  possible  to  use  the  calculated  flow  structure  to  generate  probabil¬ 
ity  distribution  functions  of  scalar  diffusion.  These  results  could  be  used  to  im¬ 
prove  existing  models  of  turbulent  diffusion.  The  need  for  turbuleoce  modeling 
assumptions  in  this  Lagrangian-Euierian  method  has  been  greatly  reduced  be¬ 
cause  subgrid-scale  fluxes  on  the  Eulerian  mesh  can  be  directly  calculated  from 
the  known  discrete  vortex  locations.  In  this  work,  the  dramatic  effect  of 
turbulent  mixing  upon  diffusion  Aame  propagation  has  been  shown  by  cal¬ 
culation  of  time  dependent  conserved  scalar  diffusion.  Prefixed  combustion 
can  also  be  investigated  if  one  calculates  transport  equations  which  include 
chemical  reaction  rate  terms.  Extending  this  work  to  cover  heat  release 
effects  upon  the  turbulence,  by  adding  volume  change  and  the  term  of  density 
gradient  vector  crossed  with  the  pressure  gradient  vector  in  the  vorticitv 
transport  equation,  will  provide  a  major  advance  in  turbulent  reacting  flow 
analysis. 
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Figure  2.  Two-dimensional  turbulent  mixing  of  a  conserved  scalar  is 
shown  b.v  contours  of  scalar  concentration.  The  vortex  circulation  range  is 
±0aL3/’  and  the  figures  are  at  0.2r  intervals,  starting  with  0.2  in  figure  a 
and  ending  with  1.0  in  figure  e.  Without  the  turbulent  velocity  field,  the 
contours  at  time  1  0  would  be  circles  with  a  largest  radius  of  0  4  of  the  square 
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ABSTRACT 


The  paper  deals  with  the  application  of  a 
Reynolds  stress  closure  model  of  turbulence  to  the 
calculation  of  wall  jets  developing  on  plane  and  con¬ 
vex  curved  surfaces.  Good  results  are  obtained  for 
the  mean  flow  field,  the  growth  rate  of  the  jet  and, 
in  particular,  the  distance  between  the  points  of 
zero  shear  stress  and  zero  mean  velocity  gradient 
which  increases  as  the  result  of  the  suppression  by 
convex  curvature  of  the  turbulence  in  the  inner  layer 
The  turbulence  field  is  less  well  predicted  although 
the  results  are  not  significantly  inferior  to  those 
obtained  previously  for  curved  wall  boundary  layers. 
Deficiencies  are  identified  in  the  modelling  of  tur¬ 
bulent  diffusion  and  energy  dissipation  rate. 

NOMENCLATURE 


b 

cf 

F 

n 


P 


R 


r 

s 

U 

Uoo 
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ft 
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jet  slot  height  (Figure  1) 

skin  friction  coefficient  defined  with  respect 
to  i  ouj 

factor  applied  to  mixing  length  for  curved  flow 
distance  measured  normal  to  curved  surface 
normal  distance  to  half-velocity  point  (Figure  1) 
production  rate  of  turbulent  kinetic  energy 
production  rate  of  Reynolds  stress  u^Uj 
fluctuating  pressure 

2  x  (turbulent  kinetic  energy)  * u?  +  v2“  +  w? 
surface  radius  of  curvature 
local  streamline  radius  of  curvature  *  R+n 
distance  measured  along  curved  surface 
streamwise  component  of  mean  velocity 
velocity  at  edge  of  wall  jet  (plane  flow  only) 
maximum  mean  velocity 
um  * 

velocity  in  slot  exit  plane 

components  of  fluctuating  velocity  in  s,n,z 

directions 

interdependent  constants  in  pressure  strain 
model,  equation  (2) 

empirical  constant  in  mixing  length  modificat¬ 
ion,  equation  (1) 

distance  from  surface  of  velocity  maximisa 
distance  from  surface  of  point  of  zero  shear 
stress 

dissipation  rate  of  turbulent  energy 


INTRODUCTION 


The  turbulent  wall  jet  is  an  Interesting  flow 
because  it  consists  of  a  wall  layer  and  a  free  shear 
layer  Interacting  with  each  other  and  thus  It  possesses 
many  of  the  characteristics  of  both.  It  is  also  an 


example  of  a  relatively  simple  shear  layer  in  which  the 
point  of  turbulent  shear  stress  reversal  does  not 
coincide  with  the  point  of  maximum  mean  velocity  but 
lies  inside  it,  closer  to  the  wall.  This  feature  of 
the  flow  obviously  cannot  be  predicted  by  simple  grad¬ 
ient  transport  models  of  turbulence  although  it  turns 
out  that  for  the  wall  jet  developing  on  a  flat  surface, 
the  zeros  of  shear  stress  and  mean  velocity  gradient 
e^e  close  enough  to  one  another  for  the  difference  to 
be  overlooked  so  that  eddy  viscosity  models  can  be 
used  to  describe  the  principal  features  of  the  flow  (U. 
In  the  case  of  a  wall  jet  developing  on  a  longitudinal¬ 
ly  curved  surface  the  turbulence  structure  is 
affected  by  the  curvature  in  ways  which  cannot  be 
satisfactorily  accounted  for  in  terms  of  simple  grad¬ 
ient  hypotheses.  If,  for  example,  the  surface  curva¬ 
ture  is  convex  the  extra  strain  introduced  by  it  tends 
to  reduce  the  turbulence  intensity  and  shear  stress  in 
the  near  wall  layer  where  the  angular  momentum  of  the 
flow  increases  in  the  directit  .  of  the  radius  of  curva¬ 
ture.  The  reverse  occurs  in  the  jet-like  layer  out¬ 
side  the  velocity  maximum  where  turbulent  activity  is 
increased  by  the  curvature.  Curved  wall  boundary 
layers  and  other  curved  shear  layers  without  a  velo¬ 
city  maximum  may  be  calculated  with  fair  accuracy  when 
the  ordinary  plane  flow  mixing  length  distribution  is 
modified  as  suggested  by  the  buoyancy  analogy  < 2_, 3_) 
by  a  factor 


1  -  8- 


U/r 


:  1  -  SS 


(1) 


3U/3n 

where  U  is  the  streamwise  component  of  the  mean 
velocity,  n  is  the  co-ordinate  normal  to  the  local 
flow  direction,  r  is  the  local  streamline  radius  of 
curvature  and  8  is  an  empirical  coefficient  of  order 
ten.  (Figure  1  is  a  definition  sketch  for  the  walL 
jet) .  Unfortunately  it  turns  out  that  6  is  not 
universally  constant  for  different  types  of  curved 
flow  and  this  lack  of  generality  has  led  to  the 
abandonment  of  (1)  in  favour  of  predictive  schemes 
based  on  the  numerical  solution  of  modelled  transport 
equations  for  the  Reynolds  stresses  which,  in  the  case 
of  curved  flow,  contain  in  exact  form  extra-strain 
production  terms  introduced  by  the  curvature  (£,5.)  . 

The  shortcomings  rf  eddy  viscosity  modelling  are  yet 
further  emphasised  by  the  curved  wall  jet.  Intuition 
suggests,  and  experiment  confirms,  that  the  suppress¬ 
ion  of  turbulence  in  the  wall  layer  and  its  augmenta¬ 
tion  in  the  outer  flow  result  in  an  inward  shift  of 
of  the  zero  shear  stress  point  relative  to  the 
velocity  maximum.  The  distance  between  these  two 
jioints  i9  too  great  to  be  ignored,  turbulent  stress 
diffusion  assumes  an  important  role,  and  local 
conditions  depart  from  the  quasi  local  equilibrium 
implicitly  assumed  by  the  simpler  models.  It  appears 


that  the  minimum  requirement  for  a  satisfactory  pre¬ 
diction  method  in  this  case  is  that  a  transport 
equation  for  the  shear  stress  be  solved  and  the 
importance  of  turbulent  transport  makes  this  flow  an 
important  and  stringent  test  of  transport  equation 
modelling. 

The  flow  in  wall  jets  is  well  documented  and  in 
recent  years  a  number  of  detailed  turbulence  measure¬ 
ments  have  been  published.  The  literature  has 
recently  been  critically  reviewed  by  Launder  and 
Rodi  (6)  for  the  1980-81  AFOSR-S tan ford  Conference  on 
the  calculation  of  complex  turbulent  shear  flows.  Of 
four  studies  of  constant- radius  convex  curved  flow 
the  most  recent,  and  by  a  considerable  margin  the  most 
detailed,  is  that  of  Alcaraz  {!_,  8)  in  which  a 
relatively  low  slot  height  to  radius  ratio 
(b/R  =  0.0032)  was  used  to  obtain  a  closely  two- 
dimensional  flow.  The  curvature  was,  however,  large 
enough  to  produce  measurable  effects  on  the  turbulence 
structure  along  the  lines  described  above.  A  self¬ 
preserving  form  is  achieved  when  the  wall  jet  develops 
on  a  logarithmic  spiral;  of  three  sets  of  data  re¬ 
viewed  in  (6)  the  most  closely  two-dimensional  is 
that  of  Guitton  and  Newman  (9)  which  is  also  particu¬ 
larly  suitable  for  stress  model  validation  in  that  (as 
in  7)  hot-wire  data  are  provided  for  all  four  non¬ 
zero  Reynolds  stresses. 

Proposals  for  closing  the  Reynolds  stress  equat¬ 
ions  abound  in  the  literature  and  form  the  bases  for 
numerous  prediction  methods  which  have  been  applied 
to  complex  shear  layers  with  varying  degrees  of 
success.  Irwin  and  Arnot  Smith  (10)  first  used  the 
method  to  calculate  curved  flow  with  the  model  of 
Launder  et  al  (11) .  The  treatment  was  formally  limit¬ 
ed  to  shear  layers  with  mild  longitudinal  curvature 
by  the  use  of  the  plane  boundary  layer  form  of  the 
mean  momentum  equation  and  the  consequent  neglect  of 
the  cross-stream  variation  of  pressure.  Results  were 
obtained  for  curved  wall  jets,  boundary  layers  and  a 
curved  free  jet  and  demonstrated  the  capability  of 
Reynolds  stress  modelling  to  predict  the  influence 
of  curvature  on  flow  development,  although  on  account 
of  the  limitation  noted  the  agreement  with  experiment 
deteriorated  for  flows  of  large  curvature,  the  rate 
of  growth  of  the  wall  jet  (9)  being  significantly 
underpredicted.  Moreover  the  limited  amount  of  tur¬ 
bulence  (as  distinct  from  mean  field)  data  available 
at  the  time  of  this  pioneer  study  meant  that  very 
searching  comparisons  could  not  be  undertaken. 

Irwin  and  Arnot  Smith  (10)  modelled  the 
difficult  pressure  strain  redistribution  terms  in  the 
Reynolds  stress  equations  in  the  way  suggested  by 
Launder  et  al  (Id)  : 

p(3T  +  3TL,=  -Cl  =<VVi  6ij  q2)  ■a(pij-f6iip) 

3  q  (a)  (b) 

—  3ui  2 
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where  Pj.j  is  the  rate  of  production  of  u  u . : 

-  _  3°i  3  (3) 

pij  *  -  V* 


in  (2) ,  originally  due  to  Rotta  (12J  ,  represents  the 
wholly  turbulent  contribution  to  pressure  strain  and 
the  remaining  three  terms  are  the  mean-strain,  or 
rapid,  terms  which  Chou's  (13)  analysis  shows  should 
be  present.  Equation  (2)  requires  some  modification 
to  take  account  of  the  influence  of  the  wall  p*r  inter- 
ccoponent  energy  transfer;  these  effects  were  modelled 
differently  in  (10) and  (Id)  but  the  details  are 
inessential  to  the  present  discussion. 

Recently  the  present  authors  (5J  used  an  abbrevi¬ 
ated  form  of  (2) ,  in  which  only  terms  (a)  and  (b) 
appeared,  to  calculate  for  curved  wall  boundary  layers 
with  fairly  satisfactory  results. The  isolation  of  the 
'anisotropy  of  production'  term  (b) ,  which  Launder 
et  al  (11)  in  their  original  paper  recognised  as  the 
dominant  one  in  the  rapid  part  of  pressure  strain, 
permits  different  interpretations  of  Pij.  When  the 
Reynolds  stress  equations  are  transformed  from 
Cartesian  to  curvilinear  co-ordinates  there  appear 
extra  generation  terms  due  to  rotation  of  axes.  Al¬ 
though  these  have  the  same  form  as  the  other  stress 
generation  terms:  the  product  of  a  Reynolds  stress 
and  a  mean  rate  of  strain  (in  this  case  the  'extra' 
strain  U/r) ,  they  do  not  appear  in  Pij  defined  by 
(3)  when  this  is  transformed  to  curvilinear  co¬ 
ordinates*.  In  using  the  shortened  form  of  (2)  the 
present  authors  had  no  inhibitions  about  interpreting 
Pij_in_  term  (b)  as  being  the  total  production  rate 
of  u^Uj  including  terms  arising  from  axis  rotation. 

The  effects  on  model  predictions  for  curved  flow  are 
significant.  In  the  local-equilibrium  limit,  when 
mean  flow  and  turbulent  transport  become  negligible, 
the  Reynolds  stress  equations  reduce  to  a  set  of 
algebraic  equations  for  the  stress  ratios.  Irwin  and 
Arnot  Smith  showed  that  for  these  conditions  the 
pressure-strain  model  (2)  predicts  collapse  of  the 
shear  stress  in  curved  flow  when  the  curvature  para¬ 
meter  S  (defined  in  (1))  reaches  a  critical  value  of 
0.1  in  free  flow  and  0.085  when  a  near -wall  correction 
factor  is  applied.  In  contrast  our  simpler  model, 
which  includes  the  axis  rotation  terms,  and  constants 
evaluated  from  plane  flow  data,  predicts  (14) 
collapse  at  S  *  0.17.  The  measurements  of  So  arxl 
Mellor  (15)  in  a  boundary  layer  subjected  to  severe 
stabilising  curvature  suggest  a  critical  value  of 
about  0.15. 

The  present  contribution  may  be  regarded  as  an 
extension  of  our  previous  curved  wall  boundary  layer 
calculations  (5)  to  the  rather  more  difficult  case  of 
a  wall  jet  on  a  convex  surface.  It  is  unnecessary  to 
repeat  here  the  full  description  of  the  turbulence 
model  and  calculation  method  which  is  given  in  (5J  but 
it  may  be  helpful  to  itemise  the  principal  features  as 
follows : 

1.  the  pressure-strain  correlation  of  the 
Reynolds  stress  equations  is  modelled  by 
an  abbreviated  form  of  (1) 


3u  3u . 
c ( 33T  +  3^’ 
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■  C2(Pij  -  3  fij  p)  (5) 
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P  is  the  rate  of  production  of  turbulent  energy  j  q 
and  C},  a,  Band  y  are  constants  evaluated  from 
simple  shear  flow  data  (the  last  three  are  simple 
functions  of  a  single  empirical  constant) .  Term  (a) 


In  their  study  of  swirling  jet  flow  Launder  and 
Morse  (i£)  used  (2)  and  treated  the  equivalent  extra 
terms  as  convection  terms . 


4.2 


where  PA j  is  interpreted  as  discussed  above 
and  Ci  and  C2  are  constants,  equal  to  3.6 
and  0.6  respectively,  evaluated  from  plane 
flow  data. 

both  terms  in  (5)  are  modified  by  a  wall 
damping  factor  based  on  an  original  pro¬ 
posal  by  Shir  (17)  and  extended  by  Gibson 
and  Launder  ( 19)  to  account  for  wall 
effects  on  density  stratified  turbulence, 
turbulent  transport  of  Reynolds  stress  is 
modelled  by  a  simple  gradient  diffusion 
hypothesis  for  the  triple  correlations: 


4.  the  turbulence  energy  dissipation  rate,e  , 
is  obtained  from  a  modelled  transport 
equation  identical  in  form  to  that  proposed 
in  (11) . 

5.  the  cross-stream  variation  of  pressure  in 
curved  flow  is  accounted  for  in  a  marching 
boundary  layer  procedure  by  assuming 

(7) 

p  an  r 

6.  near  the  wall  the  finite-difference  solut¬ 
ion  is  matched  to  the  logarithmic  law  of 
the  wall  consistent  with  the  observed  per¬ 
sistence  of  a  logarithmic  layer  in  curved 
flow  albeit  much  diminished  in  extent  by 
strong  stabilising  curvature. 

We  have  also  tried  the  long  expression  (2) 
for  pressure  strain  and  various  alternatives  to  the 
triple  correlation  model  (6)  whose  shortcomings  are 
exposed  by  the  wall  jet  in  which  turbulent  diffusion 
is  more  important  than  in  a  boundary  layer. 

In  adapting  (2)  to  wall  flow  we  have  used  the 
Shir  (17_)  correction  of  our  other  model  so  that  the 
full  wall-flow  version  differs  in  detail  from  those 
of  Irwin  and  Arnot  Smith  (10)  and  Launder  et  al  (11_)  . 
The  additional  constants  involved  (C[  and  defined 
in  (5))  are  set  equal  to  0.5  and  0.1;  these  give 
approximately  the  correct  stress  levels  for  plane 
wall  boundary  layer  flow.  Wall  jet  predictions  are 
compared  with  the  very  detailed  measurements 
of  Alcaraz  (7,  8^)  and  those  of  the  self-preserving 
flow  studied  by  Guitton  and  Newman  (9)  ;  the  data 
of  Irwin  (19^)  are  used  to  check  model  performance 
for  plane  wall  jet  flow. 

RESULTS  AND  DISCUSSION 

We  first  checked  the  model  and  calculation 
method  for  plane  flow  using  as  a  standard  the  self¬ 
preserving  wall  jet  data  published  by  Irwin  (19^)  . 

The  jet  develops  in  a  moving  stream  and  self- 
preservation  is  accomplished  in  a  tailored  pressure 
gradient;  the  maximum  to  free-stream  velocity  ratio 
is  2.65.  Figure  2  shows  the  measured  and  predicted 
development  of  the  mean  flow  downstream  of  the 
injection  slot.  The  symbols  are  defined  in  Figure  1 
with  the  exception  of  6’  which  is  the  distance  from' 
the  surface  of  the  point  of  zero  shear  stress.  The 
ratio  5/6* »  in  which  6  is  the  distance  from  the  sur¬ 
face  of  the  mean  velocity  maximum,  is  about  1.4  and 
increases  very  slightly  with  distance  measured  down¬ 
stream,  a  slight  departure  from  exact  self- 
preservation.  This  value,  and  the  slight  increase, 
are  closely  reproduced  by  the  model  as  are  the  growth 
rate,  decay  of  maximum  velocity  and  streamwise 
variation  of  skin  friction  displayed  in  Figure  2. 
Profiles  of  mean  velocity  and  of  the  four  non- zero 


cosponents  of  Reynolds  stress  are  shown  in  Figure  3. 

Two  sets  of  predictions  are  represented  by  continuous 
and  broken  lines;  the  latter  were  obtained  from  the 
Irwin- Smith  pressure-strain  hypothesis,  equation  (2) , 
the  former  from  equation  (5)  .  The  differences  here, 
for  plane  flow,  are  within  the  data  scatter;  both 
tend  to  overpredict  the  turbulent  kinetic  energy  just 
outboard  of  the  velocity  maximum,  mainly  because  high 
values  of  u?  are  calculated.  Otherwise  the  agreement 
appears  to  be  very  good  apart,  perhaps,  for  the 
slight  discrepancies  observed  at  the  edge  of  the  jet. 

We  expected  good  mean  field  predictions  because 
Ljuboja  and  Rodi  (1)  had  demonstrated  that  these  were 
obtainable  with  the  equivalent  algebraic  stress  model 
(which  reduces  to  an  eddy  viscosity  form) .  It  was 
pleasing  to  find  that  the  full  stress  model  reproduced 
so  closely  the  distance  between  the  points  of  zero 
stress  and  maximum  velocity  which  must  have  been 
calculated  as  coincident  in  (1) . 

Turning  now  to  the  curved  wall  jet.  Figure  4 
shows  the  predicted  development  of  the  mean  flow 
compared  with  the  measurements  of  Alcaraz  (7,8)  •  The 
agreement,  though  satisfactory,  is  not  quite  as  good 
as  for  the  plane  jet  and  significant  differences 
appear  in  the  results  given  by  the  two  pressure  strain 
hypotheses,  particularly  in  respect  of  the  ratio 
6/6'  which  increases  sharply,  and  continues  to 
increase,  in  the  curved  flow  to  double  the  plane  layer 
value.  This  increase  which,  as  noted,  is  due  to 
suppression  by  curvature  of  the  turbulence  in  the  near 
wall  layer  and  the  reverse  in  the  outer  flow,  is 
closely  predicted  by  the  model  (5) ,  while  that  of 
Irwin  and  Smith  ( 2_)  tends,  relatively,  to  exaggerate 
these  effects.  The  predicted  cross-stream  variation 
of  mean  velocity  and  the  Reynolds  stresses  plotted  in 
Figure  5  show  reasonably  good  agreement  with  the  data. 
Also  plotted  is  the  shear  stress  profile  deduced  from 
the  mean  flow  measurements  and  momentum  equation;  this 
shows  some  evidence  of  three  dimensionality  in  the 
destablised  outer  layer  which  possibly  accounts  for 
the  deteriorating  level  of  agreement  there.  As  expect¬ 
ed  the  Irvin-Smith  pressure  strain  model  (broken-line 
predictions)  again  predicts  higher  stress  levels  in 
the  outer  layer;  in  the  inner  flow  the  difference 
between  the  two  models  is  less  apparent. 

Both  models  give  fairly  good  results  for  the 
shear  stress  and  v^  in  the  near  wall  layer  but  neither 
reproduce  the  redistribution  of  energy  between  the 
other  two  components  and,  most  noticeably,  the 
significant  increase  in  w7  to  a  value  greater  than 
that  of  ^  as  the  wall  is  approached.  This  phenomenon 
appears  to  be  genuine  since  it  appears  also  in  the 
measurements  of  Guitton  and  Newman  (9)  presented  in 
Figure  9. 

The  turbulence  energy  and  shear  stress  balances 
presented  by  Alcaraz  provide  a  welcome  opportunity 
to  test  the  model  assumptions  in  detail.  The  most 
noticeable  feature  of  the  measured  energy  balance 
shown  in  Figure  6  is  the  important  role  apparently 
played  by  pressure  diffusion  in  the  wall  layer.  This 
rises  to  a  sharp  peak  inboard  of  the  velocity 
maximum  where  it  is  offset  to  a  large  extent  by 
velocity  (triple  correlation)  transport  of  the 
opposite  sign.  The  net  turbulent  transport  is  thus 
relatively  small  but  by  no  means  insignificant:  it 
and  the  energy  dissipation  rate  appear  to  be  the 
dominant  terms  in  this  region.  The  pressure  diffusion 
data  reproduced  in  Figure  6  were  not  obtained  by 
direct  measurement  but  by  difference  to  complete  the 
energy  balance.  The  net  turbulent  transport  near  the 
wall  is  quite  well  represented  by  the  gradient 
diffusion  hypothesis  (6)  although  the  level  of  agree- 


Bent  deteriorates  further  from  the  wall.  Equation  (6) 
has  been  criticised  because  it  is  not  compatible  in 
its  symmetry  properties  since  only  the  left  hand  side 
is  independent  of  the  order  of  the  indices  i,  j  and 
k.  Lumley  (20)  has  suggested  that  a  possible  reason 
why  it  usually  gives  good  results  for  wall  flow  may 
be  that  it  absorbs  some  pressure  diffusion  which  is 
not  symmetrical  and  which  is  not  modelled  explicitly. 
The  present  results  tend  to  support  this  view  but  we 
would  not  press  the  point  too  hard.  Of  the  remaining 
terms  in  the  energy  balance  the  mean  flow  transport 
and  production  rate,  which  present  no  problems  in 
measurement  or  prediction,  are  reasonably  well  pre¬ 
dicted.  The  discrepancies  noted  for  turbulent  trans¬ 
port  are  reflected  by  the  significant  difference  be¬ 
tween  measured  and  predicted  values  of  the  dissipat¬ 
ion  rate  outside  the  velocity  maximum.  This  apparent 
failure  to  reproduce  the  dissipation  rate  is  rather 
surprising  in  view  of  good  results  obtained  for  in 
this  region  and  may  be  contrasted  with  the  much 
better  level  of  agreement  obtained  in  this  respect 
with  the  same  models  for  a  curved  (stable)  mixing 
layer  (£)  .  The  flow  in  the  outer  layer  is  not  unlike 
that  in  a  mixing  layer  but  these  results  seem  to  be  at 
variance  with  those  previously  reported  for  such  flows 
(see,  for  example,  the  review  by  Rodi  (21))  and  with 
what  might  be  expected  intuitively.  The  dissipation 
rate  was  obtained  by  Alcaraz  from  the  isotropic 
relation:  — - 

E  -  lS^t-gr  (6) 

Closure  of  the  modelled  equations  is  effected  by 
solving  the  simple  and  widely  used  equation  recommend¬ 
ed  by  Launder  et  al  (11_)  for  the  dissipation  rate: 
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This  equation  has  given  good  results  for  simple  shear 
layers  but  its  usefulness  in  more  complex  flows  has 
recently  been  questioned.  For  example  Launder  and 
Morse  (16)  identified  the  modelling  of  the  source 
terms  in  (9)  as  a  major  weakness  in  their  Reynolds 
stress  model  of  a  swirling  jet  and  Rodi  (22)  describes 
empirical  modifications  which  improve  performance  for 
the  analogous  effects  of  buoyancy  and  rotation. 
Hanjalic  and  Launder  (23)  now  recommend  the  inclusion 
in  (9)  of  additional  normal  stress  generation  terms. 
We  found  that  neither  of  these  proposals  made  signi¬ 
ficant  differences  to  the  predictions  (4j  of  a  curved 
mixing  layer  and  so,  for  the  time  being,  we  are  con¬ 
tent  to  retain  (9)  for  curved  flow  calculations. 

The  shear  stress  balance.  Figure  7,  reveals 
high  measured  rates  of  turbulent  transport  in  the 
vicinity  of  the  velocity  maximum  which  are  not  repro¬ 
duced  adequately  by  the  simple  gradient  transport 
model  (6)  where  the  deficiency  is  offset  in  the  pre¬ 
dictions  by  an  equivalent  discrepancy  in  pressure 
strain,  obtained  from  the  measurements  by  difference. 
We  have  experimented  with  alternative  models  for  the 
triple  correlation  without  achieving  significantly 
better  results.  Figures  6  and  7  shew  turbulent  diffu¬ 
sion  calculated  from  the  invariant  relationship  re¬ 
commended  by  Launder  et  al  (1_1)  :  _ 
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result  is  to  increase  the  net  diffusion  near  the 


wall  but  the  change  is  very  small. 

The  final  comparison  is  made  with  the  data  of 
Guitton  and  Newman  (9)  whose  nominally  self  preserving 
wall  jet  developed  on  a  logarithmic  spiral.  The 
results  for  s/R  ■  1  are  presented  in  Figures  8  and 


9  and  shew  much  the  same  level  of  agreement  as  that 
noted  for  the  other  flows.  The  ratio  6/6'  cannot  be 
obtained  accurately  from  the  published  data;  the  large 
predicted  value  of  7.0  appears  to  be  broadly  consis¬ 
tent  with  the  measurements. 

CONCLUDING  REMARKS 

The  calculations  presented  in  this  paper  have 
been  carried  out  as  part  of  an  ongoing  progrannae  of 
research  motivated  by  the  requirement  for  a  generally 
applicable  predictive  procedure  for  conplex  shear 
flows  with  density  stratification,  rotation  and/or 
streamline  curvature.  The  work  is  thus  a  continuation 
of  our  studies  of  buoyancy  (18) .curved  free  flow  (4) 
and  curved  wall  flow  (5j  with  the  same  turbulence 
model,  and  it  is  a  logical  extension  of  the  latter. 
Moreover  the  wall  jet  possesses  interesting  and  in¬ 
dividual  features  which  are  exaggerated  when  the  flow 
develops  on  a  convex  curved  surface.  One  of  these, 
which  can  only  be  predicted  with  a  stress  equation 
model,  is  that  the  zeros  of  shear  stress  and  mean 
velocity  gradient  occur  at  different  places.  The  pre¬ 
sent  model  accurately  predicts  the  distance  between 
these  two  points  and  the  extent  by  which  this  distance 
is  increased  by  the  stabilising  action  of  convex 
surface  curvature. 
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ABSTRACT 

Measurements  of  mean  velocity  and  temperature, 
and  of  surface  heat  flux,  have  been  made  in  a  turbu¬ 
lent  boundary  layer  on  a  heated  convex  surface  of 
modest  curvature  (6/R-0.01).  The  results  show  sur¬ 
prisingly  large  curvature  effects  on  heat  transfer:  at 
the  end  of  the  curved  plate  the  Stanton  number  fell  by 
18  per  cent  of  the  predicted  flat  plate  value;  the 
corresponding  fall  in  the  skin  friction  coefficient 
was  10  per  cent. 

Profile  measurements  of  temperature  and  velocity 
were  obtained  well  into  the  viscous  sublayer, 

NOMENCLATURE 

Cf  skin  friction  coefficient,  equation  (4) 

Cp  static  pressure  coefficient,  2 (p-pref ) /Pu*pW 
specific  heat  r 

q"  heat  flux 

R  radius  of  curvature  of  plate 

«  distance  measured  along  curved  wall 

T  temperature 

T*~  dimensionless  temperature,  equation  (6) 

U  velocity 

U*  dimensionless  velocity  U/uT 

uT  friction  velocity,  /  Tw/p 

y  distance  measured  normal  to  the  wall 

y*  dimensionless  distance,  yuT/v 

L2  enthalpy  thickness,  equation  (2) 

62  momentum  thickness,  equation  (1) 

6  boundary  layer  thickness 

0  density 

T  shear  stress 

v  kinematic  viscosity 

Subscripts 

p  potential  flow 

w  wall 

00  free  stream 

INTRODUCTION 

The  effects  of  longitudinal  curvature  on  the 
turbulence  in  boundary  layers  are  well  known.  When, 
for  example,  a  boundary  layer  develops  on  a  convex 
curved  surface,  such  as  the  suction  surface  of  a  wing 
or  turbomachine  blade,  the  angular  momentum  of  the 
flow  increases  in  the  direction  of  the  radius  of 
curvature  with  the  result  that  the  shear  stress  and 
turbulence  intensity  are  reduced  to  values  often 
substantially  less  than  those  in  an  equivalent  plane 
wall  flow.  The  reverse  occurs  in  the  flow  on  a 
concave  surface  where  the  turbulence  is  increased  by 
curvature.  In  contrast  to  laminar  flow,  where  the 


1 

fractional  change  in  shear  stress  is  of  the  same  ^ 

order  as  the  ratio  of  the  boundary  layer  thickness  to 
the  radius  of  curvature,  turbulent  flow  measurements  1 

show  fractional  changes  an  order  of  magnitude  greater. 

These  effects  on  the  turbulent  velocity  field  are  now 
well  documented  particularly  for  convex-wall  flow.  The 
survey  paper  by  Bradshaw  (1)  contains  details  of 
research  up  to  1973;  since  that  date  a  number  of 
detailed  hot-wire  measurements  in  isothemal  curved 
flow  have  been  reported  (2-6)  . 

In  marked  contrast  to  this  activity  in  the  study 
of  the  hydrodynamics  of  curved  flow  the  effects  of 
curvature  on  turbulent  heat  transfer  have  received 
little  attention.  The  supersonic  flow  measurements 
of  Thomann  (7),  and  the  more  recent  results  from  an 
incompressible  boundary  layer  reported  by  Mayle  et 
al  iQ)  ,  show  that  the  turbulent  heat  flux  is  affected 
in  the  same  way  as  the  shear  stress:  depressed  in 
flow  on  a  convex  surface  and  augmented  in  flow  on  a 
concave  surface.  Since,  however,  the  corresponding 
variation  of  shear  stress  is  not  given  in  these 
papers  it  is  impossible  to  judge  whether  the  heat 
flux  changed  by  a  greater  or  lesser  amount.  There  is 
no  reason  to  suppose  a  priori  that  the  changes  in  these 
two  quantities  are  equal;  on  the  contrary,  in  the 
analogous  (9_)  case  of  density  stratified  flow  the 
differences  are  appreciable.  Measurements  (10)  in  the 
atmospheric  surface  layer  show  heat  transfer  to  be  , 

significantly  more  affected  by  buoyancy  than  momentum 
transfer  or,  stated  alternatively,  that  the  turbulent 
Prandtl  number  is  a  strong  function  of  the  stratifi¬ 
cation  and  increases  with  increasing  stability.  The 
curvature  and  buoyancy  generation  terms  appear 
differently  in  the  stress  and  heat  flux  equations 
in  each  case  and  suggest  that  changes  of  the  same 

order  might  appear  in  curved  flow  (11_)  .  | 

An  estimate  of  the  relative  changes  may  be  made 
from  the  mean  temperature  and  surface  heat  flux  j 

measurements  of  Simon  and  Moffat  (12_)  because  details 
of  the  turbulent  velocity  field  are  reported  by  \ 

Gillis  et  al  (13)*.  Measurements  were  made  in  the  J 

boundary  layer  on  a  ninety  degree  bend  followed  by  a  , 

flat  plate  recovery  flow.  The  test  wall  was  construct-  | 

ed  of  individually  heated  segments  which  allowed  ] 

steady  state  measurement  of  the  spanwise  averaged  wall 
heat  flux  by  energy  balance.  In  two  experiments 
maximum  values  of  6/R  were  0.051  and  0.077.  In  each 
case  the  Stanton  number  at  the  end  of  the  curved 

* Earlier  measurements  O)  referred  to  in  (12)  were 
made  in  a  nearly  but  not  quite  identical  wind  tunnel 
and  show  slight  but  significant  differences  in  flow 
conditions  and  results. 
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Figure  1 .  The  wind  tunnel  working  section  showing 
traverse  stations  and  symbols. 

section  fell  by  approximately  34  per  cent  of  the 
calculated  plane-flow  value  while  the  skin  friction 
coefficient  (13)  showed  only  a  30  per  cent  fall. 

The  experiment  now  to  be  described,  which  was 
conceived  before  we  became  aware  of  Simon  and  Moffat's 
work,  stems  from  Gibson's  (11)  speculations  based  on 
modelled  equations  for  Reynolds  stress  and  heat  flux. 
The  model,  which  gives  good  results  for  heat  transfer 
in  density  stratified  flow  ( 14) ,  suggested  that  the 
effects  of  curvature  on  heat  transfer  are  less  than 
on  shear  stress,  with  the  turbulent  Prandtl  number 
in  local  equilibrium  flow  decreasing  with  increasing 
stability.  Coincidentally  So  ( 15)  obtained  the 
contrary  result  from  a  different  model*  and  has  since 
(16)  used  the  data  of  (1_2,  13_)  to  support  his 
hypothesis.  We  are  not,  however,  concerned  here  with 
the  minutae  of  turbulence  modelling.  In  the  present 
paper  we  report  measurements  of  mean  velocity,  mean 
temperature  and  surface  heat  flux  made  in  the  bound¬ 
ary  layer  growing  on  a  moderately  curved  convex  plate 
for  which  6/R  -0.01.  Previously  published  data  (£,5) 
show  that  this  degree  of  curvature  is  sufficient  to 
produce  measurable  effects  and  it  was  chosen  in  order 
to  minimise  problems  with  secondary  flow  which  might 
be  exacerbated  by  heat  transfer.  Measurements  of  the 
mean  and  turbulent  velocity  fields  have  been  described 
elsewhere  (£)  ;  these  exhibit  the  characteristic 
features  of  convex  wall  flow:  a  diminished  rate  of 
layer  growth  and  a  progressive  damping  of  turbulence 
in  the  layer. 

EXPERIMENTAL  ARRANGEMENT  AND  PROCEDURES 

The  measurements  were  made  in  the  boundary 
layer  on  the  lower,  heated,  convex  wall  of  an  open 
circuit  wind  tunnel  (Figure  1) .  The  boundary  layer 
developed  first  on  a  flat  heated  plate  1.22  m  long  to 
a  thickness,  6,  of  17  mm  at  the  start  of  the  curved 
section,  also  heated,  of  constant  nominal  radius 
of  curvature,  R,  2.44  m  and  length  1.22  m.  The  tunnel 
cross  section  in  the  plane  approach  flow  was  constant 
at  305  x  102  nn>2  but  at  the  start  of  the  curved  plate 
the  section  height  was  increased  to  105  mm  in  order  to 
reduce  the  negative  pressure  gradient  on  the  test 
wall.  Figure  1  shows  the  positions  of  the  traverse 
stations j  the  reference  free  stream  velocity  measured 
at  station  1,  705  mm  upstream  of  the  curved  plate, 
was  nominally  22.6  ms”*  throughout  the  experiments. 

The  boundary  layer  was  tripped  at  the  start  of  the 
flat  plate  and  the  momentum  thickness  Reynolds  number 
at  inlet  to  the  curved  section  was  3300.  The  maximum 


In  which  the  mean  strain  contributions  to  the 
difficult  pressure  scrambling  terms,  included  by 
Gibson  (11) ,  are  omitted. 


Figure  2.  Streamwise  variation  of  wall  static 
pressure  and  temperature . 

value  of  6/R,  measured  at  the  exit,  was  0.011  and 
the  free  stream  turbulence  level  was  less  than  0.4  per 
cent  throughout.  Preliminary  pressure  tube  measure¬ 
ments  showed  that  the  mean  flow  was  closely  two- 
dimensional  up  to  150  mm  from  the  curved  section  exit; 
in  the  exit  plane  the  two  sides  of  the  mean  flow 
integral  momentum  equation  differed  by  no  more  than  10 
per  cent  when  the  skin  friction  coefficient  was 
evaluated  by  the  Clauser  chart  method. 

The  12.5  mm  thick  aluminium  test  plate  was  heated 
to  14  deg  C  abote  ambient  with  an  electric  blanket. 
Sets  of  three  copper -cons tan tan  thermocouples  spaced 
at  50  mm  in  the  spanwise  direction  were  located  at 
intervals  of  120  mm  along  the  flat  and  curved  sections. 
The  variation  in  plate  temperature  along  the  measure¬ 
ment  length  was  found  to  be  within  fO.75  deg  C  from  the 
mean,  the  greatest  temperatures  being  recorded  around 
the  start  of  the  curved  section  (Figure  2) .  Provision 
was  made  for  inserting  miniature  heat  flux  meters  at 
ten  locations  spaced  unevenly  (-  150  mm)  on  the  centre 
line  in  downstream  half  of  the  flat  plate  and  in  the 
curved  section.  These  meters  are  of  the  Schmidt- 
Boelter  multiple  thermocouple  type,  9.4  nm  diameter, 
and  were  specially  made  by  the  Medtherm  Corporation 
in  aluminium  so  as  to  be  compatible  with  the  plate 
material.  Their  sensitivity  is  40  mV  W'l  cm2  and 
their  accuracy  is  estimated  at  i  2  per  cent. 

Mean  velocity  measurements  in  the  boundary  layer 
were  made  with  a  flattened  Pitot  tube  except  very  close 
to  the  wall  (y+  <25)  where  a  constant  temperature  5  uc 
tungsten  hot  wire  was  employed.  Corrections  for  wall 
proximity  have  not  been  made  in  view  of  the  evidence 
(17)  that  these  are  significant  only  for  y*<4,  or 
roughly  the  lower  limit  of  the  measurements.  Mean 
temperatures  at  the  same  traverse  stations  were 
measured  with  a  12  um  chromel-alumel  thermocouple 
of  length- to- diameter  ratio  580.  Errors  associated 
with  conduction  to  the  thermocouple  supports  and 
radiation  from  the  heated  plate  were  estimated  (18,19) 
to  be  less  than  0.03  deg  C.  The  thermocouple  output 
was  amplified  (x  1000)  in  a  Precision-Monolithic 
0P07A  low  noise  amplifier  to  be  digitised  and  linear¬ 
ised  in  an  Apple  II  microcomputer.  The  hot  wire  and 
thermocouple  were  positioned  when  close  to  the  plate 
with  a  micrometer  traverse  accurate  to  10  urn.  The 
wall  temperature  recorded  by  the  thermocouple  probe 
differed  by  no  more  than  iO.l  deg  C  from  the  tempera¬ 
tures  recorded  by  the  thermocouples  set  in  the  plate. 

RESULTS  AND  DISCUSSION 

The  pressure  distribution  obtained  from  static 
pressure  tappings  in  the  test  plate  before  the  electric 
blanket  was  fitted  is  shown  in  Figure  2.  The  pressure 
coefficient  cp  is  defined  with  respect  to  reference 
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Figure  6.  Velocity  profiles  in  the  sublayers. 


conditions  at  the  first  traverse  station  and  the 
local  potential  velocity  at  the  wall,  UpW .  The  inte¬ 
gral  momentum  and  enthalpy  thicknesses  evaluated  from 
mean  velocity  and  temperature  traverses  on  the 
plate  centreline  are  plotted  against  streamwise 
distance,  s,  in  Figure  3.  These  quantities  are  de¬ 
fined  as 

62  =  "r(l-^!dy  (l) 
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The  observed  higher  rate  of  growth  of  is  consis¬ 
tent  with  values  of  Stanton  number 
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which  are  plotted  in  Figure  4.  These  are  greater 
than  values  of  one  half  the  skin  friction  coefficient 
defined  by 


Pupw 

over  the  entire  measurement  length.  Fluid  property 
values  used  in  (3)  and  (4)  have  been  evaluated  at 
the  mean,  or  film,  temperature  0.5 (T^  +  T  ).  In  the 
plane  approach  flow  values  of  the  wall  heat  flux 
recorded  by  the  heat  flux  meters  are  supplemented  by 
and  checked  against  the  local  Stanton  number  obtained 
by  plotting  temperature  profiles  on  the  thermal 
equivalent  of  a  Clauser  chart.  Ohe  results  are 
entirely  consistent  and  agree  with  plane  wall  values 
given  by  the  correlation  recommended  in  (2fl) .  The 
Clauser  chart  method  has  been  used  throughout  to 
calculate  Cf  from  the  velocity  profiles.  The  most 
striking  feature  of  the  results  plotted  in  Figure  4 
is  that  the  Stanton  number  in  the  curved  flow  falls 
more  rapidly  from  flat  plate  values  than  does  the 
skin  friction  coefficient.  Thus  at  the  last  traverse 
station,  s  =  1  m,  St  has  fallen  to  82  per  cent  and 
cf  to  only  90  per  cent  of  their  respective  plane  flow 
values.  These  disproportionate  effects  are  even  more 
marked  upstream  where  in  the  first  half  of  the 
curved  section  a  significant  drop  in  st  is  observed 
and  cf  is  but  little  affected.  The  results  are 
broadly  consistent  with  those  of  Simon  and  Moffat  (12 ); 
the  milder  curvature  of  the  present  experiment  pro¬ 
duces  smaller  falls  in  St  and  cf  but  not  proportion¬ 
ately  so.  The  fall  in  St  relative  to  Cf  is  apparently 
much  greater  than  that  reported  in  {12}  and  (13)  and 
the  effects  on  cf  in  the  present  case  of  the  mild 
favourable  pressure  gradient  (Figure  2)  must  be 
considered.  The  pressure  gradient  term  contributes 
up  to  15  per  cent  of  the  mean  flow  momentum  balance; 
this  is  offset  to  some  extent  by  the  lower  growth 
rate  of  the  accelerated  boundary  layer  (the  present 
measurements  of  d52/dx  are  fully  20  per  cent  lower 
than  those  quoted  by  Coles  (21)  for  uniform  pressure 
flow)  so  that  the  net  effect  on  cf  is  relatively 
sra&ll,  as  is  suggested  by  the  excellent  agreement 
with  the  flat  plate  correlation  in  the  plane  approach 
flow. 

Figure  5  is  a  semi-logari thmic  plot  of  the 
mean  velocity  profiles  in  universal  wall  co-ordinates 
(U* ~ y4) .  These  all  show  clearly  defined  logarithmic 
layers  which  are  well  fitted  in  the  plane  and  curved 
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with  K  *  0.41  and  C  *  5.0.  Profiles  in  the  sublayers 
(y4  <  24)  are  also  shown  in  the  linear  plot  of 
Figure  6.  Here  the  data  collapse  satisfactorily  on  a 
single  curve;  the  scatter  appears  to  be  random  and 
within  the  margins  of  experimental  uncertainty  includ¬ 
ing  hot  wire  positioning  error  (<  10  ym,  unit  y4 
corresponds  typically  to  15  ym) .  The  departure  from 
the  U*  =  y4  asymptote  at  y+  =  4  is  attributed  to  the 
wall  proximity  effects  documented  in  (17)  for  which 
no  correction  has  been  made . 

The  corresponding  plots  of  T4  against  y4  are 
presented  in  Figures  7  and  8.  In  contrast  to  the 
Simon-Moffat  data  for  stronger  curvature  these  all 
show  well  defined  logarithmic  regions  fitted  by  the 
expression 

pu  c  (T-y  )  . 
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A  significant  difference  from  the  velocity  profiles 
is  that  the  'constants'  Kt  and  Ct  change  in  the 
curved  flow  as  indicated  on  the  graph,  the  slope 
increasing  (Kt  decreasing)  with  distance  along  the 
curved  plate.  The  first  two  profiles  of  the  plane 
flow  are  fitted  by  (6)  when  Kt  =  0.46,  Ct  =  3.8  to 
give  an  approximate  value*  of  the  turbulent  Prandtl 
number  near  the  wall  Prt=  K/Kt  =  0.85  consistent  with 
values  estimated  in  the  Kader  and  Yaglom  (22)  survey 
of  flat  plate  data.  Towards  the  end  of  the  curved 
plate,  however,  the  profiles  are  best  fitted  using 
Kt  =  0.4  so  that  the  turbulent  Prandtl  number  rises 
to  approximately  1.03.  This  result,  which  is  at 
variance  with  our  model  predictions  (11_)  ,  is  not  as 
surprising  as  it  might  have  been  had  we  not  seen  the 
Stanford  results  ()^,  1_3)  which,  according  to  So's 
(16)  analysis  of  the  data,  exhibit  the  same  trend. 
Sublayer  profiles  of  T+  are  presented  in  Figure  8. 

It  was  possible  to  get  much  closer  to  the  wall  with 
the  thermocouple  than  with  the  hot  wire  probe  and, 
within  the  estimated  uncertainty  margins  indicated 
by  the  bars,  the  profiles  collapse  satisfactorily 
on  a  sirgi.i  curve  with  asymptote  T*  =  Pr  y+  as 
y*  *0.  There  is  a  slight  but  possibly  significant 
difference  fiom  the  sublayer  velocity  profiles  of 
Figu.-e  6  in  that  scatter  is  apparently  not  random 
but  .-hows  c  consistent  trend  for  T*  to  increase  at 
a  given  y*  >-.o  the  curved  flow  develops.  It  is, 
however,  impossible  to  be  quite  certain  about  this 
trend  in  view  of  the  experimental  uncertainty. 

CONCLUSION 

The  results  of  this  experiment  on  a  mildly 
curved  heated  boundary  layer  show  that  convex  curva¬ 
ture  depresses  the  surface  heat  flux  by  a  greater 
proportionate  amount  that  it  does  the  skin  friction. 
Mean  velocity  and  temperature  profiles  both  exhibit 
clearly  defined  logarithmic  regions  in  the  curved 
flow  but  the  gradient  of  temperature  increases  as  the 
flow  develops.  Approximate  estimates  of  the  turbulent 
Prandtl  number  obtained  from  the  gradients  in  the 
logarithmic  layer  show  this  quantity  to  increase 
from  0.85  at  the  start  of  the  curved  plate  to  a 
little  over  unity  at  the  end.  Measurements  in  the 
sublayers,  in  the  case  of  temperature  very  close  to 
the  wall,  confirm  the  internal  consistency  of  the 
results . 


Assuming  uniformity  of  shear  stress  and  heat 
flux  in  the  logarithmic  layer. 
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The  work  presented  here  is  still  continuing. 
Hot-wire  measurements  of  the  four  non-zero  components 
of  Reynolds  stress  have  been  made  (6)  and  in  the  near 
future  we  intend  to  complete  our  investigation  of 
the  velocity  field  by  measuring  triple  correlations 
and  energy  spectra.  The  mean  temperature  and  surface 
flux  data  presented  here  will  be  supplemented  by 
profile  measurements  of  the  cross-stream  and  longitu¬ 
dinal  components  of  the  heat  flux,  the  temperature 
variance  and  the  triple  correlations. 
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ABSTRACT 

Experimental  study  has  been  carried  out  to 
clarify  the  effects  of  centrifugal  force  on  the  two- 
and  three-dimensional  wakes  behind  a  circular 
cylinder  and  a  sphere  installed  in  curved  channels. 
From  the  experimental  results,  large-scale  longitu¬ 
dinal  vortices  with  axis  in  the  streamvise  direction 
were  found  to  exist  in  the  wakes  behind  the  circular 
cylinder  and  the  sphere  on  the  convex  and  concave 
walls.  Although  che  width  of  the  wake  behind  the 
circular  cylinder  was  the  same  size  as  that  of  the 
sphere,  one  pair  and  two  pairs  of  vortices  were 
observed  in  the  wakes  behind  the  circular  cylinder 
and  the  sphere,  respectively.  The  width  of  the  two- 
dimensional  wake  behind  the  circular  cylinder, 
spanning  the  longest  dimension  of  the  cross-section 
of  the  channel,  was  nearly  independent  of  the  radius 
of  the  curved  channel.  However,  the  unstable  region 
was  wider  than  the  stable  region  in  the  two- 
dimensional  wake. 

NOMENCLATURE 

d  =  Diameter  of  circular  cylinder  or  sphere,  mm 
R  «  Radius  of  curved  channel ,  mm 
®e  *  Reynolds  number,  Uid/V 

s  •  Streamwise  coordinate,  measured  along  axis  of 
channel,  mm 

U  •  Freestream  velocity  at  inlet  of  channel,  m/s 
U ;  ■  Representative  velocity,  m/s 
u  »  Mean  velocity,  m/s 

u'  =  Root-mean  square  value  of  fluctuating  streamwise 
velocity,  m/s 

y  «  Transverse  coordinate,  distance  normal  to  wall, 
mm 

z  ■  Spanwise  coordinate,  mm 
v  «  Kinematic  viscosity,  m2/s 

INTRODUCTION 

The  effects  of  body  force (buoyancy  force, 
centrifugal  force  due  to  the  curvature  of  the  stream¬ 
lines,  Coriolis  force,  etc.)  on  the  turbulence  shear 
flows  are  very  interesting  problems  in  physics, 
engineering  and  the  environmental  sciences.  The 


apparent  analogy  between  the  stability  effects  of 
buoyancy  force  in  density  stratified  flow,  centrifugal 
force  in  curved  flow  and  Coriolis  force  in  rotating 
flow  was  mentioned  by  Bradshaw(l)1 .  The  author 
investigated  the  effects  of  Coriolis  force  on  the 
turbulence  structure  of  a  rotating  two-dimensional 
turbulent  boundary  layer (2,3].  From  the  experimental 
results,  Taylor-Coertler  type  vortices  were  found  to 
exist  inside  the  turbulent  boundary  layer  on  the  high 
pressure  side  wall.  The  vortex  structure  was  broken 
up  at  the  higher  rotation  number (effects  of  Coriolis 
force  were  stronger).  The  same  phenomena  were 
observed  by  So  and  Mellor[4]  inside  the  turbulent 
boundary  layer  on  a  concave  wall.  The  basic  equations 
governing  the  generation  of  the  secondary  vorticity 
which  arises  when  a  non-uniform  stream  is  turned  were 
derived  by  Squire  and  Winter[5),  Hawthorne[6]  and 
Preston[7],  The  author  mentioned  in  [3]  that  the 
change  in  the  mean  vorticity  and  the  fluctuating 
vorticity  along  the  streamwise  direction  is  equivalent 
to  the  "secondary  flow  effect"  and  the  "stability 
effect"  of  body  force  in  turbulent  shear  flows.  The 
author  also  considered  that  the  above-mentioned  vortex 
was  broken  because  the  destabilizing  effect  became 
much  larger  than  the  secondary  flow  effect.  The 
mechanism  of  the  breaking  of  the  vortex,  however,  is 
not  yet  understood  completly. 

The  object  of  the  present  investigation  is  to 
make  clear  the  effects,  especially  the  secondary  flow 
effect,  of  centrifugal  force  due  to  the  curvature  of 
the  streamlines  on  two-  and  three-dimensional 
turbulent  shear  flows.  Thus,  quantitative  experi¬ 
ments  were  performed  on  wakes  behind  a  circular 
cylinder  and  a  sphere  installed  at  the  inlet  of 
straight  and  curved  channels. 

EXPERIMENTAL  APPARATUS  AND  MEASUREMENTS 


Fig.  1.  Experimental  apparatus (All  dimensions  are 
given  in  mm) 

1  Numbers  in  brackets  designate  References  at  end  of 
paper 


The  experimental  apparatus  employed  in  the 
present  Investigation  is  shown  in  Fig.  1.  Air  is 
delivered  to  a  wind  tunnel  by  a  single-stage  Roots 
blower,  having  a  capacity  of  0.5  m'/s  atadelivery 
pressure  of  100  kPa.  The  air  flows  through  a 
rectification  chamber  to  the  test  channel  via  a  14.8 
to  1  contraction  chamber.  The  rectification  chamber 
is  made  up  of  several  layers  of  honeycomb  flow- 
straighteners  and  screens.  The  contraction  chamber 
is  followed  by  a  210  sm  length  straight  channel (or 
curved  channel),  which  has  a  cross  section  of  280  mm 
»  50  mm(the  aspect  ratio  5.6:1).  The  origin  of  the 
coordinates  is  taken  at  the  inlet  of  the  test  channel 
with  the  s  axis  in  the  streamwise  direction,  the  y 
axis  in  the  direction  perpendicular  to  the  wall,  and 
the  z  axis  in  the  spanwise  direction. 

Measurements  of  the  mean  velocity  and  the  longi¬ 
tudinal  component  of  turbulence  intensity  were  made 
using  a  constant  temperature  anemometer  and  an  I-type 
senser  with  a  5  urn  tungsten  wire.  All  measurements 
were  made  at  the  freestream  velocity  of  10  m/s.  The 
boundary  layer  at  the  inlet  of  the  test  channel  was 
laminar  and  its  thickness  was  about  2  mm.  The  free¬ 
stream  turbulence  Intensity  was  about  1.5  i. 

A  circular  cylinder  of  diameter  2  mm,  spanning 
the  longest  dimension  of  the  cross-section,  was 
installed  as  shown  in  Fig.  2-a  to  generate  a  two- 
dimensional  wake  at  the  centre  section  of  the 
test  channel.  In  this  experiment,  the  Reynolds 
number  was  about  1250.  To  generate  two  various 
three-dimensional  wakes  on  the  walls,  a  circular 
cylinder  of  diameter  4  mm  and  a  sphere  of  diameter  4 
mm  were  installed  at  the  inlet  of  the  test  channels 
as  shown  in  Figs.  2-b  and  2-c,  respectively. 
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Fig.  2.  Three  inlet  conditions  at  test  channels (All 
dimensions  are  given  in  mm) 


shows  the  mean  velocity  and  turbulence  Intensity 
profiles  between  the  side  walls  of  the  straight  and 
curved  channels.  The  wakes  behind  the  circular 
cylinder  at  the  centre  section  of  the  test  channel 
are  two-dimensional.  The  boundary  layer  on  the  wall 
of  the  straight  channel  is  transitional.  The  boundary 
layer  on  the  concave  walls  of  the  curved  channels (R  ■ 
200,  400  mm)  are  turbulent,  whereas  on  the  convex 
wall(R  «  400  mm),  the  boundary  layer  is  laminar.  It 
is  well  known  that  the  laminar-turbulent  transition 
is  found  to  be  suppressed  on  the  convex  wall,  while 
promoted  on  the  concave  wall  by  the  effects  of 
centrifugal  force  due  to  the  curvature  of  streamlines. 
In  the  present  results,  it  is  considered  that  the 
effect  of  the  boundary  layer  development  on  the  side 
walls  on  the  wake  is  not  direct  because  there  are 
freestream  regions  between  the  boundary  layers  and 
the  wake.  The  width  of  the  wake  is  nearly  independent 
of  the  radius  of  the  curved  channel.  However,  the 
position  of  the  peak  velocity  defect  is  shifted  toward 
the  concave  wall  when  decreasing  the  radius  of  the 
curved  channel.  This  means  that  the  unstable  region 
is  wider  than  the  stable  region  of  the  two-dimensional 
wake.  The  turbulence  intensity  in  the  unstable  region 
is  higher  than  that  of  the  stable  region. 


Fig.  3.  Mean  velocity  and  turbulence  intensity 
profiles  between  side  walls 

Three-dimensional  wakes  behind  cylinder  and  sphere 


EXPERIMENTAL  RESULTS  AND  DISCUSSIONS 

Two-dimensional  wake  behind  cylinder 

Measurements  were  performed  at  the  exit  of  the 
test  channels,  208  mm  downstream  of  the  circular 
cylinder  of  diameter  2  mm  and  length  280  nm.  Fig.  3 


Wakes  behind  circular  cylinder.  Typical  mean 
velocity  profiles  in  a  wake  behind  a  circular  cylinder 
are  illustrated  in  Fig.  4.  The  basic  equations 
governing  the  generation  of  the  secondary  vorticlty 
which  arises  when  a  non-uniform  stream  is  turned  were 
derived  by  Squire  and  Winter [5),  Hawthome[6]  and 
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Fig.  4.  Secondary  vorcicities  due  Co  spanwlse 

gradient  of  mean  velocity  on  curved  surfaces 

Preston(7].  The  author  mentioned  in  [3]  that  the 
change  in  the  mean  vorticlty  and  fluctuating 
vorclcity  along  the  streamwise  direction  is  equiva¬ 
lent  to  the  "secondary  flow  effect"  and  the 
"stability  effect"  of  body  force  in  turbulent  shear 
flows.  It  is  considered  that  the  secondary  vortici- 
ties  as  illustrated  in  Fig.  4  arise  due  to  the  span- 
wise  gradient  of  the  mean  velocity  on  the  curved  sur¬ 
faces.  Therefore,  the  fluid  in  the  wake  behind  the 
circular  cylinder  Installed  between  the  convex  and 
concave  walls  of  the  curved  channel  sweeps  from  Che 
concave  side  to  the  convex  side. 

Fig.  5  shows  the  mean  velocity  and  turbulence 
intensity  profiles  at  the  centre  section  over  120  mm 
spanwlse  width.  It  is  observed  that  the  decrease  in 
the  mean  velocity  defect  in  the  curved  channel  is 
greater  than  that  in  the  case  of  the  straight  channel. 
The  width  of  the  wake  decreases  with  Che  decrease  in 
radius  of  the  curved  channel.  The  turbulence 
intensity  profiles  with  two  peaks,  where  the 
secondary  flows  are  strong,  are  also  observed.  These 
experimental  results  demonstrate  that  the  secondary 
vorticlty,  which  leads  to  the  secondary  flow,  is  a 
function  of  the  spanwlse  gradient  of  Che  mean 
velocity  and  the  curvature  of  Che  streamlines. 

Fig.  6  shows  the  mean  velocity  and  turbulence 
intensity  profiles  at  the  fixed  height (y  *  2  mm)  from 
the  convex  walls  over  120  mm  spanwlse  width.  The 
boundary  layer  outside  of  the  wake  is  laminar  for  Che 
case  of  the  radius  400  tom.  However,  the  laminar 
boundary  layer  including  separation  region (dashed 
lines)  was  observed  outside  of  the  wake  for  the  case  of 
the  radius  200  mm.  The  thickness  of  the  separation 
region  was  about  2  mm  at  the  channel  exit.  The  mean 
velocity  in  the  wake  is  faster  than  that  outside  of 
Che  wake.  The  turbulence  intensity  at  the  edge  of 
the  wake  is  higher  than  that  In  the  central  section. 
From  the  negative  correlation  between  the  mean 
velocity  and  turbulence  Intensity  profiles,  one  pair 
of  large-scale  longitudinal  vortices  with  axis  in 
the  streamwise  direction  as  illustrated  in  Fig.  6  is 
considered  to  exist  in  the  wake  on  the  convex  wall. 

Fig.  7  shows  the  mean  velocity  and  turbulence 
Intensity  profiles  at  the  fixed  height(y  •  2  mm)  from 
Che  concave  walls  over  120  on  spanwlse  width.  The 
boundary  layers  outside  of  the  wake  are  turbulent. 


H5  -K>  -5  0  5  10  15 

z/d 

(a)  At  26  diameters  downstream  of  cylinder 


z/d 


(b)  At  52  diameters  downstream  of  cylinder 

Fig.  5.  Mean  velocty  and  turbulence  intensity 
profiles  at  centre  section  over  120  mm 
spanwlse  width 
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in  this  figure,  the  dashed  lines  are  the  mean 
velocity  and  turbulence  intensity  profiles  without 
circular  cylinder  at  the  inlet  of  the  straight 
channel.  There  is  no  difference  between  the  mean 
velocity  profiles  in  the  wakes  on  the  flat,  convex 
and  concave  walls.  Negative  correlation  between  the 
mean  velocity  and  turbulence  intensity  profiles  is 
observed  for  the  case  of  the  radius  200  nm.  From 
these  results,  one  pair  of  large-scale  longitudinal 
vortices  with  axis  in  the  streamwise  direction  as 
illustrated  in  Fig.  7  is  considered  to  exist  in  the 
wake  on  the  concave  walls.  The  vortices  convey  the 
fluid  of  lower  mean  velocity  and  higher  turbulence 
near  the  wall  toward  the  outer  layer.  The  vortices 
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on  the  concave  wall  are  the  same  size  as  that  on  the 
convex  wall.  However,  the  rotating  directions  of 
the  vortices  on  the  concave  wall  are  counter-wise  as 
compared  with  those  on  the  convex  wall. 

Wakes  behind  sphere.  Fig.  8  illustrate  a  typical 
wavy  distribution  of  the  mean  velocity  behind  a  sphere 
on  a  flat  surface,  and  also  the  secondary  vortlcltles 
on  curved  surfaces  due  to  the  spanwlse  wavy  variation 
of  the  mean  velocity. 

Fig.  9  shows  the  mean  velocity  and  turbulence 
intensity  profiles  at  y  •  2  mm,  52  diameters  down¬ 
stream  of  the  sphere  over  120  mm  spanwlse  width.  The 
periodic  variations  of  the  mean  velocity  and  turbu¬ 
lence  intensity  are  observed  in  this  figure.  The 
negative  correlations  between  the  mean  velocity  and 
turbulence  intensity  profiles  are  also  observed.  The 
wavelength  of  the  spanwlse  variation  of  the  mean 
velocity  and  turbulence  intensity  is  nearly  independ¬ 
ent  of  the  radius  of  the  curvature  of  the  convex  wall. 
From  these  results,  two  pairs  of  longitudinal  vortices 
as  illustrated  in  Fig.  9  are  considered  to  exist  in 
the  wake  on  the  convex  wall.  As  mentioned  above,  the 
system  of  the  longitudinal  vortices  is  considered  to 
be  produced  by  the  secondary  flow  effect  of  centrif- 
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Fig.  6.  Mean  velocity  and  turbulence  intensity 

profiles  at  y  -  2  mm  over  120  am  spanwlse 
width  on  convex  walls 


Fig.  7.  Mean  velocity  and  turbulence  intensity 

profiles  at  y  -  2  be  over  120  mm  spanwlse 
width  on  concave  walls 
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ugal  force  due  to  Che  spanwise  gradient  of  the  mean 
velocity  on  the  curved  surface. 

Fig.  10  shows  the  mean  velocity  and  turbulence 
intensity  profiles  in  the  wakes  behind  che  sphere  on 
the  concave  walls.  The  periodic  variations  of  the 
profiles  are  observed.  The  negative  correlations 
between  the  mean  velocity  and  turbulence  Intensity 
profiles  are  also  observed.  It  is  seen  from  the 
results  that  two  pairs  of  Che  longitudinal  vortices 
with  axis  in  the  streamwise  direction  are  found  to 
exist  in  the  wake  as  illustrated  in  Fig.  10.  The 
vortices  are  the  same  size  as  that  on  the  convex 
wall.  However,  che  rotating  directions  of  the 
vortices  on  the  concave  wall  are  couuter-wlse  as 
compared  with  those  on  the  convex  wall.  Although  the 
width  of  the  wake  behind  the  circular  cylinder  is  the 
same  as  that  of  the  sphere,  the  longitudinal  vortex 


Fig.  9.  Mean  velocity  and  turbulence  intensity 

profiles  at  y  ■  2  mm  over  120  ns  spanwise 
width  on  convex  walls 


Fig.  8.  Secondary  vorticlties  due  to  spanwise 

gradient  of  mean  velocity  on  curved  surfaces 
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Fig.  10.  Mean  velocity  and  turbulence  intensity 

profiles  at  y  *  2  mm  over  120  ns  spanwise 
width  on  concave  walls 
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in  the  wake  behind  the  circular  cylinder  is  about 
twice  the  size  of  that  of  the  sphere. 

CONCLUSIONS 

This  experimental  study  has  been  carried  out  to 
clarify  the  effects  of  centrifugal  force  on  the  wakes 
behind  a  circular  cylinder  and  a  sphere  in  curved 
channels.  Conclusions  based  on  the  experimental 
results  on  the  mean  velocity  and  turbulence  intensity 
profiles  are  suamarlzed  as  follows: 

(1)  The  width  of  the  two-dimensional  wake  behind  the 
circular  cylinder  is  nearly  independent  of  the  radius 
of  the  curved  channel.  However,  the  position  of  the 
peak  of  the  velocity  defect  is  shifted  toward  the 
concave  wall  when  decreasing  the  radius  of  the  curved 
channel . 

(2)  Large-scale  longitudinal  vortices  with  axis  in 
the  streamwlse  direction  are  found  to  exist  in  the 
wakes  behind  the  circular  cylinder  and  the  sphere  on 
the  convex  and  concave  walls. 

(3)  Although  the  width  of  the  wake  behind  the 
circular  cylinder  is  the  same  size  as  that  of  the 
sphere,  the  longitudinal  vortices  in  the  wake  behind 
the  circular  cylinder  are  about  twice  the  size  of  that 
of  the  sphere.  The  rotating  directions  of  the 
vortices  on  the  convex  wall  are  counter-wise  as 
compared  with  those  on  the  concave  wall. 
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ABSTRACT 


INTRODUCTION 


Mean  velocity  and  turbulence  measurements  are 
described  for  a  turbulent  flow  over  a  concave  surface 
with  a  strong  streamvise  curvature.  Different  kinds 
of  uniform  shear  flow  are  provided  at  the  inlet  to  the 
curved  section.  Three-dimensional  longitudinal  vorti¬ 
ces  are  found  tc  occur  under  all  free-stream  condi¬ 
tions.  In  an  unstable  free  stream,  turbulent  intensi¬ 
ties  in  the  boundary  layer  as  well  as  in  the  free 
stream  are  enhanced.  The  unstable  free-stream  condi¬ 
tion  affects  the  structure  of  the  boundary  layer  and 
of  the  free  s*rean  itself. 

NOMENCLATURE 

As  Aspect  ratio,  h/B 

B  Channel  height 

Cf/2  Ckin  friction  coefficient 
b  Channel  width 

k  Surface  curvature 

R  Radius  of  surr’ace  curvature 

Re  Reynolds  number,  'JpU  3  •  v 

Rf  Flux  Richardson  number,  2k",  '§£  ♦ 

•J,7,W  Mean  velocities  in  x,  y  ,ar,d  z  coordinates 


Much  attention  has  been  paid  to  the  turbulent 
boundary  layer  over  a  concave  surface,  since  striking 
changes  in  turbulence  properties  can  occur,  even  for  a 
slight  surface  curvature.  Hoffmann  1  Bradshaw  [l]  and 
Hunt  &  Joubert  [2]  have  provided  data  or.  slight  sur¬ 
face  curvatures.  Data  reported  by  Jo  &  Melior  [ •] 
shows  that  over  a  concave  surface,  Reynolds  shear 
stress  increases  and  three-dimensional  vor'iees  exist. 

Furthermore,  because  concavity  increases  turbu¬ 
lent  mixing  [1],  the  effects  of  a  stable  or  unstable 
free-stream  velocity  gradient  on  the  flow  structure 
and  heat  transfer  over  the  concave  surface  have  become 
an  important  subject  of  concern.  Castro  &  Bradshaw  [o] 
have  explored  the  effect  of  streamwise  curvature  on 
the  free  shear  layer,  but  no  data  on  unstable  effects 
has  been  obtained  with  the  exception  of  the  strongly 
unstable  case  described  by  Mar  golds  [i*].  F re  virus  ex¬ 
periments  done  on  the  mixing  prs-cess  of  free  shear 
layer  itself  ignored  the  interaction  wi*h  the  concave 
boundary  layer,  indicating  that  free-stream  interaction 
with  a  strongly  unstable  boundary  layer  is  net  under¬ 
stood  in  detail. 

The  surprise  of  the  present  paper  is  to  clarify  ex¬ 
perimentally  the  influence  of  flow  cor.  lit  ions  upstream 
from  the  curved  test  section  on  a  turbulent  structure 
over  a  concave  surface.  These  test  flew  -cr.  Jit  ions 
correspond  to  a  stable  or  unstable  free  stream. 
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Figure  1  shows  the  schematic  arrangement  of  1st 
curved  wall  tunnel  used.  The  tunnel  is  an  open- re turn 
suction  type.  A  flow  straightener  with  a  honeycomb 
section,  three  screens,  and  a  two-dimensional 
contraction  nozzle  are  set  at  the  inlet  mc‘:  r. .  Toe 
test  channel  is  a  3 00  mm  straight  section  and  a  curved 
test  section  with  a  500  mm  radius  of  concave  c.rvature. 
A  tripping  wire  0.6  mm  in  diameter  is  attained  at  tie 
nozzle  throat  to  create  a  turbulent  boundary  layer  in 
the  test  section.  While  no  attempt  was  male  *  mini¬ 
mize  the  secondary  flow  created  by  end-wall  flow  cr 
to  separate  acceleration  or  deceleration  effects,  *he 
use  of  a  large  aspect  ratio  kept  secondary  flow  ef¬ 
fects  small.  The  Reynolds  number  based  on  channel 
height  is  1.0-1.1*10*. 
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Figure  1  Experimental  apparatus  : 

all  dimensions  in  as 
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Figure  2  Mean  velocity  distribution 


Different  kind."  of  uniform  shear  flow  were  pro¬ 
vided  at  the-  ter*  channel  inlet,  with  shear  changed  by- 
means  of  1.6  mm.  diameter  wire  grids  placed  normal  to 
the  stream  a*  unequal  intervals.  Wire  grid  spacing 
was  determined  ty  Owen's  method  [6].  The  same  grids 
cculi  be  used  for  experiments  by  reversing  grid  direc¬ 
tion  in  the  channel,  inlet  conditions  obtained  in  the 
curved  channel's  free- stream  region  are  (i)  shear  free 
flow,  which  produced  a  uniform  flow  ir.  the  upstream 
straiph*  channel,  i.e.,  the  "neutral  case,"  (n)  pos¬ 
itive  shear  flow,  and  (iii)  negative  shear  flow.  Pos¬ 
itive  shear  flows  produce  a  stable  free  stream,  in  the 
curved  se  ior. ,  while  negative  shear  flows  producing 
ar.  unstable  -ee  stream. 

Mean  a  .  turbulent  velocities  were  measured  at 
five  station.-  in  the  downstream  direction.  A  hot-wire 
prob--  was  continuously  traversed  both  spanwise  and 
normal  to  the  wall.  The  hot-wire  anemometer  was  a 
linearized  constant  temperature  type.  Wire  output 
signals  near  a  wall  were  not  modified  to  compensate 
for  extra  heat  loss  from  the  wire  to  the  wall,  since 
no  serious  error  war.  observed  in  the  wall  remote  re¬ 
gion  ,  i.e.,  y»1.0  mm.. 

Reynolds  stress  measurement  was  made  to  involve 
rotation  of  the  wire  around  two  axes.  The  normal  wire 
around  tne  z-axis  was  rotated  to  provide  u2  ,  v"2,  and 
-  uv  in  a  similar  method  (7].  The  same  wire  was  also 
rotated  around  the  y-axis  to  give  u2  ,  w2  ,  and  uw  . 
Accuracy  appears  to  be  lessened  when  rotating  normal 
and  slanted  wires  are  used  [8],  since  slanted  wire 
data  includes  error  resulting  from  the  data  process¬ 
ing  of  normal  wire. 

Hot-wire  signals  through  a  low-pass  filter  and  a 
Sit"  meter  were  recorded  on  an  X-Y  plotter,  then  con¬ 
verted  manually  to  digital  form.  The  resulting  data 
was  reduced  by  a  computer  program,  including  tempera¬ 
ture  corape. .sation  and  modification  of  angle  character¬ 
istics  of  the  rotating  wire.  Figures  6  to  9  show  the 
effects  of  RMS  signal  scatter  on  reduced  results. 

The  severest  uncertainty  for  u  2  is  7  <  and  uncertain¬ 
ty  for  V2  amounts  to  6  J  near  the  wall  in  an  unstable 
free  stream. 


RESULTS  AND  DISCUSSION 

Figure  2  shows  profiles  of  streamwise  mean  velo- 
ity  normalized  by  Up  ,  with  the  free  stream,  velocity 
U  p  given  as  , 


U„  = 


1  +  ky 


( 1+ky  )  ) 


where  U  pu  and  C  were  determined  by  a  leas*  square- 
method  using  velocity  data  measured  in  the  free-st ream 
region.  Their  vorticity  intensities  l,  and  free- 
stream  velocities  extrapolated  tc  the  wall  l' pv  a: 
the  first  station,  x  =  -If'1  mm,  are  shewn,  ir.  Table  1. 
"Bulging"  near  the  wall  region  at  the  straight  sec¬ 
tion,  in  ar.  unstable  case,  is  produced  by  the  grid 
arrangement,  even  though  it  disappears  further  down¬ 
stream.  In  all  cases,  comparisons  with  a  flat  or 
convex  wall  boundary  layer  flow  show  a  smaller  veloci¬ 
ty  defect  near  the  wall,  especially  in  ar.  unstable 
free  stream,  which  is  quite  small  in  comparison. 

In  accord  with  previously  obtained  results  for 
strong  curvature  [9,10],  the  tendency  toward  a  vortex- 
free  flow  was  obtained  even  near  the  concave  wall 
when  a  fully  developed  flow  was  given  at  a  straight 
section.  Hunt  [2]  classified  these  flows  into  two 
categories  depending  on  curvature,  i.e.,  inertia- 
dominated  and  stress-dominated.  As  Figure  5  indicates. 


Table  1  Free  Stream  Condition  at  First  Station 


Flow  Condition 

Neutral 

Stable 

Unstable 

C  sec"1 

0 

63.8 

-37.8 

Upv  m/sec 

16.3 

18.6 

12.8 

B  t/Upw 

0 

0.3^ 

0.30 

6  mm 

7.5 

5.1* 

6.2* 

•  {'  is  used 
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Figure  3  Mean  vorticity  profile 
free-stream  vorticity 


-  average 
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Figure  5  Skin  friction  coefficient 


vorticity  in  the  free-stream  region  is  apparently  main¬ 
tained  in  the  downstream  direction.  The  rate  of  vor¬ 
ticity  change  toward  zero  in  the  free  stream  shows  a 
very  slow  response,  while  in  the  boundary  layer  or 
for  an  inertia  dominated  flow  the  time  constant  is 
shorter. 

Figure  U  indicates  distributions  of  momentum 
thickness,  reduced  by  the  usual  definition. 


Although  an  exact  momentum  thickness  should  be  defined 
as 

(  Up-U  )  dy  (3), 

0  0 

the  expression  for  62  in  Equation  (3)  becomes  exces¬ 
sively  complicated  when  shear  flow  is  employed.  The 

difference  in  62  between  Equations  !2)  and  (3)  was 
estimated  as  less  than  5  ?  when  jki|  <  0.1  [lij.  h0. 
mentun  thickness  distribution  at  the  first  and  second 
stations  ir.  an  unstable  flow  is  not  shown  in  Figure  U, 


Figure  1  Momentum  thickness 


because  the  buldging  profiles  are  produced  there. 

Data  shows  that  62  in  a  stable  flow  is  thicker  than 
in  other  cases  and  that  it  still  develops  even  at  the 
last  station,  x  =  750  mm,  though  other  cases  ter. i  to 
decrease  there. 

Figure  5  shows  distributions  of  skin  friction 
coefficient,  C f/2,  determined  from  the  law  of  the 
wall.  Some  deviation  from  the  law  of  the  wall  was 
certain  to  occur,  thus  resulting  in  a  similar  tendency 
[3]  containing  some  doubts  about  accuracy. 


Figure  (>  Turbulent  normal  stress  profiles,  1 
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Figures  6,  7,  and  8  present  the  profiles  of  nor¬ 
mal  components  of  Reynolds  stress,  u2 ,  v2 ,  and  v2 . 

Shear  stress  distribution,  -uv,  is  also  shown  in  Figure 
9-  All  stresses  are  normalized  by  Upv.  In  figures  of 
unstable  case  6',  which  denotes  a  thickness  where  vor- 
ticity  is  95  %  of  free  stream,  is  used  instead  of  6  . 
Reynolds  stress,  excluding  the  neutral  case,  shows  some 
finite  values  in  the  free-stream  region  at  the  straight 
section  because  of  the  wire  grid  at  the  nozzle  exit. 

The  boundary  layer  on  the  straight  wall  differs  slighty 
from  Klebanoff's  data  [12],  since  the  upstream  straight 
section  is  not  long  enough  to  provide  an  equilibrium 
flow . 

Regarding  turbulence  structure  within  a  boundary 
layer,  the  striking  feature  of  v2  and  -uv  profiles  is 
that  a  maximum  is  observed  half  way  through  the  bound¬ 
ary  layer  in  all  free-stream  conditions.  Similar  maxi¬ 
ma  located  at  were  found  in  mild  curvature 

[l1  as  well  as  strong  curvature  [3]*  though  their  free 
streams  were  of  the  neutral  case.  Of  these,  a  second 
maximum  appears  to  exist  near  the  boundary  layer  edge 
a*  a  position  of  minima  cf  mean  velocity  U  in  the  vor- 
*  •>,  hereafter  rcferej  to  as  a  "trough”. 
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Figure  7  Turbulent  normal  stress  profiles. 
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Figure  8  Turbulent  normal  stress  profiles,  w2 
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Regarding  the  turbulence  profile  in  the  free-stream 
region,  turbulent  intensities  in  the  neutral  and  stable 
cases  become  zero  or  almost  zero.  In  contrast,  an  un¬ 
stable  free  stream  is  associated  with  marked  production 
of  turbulence  energy.  The  Reynolds  stress  trend  ob¬ 
tained  can  be  shown  to  be  consistent  with  the  argument 
that  each  component  is  enhanced  by  an  extra  term  due 
to  curvature  together  with  a  mean  strain  rate  based  on 
a  thin  shear  layer  assumption.  This  is  easily  demon¬ 
strated  by  each  production  term  in  transport  equations 
for  Reynolds  stress  given  as. 


-uv(l+ky)(|^-  +  I^-)  -Uw(i  +  ky)|^ 


for  u2  production  (k). 


(a)  Unstable  S  <  0 


-J*  -(Wky)2. 


kU 
1  *ky 

(b)  Stable  £  >  0 


Figure  10  Cyclic  production  mechanism  with 
concave  curvature  ;  k  <  0 
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for  w2  production  (6), 
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for  -uv  production 


The  first  term  denotes  the  production  in  a  two- 
dimensional  curved  flew.  _  _ 

Fi cure  10  shows  the  production  mechanism  of  u,  v2, 
and  -uv  to  illustrate  the  contribution  of  the  above 
two  terms  tc  production  of  turbulence  energy  and  shear 
stress.  The  solid  line  indicates  positive  contribution 
and  t::»»  lashed  line  negative.  A  ratio  of  the  extra 
.“••rain  ra*e,  -2kU,  tc  *he  mean  strain  rate,  (1+ky) 

3",'3y  +  kU,  is  considered  a  useful  measure  ienoting  the 
effect  jf  curvature  on  turbulence  structure.  This 
ratio  c , r»*^spor.  is  to  a  flux  Richardson  number,  Rf.  A 
positive  -uv  first  introduces  the  u2  production  by  the 
mean  strain  rate,  then  v2  is  produced  by  the  extra 
strain  rate  through  -uv  ,-eneration.  Finally,  v2  goes 
into  -uv  veneration,  like  a  chain  reaction.  By  this 
cyclic  production  mechanism,  turbulence  ernergy  and  the 
shear  stress  are  increased,  where  an  unstable  condi¬ 
tion  is  applied,  and  vice  verso. 

The  effect  of  the  free  stream  on  the  production 
mechanism  within  a  boundary  layer  is  not  so  straight¬ 
forward  that  the  mean  strain  rate  in  the  boundary  lay- 
•*r  becomes  dominant,  having  .a  higher  order  than  that 


in  the  free  stream  and  extra  strain  rate.  The  free 
stream  may  cause  only  an  additional  effect,  yet  remark¬ 
able  production,  even  for  spanwise  component  v2  ,  is 
observed  within  the  boundary  layer  in  an  unstable  case. 
No  extra  generation  for  w2  could  be  expected  vitn  the 
exception  of  the  contribution  by  pressure  fluctuation, 
if  the  mean  strain  rate  were  confined  to  a  two-dimen¬ 
sional  mean  flow  field. 

One  reason  complicating  the  turbulence  structure 
is  the  influence  of  three-dimensional  longitudinal 
vortices  first  detected  by  Tani  [13].  Their  existence 
was  confirmed  by  a  jpanwise  flew  survey  and  res'il*  inv 
in  wavy  profiles  of  the  mean  and  fluctuation  velocity, 
even  in  the  wail  remote  region  in  an  unstable  case. 

The  spanwise  location  selected  for  the  experiment  cor¬ 
responds  to  a  central  part  between  the  trough  and  .-'rest 
of  a  vortex  at  channel  midspan. 

When  a  mean  flow  is  three-dimensional,  each  addi¬ 
tional  term  of  turt  ulor.ee  energy  production  ur.  i  sh^-ar 
stress  generation  Is  given  as  *  h*3  second  term.  ir.  Equa¬ 
tions  ‘M  to  (7).  f  the  additional  mear.  rain 

rates  due  to  the  v or*e x  ms t  i on  i s  3W / 3 z  vh i  "h  j •  •  r. * e s 
a  convergent  or  divergent  effect  with  respect  *:  a 
plane  of  syrnmet  ry  like  a  ■'rest  sr  trough  of  vr- 
tex.  An  additional  loss  or  rain  fer  w2  and  -  :v  is 
followed  by  -v2  '  \  +ky  ■  3W  '3z  an  i  -uv .  1+ky '  3*^32  .  Thus, 
a  mechanism  of  the  ex*ra  product  i  cn  f:r  v'  and  -uv 
in  an  unstable  case  might  be  se-.r.  by  activity  *'  * he 
longitudinal  vert i -eg.  However,  1  a ' k  :>f  i--‘  at  s^v- 
«ral  spanwise  posit  i? ns  makes  ir  ir.poss ibl*-  *  dcmcn- 
strate  the  thro*.— 5 imer.s ional  r rcJu-t  ion  mechanism  ir. 
detail  • 


CONCLUSION 

Measurement s  made  over  a  concave  surface  vi*h 
different  kinds  of  uniform  shear  flow  at  the  inlet 
show  marked  effects  on  turbulence  structure.  In  an 
unstable  free-stream  condition,  Reynolds  stresses  are 
increased  both  in  the  boundary'  layer  and  free  stream, 
even  for  spanwise  component  w2  .  The  striking  fea¬ 
ture  of  v*  and  -uv  profiles  is  that  a  maxima  exists 
at  y/6  -  0.1*  independent  of  free-stream  conditions. 
A  high  level  of  turbulence  intensity  is  associate! 
with  the  growth  of  longitudinal  vertices. 
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ABSTRACT 

This  paper  is  concerned  with  the  predic¬ 
tion  and  measurement  of  flow  and  heat  trans¬ 
fer  in  motored  diesel  engine  swirl  chambers. 
Measurements  are  mainly  carried  out  by  a 
temperature-compensated  hot-wire  anemometer 
and  a  high  speed  camera.  Predictions  are  bas¬ 
ed  on  the  solution  of  the  finite-difference 
form  of  the  governing  differential  equations 
for  the  transport  of  mass,  momentum  and  ener¬ 
gy  by  way  of  digital  computers.  In  general, 
the  obtained  agreement  between  predictions 
and  measurements  is  fairly  good  which  con¬ 
firms  the  accuracy  of  the  described  predic¬ 
tion  procedure. 

NOMENCLATURE 


Ap 

cu.ca 

hpm 

h 


ah'°K 


influence  coefficient 
equal  to  £AC 

,Cj  constant  of  the  turbulence  model 
mean  piston  velocity 
total  enthalpy 
turbulence  kinetic  energy 
mass  flow  rates  across  cell  boundaries 
equals  to  (oV)2/5t  old  values  at  timet 
equals  to  (pV)pn/6t  new  values  at  time 
t  +  6t 

pressure 

pressure  correction 
tangential  velocity 
velocity  vector  at  any  point 
radial  position 

coefficient  of  linearized  source  term 
coefficient  of  linearized  source  term 
source/sink  term  for  variable  £ 
time 

radial  velocity 
cell  volume 
equal  to  Oc/3p)T 

effective  diffusivity  coefficient  for 
variable  i 

dissipative  rate  of  turbulent  kinetic 
energy 

angular  position 
arbitrary  dependent  variable 
laminar  viscosity 
effective  viscosity 
density 

,otconstants  of  turbulence  model  for  h, 
K  s  t. 

summation  for  neighbouring  nodes  of 
typical  grid  node. 


Subscripts 


E,W,N,S  East, West,  North  and  South  neigh¬ 
bouring  nodes 

e,w,n,s  midway  nodes  between  each  node. 


INTRODUCTION 


The  availability  of  very  large,  high 
speed  digital  computers  has  encourage  efforts 
to  simulate  the  compression  ignition  engines. 
Complete  mathematical  model  for  the  calcula¬ 
tion  of  the  heat  release  in  a  swirl  chamber 
of  a  diesel  engine  is  still  not  available. 

The  heat  release  in  multifuel  engines  depends 
to  a  great  extent  on  the  hydrodynamic  mixing 
and  transport  processes,  the  fuel  atomization 
and  evaporation,  the  chemical  reaction  mecha¬ 
nism  and  reaction  rates,  heat  transfer  and 
environmental  conditions,  all  of  which  vary 
inside  the  swirl  chamber.  The-fuel  mixing 
process  perior  to  autoignition  is  important 
in  diesel  engines,  in  general,  and  swirl  cham 
bers  of  diesel  engine  in  particular.  Moreover 
the  mixing  process  controls  combustion  which 
in  turn  controls  the  rate  of  pressure  rise, 
noise  emission  and  pollutant  formation  in  en¬ 
gine  cylinders  (1,2,3) .  The  study  of  pure  ph 
noraena  in  subclasses  helps  in  solving  more 
complex  combustion  phenomena  resulting  from 
multifuel  combustion. 


Therefore,  a  mathematical  prediction 
model  capable  of  predicting  the  air  velocity 
inside  swirl  combustion  chambers  is  required 
for  the  development  of  multifuel  engines  as 
well  as  saving  time  and  cost. 

There  have  been  several  experimental  in¬ 
vestigations,  as  a  consequence  of  the  develop 
ment  of  swirl  chambers;  for  the  determination 
of  the  swirl  chamber  parameters.  However,  it 
was  found  that  the  study  of  flow  is  the  more 
accurate  method  for  determination  of  swirl 
chamber  parameters.  Theoretical  investiga¬ 
tions  have  been  therefore  reported  14, 5, . 
Most  of  these  investigations  are  based  on  the 
evaluation  of  the  intensity  of  charge  motion 
which  relies  on  emperical  correlations .  More 
over,  they  are  based  on  the  application  of 
evaluating  parameters  recommended  from  the 
analysis  of  present  swirl  chambers.  Such  eva 
luating  parameters  have  a  quite  wide  ranue 
that  they  cannot  give  sufficient  accurate 
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results.  Recently,  Elkotb  (_2J  proposed  a 
new  theoretical  model  based  on  the  equality 
of  the  moment  of  momentum  resulting  from  the 
ejection  velocity  to  the  swirl  chamber  and 
the  moment  of  momentum  of  the  rotating  air 
inside  the  swirl  chamber  provided  that  the 
air  motion  in  the  central  zone  is  solid  vor¬ 
tex  and  that  in  periphery  is  free  vortex. 

This  model  can  define  the  average  velocity 
to  the  swirl  chamber  and  the  moment  of  momen¬ 
tum  of j^he  rotating  air  inside  the  swirl  cham¬ 
ber  but* is  not  useful  in  the  study  of  the  in¬ 
teraction  between  fuel  and  air.  Over  the 
past  decade  a  fairly  considerable  effort  has 
been  expended  on  computational  procedures 
with  the  aid  of  mathematical  models,  for  re¬ 
ciprocating  engines  (8*9^0  ).  These  prediction 
procedures  are  based  mainly  on  the  solution 
of  the  finite  difference  form  of  the  govern¬ 
ing  differential  equations  for  the  transport 
of  mass,  momentum  and  energy. 

Although  these  attempts  have  been  made 
to  predict  the  properties  of  turbulent  motion 
by  mathematical  models,  no  explicit  conside¬ 
ration  of  the  physical  properties  in  swirl 
chambers  is  taken..  Moreover,  the  shape  of 
the  combustion  chamber  with  its  effect  on 
the  air  flow  was  not  included. 

The  objective  of  this  work  is  to  deve- 
lpp  a  complete  mathematical  model  for  the 
prediction  of  the  turbulent  flow  field  in 
swirl  chambers.  Experimental  measurement  of 
the  air  flow  velocity  is  planned  to  satisfy 
careful  comparison,  over  a  wide  range,  with 
the  predicted  values  to  obtain  reliable  in¬ 
formation  about  the  constants  of  the  turbu¬ 
lence  model.  Actually  these  constants  de¬ 
pend  on  local  turbulence  values.  This  pro¬ 
posed  prediction  procedure  is  required  to 
investigate  speedily  and  with  reasonable  de¬ 
tail  and  accuracy  the  combustion  of  fuel  with 
various  chemical  properties  as  well  as  the 
effect  of  various  factors  on  the  combustion 
process  needed  for  the  development  of  multi¬ 
fuel  engines. 

EXPERIMENTAL  INVESTIGATION 

A  careful  comparison  over  a  wide  range 
of  data  can  give,  in  addition  to  the  mean 
velocity  field,  reliable  information  about 
the  constants  of  the  turbulence  model.  There¬ 
fore  an  experimental  setup  has  been  built  up 
to  facilitate  measurements  of  the  air  velo¬ 
city  components  inside  the  swirl  chamber  with 
the  highest  possible  accuracy.  The  experi¬ 
mental  swirl  chamber  has  been  built  up  in 
one  of  the  engine  cylinders  of  a  2-cylinder, 
4-stroke,  water  cooled  medium  speed  diesel 
engine.  The  other  cylinder  has  been  used 
for  motoring  the  engine  to  the  required  re¬ 
gime.  The  engine  is  directly  coupled  with 
hydraulic  dynamometer  for  engine  loading  and 
equipped  with  various  instruments  required 
for  measuring  the  main  engine  parameters. 

The  scope  of  this  investigation  in¬ 
cludes  the  measuring  of  the  instantaneous  ve¬ 
locity  components  and  finding  out  the  effect 
of  various  constructional  and  working  con¬ 


ditions  on  the  air  flow  inside  swirl  chambers, 
for  this  reason  the  cylinder  head  is  modified 
and  a  swirl  chamber  is  constructed  and  attach¬ 
ed  Instead  of  the  original  chamber.  A  sche¬ 
matic  drawing  of  the  experimental  setup  is 
shown  in  Fig.(l).  A  cylinderical  combustion 


Fig.l  Scheme  of  experimental  setup. (1-engine 
assembly , 2-swirl  chamber , 3-variable  area  port 
4-injection  pump, 5-hot  wire  anemometer , 6-ther¬ 
mocouples  ,  7-advance  angle  adjustment,  8-T.D.C. 
pickup,  9-tachometer ,  10 -dynamometer , 11-deg- 
ree  marker  amplifier , 12-loop  oscillograph, 
13-balancing  system) . 


chamber  of  48.5  mm  diameter, Fig. (2) ,  satis¬ 
fying  a  relative  swirl  chamber  volume  ratio 


ot  wire 
anemometer 


cooling 

jacket 

thermo- 
couple 

.  coolant 


connecting  chamber  base-'  1  cylinder  head 


Fig. 2  Scheme  of  the  test  combustion  chamber. 

of  0.507  is  constructed  with  an  optically 
flat  fused  quartz  window  on  one  of  its  sides. 
The  swirl  chamber  is  built  up  with  compres¬ 
sion  ratio  17.  Two  oblique  washers  are  fitt¬ 
ed  on  either  sides  of  the  quartz  plate  to 
avoid  stress  concentration.  The  quartz  lens 
is  fastened  by  a  self  locking  screwed  collar 
facilitating  easy  firm  and  quick  assembly. 

The  test  swirl  chamber  is  fitted  with  a  cool¬ 
ing  jacket  supplied  with  glysrine  from  an  in¬ 
dependent  circulating  system  to  control  its 
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surface  temperature.  Connecting  ports  with 
various  configurations  are  constructed  to 
supply  air  to  the  swirl  chamber  from  the  main 
chamber.  The  chamber  is  designed  such  that 
variation  of  the  relative  swirl  volume  ratio, 
the  connecting  port  area  ratio  IJJ  and  the 
connecting  port  inclination  angle  are  possi¬ 
ble.  The  intake  and  exhaust  manifolds  of 
the  test  cylinder  are  separated  from  those 
of  the  second  motoring  cylinder. 

’’’  The  chamber  is  equipped  with  a  tempera¬ 
ture  compensated  hot  wire  anemometer  to 
measure  the  air  velocity  components.  The 
probe  of  the  hot  wire  is  connected  to  an  ul- 
tra-voilet  oscilograph  through  the  compen¬ 
sating  bridge.  It  is  equipped  also  with  two 
ferrous-constantan  thermocouples  for  measur¬ 
ing  the  surface  temperature.  The  quartz 
window  is  used  to  photograph  the  air  motion 
inside  the  swirl  chamber  with  a  high  speed 
camera.  The  gas  pressure  variations  inside 
the  main  and  swirl  combustion  chambers  to¬ 
gether  with  the  crankangle  were  picked  by  a 
highly  sensitive  Piezo-electric  transducers 
and  an  external  X-generator.  The  display  of 
the  gas  pressure  is  syncronised  with  the 
disc  displaying  the  signal  of  the  top  dead 
centre.  The  data  recorded  during  an  engine 
run  include  combustion  chamber  pressure,  ve¬ 
locity  variation  for  two  inclination  angles 
of  the  hot  wire  at  each  location,  crank-angle, 
top  dead  centre  and  two  surface  thermocouples. 
Because  of  the  cycle  to  cycle  variations  in 
data  recorded  and  hence  in  air  velocity  com¬ 
ponents,  it  is  required  to  examine  a  large 
guantity  of  data  to  obtain  a  quite  sufficient 
reasonable  results.  Thus,  a  high  speed  mul¬ 
ti  channel  data  recording  and  processing  sys¬ 
tem  is  applied.  The  output  from  the  hot  wire 
anemometer  is  magnified  and  recorded  by  a 
magnetic  taperecorder .  A  calibration  signal 
is  recorded  at  the  start  of  recording.  There¬ 
after,  the  analog  signal  representing  the 
air  velocity  variation  at  two  inclination 
angles  are  played  back  at  a  lower  speed  to 
the  analog/digital  converter  and  digitzied 
at  every  crank  angle  for  50  cycles.  The 
output  of  the  50  cycles  is  then  processed 
and  an  average  cycle  of  the  velocity  varia¬ 
tions  is  determined  and  recorded  on  magnetic 
tape  in  digital  form  for  subsequent  process¬ 
ing  on  a  digital  computer  to  determine  the 
mean  velocity  and  the  random  velocity. 

THE  GOVERNING  CONSERVETION  EQUATIONS 

The  flow  inside  diese  engine  swirl 
chambers  is  a  transient  turbulent  flow.  For 
the  case  of  motored  engines,  thermal  radia¬ 
tion  may  be  neglected.  The  flow  is,  thus, 
governed  by  the  differential  conservation 
equations  of  energy,  mass  and  momentum.  In 
the  present  investigation,  the  swirl  chamber 
is  cylindrical  and  the  flow  may  thus  be  as¬ 
sumed  two-dimensional. 


The  turbulent  diffusion  fluxes  which  ap¬ 
pear  in  the  governing  equations  are  node led  using  Bous- 
sinesq  approach  in  terms  of  the  mean  flow  gradients  and 
eddy  aiffusivities.  These  eddy  dif fusivities 
are  determined  by  solving  additional  differen¬ 
tial  conservation  equations  for  the  time-ave¬ 
raged  kinetic  energy  of  turbulence  k  and  its 
dissipation  rate  e  .  This  kind  of  model  was 
originally  developed  for  steady  turbulent 
flows  l w  and  has  been  modified  ,  to  introduce 
compressibility  effects  by  analogy  wi th  thu 
laminar  stress  tensor,  by  Ramos  (9) . 

Within  the  above  framework,  the  govern¬ 
ing  set  of  equations  may  be  compactly  represen¬ 
ted  in  terms  of  a  single  general  equation  for 
an  arbitrary  dependent  variable  $  ; 

|t(p<fK  ?al(rpv O4-  ?  ?  §r(rr  Mr* 


f  = 


(1) 


where  t  stands  for  radial  velocity  v,  tangen¬ 
tial  velocity  u,  total  enthalpy  h,k  and  c  ;  t 
is  time;  0  is  density;  r*  and  S-  are  respec¬ 
tively  the  effective  diffusivity  coefficients 
and  source/sink  terms  for  variable  i  .  Equa¬ 
tion  (1)  represents  also  the  continuity  equa¬ 
tion  by  replacing  f  by  1 .  The  definition  of 
T*  and  are  given  in  table  (1).  Ir.  table 

(1)  peff  is  the  effective  viscosity  which  is 
given  By  ; 

ueff  =  11  +  cv-  k2/£  (2) 

where  p  is  the  laminar  viscosity,  Cp  ,  C2,C2, 
ojj,  ok  and  c £  are  constants  of  the  turbulence 
model  and  are  given  in  ref . (  9 , 11 )  •  u  is  the 
velocity  vector  at  any  point  in  the  swirl 
chamber. 
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BOUNDARY  CONDITIONS 
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The  imposition  of  the  boundary  conditions 
for  diesel  engine  swirl  chambers  is  not  as 
straight-forward  as  .t  may  seem.  At  chamber 
walls  :  the  velocity  components  ail  obey  the 
no  slip  conditions;  the  walls  are  insulated 
and  hence  the  wall  heat  flux  is  taken  equal 
to  zero  in  this  stage;  the  turbulence  fluctua¬ 
tions  and  their  dissipation  rate  are  also  zero. 
Wall  functions  are  used  for  grid  nodes  adja¬ 
cent  to  the  chamber  walls  to  avoid  using  many 
grid  lines  in  the  boundary  sub-layer (_13J  .  At 
the  inlet  plane,  i.e.  the  tangential  port 
which  connects  the  swirl  chamber  with  the  main 
chamber,  the  inlet  velocity,  density  and  tem¬ 
perature  vary  with  crank  angle  (or  time) .  They 
are  specified  by  solving  an  ordinary  differen¬ 
tial  equation  for  the  flow  from  the  main  cham¬ 
ber,  or  vise  versa,  through  the  tangential 
port,  in  the  manner  explained  in  ref.  ( 14 ) . 


The  equations  govering  the  flow  in  a 
cylindrical  swirl  chamber  of  a  diesel  engine 
can  be  obtained  by  decomposing  the  velocity, 
pressure,  density  and  enthalpy  into  a  mean 
and  a  fluctuating  value  respectively ( 9,11)  . 


THE  FINITE-DIFFERENCE  EQUATIONS 

For  the  purpose  of  deriving  the  finite- 
difference  equations,  the  swirl  chamber  is 
overlaid  with  a  grid  of  nodes,  formed  by  the 
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intersections  of  meridunal  lines  and  circles 
(Fig. 3),  at  which  the  scalar  variables  h,K,c 


Fig. 3  :  Computational  grid. 


and  P  are  stored;  while  the  velocities  are 
located  mid-way  between  the  pressures  which 
drive  them.  Equation  (1)  is  formally  integ¬ 
rated  over  imaginary  control  volume  or  'cell' 
surrounding  each  variable  and  for  a  time  in¬ 
crement  it.  The  finite-difference  approxima¬ 
tion  to  equation  (l)is  written  as  : 

(Ap+Mp"V*pn  =  Zc  Ac«cn+  Mp  «p  +  su  <3> 

where;  Ap  =  Zq  Aj.,^  denotes  summation  over 
the  four  neighbouring  nodes  of  a  typical  grid 
node  P,c  denotes  neighbouring  node  of  a  grid 
node  P,  'o'  and  'n'  denote  'old'  and  'new' 
values  at  times  t  and  t+ it  respectively,  M§ 
equals ( pv)g/ it,  V  is  cell  volume,  Sp  and  Su 
are  coefficients  of  a  linearized  source  term 
obtained  by  integrating  S$.  Ac  are  influence 
coefficients  which  give  the  combined  effect 
of  diffusion  and  convection. 


The  continuity 
to  give  ;  „  „ 

m"-m°  + 
P  P 


equation  is  integrated 
J  n>c  -  o  (4) 


where  mc  are  mass  flow  rates  across  cell  boun¬ 
daries.  Equation  (3)  can  be  so]-  ed  for  u,v,h, 
k  and  c in  space  and  time  domains  if  the  pres¬ 


sure  field  is  known  at  each  time  step.  The  so¬ 
lution  of  Equation  (3)  may  be  obtained  econo¬ 
mically  if  coefficients  A  , Sp  and  Su  are  com¬ 
puted  at  'Old'  time  t, leaving  and  f"  to  be 
calculated  in  the  'new'  time  t+£t.  This  solu¬ 
tion  approach  parallels  that  of  a  parabolic 
flow  which  is  justifiable  because  equation  (1) 
is  indeed  parabolic  in  time (16  ).  The  set  of 
difference  equations (3) are  linked  through  pres 
sure  differences  terms. 

OUTLINE  OF  THE  SOLUTION  PROCEDURE 

At  any  instant  Of  time  t  thet°  fields  of 
the  variables  are  known,  predictions  for  a 
time  increment  6t  are  then  obtained  by  solv¬ 
ing  the  difference  equations  for  the  $n  fields 
by  a  marching-integration  algorithm.  The  lat¬ 
ter  then  becomes  the  $°  for  the  prediction  of 
the  next  time  step;  in  this  way  the  solution 
is  marched  forward  in  time  until  the  desired 
period  has  been  covered.  The  next  section  is 
devoted  for  the  solution  of  the  difference 
equations . 

SOLUTION  OF  DIFFERENCE  EQUATIONS 

The  energy  equation  is  first  solved, us¬ 
ing  the  old  fields  of  h,u,-',p  and  (3P/3t) ,  to 
yield  the  new  enthalpy  field  (hn)  and  hence 
the  new  temperature  field  (Tn) . 

The  next  step  is  to  obtain  a  preliminary 
set  of  new  velocity  components  v  ”and  u  n  for 
an  estimated  new  pressure  fiejd  P  n  by  solving 
their  difference  equations;  P  n  is  actually 
estimated  as  equal  to  the  'old'  pressure  P°. 

The  computed  velocities  v*n  and  u*n  will 
not,  in  general,  satisfy  the  local  continuity- 
equation  (4)  but  will  produce  a  net  mass  sou¬ 
rce  at  each  grid  node.  The  pressure,  density 
and  velocities  are  then  corrected  so  as  to  re¬ 
duce  the  mass  source  at  each  grid  node  to 
zero  in  the  following  manner  ; 


c 


n 


+  P' 
+6  P' 


(5) 

(6) 


v“  =  v*n  +  D  „(P'  -  P*  )  (7) 

P  P  v  P  N 

UP  "  “p"  +  Du<Pp-pE>  <*) 

where  the  *  indicates  guessed  or  preliminary 
value,  p'  is  pressure  correction,  gis  defin¬ 
ed  as  (3P/3P)T,  Dv  and  Du  are  evaluated  from 
the  relevant  momentum  equation,  e.g.Du* 

3up/3 (Pp-PE) ,  subscripts  N  and  E  denote  neig¬ 
hbouring  nodes,  as  shown  in  Fig. 3. 

Equations (6-8)  are  substituted  into  the 
continuity  equation  (4)  to  give  ; 

(Ap-Sp)  P^  =  |  Ac  Pi  +  Su  (9) 


where;  A. 


=  £  A,,  S  +  £  m*)  is  the 


local^continuity  imbalance  based  on  u  n^v 
and  o  n>  Sp  and  Ac  are  coefficients  which  are 
defined  as ^follows  ; 

sp  =  ~vPv6t  -  c  (6c  K^ln)  ao) 

Vce"  aeDue-°-5  B^/p^;Aw=ow*nawDuw^.5^Vow*n; 

V^Vvn^5*5  n^^'-VPs‘Vvs^-5^s*n 

where,  subscripts  E,W,N,S  and  e,w,n,s  are11' 
neighbouring  nodes  and  corresponding  nodes 
mid-way  between  each  node  and  a  typical  nodes 
p  respectively  (Fig. 3).  In  proving  equation 
(9)  terms  involve  p'2  were  ignored  because  P' 
itself  should  be  small.  It  should  be  noted 
that  the  pressure  correction  equation  does 
not  include  P'  of  'old'  time  because  there 
is  no  question  of  correcting  'old'  velocities 
and  pressure  fields. 

Equation  (9)  is  solved  to  yeild  the  P' 
field  which  is  required  to  correct  P,  p,  v 
and  u  fields.  The  new  K  and  e  are  then  com¬ 
puted  from  their  difference  equation  (3) . 

OTHER  FEATURES 


The  difference  equations  (3)  &  (9)  are 
modified  at  cells  adjoining  the  swirl  cham¬ 
ber  boundaries  to  incorporate  the  conditions 
imposed  there.  In  addition  to  P',a  global 
pressure  correction  P  is  computed  based  on 
overall  continuity  balance  and  is  added  to 
the  existing  pressure  field  before  solving 
the  pressure  correction  equation  fill  .  The 
method  of  solution  used  to  solve  equations 
(3)  ft  (9)  is  a  Gauss-elimination  line-by-line 
double-sweep  technique.  While  equation  (3) 
converges  very  fast,  equation  (9)  needs  more 
sweeps  and  some  times  more  than  one  itera¬ 
tion  to  reduce  the  residual  mass  errors  to 
an  acceptable  level.  The  modified  form  of 
the  pressure  correction  equation,  developed 
here,  gives  a  fast  convergence  which  reduces 
the  total  computational  time.  The  time  in¬ 
crement  it  used  in  the  present  work  is 
2.22xlO-4  s  which  is  equivelent  to  2°  crank 
angle. 

PREDICTION  AND  MEASUREMENT  RESULTS 

The  computational  grid  inside  the  swirl 
chamber  consists  of  10  angular  and  16  radial 


locations.  Finer  grid  could  be  employed  at 
the  expense  of  an  increase  in  computational 
time.  The  computations  are  started  at  zero 
time,  defined  as  the  time  at  which  the  com¬ 
pression  stroke  has  started.  The  inlet  values 
to  the  swirl  chamber  are  taken  from  the  pre¬ 
vious  computational  method,  reported  in  (15) . 
Computations  are  carried  out  for  a  diesel  en¬ 
gine  with  a  swirl  chamber  of  48.5  mm  diamet¬ 
er,  tangential  port  of  diameter  15  mm  and  in¬ 
clined  an  angle  45°  to  the  cylinder  axis,  en¬ 
gine  speed  1500  RPM.and  compression  ratio  17. 
The  computations  are  carried  out  at  2°  crank 
angle  intervals.  The  resulting  velocity  field 
computed  at  various  times  is  shown  in  Figs. 4 
and  5  and  the  corresponding  contours  of  the 
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Fig. 4  Velocity  vector  plot  during  compression 


stroke . 
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Fig. 5  Velocity  vector  during  expansion  stroke. 
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turbulence  intensity  distributions  tyiK/3 /C^ 
where  C_^  is  the  mean  piston  velocity 
7m/s) ,  fire  shown  in  Fig. 6. 


Fig. 6  Turbulence  intensity  contours 
during  compression  stroke. 


)  flow  velocities  are  low. 
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Fig.  8  Predicted  and  measured  tangential  ve¬ 
locity  in  plane  3  at  various  radii  at 
20°  BTDC . 


In  time  sequence,  one  can  observe  the 
features  of  the  flow  evolution.  At  crank  an¬ 
gle  18°,  it  can  be  seen  that  the  air  jet  ex¬ 
ists  at  the  tangential  port  with  a  small  ve¬ 
locity  which  is  principally  directed  from 
both  sides  of  the  port  to  the  opposite  wall 
surface.  The  flow  in  the  swirl  chamber  dur¬ 
ing  the  initial  part  of  the  compression 
stroke  is  almost  pure  radial  flow.  After 
some  time, for  example  at  58°  crank  angle, the 
pressure  gradient  built  up  at  the  opposite 
surface  have  already  initiated  rotational 
flow  in  the  bulk  of  the  swirl  chamber.  Be¬ 
fore  the  initiation  of  the  complete  rotation¬ 
al  flow  a  vortex  is  noticed  at  the  right-hand 
side  of  the  jet.  Before  the  end  of  the  com¬ 
pression  stroke  the  radial  pressure  gradient 
have  strengthened  to  the  point  of  inducing 
strong  flow  recirculation  which  was  observed 
from  the  high  speed  photographing  of  the  flow 
field  as  shown  in  Fig. 7.  The  strong  recircu¬ 
lating  flow  inside  the  swirl  chamber  produces 


Fig. 7  Photography 
of  the  flow 
field  at 
T.D.C. 


a  large  tangential  velocity  component  along 
the  chamber  surface  and  small  tangential  ve¬ 
locity  component  at  the  centre,  as  shown  in 
Fig. 8.  It  is  noticed  also  that  the  tangential 
velocity  component  increases  during  compres¬ 
sion  stroke  reaching  its  maximum  value  at 
about  15°  crank  BTDC,  as  shown  in  Fig. 9.  At 
the  begining  of  the  expansion  stroke  the  re¬ 
circulating  flow  is  unable  to  reverse  its 
direction  to  flow  through  the  tangential  port 
in  spite  of  the  absence  of  a  jet  flow  into 
the  swirl  chamber,  as  shown  in  Fig. 5.  Before 
the  complete  reverse  of  the  flow  a  vortex  is 
noticed  at  the  opposite  side  to  the  port.  It 
should  be  mentioned  that  by  this  time,  the 


fig. 9  Predicted  &  measured  tangential  veloc- 
city  during  compression  in  plane  3  at 
10  mm.  from  inside  surface. 


The  turbulence  contours  during  compres¬ 
sion  stroke  are  also  shown  in  Fig  6  in  which 
it  is  noticed  that  the  turbulence  levels  at 
the  begining  of  the  compression  stroke  are 
low.  By  increase  of  t?me  the  inflow  to  the 
swirl  chamber  increases  and  separates,  at  the 
begining,  near  to  the  tangential  port  to  form 
eddies  at  either  sides  of  the  jet.  Turbulence 
intensity  generation  is  particularly  strong 
reaching  maximum  value  of  1.33  near  to  the 
entry  port.  Substantial  decrease  of  the  tur¬ 
bulence  intensity  has  been  obtained  by  BTDC 
where  a  complete  recirculating  flow  is  es¬ 
tablished.  This  decrease  of  turbulence  inten¬ 
sity  presumably  being  a  consequence  of  the 
gradual  reduction  of  the  inflow  rate  by  12° 
crank  angle  as  the  piston  approaches  the  end 
of  the  compression  stroke. 

Figure  (10)  shows  the  variation  of  the 
turbulence  intensity  along  the  radius  (plane 
3).  Maximum  turbulence  intensity  is  noticed 
near  chamber  walls  while  the  minimum  inten¬ 
sity  occurs  at  a  radius  of  about  1.0  mm. 


Fig. 10  Radial  turbulence  intensity  distribu¬ 
tion  in  plane  3  20°  BTDC. 


Turbulence  intensity  variation  at  10  mm  from 
chamber  walls  with  crank  angle  is  depected 
in  Fig. 11.  Turbulence  intensity  is  very  low 
at  the  begining  of  compression.  It  then  in¬ 
creases  rapidly  during  the  compression  stroke 
reaching  a  maximum  value  at  the  end  of  com¬ 
pression  where  the  turbulence  intensity 
starts  to  decrease  again  during  the  expan¬ 
sion  stroke. 

Comparisons  of  measurements  and  predic¬ 
tions  of  tangential  velocity  in  the  swirl 
chamber  with  the  probe  located  at  10  mm  from 
the  wall  surface  at  plane  inclined  45°  to  the 
port  axis.  The  solid  line  represents  the  pre¬ 
dicted  values.  A  quite  sufficient  agreement 
is  noticed  as  shown  in  Fig. 9,  however  dis¬ 
crepancy  is  noticed  during  the  mid  of  the 
compression  stroke.  This  discrepancy,  may 
be  attributed  to  the  error  resulting  from  the 
determination  of  the  inclination  of  the  ve¬ 
locity  vector  by  the  hot  wire  anemometer. 


The  measured  values  are  clearly  sensitive  to 
this  inclination  angle  which  can  be  defined 
accurately  after  the  circulating  flow  has  been 
established. 

It  is  planed  to  investigate  the  effect 
of  various  geometry  parameters  of  the  swirl 
chamber  and  working  conditions  on  the  flow 
field  to  isolate  some  of  the  important  feat¬ 
ures  of  flow  and  to  validate  the  computation¬ 
al  procedure.  The  present  work  lays  the  fram¬ 
ework  for  a  more  detailed  study  including 
spray  mixing  and  combustion  which  might  well 
prove  helpful  to  the  engine  designer. 

CONCLUDING  REMARKS 

A  measuring  technique  and  a  prediction 
procedure  for  flow  and  heat  transfer  in  mo¬ 
tored  diesel  engines  swirl  chambers  are  pre¬ 
sented.  The  prediction  procedure  is  based  on 
solving  numerically  the  differential  conser¬ 
vation  equations  for  a  transient  turbulent 
flow  with  heat  transfer.  The  obtained  agree¬ 
ment  between  predictions  and  measurements  is 
fairly  good  which  confirms  the  accuracy  of 
the  prediction  procedure.  However,  the  pre¬ 
diction  procedure  is  currently  being  tested 
for  variables  more  relevant  to  turbulence  mo¬ 
deling  such  as  the  turbujur.ee  intensity  and 
the  turbulent  shear  stresses. 
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ABSTRACT 

This  paper  presents  a  comparison  of  computations  with 
experimental  data  generated  specifically  for  the  purpose  of 
computer  code  validation.  The  particular  test  flow  presented 
here  was  chosen  because  of  its  relevance  to  flows  inside  the 
cylinders  of  internal  combustion  engines.  The  velocity  and 
turbulence  measurements  were  made  with  a  laser  Doppler 
anemometer.  The  computer  code  used  in  the  calculations  is  a 
time-averaged  Navier-Stokes  code  for  time-dependent  three- 
dimensional  compressible  flows.  The  turbulence  model  used  is 
a  standard  version  of  the  k-e  model;  however,  new  near-wall 
submodels  for  velocity  and  turbulence  dissipation  rate  are 
employed. 

Calculations  of  the  flow  inside  a  cylindrical  enclosure 
containing  a  steady-state  swirling  flow  reproduced  the  major 
overall  features  of  the  flow,  including  the  flow  pattern, 
recirculating  flow  regions,  decay  of  the  tangential  momentum 
flux,  and  turbulent  kinetic  energy  levels.  There  were  some 
disagreements  in  the  details  of  the  velocity  profiles  but, 
overall,  the  profiles  were  in  good  agreement  with  experiment. 
It  is  worth  emphasizing  that  the  present  flow  has  a  strong 
swirling  component.  It  has  been  reported  in  other  investiga¬ 
tions  that  the  standard  k-e  model  does  not  produce  good 
results  for  swirling  flows,  e.g.,  swirling  jets.  Nevertheless,  for 
this  particular  swirling  flow,  the  results  obtained  were  quite 
satisfactory. 


NOMENCLATURE 

constant  in  the  viscosity  model  (=0.09) 

Cj,C2  constants  in  the  e-equation  (=1.44,  1.92) 
e.j.j  strain  rate  tensor 

metric  scale  factor 
h  static  enthalpy 

k  turbulence  kinetic  energy 

t-E  dissipation  length  scale 

M  tangential  momentum  flux  (see  eqn.  l) 

Wref  reference-run  tangential  momentum  flux 

n  coordinate  in  the  normal  direction 

P  pressure 

r  radial  coordinate 

R  radius  of  the  cylinder 

Re  Reynolds  number 

T  temperature 

Tg  ambient  temperature 

U,V,W  mean  velocity  components;  radial,  tangent, al. 

and  axial 

u'.v'.w'  rms  velocity  fluctuationsjradial,  tangential,  and 
axial 

D.W  area-averaged  mean  velocity 

z  axial  coordinate 

e  dissipation  rate  of  k 

effective  enthalpy  diffusion  coefficient 
U  viscosity 

ue  effective  viscosity  (=u  +  Uy) 

U.J.  turbulent  viscosity 

p  density 

We  Pr,n<ltl  numbers  for  h,  k  and  e  (=0.9,  1.0,  1.3) 
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INTRODUCTION 

Swirl  is  often  used  in  systems  of  practical  interest  to 
provide  a  certain  degree  of  control  over  the  flow  field.  In 
furnace  applications,  swirl  is  used  to  stabilize  the  flame  and 
enhance  the  mixing  between  the  reacting  gases.  In  internal 
combustion  engines,  swirl  is  used  in  different  types  of  engines 
for  different  purposes:  Diesel  engines  use  swirl  to  enhance  the 
mixing  during  injection;  direct  injection  stratified  charge 
engines  t«e  swirl  to  control  the  flow  pattern  inside  the 
cylinder  ajl  the  piston  reaches  top  dead  center,  and  to  enhance 
the  mixing  in  homogeneous-charge  engines  swirl  is  used  to 
create  a  more  repeatable  flow  field  to  reduce  cycle  to  cycle 
variability,  and  to  increase  the  turbulence  inside  the  cylinder. 
Consequently,  the  capability  of  predicting  confined  turbulent 
swirling  flows  is  of  practical  importance. 

We  are  developing  a  code  for  predicting  the  detailed 
flow  field  inside  cylinders.  As  part  of  this  work  we  have 
compared  calculations  to  detailed  measurements  of  a  steady- 
state  (no  piston  motion)  swirling  flow  in  an  engine-cylinder¬ 
like  geometry. 

DESCRIPTION  OF  THE  EXPERIMENT 

As  this  paper  is  primarily  concerned  with  the  computa¬ 
tion  of  the  first  two  authors,  only  a  brief  description  of  the 
experimental  results  of  the  third  and  fourth  authors  will  be 
provided.  the  velocity  measurements  were  made  with  a 
single-component,  counter-based,  laser  Doppler  anemometer 
operated  in  the  forward  scatter  mode.  A  digital  tape  drive 
was  used  to  store  the  data,  and  an  off-line  computer  system  to 
determine  mean  velocity  and  rms  velocity  fluctuations  for  all 
three  components.  Frequency  shift,  beam-intersection  angle, 
and  counter  validation  were  adjusted  on  a  point-by-point  basis 
to  minimize  measurement  errors. 

The  geometry  of  the  experiment  is  described  in  Figure  1. 
The  flow  enters  at  one  end  of  the  cylinder  through  an  inlet 
ring  with  16  equally  spaced  holes  which  are  inclined  at  17°  to 
the  local  tangential  direction.  The  measured  effective  inlet 


The  average  velocity  through  the  inlet  holes  (through 
their  effective  area)  was  U^  =  52.45  m/s,  or  29.4  times  the 

reference  velocity.  The  inlet  jet  Reynolds  number  based  on 
the  effective  hole  diameter  (4.83  mm)  was  16,400.  The 
average  radial  velocity  out  through  the  exit  slot  was  C  .= 
26.26  m/s,  or  14.7  .times  the  reference  velocity.  exit 

Based  on  geometrical  considerations  alone,  the  flow  in 
the  vicinity  of  the  inlet  holes  would  be  expected  to  have  a 
radial  component  of  0  ^  sin  17*  =  0.292  0  Me,  a  tangential 

component  of  0  cos  17®  =  0.956  0  and  approximately 

zero  axial  component.  However,  since  the  inlet  flow  was 
through  discrete  holes,  the  actual  radial  and  tangential  com¬ 
ponents  downstream  of  the  holes  would  be  expected  to  drop 
rapidly  to  a  lower  level  as  the  individual  inlet  jets  merge 
together  in  the  immediate  vicinity  of  the  inlet  holes. 

SET  UP  OF  THE  NUMERICAL  SIMULATION 

The  computer  code  used  in  these  calculations  is  a 
derivative  of  the  code  MINT  described  by  Gibeling,  et  at.  in 
Reference  tl).  It  is  a  time-averaged  Navier-Stokes  code  for 
time-dependent  three-dimensional  compressible  flows.  By 
making  the  velocities  dimensionless  with  the  average  axial 
velocity  W,  the  distances  with  the  radius  (R)  of  the  apparatus, 
and  the  remaining  variables  with  reference  values  subscripted 
by  D,  the  modeled  equations  of  motion  are  given  as®: 

Continuity 

3P_  1  3  ,  J  „  „  . 

ST-‘JTr(7r0ua) 

i  la 

where  h.j  =  0  for  i  t  j,  and  for  cylindrical  polar  coordinates 
hi  i  =  ha3  =  1,  hj2  =  r  and  J  =  h, ,  h91>h, 
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Fig.  1  Schematic  of  the  Experimental  Apparatus 
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hole  area  is  18.35  mm  per  hole,  or  293.6  mm  in  total.  An 
effort  was  made  to  insure  a  uniform  distribution  of  the  inlet 
flow  over  all  18  holes.  The  flow  exits  at  the  opposite  end  of 
the  cylinder  through  a  narrow  circumferential  slot.  The 
result,  ig  flow  pattern  was  closely  axisymmetric  (this  was 
checked  by  making  all  measurements  on  full  traverses  across 
the  diameter  of  the  cylinder). 

The  volume  flow  rate  through  the  experimental  set  up 

3 

was  fixed  at  0.0154  m  / s,  and  at  that  flow  rate  the  average 
axial  velocity  through  the  cylinder  was  W  s  1.783  m/s.  This 
velocity  was  chosen  in  the  present  report  as  the  most  appro¬ 
priate  normalizing  velocity  for  presentation  of  data  .  Rey¬ 
nolds  number  based  on  this  velocity  and  the  diameter  of  the 
cylinder  was  Re  =  12,180. 


where  Gj  =  p  u^/r,  Gj  =  -p  u^/r,  Gj  =  0,  Re  =  PD  iv  R/u  D, 

and  g  is  the  strain  rate  tensor.  In  the  above  equation  u  is 
defined  as  e 

ue=u®uT 

P  T  lf^ 

where  u  is  the  laminar  viscosity,  and  ^=0^  p^,  k  is  the 
turbulence  kinetic  energy  and  e  its  dissipation  rate. 


•All  variables  are  averaged  variables  but  the  symbols  des¬ 
cribing  the  averaging  are  dropped.  (Xj,x2,Xj)  correspond  to 

the  eylinCkical -polar  coordinate  system  (r,0,z)  and  (u.,u,,u.) 
correspond  to  the  velocities  (U,V,W).  ' 
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where  #  =  2  §:e  -  2/3  ekk  and  rh  =  Me/oh.  £>h  is  assumed  to  be 
constant  (=0.9). 

.  For  this  particular  case  where  the  divergence  of  the  flow 
field  is  very  small,  the  equation  for  the  turbulence  kinetic 
energy  and  its  dissipate  rate  are  modeled  as  follows. 

Turbulence  Kinetic  Energy 

3  /_  i.\  _  13  /  J  «  ..  i.\  .  1  1  3  /  J  WT  3  k , 
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Dissipation  Rate  of  Turbulence  Kinetic  Energy 
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The  equations  of  motion  are  differenced  using  a  standard 
(non-staggered)  mesh,  central  differencing  in  space,  and  back¬ 
ward  (fully  implicit)  differencing  in  time.  The  differenced 
equations  are  then  linearized  in  time  as  described  by  Briley 
and  McDonald  (2),  then  solved  using  the  Douglas-Gunn  (3] 
technique  to  generate  an  Alternate  Direction  Implicit  (ADI) 
scheme. 

The  physical  flow  situation  was  represented  in  the  calcu¬ 
lations  as  a  cylindrical  domain,  whose  length  to  radius  ratio 
was  2.059.  The  outflow  boundary  was  represented  as  a 
circumferential  opening  in  the  cylinder  wall  flush  with  the  end 
plane.  The  size  of  the  opening  (slot  height)  was  the  same  as  in 
the  experiment.  The  calculations  were  found  to  be  insensitive 
to  outlet  slot  height,  except  for  the  absolute  level  of  the 
static  pressure  which  depended  on  the  pressure  drop  across  the 
opening. 

The  inflow  boundary  was  more  difficult  to  set.  To  take 
advantage  of  the  axisymmetry  of  the  flow  in  the  bulk  of  the 
domain,  the  individual  inlet  holes  were  not  modeled;  instead  a 
circumferential  slot  was  used.  The  individual  jets  in  the 
experimental  apparatus  are  expected  to  merge  in  a  short 
distance  downstream  from  the  holes,  and  the  discrepancy 
between  the  modeled  and  the  real  configuration  is  expected  to 
be  localized  and  not  too  serious.  The  slot  height  was  made  the 
same  as  the  inlet  hole  height  to  match  the  location  of  the  inlet 
flow  separation  from  the  cylinder  side  wall.  Sensitivity  runs 
with  different  slot  heights  showed  that  the  results  in  the  bulk 
of  the  cylinder  were  insensitive  to  inlet  slot  height.  Only  near 
the  inlet  opening  was  there  an  effect,  the  size  of  the  local 
separation  from  the  cylinder  wall  changing  with  the  slot 
height. 

Boundary  Conditions  on  Open  Boundaries 


The  tangential  velocity  was  also  prescribed  to  be  uni¬ 
form  with  thin  boundary  layers;  its  magnitude  was  set  at  a 
level  deduced  from  the  experimental  data  taken  in  a  plane 
passing  through  the  inlet  holes  (z  =  1.99  R)  and  extrapolated  to 
the  cylinder  wall.  This  magnitude  was  30  m/s,  or  only  60%  of 
the  tangential  component  of  0  ho[g.  This  immediate  drop  of 

the  inlet  tangential  velocity  by  40%,  indicates  that  the  jet 
merging  and  intermixing  take  place  very  close  to  the  wall,  the 
flow  becoming  axisymmetric  almost  immediately.  This  is  a 
positive  sign  that  the  experiment's  deviations  from  axisym¬ 
metry,  due  to  discrete  jets  are  restricted  to  a  very  small 
region  close  to  the  jet  inlets.  It  is  also  reassuring  that  the 
indicated  drop  in  the  tangential  velocity  is  about  the  same  as 
the  drop  in  the  radial  velocity. 

Other  boundary  conditions  on  the  inlet  opening  were: 
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axial  velocity  set  to  zero,  3  p/  3  n  =  0,  T  =  T  .  Turbulence 
intensity  of  the  inlet  flow  was 8  fixed  at 

(2  k/3)1/2/(U2  ♦  V2  +  W2)1/2  =  0.14,  i.e.,  a  fairly  elevated 
level  consistent  with  the  highly  turbulent  flow  conditions 
upstream  of  the  inlet  holes  and  with  the  high  turbulence 
intensity  generated  by  the  incoming  jets.  The  dissipation 
length  scale  was  prescribed  to  be  on  the  order  of  0.1  times  the 
slot  height,  a  typical  value  for  turbulent  flows.  Experi¬ 
mentation  with  different  inlet  velocity  profiles,  and  different 
levels  of  both  the  turbulence  intensity  and  scale,  showed  only 
a  very  small  sensitivity  of  the  results  to  these  parameters. 

Exit.  At  the  exit  opening,  where  the  flow  is  oriented 
radially  outward,  the  simple  extrapolative  boundary  condition 
3/3n  =  0  was  used  on  U,  V,  W,  h,  k  and  e.  A  prescribed 
uniform  static  pressure  (=ambient)  over  the  slot-height  was 
used  as  the  boundary  condition  on  ti,  -mtinuity  equation. 

Near-Wall  Submodels  at  Solid-Walls 

At  solid-wall  boundaries,  near-wall  submodels  were 
employed  to  bridge  the  gap  between  the  wall  and  the  first  grid 
point  away  from  the  wall.  The  same  set  of  submodels  was 
used  for  all  solid  walls. 

Velocity.  The  normal  velocity  component  was  set  to  zero 
at  the  wall.  The  velocity  components  parallel  to  the  wall  were 
handled  by  a  combination  of  two  submodels.  One  sub  nodel 
was  a  wall  function  based  on  the  law  of  the  wall,  and  the  other 
one  was  a  "limited  slip"  submodel  developed  specifically  for 
regions  near  flow  separation  and  reattachment.  The  combina¬ 
tion  was  weighted  towards  the  law-of-the-wall  submodel  when 
the  flow  near  the  wall  was  boundary-layer  like  (in  which  case 
the  two  submodels  are  similar).  When  the  law-of-the-wall 
submodel  predicted  implausible  (negative,  or  too  large)  wall 
slip  velocities,  occurring  typically  near  separation  or  reattach¬ 
ment,  the  combination  was  weighted  towards  the  limited-slip 
submodel.  In  this  way  advantage  was  taken  of  the  law  of  the 
wall  wherever  its  use  was  appropriate,  while  avoiding  unphvsi- 
cal  wall  slip  velocities  elsewhere. 

k  and  c.  3k/3n  =  0  was  used  for  the  k  equation.  The 
dissipation  equation  at  the  first  point  away  from  the  wall 
(point  2)  was  replaced  by 


e2=c; 


3/4  ,3/2, 


Inlet.  The  inlet  radial  velocity  was  prescribed  to  be 
uniform  over  the  slot  height  except  for  thin  boundary  layers  on 
top  and  bottom,  with  a  magnitude  such  that  the  total  flow  rate 
was  the  same  as  in  the  experiment.  The  inlet  radial  velocity 
was  8.39  m/s,  or  55%  of  the  radial  component  of  the  average 
inlet-hole  velocity,  D  .  .  . 


where  the  dissipation  length  scale  was  obtained  by  inter¬ 
polation,  assuming  that  the  dissipation  length  scale  varies 
linearly  between  its  value  on  the  wall  {l]  -  0)  and  the  value  at 

the  second  grid  point  away  from  the  wall  (e,  =  c  3/4  k?  2/t,). 

J  U  3  3 


h  and  p.  Fixed  well  temperature  T  =  T#  was  used  for  the 

energy  equation.  The  boundary  condition  for  the  continuity 
equation  was  3  P/  3  n,  calculated  from  the  momentum  equation 
for  the  normal  velocity  component  evaluated  at  the  wall. 

RESULTS 

The  results  of  the  calculations  are  compared  to  the 
experimental  data  in  Figures  2-4,  which  show  radial  profiles  of 
the  velo4|ty  and  rms  velocity  fluctuation  at  different  z  planes, 
where  ta  z  coordinate  is  measured  from  the  exit  end-wall. 
The  axid  velocity  profile  (Figure  2)  is  seen  to  be  in  good 
agreement  with  the  experiment.  The  salient  features  of  the 
axial  velocity  profile  are  reproduced:  a  dominant  peak  near 
the  wall,  reverse  flow  with  a  magnitude  of  about  20%  of  the 
maximum  velocity  near  the  wall,  a  small  second  positive  peak, 
and  practically  zero  axial  velocity  at  the  center.  The  only 
notable  disagreement  concerns  the  location  of  the  reverse 
flow  peak  and  the  second  positive  peak;  both  are  predicted  to 
be  farther  away  from  the  wall  than  the  experimental  ones. 
The  same  findings  apply  to  comparison  with  data  at  other 
z-planes. 

The  tangential  velocity  profiles  are  shown  in  Figures  3 
and  4.  The  calculations  are  seen  to  predict  the  location  of  the 
peak  tangential  velocity  very  well,  as  well  as  the  axial  decay 
of  the  velocity  maximum  caused  by  friction  on  the  cylinder 
side  wall.  On  the  other  hand  the  calculations  over  predict  the 
swirl  at  the  center  of  the  flow,  indicating  a  solid-body 
rotation,  and  with  angular  velocity  approximately  constant 
along  the  cylinder  axis. 

The  experimental  data  show  a  parabolic  variation  of 
swirl  velocity  in  the  central  region,  with  zero  swirl  near  the 
axis.  It  is  not  obvious  what  produces  the  zero  swirl  near  the 
axis  in  the  experiment.  It  appears  to  us  that  the  only 
mechanism  that  could  be  responsible  would  be  friction  on  the 
two  end  walls,  opposing  the  diffusion  towards  the  central 
region  of  the  tangential  momentum  of  the  spinning  fluid  near 
the  sidewall.  However,  in  that  case  one  would  expect  that  the 
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Fig.  2  Axial  Velocity  at  t/R  ■  0.10 

- Predicted  Mean  Velocity 

-  -  -  Predicted  Turbulence  Intensity  vSk/lff. 
Symbols  are  the  Experimental  Data. 


Fig.  3  Tangential  Velocity  at  z/R  =  1.77 
■  Predicted  Mean  Velocity 

- Predicted  Turbulence  Intensity  sik/ivi. 

Symbols  are  the  Experimental  Data. 

center-core  swirl  would  be  lower  in  z-planes  close  to  the  end 
walls  than  in  planes  away  from  these  walls,  but  this  is  not  the 
ease:  the  experimental  profiles  at  z/R  =  1.77  and  at  z/R  =  0.31 
are  practically  identical  between  the  centerline  and  r/R  =  0.5. 
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Fig.  4  Tangential  Velocity  at  t/R  «  0.31 

- Predicted  Mean  Velocity, 

-  -  Predicted  Turbulence  Intensity  >T!<75ff. 
Symbols  are  the  Experimental  Data. 
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Several  attempts  were  made  to  diagnose  the  source  of 
the  discrepancy  between  the  parabolic  variation  in  tangential 
velocity  observed  experimentally  and  the  linear  variation 
obtained  with  our  calculation.  One  of  the  attempts  was  to 
modify  the  k-e  model  as  recommended  by  Rodi  1 4] ,  where 
solid-body  rotation  is  the  neutrally  stable  profile.  Also,  the 
recommended  modification  of  Launder,  et.al.,  [Si  was  tried 
where  the  free  vortex  is  the  neutrally  stable  profile.  Neither 
modification  changed  the  center  core  solid-body  swirl  results. 
Since  these  modifications  were  so  markedly  different,  and 
neither  offered  an  improved  agreement  with  experiment,  both 
were  abandoned.  Finally,  several  runs  were  carried  out  where 
the  akin  friction  at  the  top  and  bottom  walls  was  changed. 
Again,  these  results  did  not  change  the  shape  of  the  tangential 
velocity  profiles.  Thus,  at  the  present  time  we  regard  the 
difference  as  unexplained. 

The  radial  velocities  were  the  smallest  of  the  three 
velocity  components.  Because  of  this  they  were  subject  to  the 
largest  relative  error  experimentally  (and  likely  also  computa¬ 
tionally).  Comparisons  with  experimental  data  at  different 
axial  locations  showed  a  similarity  in  shape  and  peaks  in 
approximately  the  same  locations,  but  the  magnitudes  were 
often  substantially  different.  However,  the  absolute  dif¬ 
ferences  between  the  predictions  and  the  data  were  not  much 
larger  than  for  the  other  two  components. 

The  experimental  data  also  include  measurements  of  the 
three  components  of  rms  velocity  fluctuation--u',  v'  and  w'. 
Since  the  calculations  predict  only  the  turbulence  kinetic 
energy  k,  and  not  the  individual  fluctuation  components,  direct 
comparison  can  be  made  only  at  planes  where  all  three 
components  were  measured  and  k  could  be  determined. 
Figure  5  shows  the  comparison  (made  at  z/R  =  1.28)  of  the 


Fig.  5  Profile  of  Turbulence  Intensity 
at  z/R  =  1.28 

— —  Prediction,  - —  Experiment 

turbulence  intensity  v7k/3/W,  representing  the  intensity  of 
velocity  fluctuations  averaged  over  the  three  coordinate 
directions.  The  agreement  is  good  in  both  the  shape  of  the 
profile  and  the  magnitude  of  the  intensity.  The  profiles  show 
two  peaks,  the  one  right  at  the  wall  being  due  to  large  shear 
near  the  wall,  the  other  to  the  shear  generated  on  the 
centerline  side  of  the  maxima  of  the  tangential  and  axial 
velocity  profiles.  The  only  area  of  disagreement  is  near  the 
centerline,  where  the  flow  is  essentially  shear-free  and  so  the 
level  of  k  is  set  by  convection  and  diffusion  from  other  parts 
of  the  flow.  This  disagreement  is  fairly  typical  for  slowly 
moving,  or  shear-free,  portions  of  any  flow  field,  and  is 
apparently  one  of  the  weaknesses  of  the  k-£  model.  Those 
portions  of  the  flow  where  shear  is  high,  and  which  usually  arc 
the  important  ones,  are  handled  quite  well  by  the  k-c  model. 
These  conclusions  appear  to  hold  for  other  simulations  we  have 
made  for  a  variety  of  different  flowfields. 


Fig.  6  Contours  of  Turbulence  Intensity, 
Uniformly  Spaced  Between *  0  and  5 


Inspection  of  the  experimental  profiles  of  u',  v',  and  w' 
showed  that  their  magn  tudes  are  not  too  different  from  each 
other,  and  so  it  made  sense  to  insert  into  Figures  2-4  the 
profiles  of  predicted  v^k/3/W  for  comparison  with  the  data. 
These  provide  some  indication  of  the  capability  of  the  turbu¬ 
lence  model  to  predict  the  intensity  of  turbulence. 

_  The  contours  of  turbulence  intensity,  characterized  bv 

>^2k/3/tf  in  Figure  6,  show  that  the  flow  inside  the  chamber  has 
a  typical  intensity  of  0.5-1  times  the  average  axial  velocity. 
The  exceptions  are  the  regions  around  the  flow  inlet  where 
additional  turbulence  is  generated  due  to  large  shear,  and  at 
the  exit  where  its  level  grows  rapidly  due  to  higher  local 
velocity  levels.  The  length  scale  of  turbulence  (Figure  ?)  has 
fairly  simple  onion-like  contours  with  a  maximum  of  0.14  R,  a 
value  not  too  different  from  that  found  in  pipe  flows  and 
sudden  expansions. 
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Fig.  7  Contours  of  Dissipation  Length  Scale 
Uniformly  Spaced  Between  1£  R  =  0.0  and  0.13 


Effect  of  Inlet  Tangential  Momentum  Flux 

One  of  the  important  advantages  a  calculation  scheme 
has  over  an  experiment  is  that,  once  it  is  set  up.  parametric 
studies  are  much  easier  to  perform  than  they  would  he 
experimentally.  Since  the  predictions  that  have  been  reported 
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here  compared  well  enough  with  experiment  to  give  us  confi¬ 
dence  in  the  results,  it  was  very  tempting  to  make  a  para¬ 
metric  calculation.  It  was  of  interest  to  know  how  the  flow 
would  have  looked  if  the  experimental  apparatus  had  been 
constructed  somewhat  differently.  The  particular  parameter 
chosen  for  variation  was  the  inlet  flow  angle,  in  effect  the 
inlet  flux  of  tangential  momentum. 

Calculations  were  made  for  five  different  values  of  the 
inlet  tangential  momentum  flux:  2.0,  1.0,  0.5,  0.2,  0.1  and 
0.0  times  ^the  original  value,  keeping  the  flow  rate  constant. 
Figure  8  jfr>ws  the  streamline  patterns  for  half  the  cylinder 
(the  othdg  half  can  be  deduced  from  axisymmetry)  for  the 
different  'momentum  fluxes.  These  results  show,  that  reducing 
the  inlet  tangential  velocity  component  leads  to  progressively 
milder  curvature  of  the  inlet  flow  as  it  changes  direction  from 
a  radial  to  an  axial  orientation.  This  change  in  curvature  must 
be  consistent  with  the  radial  pressure  gradient  set  up  by  the 
swirling  velocity  component,  which  weakens  rapidly  as  the 
swirl  velocity  decreases.  Concurrently,  the  si2e  of  the  separa¬ 
tion  region  grows  rapidly,  to  encompass  a  large  portion  of  the 
cylinder  volume  for  zero  tangential  velocity.  The  streamlines 
near  the  cylinder  wall,  which  were  practically  parallel  over 
most  of  the  cylinder  length  in  the  original  case,  are  progres¬ 
sively  less  and  less  parallel.  In  consequence,  the  radial 
velocity  profiles  grow  substantially  in  magnitude,  and  both  the 
axial  and  tangential  velocity  profile  begin  to  differ  to  a  much 
greater  degree  from  plane  to  plane.  The  tendency  for  the 
main  flow  is  to  move  away  from  the  cylinder  wall  toward  the 
centerline. 

One  striking  feature  of  the  flow  is  the  presence  of 
recirculating  regions  in  the  center  of  the  cylinder.  As  may  be 
seen  in  Figure  8,  increasing  the  tangential  velocity  component 
increases  the  number  of  these  regions,  taking  the  shape  of 
alternating  fingers  protruding  from  the  end  walls.  There  is 
one  recirculating  region  for  M/Mref  =  0.1  and  0.2,  two  for 

=  0.5  and  three  for  M/Mref  -  1.0  and  2.0.  The  change¬ 
over  from  one  pattern  to  another  with  one  more  recirculating 
region  is  not  likely  to  be  abrupt;  it  is  probably  a  gradual 
evolution.  This  may  be  inferred  from  the  sequence  of 
Figures  8(c),  (b)  and  (a),  where  the  development  of  the  third 
recirculation  region  may  be  observed,  starting  from  a  small 
bulge  on  the  first  recirculation  region  in  Figure  8(c).  Simi¬ 
larly,  a  bulge  is  seen  to  develop  on  the  second  recirculation 
bubble  in  Figure  8(a),  undoubtedly  a  precursor  of  a  fourth 
recirculating  region  which  would  emerge  at  yet  higher  values 


SUMMARY 

1.  Calculations  using  the  k-c  turbulence  model  were 
found  to  reproduce  the  major  features  of  a  swirling  flow  inside 
a  cylindrical  engine-like  geometry.  In  particular,  the  calcula¬ 
tions  predict  well  the  flow  pattern,  presence  of  recirculating 
flow  regions,  decay  of  tangential  momentum  flux  due  to  wall 
friction,  and  turbulence  kinetic  energy  levels. 

2.  The  details  of  the  velocity  profiles  exhibit  some 
disagreement.  The  tangential  velocity  profile  is  predicted  to 
have  solid-body  rotation  in  the  vicinity  of  the  centerline,  while 
the  experiment  shows  less  ro,  ;on  in  that  region.  Another 
difference  is  in  the  axial  velocity  profiles,  whose  local  ex¬ 
trema  are  predicted  to  lie  closer  to  the  centerline  than  the 
experimental  ones. 

3.  A  parametric  study  was  run  in  which  the  inlet 
tangential  velocity  into  the  cylinder  was  varied  over  a  wide 
range,  from  two  times  the  experimental  value  down  to  zero. 
The  results  show  a  strong  dependency  of  the  major  flow 
features  on  this  parameter.  This  demonstrates  an  attractive 
feature  of  numerical  simulations:  they  are  very  useful  for 
parametric  studies  around  given,  experimentally  validated, 
baseline  configurations. 
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ABSTRACT 

Highly  distorted  time  mean  velocity  profiles  in 
turbulent  pipe  flow,  given  sufficient  downstream 
development  length,  revert  to  profiles  more  typical  of 
established  pipe  flows. 

A  detailed  study  of  the  decay  process  for  a  wide 
variety  of  initial  conditions  has  been  conducted.  The 
results  obtained  from  this  investigation  reveal  some 
insight  into  the  mechanism  of  profile  decay  and 
distinguish  interesting  features  associated  with  the 
decay  process. 

In  this  paper  some  of  this  data  is  presented  and 
a  description  of  the  decay  of  an  arbitrary  initial 
velocity  profile  is  suggested. 

NOMENCLATURE 


D 

Pipe  diameter 

K 

Turbulent  kinetic  energy  » 
j  (uT7+vT7+wT?)  ,  (vr «w 1 2) 

(r,e. 

z) 

Polar  co-ordinates,  3 / 3 0  =  0 

R 

Pipe  radius 

U,  V 

Axial  and  radial  time  mean 
velocity  components 

u,  V 

Non-dimensional  time  mean 
velocities  U/U,  V/U 

u* ,  v' 

1  ,  W* 

Fluctuating  velocity  components 

u'v' 

Turbulent  shear  stress 

u 

T 

Friction  velocity 

y 

Distance  measured  from  pipe  wall 

n,( 

Non-dimensional  co-ordinates  r/R 

A(z) , 

u(z) 

Profile  decay  functions 

Subscripts 

0 

Initial  profile 

OO 

Final,  fully  developed  profile 

INTRODUCTION 

Few  previous  investigations  have  deliberately  set 
out  to  study  the  behaviour  of  highly  non-uniform 
decaying  flows.  Many  examples  of  such  flows  can  be 
found  in  previously  reported  work.  However  in  most 
cases  the  decay  process  has  been  secondary  to  the  main 
objective  (for  example  see  Moon  and  Rudinger^), 
Deshpande  and  Giddens”),  Hussain  and  Clark 

The  decay  of  a  given  velocity  profile  is  likely 
to  be  most  strongly  influenced  by  the  initial  velocity 
profile  shape  and  its  degree  of  non-uniformity.  Other 
factors  will  have  some  effect  in  particular  the 
turbulence  structure.  The  turbulence  structure  will 
be  a  result  of  the  combination  and  interaction  of  the 
turbulence  present  upstream  of  the  profile  generator 


and  the  turbulence  introduced  by  the  method  of  profile 
generation  (e.g.  gauze,  baffle  plate,  grid  of  rods 
etc)  or  the  preceding  fluid  system.  Additionally 
during  the  decay  process  a  new  turbulence  structure  is 
established  resulting  largely  from  the  presence  and 
decay  of  the  high  shears  in  the  non-uniform  flows  and 
the  developing  wall  boundary  layer. 

About  10-20  pipe  diameters  of  development  is 
sufficient  to  achieve  an  apparent  reversion  to  a  pipe- 
type  time  mean  profile  (note  however  that  variations 
of  the  other  flow  quantities  are  still  marked)  though 
this  profile  will  be  far  removed  from  the  classical 
fully-developed  profile. 

In  practice  the  fully-developed  profile  may  never 
be  achieved  but  will  be  closely  approached  after  about 
100  diameters  of  development  length. 

The  attainment  of  fully  developed  flow  starting 
from  the  highly  distorted  inlet  condition  has  been 
considered  by  the  authors'4^  in  which  interest  was 
focussed  on  the  axial  profile  changes  which  occur 
during  the  decay. 

This  paper  also  considers  the  decay  process  but 
focuses  interest  on  the  radial  profile  changes  which 
occur. 

EXPERIMENTAL  PROGRAMME 

All  the  experimental  work  was  carried  out  in  an 
0.103m  diameter  smooth  pipe  preceded  by  a  well  design¬ 
'd  16:1  area  ratio  contraction.  The  undisturbed  pipe 
inlet  profile  was  practically  uniform  with  a  thin 
inlet  boundary  layer(5*/D  =  0.02)  with  a  centre  line 
t_rbulence  level  (•/u"r2/U)  of  about  0.05%.  The  test 
Reynolds  number  based  on  mean  velocity  and  duct 
diameter  was  2.5  x  10$. 

All  the  non-uniform  profiles  were  generated  by 
gauze  screens  placed  close  to  the  contraction  outlet. 

A  wide  variety  of  velocity  profiles  were  studied  with 
differing  non-uniformity  and  turbulence  structure. 

EXPERIMENTAL  RESULTS 

Some  of  the  results  obtained  from  this  investigation 
are  presented  here. 

Figure  1  shows  the  axial  profiles  of  non-dimension¬ 
al  velocity  u  for  three  different  types  of  profile 
(marked  cases  1,  2  and  3)  over  a  development  range 
extending  up  to  z/D  «  76.5.  The  key  to  this  figure 
and  all  subsequent  figures  follows  figure  1. 

The  three  different  profiles  were  selected  as 
being  widely  different  in  both  profile  type  (and  hence 
shape)  and  degree  of  non-uniformity.  Case  1 
corresponds  to  developing  pipe  flow. 

Figures  2,  3  and  4  illustrate  the  corresponding 
plots  of  radial  velocity  v,  turbulent  kinetic  energy 


Figure  1  Axial  Time  Mean  Velocity  Distributions,  U/U 


Figure  2  Radial  Time  Mean  Velocity  Distribution,  V/l' 
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K/U2  and  turbulent  shear  stress  uTvr/uT2.  The  axial 
variation  of  these  quantities  has  already  been 
illustrated  in  reference  4.  It  has  been  necessary  to 
limit  the  data  included  with  the  paper,  more  inform¬ 
ation  on  the  development  is  available. 

The  wide  difference  between  the  magnitudes  and 
form  of  the  various  quantities  for  case  1  and  the 
corresponding  values  for  the  non-uniform  flows  cases  2 
and  3  is  very  evident  particularly  for  the  development 
range  up  to  z/D  »  10.  This  is  clearly  illustrated  by 


the  turbul»-t  ■’  ar  stress  values  for  case  2  which 
increase  values  approaching  -  12,  in  effect 

an  order  c  jde  larger  than  the  cosiparable 

values  for  case 

In  view  of  the  large  and  striking  variations  in 
both  axial  and  radial  directions  of  the  various 
turbulence  quantities  it  is  surprising  that  the  time 
mean  flows  exhibit  such  orderly  behaviour. 

The  most  striking  cossson  feature  which  was 
clearly  evident  from  the  experimental  programme  and 
which  figure  1  (cases  2  and  3)  illustrate  is  the 
occurrence  of  cornnon  intersection  points  in  at  least 
one  radial  location  in  each  flow. 

At  this  intersection  point  the  axial  change  in 


The  data  of  Che  present  investigation  and  other 
data  quoted  in  the  literature  of  which  references  1-3 
provide  some  examples  would  suggest  that  these  inter¬ 
section  points  are  a  feature  of  many  flows. 

taking  figure  1,  case  2  as  one  example,  for  0.5  « 
x/D  f  8  at  r/R  •  0.87  and  0.5  the_axial  velocity 
remains  constant  at  values  of  0.8U  and  1.25U.  Thus 
the  development  takes  the  form  of  sketch  (a).  Beyond 
z/D  •  8  a  different  type  of  flow  development  is  found 
and  only  one  intersection  point  occurs  at  r/R  ■  0.65 
with  a  velocity  of  1.05U.  Again  the  flow  pivots  about 
this  point,  see  sketch  (b) . 

INTERSECTION  POINTS 

Many  examples  of  cotmnon  intersection  points  can 
be  found  in  published  literature,  (references  1-3 
provide  some  examples).  In  the  majority  of  cases 
however  they  are  not  noted  as  a  feature  of  the  studied 
flows . 

Historically  Preston^)  and  Preston  and  Norbury(6) 
established  that  for  a  pipe-type  profile  the  non- 
dimensional  velocity  u  measured  at  about  y/R  «  *  gave 
a  fixed  value  of  1.05.  This  fact  they  used  to  develop 
the  j  radius  flow  meter  which  was  designed  as  a  simple 
method  of  obtaining  the  mean  velocity  in  pipe  flows. 


To  demonstrate  the  existence  of  intersection 
points  in  e  definitive  way  is  not  inediately  obvious. 
Any  valid  explanation  must  reflect  the  fact  that  the 
nuaber  and  position  of  these  points  is  dependent  on 
the  initial  profile  and  allow  for  the  fact  that  the 
nuaber  and  position  of  the  points  can  change  during 
the  profile  developaent. 

Studying  the  profile  changes  occurring  during 
the  decay  process  the  changes  in  profile  can,  on  a 
crude  phenoaenological  basis,  be  seen  to  contain  two 
smin  elements: 

a)  Theftdecay  of  the  initial  non-uniform  profile 

accompanied  by 

b)  Growth  of  a  typical  pipe  flow  profile  and 

inevitable  interactions. 

Therefore,  considering  an  initial  profile  developing 
over  the  range  0  £  z  £  z«>  (where  at  z„  the  profile 
would  have  reached  the  fully  developed  condition)  it 
should  be  possible  to  describe  the  development  in  the 
form: 

Auz  «  XCzjAu^wCzJMi^) 

where 

Au  ■  u  -  1 

This  will  be  recognised  as  a  defect  type  formulation 
and  uD  is  the  initial  profile  and  uj,  is  the  typical 
pipe  profile  existing  in  the  absence  of  the  initial 
flow  non-uniformity. 

To  satisfy  the  wall  boundary  condition  it  is 
necessary  that  X(z)  +  u(2)  »  1  so  that: 

Au^  »  X(z)Auo  ♦  (I-XCzDACujP  (1) 

The  initial  and  final  conditions  will  be  satisfied  by 
X(0)  »  1,  X(z,J  »  0  and  X'  (z«,)  ■  0  (implying  zero 
radial  velocity). 

In  the  early  development  stage  the  decay  will  be 
dominated  by  the  first  term  in  the  above  expression 
i.e.  the  damping  of  the  initial  profile  since  (l-X(z)) 
will  be  small  and  the  contribution  from  the  term  ub 
significant  only  near  the  wall. 

Thus  for  low  values  of  z/D  if  a  point  is  to 
exist  for  which  -|H_  *  0  it  will  occur  where  u0  -  1. 
Therefore,  in  the  initial  development  stage  the  number 
and  position  of  the  intersection  points  will  be 
governed  by  the  initial  profile  and  the  number  of 
times  and  locations  at  which  it  takes  its  mean  value. 

Beyond  the  initial  development  stage  the  second 
term  will  become  significant  (at  least  of  the  same 
order  as  the  first)  and  the  location  and  possibly  the 
number  of  the  points  will  therefore  change. 

Referring  to  figure  1,  case  1  which  shows  the 
flow  development  for  undisturbed  pipe  flows  it  can  be 
seen  that  beyond  z/D  «  9  the  axial  changes  which  occur 
between  0.5  £  n  £  1  are  of  small  magnitude,  though 
more  significant  changes  are  still  evident  for  0  £  n  £ 
0.5.  Beyond  z/D  »  34.5  (the  location  of  the  maximum 
overshoot  position)  though  profile  changes  are  still 
obvious  these  changes  are  of  small  magnitude  so  that 
the  second  term  will  approximate  to  (l-X(z))Au„,  . 

Thus  the  development  would  then  be  approximated 
by 

U  »  X(z)u0  ♦  (1-X  (z)  )Ua,  (2) 

When  this  stage  in  the  flow  development  is  reached 
(and  for  many  profiles  this  could  be  as  early  as  z/D  • 
9)  the  intersection  points  in  both  number  and  position 
will  coincide  with  the  points  for  which  uQ  •  u„.  At 


this  stage  the  locus  of  all  intersection  points  will 
be  the  fully  developed  profile. 

This  to  some  extent,  provides  an  explanation  for 
the  change  in  both  position  and  number  of  the  inter¬ 
section  points  within  the  overall  profile  developaent. 
Initially  the  position  of  such  points  is  dictated  by 
the  condition  u0  »  1  and  subsequently  by  %  ■  u«. 


Figure  5  Locus  of  Intersection  Points  (z/D  <  10) 
Full  line  is  'fully  developed'  profile. 


Figures  5  and  6  show  the  locus  of  intersection  points 
obtained  from  the  data  for  the  development  range  up  to 
z/D  *  10  and  beyond  z/D  -  10  respectively.  The  good 
agreement  obtained  between  the  fully  developed  profile 
and  the  data  presented  with  Figure  6  is  obvious. 

An  identical  relationship  to  equation  2  can  be 
deduced  directly  from  the  continuity  equation  if  it  is 
assumed  that  the  radial  velocity  can  be  expressed  in 
separable  form. 

The  continuity  equation  in  non-dimensional  form 

gives 

±  <nu)  ♦  £  (nv)  •  0 

so  that 

C  , 

u(n)  “  u0(d)  -  /  -jjj  (nv)  d;/n  (3) 

a 

If  (nv)  can  be  expressed  as  a  separable 
function  of  n  and  (  so  that 

(nv)  -  F(n)  G'(;)  ,  say,  then 

equation  3  will  imply  that 

u(n)  •  u0(n>  -  F(n)  (c(c)-G(o)) /n 
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*t  {  *  U  where  u(n)  *  u.(n) 


CONCLUSIONS 


u«(n)  -  u0(n)  -  F(n)  (c(.)  -  c(0))/n 


•o  thee 

u(n)-u0(n) 

u»(n)-uo(n) 


C(c  C(0) 

cw-c(o) 


-  1  -  X(;) 


thue  u(n)  *  x(c)uQ(n)  ♦  <1— x<c) )u«,(n) 


(4) 


This  ie  simply  equation  2  written  in  different  non- 
dimsnsional  form  and  it  would  thus  imply  that  coason 
intersection  points  will  occur  and  that  the  locus  of 
such  points  would  be  the  fully  developed  profile. 

Since  the  basis  of  the  development  of  the 
expression  is  that  in  effect  v  can  be  expressed  in 
separable  form  it  is  necessary  to  consider  what 
restrictions  will  apply  to  the  applicability  of  (4). 

Since  from  equation  (4) 

n 

v  «  -  a' (c)  (/n(uo(n)-u«,(n))dri) /n  (5) 

o 


then  v  »  0  at  n  ■  0  and  1  and  v  *  0  for  all  n  at  5  * 
C«.  However,  if  v  ■  0  at  some  intermediate  value  of 
n  and  C,  nx,  Cx,  say,  then  for  5  to  remain  valid 
either  v  must  be  zero  for  all  n  at  Cx  or  v  must  be 
zero  at  nx  for  all  5. 

Unless  one  of  these  two  conditions  is  satisfied 
the  expression  in  4  would  no  longer  be  valid  over  the 
whole  development  range. 

Referring  to  figure  2  which  shows  the  plots  of 
radial  velocity  for  the  three  cases  we  can  see  that 
at  many  points  over  the  development  range  the 
condition  v  »  0  occurs.  In  some  cases  one  of  the 
above  conditions  is  satisfied  but  in  many  cases 
neither  applies.  Thus  it  is  likely  that  the  whole 
profile  development  range  can  be  split  into  sections 
in  each  of  which  the  decay  could  be  expressed  by  a 
modified  form  of  4. 

From  figure  2  taking  case  3  as  an  example,  the 
initial  development  range  extends  up  to  z/D  ■  4,  a 
second  range  up  to  z/D  »  8  and  the  final  range  from 
z/D  -  10.  Studying  the  corresponding  time  mean 
profiles  in  figure  1  the  slight  shift  of  intersection 
point  at  z/D  •  4  is  clear.  Because  the  profile  does 
not  change  significantly  between  z/D  *  8  and  10  the 
location  of  the  intersection  point  beyond  z/D  «  4  lies 
close  to  the  intersection  with  the  fully  developed 
profile. 


DISCUSSION 


The  assumption  of  a  separable  solution  has 
obvious  limitations  and  cannot  be  used  to  describe  the 
behaviour  of  all  flows.  The  best  specific  empirical 
profile  descriptions  (e.g.  following  Prandtl,  Karman, 
Clauser,  Coles)  contain  both  a  separable  and  a  non- 
separable  formulation  (e.g.  law  of  the  wall,  law  of 
the  wake) . 

The  more  general  empirical  functional  description 
given  here,  though  not  universal,  enables  the 
occurrence  or  absence  of  common  intersection  points  to 
be  better  understood. 

The  existence  of  common  intersection  points  is 
demonstrated  as  being  directly  relatable  to  specific 
conditions  on  the  occurrence  of  zero  local  radial  time 
mean  velocities. 

The  formulation  is  compatible  with  the 
oscillatory  axial  profile  development  noted  by  the 
authors  in  reference  4. 


An  empirical  description  of  the  decay  of  an 
arbitrary  initial  profile  is  suggested.  This 
description  can  imply  the  existence  of  common 
intersection  points  in  the  profile  development.  At 
some  stage  within  the  profile  development  the  locus  of 
these  points  must  be  the  fully  developed  profile. 

The  analysis,  though  etq>irically  based,  can  be  of 
direct  application  in  the  areas  of  profile  simulation 
and  characterisation.  Though  no  attempt  is  made  to 
involve  the  turbulence  structure  the  data  available  is 
of  sufficient  detail  and  quality  to  be  of  use  as  test 
cases  for  turbulence  modelling. 
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ABSTRACT 

A  solution  procedure  has  been  developed  and 
applied  to  the  prediction  of  the  flow  properties 
downstream  of  coaxial  jets  issuing  into  a  confining 
duct  with  an  expansion  ratio  of  2.81.  Three  turbu¬ 
lence  models  comprising  a  mean  flow  closure  (two- 
equation  model)  and  two  Reynolds -stress  models  were 
used  and  the  results  compared  with  measured  results 
obtained  for  two  velocity  ratios  of  1  and  3.  The 
main  features  of  the  flow  fields  are  correctly  pre¬ 
dicted  by  the  three  models  with  the  Reynolds-stress 
models  providing  better  accuracy  near  and  inside 
the  recirculation  zone.  Discrepancies  between 
measured  and  calculated  flow  properties  exist,  par¬ 
ticularly  in  regions  of  more  than  one  major  compo¬ 
nent  of  the  velocity-gradient  tensor  and  near  the 
axis  of  symmetry.  The  reasons  for  the  discrepancies 
and  the  consequent  value  of  the  calculation  methods 
are  discussed. 

INTRODUCTION 

Recirculating  turbulent  flows  downstream  of 
coaxial  jets,  with  a  sudden  expansion,  are  of  rele¬ 
vance  to  many  engineering  applications  and,  in  par¬ 
ticular,  to  furnaces  and  combustion  systems.  The 
turbulent  mixing  which  occurs  in  the  vicinity  of 
the  shear  layers  between  the  two  jets  and  between 
the  outer  jet  and  the  reverse  flow  is  the  main  fea¬ 
ture  of  the  present  flow.  Previous  calculations  of 
similar  flows  are  referred  to  in  table  (1)  and 
make  use  of  two-equation  turbulence  models  which 
imply  the  local  isotropy  and  a  generalised  Boussi- 


nesq  effective  viscosity  concept.  In  practice,  all 
real  flows  show  some  degree  of  anisotropy  and  the  tur¬ 
bulent  stress  is  usually  less  directly  connected  with 
the  mean  velocity  field  than  is  required  by  the  notion 
of  a  turbulent  viscosity.  As  a  result,  the  present 
investigation  includes  solutions  of  transport  equa¬ 
tions  for  the  Reynolds  stresses,  and  allows  compari¬ 
son  with  results  obtained  with  the  two-equation  model. 
A  similar  comparison,  for  bluff  body  flows,  was  inclu¬ 
ded  in  the  work  of  Pope  and  Whitelaw  (19"?6)  and  the 
results  appear  to  have  been  influenced  by  numerical 
effects.  As  a  consequence,  the  numerical  aspects  of 
the  present  work  are  considered  in  some  detail. 

The  calculations  are  compared  with  the  measure¬ 
ments  of  Habib  (1980)  which  include  values  of  mean 
velocity  and  normal  stresses  for  two  different  velo¬ 
city  ratios  and  at  high  Reynolds  number.  These  res¬ 
ults  were  obtained  by  laser-Doppler  aneroometry  and 
the  accuracy  of  the  results  has  been  extensively  dis¬ 
cussed.  The  flow  conditions  at  exit  from  the  coaxial 
jet  were  known  to  correspond  to  those  of  fully  devel¬ 
oped  pipe  and  annulus  flow. 

The  following  section  states  the  differential 
equations  which  have  been  solved  in  finite-difference 
form.  The  solution  procedure  is  described  in  the 
third  section  which  deals  with  boundary  conditions 
and  comments  on  the  numerical  accuracy  and  economy. 

The  results  of  the  calculations  are  then  presented  and 
the  paper  ends  with  a  summary  of  the  more  important 
conclusions . 

Differential  equations 

The  time  averaged  forms  of  the  continuity  and 
momentum  equations  may  be  written  in  the  form 
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and  have  baan  solved  in  their  two-dimensional ,  axi- 
ayametric  form.  The  Reynolds  stresses  were  repre¬ 
sented  by  the  three  models  represented  by  the 
equations  indicated  below. 
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Calculation  Procedures 


TABLE  1 

CALCULATIONS  OF  RECIRCULATING  JET 
FLOWS  BY  THE  K  'U  E  MODEL 


Author 

Flow 

configuration 

w 

Flow  proper¬ 
ties  compared 
ith  experiments 

Gosman  et  al 

(1974) 

Axi symmetric 
expansions 

U  and  K 

Khalil  et  al 
(1975) 

Confined  flow  of  an 
annular  jet  and  sudden 
expansion 

U,  K  and  W 

Pope  and 
Whitelaw(1976) 

Near-wake  flow 

„  —  .  2 
U,  uv  and  u 

Pope  (1976) 

Flow  in  a  diffuser 

- 

Hutchinson 
et  al (1977) 

Axisymnetric  expansion 

u 

Moss  et  al 

(1979) 

Backward-facing  step 

U  and  K 

Durst  and 
Rastogi (1979) 

Separated  flow  of  a 
square  obstacle  in  a 
channel  flow 

U  and  K 

Gosman  et  al 
(1979) 

Sudden  expansion  flows 
and  others 

U,  W  and  K 

Hyde  and  Sykes 
(1979) 

Enclosure  with  diver¬ 
gent  quarl  angle 

U  and  W 

Cebeci  et  al 
(1979) 

Separated  boundary 
layer  flows 

u 

Habib  and 
Hhitelaw  (1979) 

Confined  double  coax¬ 
ial  jets 

U.  K,  u2 

,3/2 


8 


account  taken  of  the  mean  strain  which  is  represented, 
in  Model  3,  with  C^  0  and  C  =1.  These  formu¬ 
lations  are  in  accordance  with  tie  work  of  Launder, 
Reece  and  Rodi  (1975) .  The  rate  of  dissipation  is 
again  represented  by  equation  6  with 


where  I  *  0.03  R.  In  the  case  of  five-equation 
turbulence  models,  the  shear  stress  was  also  avail¬ 
able  since  the  flow  was  known  to  be  fully  developed. 
All  axial  gradients  (3/3x)  were  presumed  zero  in  the 
exit  plane  of  the  confining  tube,  i.e.  at  x/D  =  4.B 
(%  is  the  enclosure  diameter j ;  this  corresponds  to 
developed  boundary-layer  flow  at  the  exit  section 
which  is  in  reasonable  accord  with  the  measurement. 

A  symmetry  axis  was  specified  with  v  *  uv  =  O  and 
3/3y  of  all  other  quantities  equal  to  zero  at  y  1  0. 
Zero  velocities  were  specified  on  all  solid  surfaces. 

Partly  to  economize  computer  time  requirements, 
logarithmic  wall  functions  were  used  to  link  the 
near-wall  grid  lines  to  wall  boundaries,  thus:- 
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The  equations  of  the  previous  section  were  sol¬ 
ved  to  yield  three  different  solutions  of  the  flow 
in  the  confined  double  coaxial  jet.  Measured  velo¬ 
cities  and  normal  stresses  provided  the  correspon¬ 
ding  boundary  condition  at  the  inlet  to  the  model 
furnace  and  the  dissipation  rate  was  determined  from 


where  subscript,  p,  refers  to  the  near-wall  node. 
k  and  E^  are  the  wall  law  constants  and  take  the 
values  0.419  and  9.8  respectively.  The  value  of  the 
kinetic  energy  of  turbulence  at  point  p,  K  ,  was 
calculated  from  the  transport  equation  of  with  the 
flux  of  energy  to  the  solid  wall  set  to  zero.  The 
corresponding  value  of  the  dissipation  of  K,  c. 


5.21 


was  prescribed  by:- 

e  =  (c1/2KJ3/2/KyD 
PUP  P 


and  the  integral  of  c  from  the  wall  to  y  ,  which  is 
required  for  the  kinetic  energy  or  the  ^Reynolds  - 
stress  equations  given  byt- 


-P 

/.€ 


dy  =  (Ci/2  k  )3/2  -  to  <E,  y+) 
up  <  1  P 


The  values  of  constants  used  in  the  models  are  shown 
in  Table  2.  The  constants  of  Model  1  are  identical 
to  those  of  Launder  et  al  (1972)  and  have  been  used 
for  the  prediction  of  recirculating  flows,  see  for 
example  Khalil  et  al  (1975) .  The  coefficients  of 
Models  z  and  3  are  in  accord  with  Launder  et  al 
(1975) ,  and  have  previously  been  applied  to  axisym- 
metric  flow  cases  by  Naot  and  Launder  (1975)  and  to 
recirculating  flow  behind  bluff  body  by  Pope  and 
Whitelaw  (1976) . 

TABLE  2 


CONSTANTS  OF  EQUATIONS 


Model 


With  the  small  convergence  factor  noted  above , 
the  errors  due  to  the  degree  of  convergence  are  neg¬ 
ligible.  The  effect  of  the  number  and  location  of 
grid  nodes  is  more  inportant  and,  when  the  Peclet 
number  is  large  and  the  flow  is  inclined  to  its  mesh, 
donor— cell  differencing  is  used  with  consequent  nume¬ 
rical  diffusion.  The  effects  are  isgxartant  where 
the  mean  flow  component  is  not  aligned  with  the  grid 
direction  and  the  problem  has  been  examined,  for 
example,  by  Wolfshtein  (1969) ,  Gosman  et  al  (1969) 
and  Raithby  (1976) .  The  present  number  of  nodes  and 
their  distribution  were  selected  after  experiments 
with  fewer  nodes  and  different  distributions  had  indi¬ 
cated  that  the  present  arrangement  led  to  results 
which  are  reasonably  free  from  numerical  errors. 

Thus,  an  increase  in  the  number  of  grid  nodes  from 
396  to  432  led  to  differences  in  calculated  depen¬ 
dent  variables  which  did  not  exceed  3t  and  the  trend 
in  values  was  monotonic  for  a  number  of  nodes  greater 
than  256.  Grid-dependent  tests  made  with  (18  x  14) 
and  (30  x  22)  nodes  and  (24  x  18)  grid  used  for  sub¬ 
sequent  results,  are  shown  in  Figs.  2  and  3  and  were 
obtained  with  the  two-equation  model.  The  calcula¬ 
ted  values  are  of  the  mean  axial  velocity  and  the 
kinetic  energy  of  turbulence  along  the  centre-line 
and  at  the  radial  profile  of  x/D  =  0.616  and  suggest 
that  the  numerical  accuracy  is  reasonable  even  with 
a  18  x  14  grid.  Since  the  numerical  diffusion  is 


Constant 


1 

2 

3 

likely  to  be  greatest  in  the  same  locations  where  the 
turbulence  control  is  greatest,  it  is  nearly  impos¬ 
sible  to  provide  a  more  definitive  statement. 

0.09 

- 

- 

The  finite -difference  equations  were  solved 

1.00 

- 

- 

iteratively  by  a  TEACH  Fortran  program  on  a  CDC  6600 
digital  computer .  The  calculation  time  to  conver¬ 

1.22 

- 

- 

gence  is  shown  on  Table  3  for  each  model;  the 

0.25 

0.25 

increase  in  time  in  the  Reynolds  stress  models,  2  and 

3,  is  due  to  the  solution  of  eight  dependent  variables 

- 

0.15 

0.15 

rather  than  for  five.  The  storage  requirements  by 

- 

2.50 

1.50 

the  two-equation  model  was  0.73  of  that  required  by 
the  Reynolds-stress  models. 

- 

0.40 

0.40 

TABLE  3 

1.44 

1.45 

1.45 

COMPUTING  TIME  TO  ACHIEVE  CONVERGENCE 

1.92 

1.92 

1.92 

Model 


In  the  iteration  procedure,  the  initial  values 
were  chosen  to  minimize  the  instability  in  the  first 
number  of  iterations,  for  exanple,  specification  of 
the  mean  velocity  satisfied  continuity  throughout 
the  solution  domain.  In  the  case  of  the  Reynolds- 
stress  models,  the  initial  values  were  taken  from 
the  results  of  solutions  based  on  the  K-e  model,  as 
indicated  on  Fig.  1. 


Number  of  Total  Time  per  Iteration 

Iterations  Time  per  grid  node 

sec.  sec. 


i 

277 

198 

0.0017 

2 

299 

373 

0.0028 

3 

333 

422 

0.0029 

Results 


Convergence  was  assessed  at  the  end  of  each 
iteration  with  a  convergence  factor,  taken  to  be 
0.1%,  which  equals  the  residual  source  of  each 
finite  difference  equation  normalised  by  the  fixed 
flux  of  the  relevant  extensive  property  fed  into  the 
solution  domain.  Under-relaxation  was  used  to  im¬ 
prove  convergence.  It  is  clear  from  figure  1  that 
the  number  of  iterations  and,  consequently,  the 
computation  time  required  by  the  Reynolds-stress 
models  is  larger  than  that  of  the  K  a,  c  model  to 
achieve  the  same  convergence.  The  figure  indicates 
also  that  the  rate  of  decay  is  much  larger  in  the 
case  of  the  solution  of  Model  1  which  is  due 
to  the  lesser  number  of  equations  interconnected  in 
the  model. 


The  calculations  are  presented  for  two  velocity 
ratio  (the  ratio  of  the  annulus  maximum  velocity  to 
the  maximum  pipe  velocity,  Ua/U  )  of  3  and  unity.  The 
axial  distributions  of  the  axis?  mean  velocity,  nor¬ 
malised  by  the  mean  velocity  value  on  the  axis  at  the 
exit  plane  of  the  coaxial  jets,  are  compared  with 
measurements  on  Fig.  4.  The  calculated  centre-line 
velocity  distribution  is  in  reasonable  accord  with 
the  measurements  except  in  the  region  immediately 
downstream  of  the  exit  in  the  case  of  the  higher  velo¬ 
city  ratio  where  the  velocity  is  underpredicted  espe¬ 
cially  with  models  2  and  3.  Further  downstream  and 
at  around  x/d  -  4.0  (do  is  the  annulus  outer  diame¬ 
ter)  ,  and  agaSn  for  the  higher  velocity  ratio,  the 
mean  velocity  maximum  is  underpredicted  by  about  15%. 
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The  discrepancy  in  the  calculations  by  Model  1  has 
been  attributed  (see  Bab lb  and  Hhitelaw,  1979)  to 
the  incorrect  representation  of  the  turbulent  diffu¬ 
sion  process  as  a  result  of  the  isotropic-viscosity 
hypothesis  and  Fig.  4  shows  that  the  saae  discre¬ 
pancy  occurs  with  the  Reynolds -stress  models .  This 
suggests  that  the  predicted  nixing  is  low  since  the 
increase  in  the  nean  velocity  along  the  oentre-line 
in  Jie  case  of  the  higher  velocity  ratio  is  attribu¬ 
ted  to  the  diffusion  of  the  flow  of  the  outer  jet 
towards  A>e  centre-line.  The  magnitude  of  the  dis- 
crepanci^  attributable  to  nuaerical  accuracy  can 
be  deducM  from  figures  2  and  3  and  is  snail  com¬ 
pared  to  that  associated  with  the  turbulence  models. 

Fig.  5  represents  the  normalised  variance  of  the 
axial  velocity  fluctuations  along  the  centre-line  and 
is  underpredicted  by  all  models;  with  the  Reynolds- 
stress  approach  giving  better  accuracy  in  most 
regions.  The  agreement  improves  in  the  downstream 
region  where  discrepancies  are  less  than  10%  at 
x/D  -  4.0.  The  normal  stress  distributions  pre¬ 
dicted  by  the  two  Reynolds-stress  models  are  nearly 
the  same  and  are  not  affected  by  the  difference  in 
the  forms  of  the  redistribution  terms.  Comparison 
of  measured  and  calculated  values  of  the  kinetic 
energy  of  turbulence  show  similar  trends. 

The  distributions  of  the  normalised  rate  of 
dissipation  along  the  centreline  are  presented  on 
Fig.  6  together  with  values  deduced  from  the  mea¬ 
surements.  The  rate  of  dissipation  is  overpredicted 
by  the  three  models  with  the  Reynolds -stress  models 
giving  smaller  discrepancies.  These  results  are 
consistent  with  those  of  Fig.  4  and  the  overpredic¬ 
tion  in  the  values  of  the  rate  of  dissipation  may 
explain  the  underestimated  values  of  K  along  the 
centre-line.  The  overprediction  of  e  and  under¬ 
prediction  of  K  near  the  centre-line  are  expected 
to  decrease  the  transport  in  the  momentum  equation 
by  diffusion  processes  through  the  decrease  in  the 
effective  viscosity,  (=  +  u  )  as  shorn  from 

the  relation  ut  =  p  c  K^/e ,  in  model  1  and  through 
the  decrease  in  the  le^el  of  the  normal  stresses  in 
models  2  and  3.  This  explains  the  underpredicted 
mixing  shown  by  Fig.  4  and  discussed  above.  Fig.  6 
also  indicates  that  the  inlet  distribution  of  length 
scale  has  a  large  effect  on  the  c-distribution  in 
the  upstream  region  where  the  diffusion  terms  have 
a  large  effect  in  the  momentum  equations;  it  has  no 
significant  effect  in  the  downstream  region  where  the 
diffusion  effects  are  small. 

Figs.  7  and  8  present  the  radial  profiles  of  the 
calculated  and  measured  flow  properties  at  x/D  of 
0.616  and  shows  that  the  two  Reynolds-stress  models 
give  nearly  the  same  distribution  for  both  the  two 
velocity  ratios.  It  can  be  concluded  that  the 
difference  in  the  forms  of  the  redistribution  terms 
has  little  effect  on  the  mean  velocity  distribution 
along  the  radius.  The  results  of  the  Reynolds-stress 
models  are  more  precise  for  unity  velocity  ratio  and 
show  better  agreement  than  in  the  case  of  the  hi$ier 
velocity  ratio.  The  K  v  c  model  predicts  the 
velocity  maximum  in  the  3:1  velocity  ratio  case  more 
accurately,  but  shows  greater  discrepancies  in  the 
region  of  rapid  velocity  decay,  0.4  <  y/R  <  0.6.  The 
width  of  the  recirculation  region  is  underpredlctad 
by  the  three  models  with  the  Reynolds-stress  models 
giving  subtly  smaller  discrepancies  and  better 
representation  of  the  mean  velocity  near  the  wall. 


The  calculations  of  normal  stress  indicated  that 
the  Reynolds-stress  models  were  preferable  but  still 
led  to  significant  underprediction  in  the  region  of 
r/R  less  than  0.3.  Pope  and  White law  (1976)  observed 
similar  discrepancies  in  their  calculations  for  the 
near-wake  flows  near  the  axis  of  syrenetry.  The  reason 
may  be  the  gradient  assumption  embodied  in  the 
Boussinesq  equation  in  the  two  equation  model  or  in 
the  diffusion  terms  in  the  Reynolds  stress  models 
which  break  down  near  the  axis  of  syanetry.  The 
profiles  of  shear  stress  showed  that  the  changes  in 
the  sign  are  correctly  represented  and  that  no  one 
model  can  be  identified  as  a  clear  improvement  over 
any  other  In;  the  upstream  region.  At  x/Dfi  -  3.67, 
the  two  stress  models  provide  results  which  are  more 
than  504  larger  than  those  of  the  K-e  model  and  are 
in  good  agreement  with  the  measurements. 

Discussion 

The  results  show  that  the  mean  velocity  can  be 
represented  by  the  three  models  with  the  maxima  along 
the  centre-line  and  radius  underpredicted  by  around 
2o%.  The  discrepancies  may  be  attributed  to  the 
underprediction  of  the  turbulent  diffusion  and  this 
is  confirmed  by  the  underestimation  of  normal  and 
shear  stresses  and  their  gradients,  particularly  near 
the  centre-line. 

In  the  case  of  the  K  ^  E  model,  the  effective 
viscosity  formulation  implies  that  the  principal  axes 
of  the  Reynolds  stress  tensor  are  parallel  to  the 
principal  axes  of  the  strain  rate  tensor  so  that  any 
change  in  the  strain  rate  affects  the  stresses .  This 
instantaneous  change  of  the  Reynolds  stresses  with 
the  strain  rates  is  not  supported  by  the  experimental 
observations  because  the  Reynolds  stresses,  due  to  the 
vorticity  fluctuations,  require  time  to  adjust  to  the 
new  strain  rates  (Warsi  and  Amlicke,  1976;  Rotta, 

1979  and  Bradshaw ,  1973)  .  The  isotropic-viscosity 
formulation  can,  therefore,  be  expected  to  lead  to 
errors  particularly  in  regions  of  high  velocity  gra¬ 
dients,  i.e.  regions  of  high  rate  of  strain. 

The  underestimation  of  the  Reynolds  stresses  by 
the  models  2  and  3  may  be  attributed  to  the  incorrect 
representation  of  the  diffusive  mechanism.  Ribeiro 
(1976)  suggested  that  the  diffusive  mechanism  is  asso¬ 
ciated  with  the  larger  scales  of  the  motion  and  can 
not  be  represented  by  second  order  closures.  This 
is  particularly  true  in  regions  of  high  velocity 
gradients  where  the  local  turbulent  field  is  strongly 
asymmetric  and,  therefore,  the  third  order  correla¬ 
tions  play  an  important  role  on  the  transport  of  the 
Reynolds  stresses.  These  correlations  have  been  ex¬ 
pressed  in  terms  of  second  order  terms  and  their 
gradients . 


The  rate  of  dissipation  of  the  kinetic  energy  of 
turbulence  is  overpredicted  by  the  three  models  and  is 
attributed  to  the  strong  link  between  c  and  the  mean 
flow  field  incorporated  in  the  models  and  represented 
by  the  term  Cc/lC.  Dissipation  occurs  in  the  finest 
scales  of  motion  and  these  do  not  reflect  the  local 
mean  strain  field.  This  connection  tends  to  increase 
the  local  level  of  c,  and  consequently  decreases  the 
level  of  the  kinetic  energy  of  turbulence .  The 
replacement  of  G  by  cA  (A  being  the  anisotropy  of 

stresses  defined  as  ,  -  2  .  „  ,2  „2  -  . 

(  uiuj  *  y  K'  /K  «  Zaman  and 

Lualey  (1979) ,  seems  physically  better  but  does  not 
work  well  in  practice  (Launder  and  Whitelaw,  1977)  . 


The  form  of  the  dissipation  equation  was  also  criti¬ 
cised  by  Bradshaw  (1973)  and  Pope  and  Whitelaw 
(1976)  particularly  in  relation  to  flows  with  stream¬ 
line  curvature. 

In  complex  flows,  where  there  is  more  than  one 
major  component  of  the  velocity  gradient  tensor, 
extra  strain  rates  are  added  to  the  generation 
terms.  Bradshaw  (1973)  suggested  that  the  Reynolds 
stresses  change  by  amounts  which  are  much  larger 
than  the  direct  effect  of  these  strains  and  that 
neither  of  the  effective  viscosity  model  nor  the 
Reynolds  stress  models  represent  these  changes 
correctly.  Ii.  the  case  of  I  i  £  model,  the  changes 
in  the  shear  stresses  are  directly  related  to  the 
strain  rates  through  a  factor  {=  u (3u/3y  +  e) 
where  e  represents  any  other  strain  rather  than 
3U/3y)  which  is  very  small  with  respect  to  experi¬ 
mental  evidence  which  suggests  (i  ut  (?U/?y  +  ae) , 
with  a  of  order  10,  see  Bradshaw  (1975)  .  In  the 
case  of  the  Reynolds  stress  models,  changes  of  a 
similar  order  may  also  be  required  in  destruction, 
redistribution  and  turbulent  diff'ision  terms.  This 
can  be  achieved  in  the  present  models  by  replacing 
constants  with  functions  of  a  parameter  which  can 
represent  streamline  curvature,  for  example  a 
Richardson  number. 


was  unde rp recited  by  the  three  models  with  the 
Reynolds -stress  models  giving  lower  discrepancy.  The 
normal  stress  was  underestimated  by  the  three  models 
particularly  near  the  centre-line  and  the  rate  of 
dissipation  overestimated.  The  discrepancies  are 
associated  with  streamline  curvature  and  appropriate 
modifications  to  the  Reynolds  stress  equations  and 
the  equation  for  the  rate  of  dissipation  are  required. 
In  the  fir  t  instance,  the  application  of  a  Richardson 
number  correlation  for  Ct  ,  as  proposed  by  Rodi  (1979) , 

should  be  evaluated  but  the  need  for  additional  chan¬ 
ges  can  be  anticipated  for  the  strong  streamline  cur¬ 
vatures  associated  with  separated  flows. 
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Fig.  3  Effect  of  Grid  Size  on  the  Values  of 

the  Kinetic  Energy  of  Turbulence  Along 
the  Radius  {X/D  =0.6l6;u  /U  =  3) 
Notation  as  in  fig.  2  a  P 


Fig.  4  Axial  Distribution  of  Axial  Mean  Velocity 
0,  measurements,  U  /U  =  3.0,*  □  ,  measure¬ 
ments,  U  /U  =1.0;  ^  calculations. 
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Fig.  5  Axial  Distributions  of  Axial  Normal  Stress,* 
Notation  as  in  Fig.  4. 
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Fig.  7  Radial  Profiles  of  Axial  Mean  Velocity 
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Fig.  8  Radial  Profiles  of  Axial  Mean  Velocity 
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ABSTRACT 


density 


The  complex  turbulent  flow  in  a  pipe  vith  a 
weakly  wavy  wall  is  studied.  Experiments  include 
measurements  of  mean  flow  and  turbulent  quantities 
in  the  air  and  visualizations  in  water.  The  flow 
characteristics  proved  to  be  very  different  from  these 
observed  in  a  usual  straight  pipe.  Moreover  an  un¬ 
stationary  reverse  flow  behind  every  crest  Jias  been 
found.  Numerical  predictions  based  on  the  low- 
Reynolds  k-£  model  are  performed  in  order  to  test 
usual  closure  hypothesis  in  a  complex  flow.  The 
comparisons  with  the  experimental  measurements  have 
shown  that  such  a  simple  turbulence  model  give  qua¬ 
litative  agreement  in  several  aspects  but  discre¬ 
pancies  remain  on  the  turbulence  quantities  that  are 
attributed  to  the  complex  character  of  the  flow. 

NOMENCLATURE 


k  kinetic  energy  of  turbulence 

p  pressure 

r  radial  coordinate 

R(x)  local  radius  at  abscissa  x 


*H 


mean  radius  of  the  pipe  (arithmetic 
mean  between  maximum  and  minimum  radius) 


Reynolds  number  R^  ■2uRj)/v 


u 

v 

x 

y 

♦ 

y 

c 

x 


mean  longitudinal  velocity 
bulk  velocity 
turbulent  normal  stresses 
turbulent  shear  stress 

friction  velocity  in  a  straight  pipe 
of  radius  R„  at  the  same  experimental 
Reynolds  number. 

normalized  velocity  u/u*„ 

n 

radial  component  of  velocity 
longitudinal  coordinate 

distance  from  wall 

normalized  distance  from  wall  y  u,^/v 

dissipation  rate  of  turbulent  kinetic 

•nergy 

wavelength 


v  cinematic  viscosity 

T(x)  wall  shear  stress  at  abscissa  x 

wall  shear  stress  in  a  straight  pipe  of 
radius  R^  at  the  same  experimental 
Reynolds  number . 


INTRODUCTION 

Our  aim  is  to  present  a  study  of  the  turbulent 
shear  flow  in  a  pipe  with  a  weakly  wavy  wall  (fig  I). 
Several  approaches  have  been  used  together  :  an 
experimental  study  including  measurements  in  an  air 
flow  and  some  visualizations  in  water,  and  a  numeri¬ 
cal  prediction  using  a  classical  model  of  turbulence. 
Such  a  flow  is  a  complex  one,  indeed  near  wsil  curva¬ 
ture  effects,  acceleration  and  deceleration  effects 
due  to  section  variation  are  important.  In  fact  the 
flow  characteristics  are  very  different  from  those 
obtained  in  a  usual  turbulent  pipe  flow  /!/.  Besides, 
the  experiments  have  shown  the  occurrence  of  an 
unstationary  reverse  flow  downstream  every  crest.  We 
can  note  that  in  the  literature  only  few  experimental 
studies  are  available  on  this  subject  j  we  mention 
for  instance  the  work  of  S.T.  Hsu  and  J.F.  Kennedy 
121. 

Several  numerical  predictions  of  the  laminar 
or  turbulent  flow  above  irregular  boundaries  of 
various  shapes  have  been  made  these  last  years  inclu¬ 
ding  mainly  studies  above  solid  or  moving  waves  / 3/ , 
/4 /  and  constricted  pipes  /5/,/6/. 

Present  numerical  computation  of  this  flow  has 
been  made  using  the  k-c  model  of  W.P.  Jones  and 
B.E.  Launder  / 7 / .  These  calculations  of  such  a 
complex  flow  are  useful  for  testing  usual  turbulence 
closure  hypothesis  and  for  discussing  their  ability 
to  predict  the  flow  characteristics.  Before  presen¬ 
tation  of  the  results  we  first  give  a  brief  descrip¬ 
tion  of  experimental  dispositive  and  conditions  for 
the  measurements  in  the  air  and  for  the  visualizations 
in  water.  He  give  also  the  main  informations  concer¬ 
ning  the  numerical  treatment. 

EXPERIMENTAL  SET-UP  AND  PROCEDURES 

Pipe  characteristics 

Mean  diameter  2R„  *  38. 89  mm  ,  total  length  ; 

450  mm,  wave  length  of  undulation  :  X  ■  55  mm, 
amplitude  :  3  mm,  number  of  undulations  :  8.  The 


5.27 


shape  of  the  wall  undulation  art  diacribad  on  figure 

1. 

Instrumentation 

The  preaaure  haa  been  measured  by  a  claaaical 
atatic  probe  connected  to  a  water  micromanometer, 
that  allows  to  diatinguiah  0.02  mm  pressure  diffe¬ 
rences  . 

Longitudinal  mean  velocity  profiles  have 
been  aeajlured  with  hot  wire  anemometer,  from  axis 
to  the  viscous  sublayer.  In  all  caaes  the  wall 
distance  is  determined  with  0.01  as  accuracy.  The 
wall  shear  atress  evolution  has  been  obtained  from 
the  slope  of  velocity  profiles  at  the  wall.  A  special 
correction  procedure,  based  on  a  probe  calibration 
in  a  turbulent  pipe  flow  for  every  distance  close  to 
the  wall  (y*l.  on),  has  been  used  to  take  into  ac¬ 
count  near  wall  effects  /8/. 

The  variances  and  covariances  (u'2 ,  v ' 2 , 
w'2,  u'v*)  have  been  obtained  from  single  wire  and 
x-wire  probe.  Moreover  to  define  the  unstationary 
reverse  flow  region  (fig.  2),  we  use  a  special  probe 
sketched  below  : 


As  it  can  be  seen  on  this  sketch  if  an 
instantaneous  reverse  flow  happen,  we  can  detect  a 
temperature  wake  on  the  upwind  cold  wire. 

Visualization 

A  similar  model  to  the  one  for  experimental 
study  in  the  air  has  been  built  in  plexiglas. 

A  dye  of  same  density  than  water  is  injected  at 
different  positions  of  the  wall.  The  flow  is  drivoiby 
gravity.  Instantaneous  pictures  have  been  taken  (fig.4) 

Experimental  conditions 

The  Reynolds  numbers  bated  on  the  bulk 
velocity  u  and  the  maan  diameter  JL  •  2R^v  ere 
30  000  and  115  000  for  experiments  in  the  air  flow 
and  numerical  predictions  and  only  30  000  for 


visualizations . 

NUMERICAL  TREATMENT 

The  numerical  treatment  /9 /  has  been  deve¬ 
loped  within  the  framework  of  the  classical  k-t 
model  of  H.P.  Jones  and  B.E.  Launder  /?/  with  low 
Reynolds  number  modifications. 

Geometric  description  of  the  flow 

The  main  difficulty  stems  from  the  undulated 
shape  of  the  wall  :  a  curvilinear  grid  (fig.  3)  is 
well  suited  to  describe  the  wavy  boundary.  The  coor¬ 
dinate  transformation  has  been  defined  by  conformal 
mapping.  The  shape  of  the  wall  boundary  has  been 
approximated  within  a  precision  of  about  0.2  per 
cent  of  the  pipe  radius,  that  is  about  1.5  per  cent 
of  the  wave  amplitude. 

Within  undulation,  the  grid  presents  22  points 
in  the  x  direction,  40  points  on  the  radial  direction. 
This  latter  distribution  has  been  refined  in  the  wall 
region  (half  of  the  points  are  within  the  zone 
y+  <  30),  the  ratio  between  two  successive  steps 
remaining  constant. 

Numerical  method 

The  set  of  partial  differential  equations 
governing  the  flow  together  with  those  for  turbulence 
kinetic  energy  and  dissipation  rate  has  been  trans¬ 
formed  to  be  formulated  in  a  curvilinear  frame  of 
reference.  The  finite  difference  counterpart  of  these 
equations  is  derived  in  the  transformed  plane  using 
the  micro-integral  approach.  This  finite  difference 
scheme  embodies  upwind-differencing  for  the  approxi¬ 
mation  of  convection  terms.  Shifted  grids  are  used 
to  calculate  u  and  v  mean  velocity  components.  The 
solution  algorithm  is  developed  on  the  basis  of  the 
calculation  procedure  of  W.M.  Pun  and  D.B.  Spalding 
/ 10/  for  recirculating  elliptic  flows.  The  discretized 
equations,  written  in  a  linearized  form  are  solved 
by  iterations  using  a  line-by-line  procedure.  Solution 
for  all  variables  on  a  cross-stream  section  is  per¬ 
formed  before  advancing  the  sweep  (NEAT  method).  Cell- 
continuity  is  enforced  by  solving  a  pressure  correc¬ 
tion  equation  but  is  also  preceeded  by  a  strip-wise 
adjustment  of  overall  continuity  with  consequent 
pressure  changes  over  the  remainder  of  the  field. 

This  overall  correction  has  been  adapted  to  curvi¬ 
linear  geometry.  Due  to  the  nonlinearity  and  the 
coupling  of  the  equations,  a  combination  of  under- 
relaxation  and  linearisation  of  source  terms  is 
necessary  to  ensure  convergence  of  the  overall  proce¬ 
dure.  Convergence  is  controlled  through  residual 
sources  calculation  and  evolution  of  variables  at 
preselected  modes. 

EXPERIMENTAL  AND  NUMERICAL  RESULTS 

The  pressure  and  velocity  fields  have  been 
measured  between  the  4th  and  the  5th  crests  to  avoid 
the  entry  effect  and  exit  effect. 

Numerical  calculations  have  been  carried  from 
the  entry  section  down  to  the  4th  crest,  undulation 
after  undulation.  The  entry  conditions  at  the  inlet 
of  the  first  undulation  have  been  obtained  from  the 
steady  solution  in  a  straight  pipe.  The  inflow  condi¬ 
tions  in  the  calculation  domain  correspond  to  the 
values  obtained  at  the  exit  of  the  previous  undula¬ 
tion.  The  outflow  conditions  imposed  at  a  crest 
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Turbulent  field 


location,  where  no  recirculation  happen,  assume  that 
the  second  derivative  of  each  function  falls  locally 
to  zero.  This  means  the  continuity  of  the  variations 
of  the  flow  quantities. 

Pressure  field 

The  evolution  of  radial  distribution  of 
pressure  is  presented  in  fig.  5.  We  find  that  the 
maximum  of  pressure  occurs  near  the  wall  at  the 
section  3  and  Che  minimum  at  the  crest.  This  is  in 
accordance  with  the  presence  of  decelerated  and 
accelerated  flow  respectively.  The  pressure  gradient 
vanishes  near  section  2  (fig.l).  The  localisation 
of  the  inflexion  point  of  the  wavy  wall  is  midway 
between  sections  1  and  2  (fig.  1).  The  evolution  of 
the  pressure  for  Reynolds  number  30  000  is  delayed 
compared  to  the  curvature  variations  of  the  wall. 

This  point  will  be  discussed  later. 

Mean  velocity  field 

Fig.  6  and  7  gives  the  experimental  and 
numerical  profiles  for  the  different  sections.  We 
note  that,  due  to  the  presence  of  undulations,  a  zone 
of  dynamic  equilibrium  does  not  exist  as  it  would  be 
the  case  for  the  turbulent  flow  in  a  straight  pipe. 
However  some  discrepancies  appears  between  experi¬ 
mental  and  numerical  values,  though  the  shape  of  the 
different  profiles  at  the  respective  sections  is 
qualitatively  the  same.  Of  course,  we  have  verified 
that  the  calculated  mean  velocity  profile  using  the 
k-t  model  in  a  straight  pipe  is  in  good  agreement 
with  the  universel  log.  law.  Thus,  the  previous 
discrepancies  come  from  the  complex  character  of 
the  flow  due  to  curvature  effects.  We  remark  also 
that  the  use  of  a  calculation  grid  in  expansion  from 
wall  to  axis  diminishes  the  precision  of  results  near 
the  center  of  the  pipe,  but  our  computer  limitations 
precluded  much  finer  resolution 

Reverse  flow  region  and  wall  shear  stress 

The  existence  of  an  unstationary  reverse 
flow  region  close  to  the  wall  after  every  crest  has 
been  found  from  measurements  with  the  special  probe 
described  previously.  It  appears  that  this  region 
diminishes  when  the  Reynolds  number  increases  (fig.  2) 
Visualizations  (fig.  4)  in  water  have  confirmed  the 
occurrence  of  this  unsteady  reverse  flow  at  Reynolds 
number  of  30  000.  We  can  also  observe  that  the  cal¬ 
culated  streamlines  pattern  (fig.  8)  at  R^  *  30  000 
show  a  bulby  deviation  of  the  flow  from  the  wall 
after  every  crest,  but  at  fty  *  115  000  the  flow 
direction  is  closely  following  the  shape  of  the 
boundary . 

Consequently,  the  above  qualitative  obser¬ 
vations  must  be  quantitatively  described  by  the  evolu¬ 
tion  of  the  wall  shear  stress.  Fig.  9  gives  the  values 
of  the  wall  shear  stress  obtained  from  the  slope  of 
the  mean  velocity  profiles  in  the  viscous  sublayer. 

As  it  can  be  seen,  the  Reynolds  number  influence  on 
these  values  is  taken  into  account  by  numerical  cal¬ 
culations.  The  underlying  physical  mechanisms  remain 
not  clearly  explained  to-day.  The  increase  of  turbu¬ 
lent  transfers  with  Reynolds  number  is  a  possible 
explanation  of  the  vanishing  of  reverse  flow  at  the 
higher  Reynolds  number.  Consequently  the  radial 
pressure  gradient  at  the  wall  (fig.  5)  forR^.115  000 
is  almost  only  determined  by  the  wall  curvature. 


The  turbulent  kinetic  energy  (fig.  10)  is 
always  higher  than  in  a  straight  pipe.  The  experi¬ 
mental  determination  of  normal  atresses  has  shown 
that  the  high  values  of  k  were  mainly  due  to  an  in¬ 
crease  of  in"?  component  compared  to  the  straight  pipe 
result  /I  /  and  Atributed  to  the  effect  of  undulations. 

Numerical  results  in  figure  10  suggest  that 
a  peak  of  energy  begins  to  grow  near  the  wall  in  the 
zone  of  reverse  flow  and  is  progessively  absorbed  by 
neighbouring  regions. 

The  evolution  of  the  stress  is  presented  in 
figure  11.  The  most  important  difference  between 
experimental  and  numerical  results  appears  on  these 
terms.  In  particular  the  negative  values  have  been 
calculated  near  the  crest  section.  It  seems  that  this 
is  a  consequence  of  relatively  high  values  of  the 
term  3v  which  appears  in  the  expression  of  the  Reynolds 

stress  tensor  (  if  ii*j  :  u'  .u'  .  ■  Qui  +  3uj ) ,  in  a 

J  **J  3xi 

cartesian  system) using  turbulent  eddy  viscosity 
concept.  This  point  seem  to  be  a  limitation  to  the 
applicability  of  the  k-e  model  to  predict  a  flow 
with  curvature  effect. 

CONCLUSION 

Results  presented  in  the  above  sections  have 
shown  that  the  flow  in  a  wavy  pipe  presents  many 
basic  differences  compared  to  classical  turbulent 
pipe  flow.  In  addition  to  the  curvature  effects,  the 
existence  of  an  unsteady  reverse  flow  region,  which 
is  depending  on  Reynolds  number,  affect  pressure  and 
velocity  fields  along  an  undulation,  thus  adding  new 
complexities.  Comparisons  between  experimental  results 
and  numerical  predictions  have  shown  that  a  qualita¬ 
tive  agreement  is  obtained  in  the  description  of 
mean  flow.  This  agreement  is  rather  better  at  the 
higher  Reynolds  number.  However,  several  discrepancies 
remain  attributed  to  a  basic  limitation  of  the  simple 
k-c  closure  applied  in  such  a  complex  flow.  In  order 
to  take  into  account  curvature  effects  on  turbulence 
it  seems  suitable  to  refine  the  model  by  including 
correction  factors  in  the  way  proposed  by  P. Bradshaw 
/II/.  In  the  long,  Reynolds  stress  closures  may 
probably  be  useful  in  such  a  case,  but  if  they  are 
potentially  more  general  their  precise  formulation 
demands  a  more  complete  knowledge  of  turbulent 
interaction  mechanisms  in  presence  of  curvature. 
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ABSTRACT 

Attention  is  focused  on  a  complex  turbulent  flow 
formed  by  merging  of  two  two-dimensional  far  turbu¬ 
lent  wakes.  Slight  heating  of  only  one  of  the  origi¬ 
nal  single  wakes  provided  the  temperature  trace  for  a 
conditional  sampling  investigation  of  the  interaction 
process.  A  special  four  wire  probe  and  signal  pr.j,  ca¬ 
sings  enabled  measurements  of  extensive  number  at 
correlations  of  predictive  and  physical  interest 
Among  significant  findings  are:  increased  mirt.tr. 
spread  of  heat  (temperature),  enhanced  lateral  >’« 
ment  of  large  eddies  despite  decreasing  turbv i 
Intensity  in  the  merging  region,  increased  -fi  ■ 

of  the  thermal  interface,  increased  conditio'  *  r- 
bulence  intensity  when  eddies  originating  f #--i 
single  wake  cross  the  adjacent  wake. 

INTRODUCTION 

Methods  of  predicting  turbulent  flows  have  made 
remarkable  progress  during  the  last  decade  thanks  to 
the  efforts  of  a  number  of  scientists  and  advances  in 
available  computational  power.  Additional  closure 
equations  have  been  conceived  requiring  more  detailed 
information  or  modeling  of  third  order  correlations. 

The  most  attention  is  still  focused  on  about  a  dozen 
so  called  basic  turbulent  flows.  The  reason  for  this 
interest  perhaps  beinR  that  almost  all  of  the  basic 
flows  exhibit  features  unique  enough  to  frustrate 
efforts  to  devise  a  prediction  method  of  acceptable 
universality  at  this  time.  However  most  flows  of 
engineering  interest  are  "complex"  turbulent  flows  (1) 
representing  interactions  of  two  or  more  "basic" 
turbulent  flows.  It  is  safe  to  assume  that  complex 
turbulent  flows  are  likely  to  possess  some  "new 
peculiarities."  Accordingly,  by  redirecting  some  of 
the  fundamental  experimental  and  predictive  research 
to  complex  flows  gains  will  be  made  in  the  knowledge 
of  turbulence. 

The  present  study  represents  such  an  attempt. 

The  complex  wake  was  formed  by  merging  the  far  fields 
of  two  equal  cylinder  wakes.  One  cylinder  was  slight¬ 
ly  heated  so  that  the  temperature  could  be  used  as  a 
tracer  and  in  conjunction  with  the  conditional  samp¬ 
ling  technique  provide  detailed  Insight  into  the 
intriguing  merging  process.  Since  the  single  (basic) 
wake  was  studied  in  parallel  (2)  "reference”  was 
available  to  judge  interacting  Influence  of  the  se¬ 
cond  wake.  Probe  and  method  developed  by  Fabria  (3), 
capable  of  providing  accurate  instantaneous  u,  v,  w,9, 
and  at  a  point,  was  essential  to  the  quality  and 
completeness  of  data  obtained  in  this  study. 

It  is  encouraging  to  notice  that  some  predictors 
have  recently  made  serious  attempts  (4,5)  to  use  avall- 
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able  conditional  sampling  data  in  theoretical  analysis. 
These  new  methods  use  the  intermittency  function  as 
one  of  the  variables. 

This  paper  covers  conditional  mean  flow  charac- 
:.e,  tstlcs  and  second  order  correlation  at  downstream 
....  "»rion  X/D  *  400.  Interested  readers  can  find  data 
■>:i  third  order  correlations,  statistics  of  turbu- 
T.  including  time  derivatives  at  X/D  =  200  and 

■:K>  In  References  6  and  7.  Information  in  the  vicin- 
of  the  instantaneous  thermal  Interface  is  also 
.reputed. 

ESTABLISHMENT  OF  THE  COMPLEX  WAKE 

Mutual  lateral  spacing  of  two  cylinders  of  Ay/D 
“  8  was  chosen  so  that  the  two  single  "basic"  wakes 
were  formed  undlstorted.  This  spacing  should  produce 
no  noticeable  coupling  of  the  vortex  shedding  phenome¬ 
na  (8),  (9),  (10),  (11).  The  aim  was  to  study  merger 
of  their  farfields.  Downstream  development  of  the  ve¬ 
locity  defect  of  the  complex  wake  shown  on  Figure  1 
indicates  no  interaction  at  X/D  “  25.  At  that  loca¬ 
tion,  von  Karman  vortex  streets  have  already  practi¬ 
cally  disintegrated  (12).  At  X/D  »  50,  the  defect  at 
the  centerline  (of  the  interaction  region)  is  only 
eight  percent  of  the  local  maximum  defect  indicating 
weak  interaction  of  zones  of  low  turbulent  intermit¬ 
tency.  At  X/D  •  100  the  centerline  defect  increases 
to  35  percent  but  the  region  of  interaction  is  still 
quite  narrow.  At  X/D  »  200  the  centerline  defect 
grows  to  80  percent  of  the  maxima  and  the  interacting 
region  widens  considerably.  At  Z/D  -  400  the  overall 
complex  wake  defect  profile  begins  to  resemble  the 
defect  of  a  single  wake.  There  is  a  rather  wide 
region  of  weak  shear  3U/9Y  in  the  merging  region  of 
intriguing  portent  to  the  turbulence  structure  and 
production. 

X/D  *  200  and  400  locations  were  chosen  for  a 
detailed  conditional  sampling  study  of  the  turbulent 
structure  of  the  complex  wake.  However  due  to  limited 
space  only  Information  at  X/D  ■  400  will  be  presented 
here. 

Figure  1  suggests  that  at  two  locations  chosen 
there  is  a  rather  rapid  transition  from  two  single 
equilibrium  wakes  to  a  complex  "transient"  wake  on  a 
course  of  further  transfiguration  to  a  new  wider 
single  self-preserving  wake.  With  this  in  mind,  we 
shall  embark  into  presenting  a  few  conditional  insights 
into  the  merging  process.  (Normalizing  factors  are: 

UR  •  6.46  m/s,  -  0.4227C  end  D  -  6.2484  mb). 

t  Present  Address:  Combustion  Dynamics  and  Propulsion 

Technology  Division  Science  Applications,  Inc. 

Canoga  Park,  CA  91303 
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ON  CONDITIONAL  DISCRIMINATION  CRITERIA 

A  number  of  criteria  has  been  proposed  to  disting¬ 
uish  between  potential  and  turbulent  fluid  on  instan¬ 
taneous  basis.  Originally  different  combinations  of 
time  derivatives  of  the  streaovlse  velocity  were  used 
(13).  There  is  no  guarranty  that  this  kind  of  discri¬ 
mination  truly  detects  the  correct  location  of  turbu¬ 
lent/potential  interface.  Comparing  traces  of  gener¬ 
ated  lntermittency  function  and  the  velocity  provides 
some  subjective  judgment.  Any  passive  scalar,  such 
as  low  level  incremental  temperature,  in  air  is  dif¬ 
fused  two  orders  of  magnitude  faster  in  turbulent 
than  in  potential  flow  where  diffusion  is  by  conduction 
only.  Accordingly  it  seems  apparent  that  for  flow 
with  at  least  some  positive  production  of  turbulence 
where  potential  flow  is  entrained  by  turbulent  flow 
the  thermal  Interface  will  coincide  with  potential/ 
turbulent  interface.  There  were  several  publications 
recently  concerning  discrimination  based  on  tempera¬ 
ture  and  velocity  criteria.  Generally  it  was  found 
that  some  increased  temperature  fluid  extends  into 
zones  called  "potential"  based  on  velocity  discrimi¬ 
nation.  The  question  is:  which  criteria  to  trust? 

Of  course,  the  definition  of  turbulent  fluid  is  that 
it  possesses  vorticlty.  One  would  have  to  compare 
the  three-dimensional  Instantaneous  velocity  vector 
(practically  Impossible  to  measure)  with  the  tempera¬ 
ture  signal.  Even  if  that  could  be  done,  the  vortl- 
city  vector  would  show  short  regions  of  zero  vorticlty 
within  "the  fully  turbulent"  flow  (internal  intermit- 
tency).  Based  up  on  this  argument,  it  seems  to  the 
author  reasonable  to  accept  that  the  temperature 
front  coincides  to  an  acceptable  degree  with  the  tur¬ 
bulent/potential  interface.  It  appears  the  most  na¬ 
tural  to  apply  a  small  temperature  threshold  to  detect 
the  thermal  front.  However,  difficulties  have  been 
reported  (14)  such  as  pronounced  variations  of  compu¬ 
ted  lntermittency  factor  and  bursting  rate  with  the 
level  of  the  threshold.  It  was  found  necessary  to 
introduce  a  hold  time  to  bridge  over  quite  short 
"bursts"  probably  caused  by  electronic  noise  and  ex¬ 
traneous  undulations  in  the  temperature  singal. 
Objections  were  raised  (15)  against  bridging  over 
short  cold  spots  since  a  number  of  them  may  represent 
potential  fluid  rolled  up  within  turbulent  eddies. 
During  this  study  the  threshold  level  and  the  hold 
time  were  changed  systematically.  However,  no  appre¬ 
ciable  effect  on  the  lntermittency  factor  and  the 
bursting  rate  was  noticed.  It  is  believed  that  achiev¬ 
ed  quality  of  the  temperature  signal  was  the  reason. 
Namely  the  signal  to  noise  ratio  was  about  thirty 
times  higher  than  had  been  obtained  with  standard  hot¬ 
wire  equipment.  Examination  of  the  instantaneous 
temperature  trace  (2)  revealed  that  within  turbulent 
fluid  there  were  Indeed  many  tongs  of  colder  fluid; 
however,  their  temperature  was  still  comfortably  above 
the  threshold  level.  If  the  temperature  went  below 
the  threshold  then  it  "stayed"  there  for  a  time  inter¬ 
val  longer  than  a  reasonable  hold  time. 

INTERMITTENCY  RESULTS 

Since  only  the  lower  cylinder  was  heated,  the 
thermal  front  bounded  the  turbulent  flow  at  the  lower 
side  of  the  complex  wake.  At  the  upper  side  the 
thermal  front  was  within  fully  turbulent  fluid  vhlch 
provided  the  opportunity  to  investigate  some  subtle 
characteristics  of  interaction  between  two  turbulent 
flows.  Appropriately  the  lntermittency  function 
was  defined  as  being  one  in  heated,  and  zero  Ri  unheated 
fluid.  This  renders  results  at  the  lower  side  of  the 


complex  wake,  quite  similar  to  those  in  the  single  wake 
(2).  In  such  a  way  we  will  be  able  to  infer  effects 
of  the  second  turbulent  wake  Just  by  comparing  results 
at  the  upper  and  lower  sides  of  the  thermal  part  of 
the  complex  wake.  In  a  few  cases  results  in  the 
single  basic  wake  will  be  provided  for  better  contrast. 

lntermittency  Factor 

Figure  2  compares  the  lntermittency  factors  for 
the  single  and  the  merging  wake.  Apparently  on  the 
lower  side  results  are  very  similar,  as  was  expected. 

At  the  upper  side,  additional  turbulence  enhances 
mixing  or  the  entrainment  into  the  "thermal  wake” 
process,  contributing  to  its  more  extensive  upward 
spreading.  This  upward  shift  is  especially  pronounced 
for  low  lntermittency  factor  suggesting  strong  lateral 
penetrations  of  crests  or  top  portions  of  the  heated 
turbulent  bulges.  Plot  in  the  probability  coordinates 
is  not  provided  here,  but  Figure  2  suggests  that  appro¬ 
ximate  Gaussian  distribution  of  y  is  retained. 

Bursting  Rate 

Bursting  frequency  on  Figure  3  Indicates  virtually 
the  same  number  of  heated  turbulent  bulges  in  the 
merging  and  the  single  wake.  However  at  X/D  -  400  the 
peak  number  of  heated  bulges  in  the  merging  wake  is 
about  20  percent  higher.  Only  two  to  four  percent 
of  this  increase  can  be  attributed  to  higher  convec¬ 
tion  velocity.  It  suggests  that  the  turbulent  to 
turbulent  fluid  entrainment  is  preferential  in  this 
case  or  occurs  in  such  a  way  that  not  only  lateral 
undulations  of  the  thermal  interface  increase  but  it 
also  becomes  more  corrugated. 

Distribution  of  the  Intermittent  Heated  and  Cold  Fluid 

Statistical  properties  of  heated  and  cold  fluid 
intermittent  time  intervals  were  computed.  "Complete 
cycle"  intervals  were  also  studied  by  noting  the  time 
elapsed  between  passage  of  the  backs  of  two  consecutive 
heated  bulges.  Figures  4  and  5  display  the  average 
durations  and  its  standard  deviations  of  the  inter¬ 
mittent  tiae  intervals.  General  trends  are  as  expec¬ 
ted  with  the  "full”  Intervals  being  the  shortest 
approximately  at  y  »  0.5  location.  In  the  interacting 
region  the  minimum  is  10.5,  while  at  the  lower  side 
it  is  15. 

MEAN  FLOW  CHARACTERISTICS 
Streamwise  Velocity 

Conditional  streamwise  velocity  defect  is  given  on 
Figure  6.  At  the  lower  side,  characteristics  are  simi¬ 
lar  to  those  of  the  single  wake  as  described  elsewhere 
(2).  At  the  upper  side,  heated  fluid  moves  signifi¬ 
cantly  more  slowly  than  average  flow  as  compared  to 
results  at  the  lower  side  even  though  the  lateral  mean 
velocity  gradients  are  the  same.  The  answer  should  be 
looked  for  in  faster  lateral  movements  at  the  upper 
side  (as  explained  next) ,  or  that  the  upward  erupting 
heated  fluid  has  to  cross  wider  velocity  defect  region. 

Regarding  the  unheated  zones,  tendencies  are 
reversed.  Namely,  potential  zones  (at  the  lower  side) 
moves  considerably  faster  than  the  conventional  average. 
It  is  easy  to  find  the  reason  in  this  case  by  noticing 
that  at  Y/D  «  5  the  cold  fluid  is  fully  turbulent. 
"Fronts"  of  heated  zones  move  faster  than  "backs"  at 
both  sides  of  the  wake. 
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An  attempt  was  made  to  check  the  superposition 
method  (16,17).  However,  superimposing  the  velocity 
defects  of  two  single  wakes  resulted  in  an  overesti¬ 
mate  of  the  defect  of  the  merging  wake  especially 
at  its  centerline.  It  appears  that  the  superposition 
method  could  provide  acceptable  approximation  only  in 
the  far  quasi-similar  fully  merged  wake  as  proposed 
by  its  originators. 

Lateral  Velocity 

Conditional  lat  sral  velocity  are  given  on  Figure 
7.  Comparison  of  the  heated  and  unheated  conditional 
tone  velocities  at  the  upper  side  with  those  in  the 
single  wake  (2)  leads  to  the  striking  realization  that 
the  interaction  of  two  wakes  caused  the  lateral  move¬ 
ments  to  be  two  to  three  times  faster.  It  appears 
that  counter  rotating  eddies  of  two  merging  wakes 
enhance  each  others  lateral  motion  (most  of  it  being 
in  the  region  of  negligible  3U/3y  and  diminished 
production  of  turbulent  energy) .  This  is  contrary  to 
the  hypothesis  (16)  that  turbulent  bulges  from  the 
two  separate  wakes  "collide"  and  bring  the  lateral 
velocity  to  zero.  Figure  8  illustrates  the  mechanism 
of  enhanced  mixing.  It  had  been  observed  (18)  that 
a  heated  interface  in  a  uniform  turbulent  flow  spread 
faster  than  if  the  unheated  co-flowing  region  were 
potential.  Here  the  large-scale  motion  adds  still 
another  factor. 

Experimental  and  predictive  analysis  of  mixing 
multiple  Jets  in  a  duct  (19)  indicated  the  interes¬ 
ting  and  puzzling  phenomenon  of  increased  decay  rate 
of  jets  in  the  overlapping  region.  It  was  necessary 
to  increase  the  eddy  viscousity  in  order  to  get  a 
good  prediction  in  the  overlapping  region.  It  is 
believed  that  Figure  7,  i.e.  enhanced  lateral  move¬ 
ments,  reveals  the  underlying  physics  behind  it. 

FLUCTUATING  VELOCITIES  -  MEAN  SQUARES 

The  Streamwise  Fluctuations 

The  conditional  squared  streamwise  velocity 
fluctuations  are  given  on  Figure  8.  The  conventional 
profile  has  a  deep  trough  in  the  center,  and  its 
maxima  are  somewhat  lower  than  for  the  single  wake 
(2)  and,  again  correspond  to  the  region  of  maximum 
mean  strain  rate  (see  Figure  £1.  It  is  most  signi¬ 
ficant  that  the  conventional  u2  distribution  is 
synsnetrical  to  the  accuracy  of  the  measurements. 

Thus,  the  differential  heating  indeed  had  negligible 
effect  on  the  dynamics  turbulence  field.  In  addition, 
the  measurement  technique  had  fully  eliminated  cross¬ 
contamination  of  signals.  The  cold-zone  average 
peaks  at  almost  the  same  level  as  the  conventional 
average.  However,  it  exceeds  the  conventional 
average  just  where  the  cold-zone  defect  U.  had  _ 
shifted  inward  with  respect  to  the  conventional  U^ 
average  on  Figure  6.  Figure  6  discloses  how  the  heat 
zone  defect  curve  is  displaced  outwards:  the  warm 
lumps  have  been  slowed  down  (streamwise)  in  penetra¬ 
ting  the  cold  upper  wake.  It  is  curious  to  see  how 
the  fluctuations  in  the  heated  lumps  follow  this 
outward  shift  of  their  mean  defect:  this  conditional 
average  is  significantly  higher  (even  when  7-average 
is  used)  and  is  shifted  outward.  The  unheated-zone 
averages  on  the  lower  aide  of  the  double  wake  display 
no  such  behavior  because  the  "cold  lumps"  migrating 
from  the  upper  cold  make  do  not  remain  "fully  cold," 
i.e.  below  the  threshold.  Thus  despite  the  presence 
of  these  slow  "ex-cold  lumps,"  the  statistics  of  the 
lower  part  of  the  double  wake  follow  essentially 


the  behavior  of  those  in  the  single  wake. 

The  Lateral  Fluctuations 

2 

Figure  9  displays  the  variation  of  conditional  v 
that  is  again  symmetrical.  The  most  interesting  feat¬ 
ure  in  the  interacting  region  are  high  R-averages  in 
the  cold  fluid  penetrating  close  to  the  centerplane 
and  in  the  warm  fluid  at  the  upper  edge  of  the  wake. 

The  cold  v2 averages  thus  differ  from  the  u"7  averages 
near  the  centerplane.  The  outward  shift  of  the  maxi¬ 
ma  of  the  fluctuations  in  the  warm  lumps  follows  the 

shift  of  the  corresponding  averages  of  U,  and  u?. 

a 

The  Spanwlse  Fluctuations 

Figure  10  shows  that  the  unheated  turbulent  fluid 
interestigly  maintains  an  almost  constant  intensity 
of  spanwlse  fluctuations.  This  would  indicate  that 
large  countrarotating  Interacting  eddies  are  prima¬ 
rily  two-dimensional,  enhancing  each  other's  lateral 
movement  but  not  the  spanwlse  movement.  The  heated 
bulges  again  exhibit  a  high  level  of  fluctuation  at 
the  wake's  periphery.  However,  the  warm  peaks  are 
displaced  outward  less  than  for  the  i?  and  v^  cases, 
a  behavior  which  would  be  consistent  with  an  increa¬ 
sed  degree  of  two-dimensionality  ot  the  thermal  front 
interface.  Namely,  detailed  information  on  basic 
two-dimensional  turbulent  flows  (instantaneous  w  trace 
(2),  or  smoke  visualized  mushroom-like  formations  (20) 
suggests  (21)  the  existance  of  eddies  possessing 
strong  streamwise  vorticity  out  of  phase  'direction) 
with  the  mean  flow  vorticity  vector.  Figure  10  seems 
to  suggest  that  these  eddies  of  high  w?  have  dimini¬ 
shed  lateral  penetration  ability  once  they  encounter 
another  turbulent  fluid. 

uv  CORRELATION 

This  is  the  most  important  second-order  corre¬ 
lation  called  they  Reynolds  shear  stress.  Multiplied 
by  p  it  represents  the  turbulent  shear  stress  in  the 
momentum  equation.  Its  product  with  the  mean  shear 
3U/3y  is  the  rate  of  production  of  turbulent  kinetic 
energy  (that  is  fed  solely  t£  u^  fluctuations).  Its 
own  production  rate  is  -v^  3U/3y. 

The  conditional  Reynold  stresses  are  given  in 
Figure  11.  The  conventional  average  exhibits  a  wide 
region  of  small  values  near  the  wake  center.  The 
stress  changes  sign  three  times  times  as  if  it  were 
following  the  mean  velocity  graident  even  in  this 
region  of  interaction  between  opposite  vorticities 
and  stresses  of  the  component  wakes.  In  the  upper 
part  of  the  wake,  the  Reynolds  stress  of  the  cold 
zones  follows  the  conventional  average  but  remains 
more  negative  as  the  wake  center  is  approached.  T’  "s 
bifurcation  apparently  reflects  the  bifurcation  of 
the  corresponding  defect  curve  (and  their  slopes)  in 
Figure  6.  The  higher  peaks  in  the  heated  bulges  and 
their  outward  shift  resemble  that  in  the  u7  case  and 
was  previously  discussed.  Because_the  "production" 
depends  on  the  product  of  v^  and  3U/3y,  the  outward 
shift  of  these  two  characteristics  for  the  heated 
zones  in  Figure  9  and  6  is  relevant. 

Correlation  U.V  shown  on  Figure  12  represents 
rates  of  lateral  transport  of  the  momentum  defect. 

It  is  clear  that  in  the  upper  part  of  flow  the  heated 
and  unheated  bulges  transfer  much  more  momentum 
defect  on  a  conditional  basis  than  on  the  lower  side 
(which  resembles  the  single  wake). 
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MEASUREMENTS  IN  A  LOW  MOMENTUM  JET 
INTO  A  CROSS  FLOW 
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ABSTRACT 

Measurements  of  velocity  fluctuations  with  a  triple 
hot-wire  probe  are  presented  for  a  jet  in  o  cross  flow 
situation  at  various  ratios  of  the  jet  to  cross  flow  velocity. 
Profiles  of  the  three  mean-velocity  components,  the  six 
normal  and  shear  stresses  and  higher  order  moments  were 
obtained  at  different  span  wise  positions  and  several  down 
stream  stations.  It  was  found  that  slmost  all  terms  involved 
in  the  turbulent  kinetic  energy  or  shear  stress  transport 
equations  are  of  significance.  In  the  lower  blowing  case 
most  of  the  Reynolds  stresses  reach  their  maximum  value 
after  the  bending  over  of  the  jet  fluid  streamlines,  where 
the  entrainment  of  cross  stream  fluid  is  expected  to  be 
high.  The  presence  of  two  bound  vortices  which  enhance 
entrainment  has  also  been  found  in  the  lower  blowing 
case.  The  normal  spreading  rate  of  the  jet  in  the  near 
field  was  equal  to  that  of  a  round  jet  in  a  stagnant 
surrounding  while  at  the  far  field  a  gradual  reduction 
occurs  to  the  zero  pressure  gradient  boundary  layer.  The 
lateral  spreading  rate  was  found  to  be  like  that  of  a  plane 
shear  layer  and  remains  constant  at  all  the  investigated 
stations. 

I,  £,  normal  and  lateral  width  of  the  jet  rttptcHveiy 
Y’  * 

Cf  skin  friction  coefficient 

D  pipe  diameter 

Ej.Ej/E^  hot-wire  voltages 


R  V./U^,  jet  to  cross-flow  velocity  ratio 

U,  V,  W  instantaneous  velocity  components,  in  x,  y,  z 
direction  respectively 

U,  V,  W  mean  velocity  components 

u,  v,  w  fluctuating  velocity  components 

x,  y,  z  coordinates  (see  fig.  1),  streamwise,  normal 
and  lateral  respectively 

boundary  layer  thickness 

fi  ,  Q  vorticity  components  in  x,  y,  /.  di-ec^ans 

'  respectively 

'P  -9  pitch  , yaw  orgies 

Subscripts 

e  cross-flow  at  infinity 

j  jet-flow  at  infinity 

INTRODUCTION 


Numerous  experimental  and  analytical  studies  of  the 
in  a  cross  flow  problem  are  available  in  the  literature 
due  to  the  relevonce  which  this  geometry  has  in  o  variety 
of  engineering  applications.  Depending  on  the  jet-to-cross 
stream  velocity  ratio,  examples  of  this  flow  can  be  found 
in  turbomachinery,  internal  flows,,  aircraft  aerodynamics 
and  environmental  flows  such  os  plum  dispersals  and  pipe 
discharges  into  rivers.  Few  of  these  studies,  however, 
include  reliable  measurements  of  turbulence  quantities 
throughout  the  flow.  Exceptions  to  this  include  investi¬ 
gations  by  Crobb  ( 4  )  and  Crabb,  Duroo  and  Whitelaw 
(5)  who  reported  data  for  a  relatively  high  jet  to  cross 
flow  velocity  ratios  (R  =  2.3  and  1.15).  Also  some  of  the 
basic  features  associated  with  larger  R  values  as  motivated 
by  the  VTOL  applications  hove  been  presented  by  Keffer 
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and  Baines  (7),  Komotani  and  Greber  (8)  and 
Mou so  at  ol  (9).  Ramsey  and  Goldstein  (10)  reported 
measurements  of  film  cooling  effectiveness  in  a  heated 
jet  and  Bergeles  et  al  (3)  indicated  the  non-uniformities 
of  the  velocity  profile  at  the  exit  plane  of  the  jet  (for 
low  R),  although  the  accuracy  of  their  single  sensor  hot¬ 
wire  measurements  must  be  taken  into  consideration. 

The  abjective  of  the  current  research  proyam  on  the 
jet  in  o  cross-flow  case  has  to  increase  the  understanding 
of  the  flow  and  to  obtain  reliable  turbulence  data 
throughout  the  flow  field  which  could  be  subsequently 
used  for  testing  and  improving  numerical  calculation 
methods.  The  experimental  program  included  a  flow 
visualisation  study  with  dye  injection  and  surfoce 
streaking  which  have  been  reported  on  by  Foss  (  6  ),  and 
measurements  inside  the  discharging  pipe  to  fully  document 
the  cross  stream  effect  on  the  pipe  flow  upstream  of  the 
exit  (see  Andreopoulos  (1)).  Here  it  was  found  that  the 
non  uniformities  of  the  velocity  and  temperature  profiles 
within  the  pipe  extend  as  far  os  3  pipe-diameters  up¬ 
stream  of  the  exit.  The  extremely  high  gradients  in  x,  y, 
z  directions  at  the  exit  plane  result  in  high  rates  of 
turbulent  kinetic  energy  production,  a  yeat  part  of  which 
is  transported  outwards  by  the  mean  flow  of  the  jet  fluid. 

EXPERIMENTAL  TECHNIQUES  AND  DATA  REDUCTION 

The  measurements  were  made  in  the  closed  circuit 
wind  tunnel  at  the  Insitut  for  Hydromechanik,  University 
Karlsruhe,  which  has  a  6  m  long  by  1 .5  m  internal  dia¬ 
meter  octagonally  shaped  working  section.  A  flat  plate 
was  installed  at  about  0.28  m  from  the  tunnel's  floor 
(see  Fig.  i)  and  the  pipe-jet  flow  was  driven  by  o  2 
stage-compressor  through  a  plenum  chamber  and  a  heat 
exchanger  to  control  the  air  flow  temperature.  The  brass 
pipe  had  a  50  mm  internal  diameter  and  its  exit  plane 
was  12  diameters  downstream  the  plenum  chamber. 

Velocity  and  turbulence  measurements  were  made  with 
DISA  anemometers  and  DISA  miniature  slant-wire,  cross- 
wire  and  triple-wire  probes.  All  signals  were  digitized 
at  5  kHz  per  channel  and  stored  on  mag  tape  for  later 
data  reduction,  to  give  statistical  averages  .  The  data 
acquisition  system  and  the  statistical  analysis  proyam  are 
fully  described  in  Ol) 


TURNTABLE  Ipton  view) 

Fig.  1  Experimental  arrangements 


All  mean  turbulence  quantities  which  are  reported 
here,  have  been  obtained  with  a  triple  hot  wire  probe 
DISA  type  55P91 .  The  basic  feature  of  such  a  probe  is 
that  its  wires  ore  parallel  to  the  axis  of  on  orthogonal 
coordinates  system,  so  that  the  tangential  component  of 
one  wire  is  the  ■  armol  for  another  and  binarmal  for  the 
third.  If  the  instantaneous  velocity  has  components  X,  Y, 

2  parallel  to  the  respective  axis  x,  y,  z  in  probe  coari- 
nates,  then  the  effective  velocity  for  each  wire  is  given 
by  following: 

ulff,  =  k^f>,)X2  ♦  Y2  +  tS*,)  Z2 

u!h2=  &yx2  *kip2iY2  +  z2 

Uetfj  *  X2  ♦•AVY2  4  ^lZ2 

This  system  erf  equations  is  linear  with  respect  X2,  Y2,  Z2, 
has  three  unknowns,  and  the  instantaneous  velocity  compo¬ 
nents  in  probe  coordinates  con  be  obtained  easily  by  the 
matrix  inversion  method.  A  similar  technique  has  been 
described  in  (12)  where  the  matrix  was  inverted  using  a 
flow  analyser  device  whose  analog  output  could  then  be 
digitized  to  give  velocity  components.  The  present 
approach  is  fully  digital  (no  linearisers  used)  and  has  the 
novelty  to  allow  the  coefficients  k  and  h  to  vary  with 
pitch  and  yow  angles  as  it  has  been  found  in  calibrations. 
Since  the  yaw  and  pitch  angles  of  the  instantaneous 
velocity  vector  are  not  known  "a  rjriori"  an  iterative 
numerical  scheme  has  been  used  to  solve  the  before 
mentioned  system  with  the  matrix  corresponding  to  the  true 
angles.  The  method  which  has  been  documented  and  tested 
by  Andreopoulos  (13)  yeately  improved  the  performance 
of  the  probe. 

Both  interacting  flow  fields  i.e.  the  pipe  flow  and 
the  cross  flow,  were  found  to  be  developing  turbulent 
flows  for  all  the  investigated  velocity  ratios  (0.25sR  =  3). 
At  x/D  =  -4  upstream,  the  jet  exit  on  the  plate,  where 
the  jet  interference  on  the  cross  stream  was  negligible,  o 
friction  coefficient  cj  =  0.0034  and  boundory  layer  thick¬ 
ness  c f-  0.34  D  at  Ue  =  12.8  m/s  were  measured.  The 
results  which  are  presented  here  cover  the  cose  with 
velocity  ratio  R  =  0.5  and  are  nondimensionalized  by  D 
and  U#.  The  corresponding  Reynolds  number  for  the  pipe 
flow  is  Re  =  Vj  D/y  =  20500  i.e.  one  order  of  magnitude 
higher  than  that  in  the  flow  visualisation  studies  of  Foss 
where  both  flows  were  laminar. 

RESULTS  AND  DISCUSSION 

Sufficiently  strong  deflection  of  mean  streamlines  in 
a  sheor  flow  can  lead  to  the  creation  of  discrete 
longitudinal  vortices.  The  "skew-induced"  or  pressure 
driven  secondary  flows  (Prondtl's  first  kind)  decay  under 
the  action  of  Reynolds  stresses  and  their  generation  is 
basically  due  to  on  inviscid  mechanism.  In  the  present 
experiment  "skewing"  of  streomlines  takes  ploce  in  two 
characteristic  directions,  namely  normal  and  lateral. 
Deflection  of  the  streomlines  in  y-direction  leads  to  the 
generation  of  ft z  =  3v/3x  -  dU/d y  vorticity  which,  in 
regions  above  the  dividing  streomlines  is  positive 
(  Qz,)  because  0V/Dx  is  drastically  increased  in  the  region 
over  the  exit  and  OU /dy  is  becoming  small,  (having  there¬ 
fore  the  some  siyr  as  the  initial  vorticity  of  the 


048  -032  -0* 


approaching  tube  and  negative  (  Qz.)  below  the  deviding 
streamline).  This  negative  vorticity  con  be  added  to  the 
negative  vorticity  of  the  oncoming  boundary  layer  which 
because  of  the  divergence  of  streamlines  in  indirection  is 
intensified  by  the  lateral  positive  stretching  0W/9z . 
Together  these  negative  vorticity  contributions  form  a 
"horseshoe  vortex"  similar  to  that  generated  by  the  atmos¬ 
pheric  boundary  layer  in  front  of  tol  I  buildings.  Actually, 
the  oncoming  boundary  layer  separates  already  upstream  of 
the  jet  at  the  saddle  point  of  the  skin  friction  lines; 
there  the  separated  shear  layer  rolls  up  forming  a  "horse¬ 
shoe  vortex"  which  wraps  around  the  jet  exit  as  found  in 
the  measurements  by  Andreopoulos  (1)  and  in  the  flow 
visualisation  and  surface  steaking  patterns  in  (6)  . 

The  lateral  deflection _of  the  streamlines  is  shown 
in  Fig.  2  where  the  mean  W  velocity  is  plotted  as  a 
function  of  y/0  at  z/D  =  -0.5  for  various  downstream 

x/D.  Meen  W  is  sene  at  */t>  -  0  i.e.  the  pUn*. 


Fig.  2  W-velocity  profiles  at  z/D  =  -0.5  as  a  function 
of  y/D 

of  symmetry.  It  is  clear  that  at  the  two  upstream  stations 
x/D  =  -0.5  and  -0.25,  W_can  reach  values  as  high  as 
-0.16  Ue  at  which  point  U  takes  values  of  approx. 

0.5  Ue  (not  shown  here).  The  resulting  lateral  rate  of 
strain  is  therefore  roughly  0.32  U^/D . 

Divergence  of  streamlines  in  the  z-direction  in 
addition  to  stretching  of  vorticity  can  generate  also 
longitudinal  or  normal  vorticity,  with  opposite  sign  than 
the  "horseshoe  vortex",  which  with  the  reoriented  and 
stretched  initial  vorticity  of  the  approaching  flow  in  the 
pipe  form  the  "bound  vortices" .  The  normal  "skew 
induced"  vorticity  57  ^  is  responsible  for  the  vortex 
shedding  which  is  present  in  the  high  velocity  ratio  cases 
(R»l).  However,  vortex  shedding,  strickly  speaking 
shedding  of  O  vorticity,  is  quite  unlikely  to  take  place 
in  low  R  cases,  at  least  in  the  usual  sense  of  regular 
periodic  phenomenon.  There  was  at  least  no  strong 
evidence  in  the  present  investigation  to  contradict  this 
hypothesis.  Strong  evidence  exists,  however,  to  confirm 
the  existence  of  the  poir  of  "bound  vortices",  even  in  the 
low  velocity  ratio  case  R  =  0.5.  Two  results 
verify  this:  first,  the  change  of  sign  of  W  velocity  at 


x/D  =  1,  2  ond  4  in  Fig._2  indicating  a  rather  strong 
contribution  of  negative  dW/dy  to  Qx  and  second  the 
lateral  reduction  of  mean  V  velocity  i.e.  0V/0z>O  (see 
Fig.  3  and  4).  Both  increase  the  absolute  value  of 

=  0W/3y  -  dV/dz.  This  vortical  field  of  both  vorticity 
components  induces  a  positive  V  velocity  in  the  "common 
flow"  region  i.e.  in  the  region  between  the  vortices  where 
the  flow  is  directed  outward  from  the  surface,  and  a 
negative  V  everywhere  else. 

But  there  is  another  combined  effect  which  has  to  be 
taken  into  account  in  trying  to  explain  the  behaviour  of 
the  mean  velocity  profiles,  namely  the  downwash  effect  of 
the  streamlines,  particularly  evident  in  the  outer  region. 
This  is  due  to  the  low  pressure  behind  the  jet.  In  the 
"common  flow"  region  these  effects  are  opposing  each  other 
and  the  present  results  suggest  that  the  low  back  pressure 
effect  is  dominating  (see  Figs.  3  ond  4)  except  probably 


Fig.  4  V-velocity  profiles  at  z/D  =  0.0 
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very  dote  to  the  vortex  cores^  for  example  at  x/t)  =  1 
in  Fig.  4.  Here  the  induced  V  velocity  it  hitter  - 
particularly  on  the  plane  of  tymmetry  z  =  0.  In  addition 
0^  varticity  it  identified  by  longitudinal  ttretching 
dU/dx  (occelarating  flow)  in  this  region. 

Fig.  5  thowt  the  U  velocity  profilet  at  z/D  0. 
The  approaching  boundary  layer  flow  it  decelerating  i.e. 
3U/0x  it  negative  while  V  it  increased  considerably 
(Fig.  4).  In  addition  it  was  found  in  (1)  that  the  mean 
velocity  profiles  at  the  exit  plane  of  the  pipe  were 
highly  distorted  by  the  pretence  of  the  cross  flow:  at  the 
leading  edge  of  the  exit  (xs  -D/2)  V  velocity  is  smaller 
than  Vj  i.e.  the  jet  flow  in  that  port  of  the  tube  it 
decelerated  under  the  influence  of  an  adverse  pressure 
gradient  which  has  been  imposed  by  the  cross  stream, 
while  at  the  trailing  edge  the_flow_is  accelerated  and  V 
is  50  %  greater  than  Vj.  The  U,  V  profiles  over  the  exit 
from  x/D  =  -0.5  to  x/D  =  0.5_show  similar  behaviour 
i.e.  V  increases  with  x  while  U  decreases.  Since  the 
jet-streamline  curveture  commences  inside  the  tube,  the 
jet  fluid  in  the  immediate  region  of  the  hole  acts  like  a 
"cover"  oyer  the  jet  exit.  The  cross  stream  then  is  lifted 
up  as  the  V  profiles  show  and  flows  orer  and  around  the 
'ceve/'  l***t  in  4Ke  Sense  fhe  men  Clew  velocities 


Fig.  5  U-velocity  profiles  at  z/U  -  u.u  as  a  function 
of  y/D 


The  profiles  downstream  of  the  jet-exit  postulate 
clearly  a  "wake"  like  region  and/or  a  "mixing  layer" 

like  region  with  more  or  less  monotonic  variationofU 
with  y  except  probably  at  x/D 3  2  where  U  overshoots 
its  free  stream  value  before  it  reduces  to  U#.  in  the 
"wake"  like  region  the  longitudinal  acceleration  is 
important  and  the  conservation  of  moss  requires  fluid  from 
the  sides  to  rush  inwards  towards  the  plane  of  symmetry. 
The  present  measurements  show  clearly  that  both  ^adients 
ev/3y  and  9<V/dz  are  negative.  In  fact,  checks  on  the 
conservation  of  mass  are  fairly  easy  to  do  because 
3-Dimensional  velocity  profiles  exist,  and  within  the 
limits  of  graphical  differentiation  the  results  are 
satisfactory . 

It  is  generally  agreed  upon  that  a  normal  yet 
separates  from  the  exit  surfoce  and  there  always  exists  a 


region  downstream  of  the  exit  whert  flow  reversal  takes 
ploce.  It  is  not  a  “close"  recirculating  flow  region 
because  of  the  hi entrainment  rates  from  the  cross  flow 
on  the  sides.  This  moderates  significantly  the  reverse  flow 
action  and  the  actual  reverse  flow  region  is  considerably 
restricted.  The  surface  streaking  patterns  given  by  Foss 
(6)  which  are  time  inte^ated  pictures  of  the  flow  give 
a  good  indication  of  the  extension  of  that  zone.  However, 
occacional  flow  reversal  can  happen  also  at  different 
heights  from  the  wall.  A  tuft  study  has  been  undertaken 
to  investigate  the  regions  in  which  instantaneous  flow 
reversal  may  occur.  Observations  show  that  within  the 
region  2  diameters  downstream  0.4  diameter  spanwise  from 
the  jet  and  up  to  yssO.i  D  above  the  floor,  instantaneous 
flow  reversal  can  occur  (the  probability  decreases  with  y). 
These  results  were  used  to  select  the  measuring  points  at 
which  to  operate  the  hot  wire  probe.  Far  lower  velocity 
ratios  another  separation  region  was  found  to  exist  inside 
the  tube  near  the  leading  edge  where  the  adverse  pressure 
gradient  is  high  (see  (1)  ). 

Figure  6  shows  the  turbulent  kinetic  energy  profiles 
on  the  plane  of  symmetry.  There  are  three  distinct  regions 
which  can  be  observed  in  the  profiles:  the  near  region 
over  the  jet  exit  where  the  boundary  layer  is  subjected  to 
high  rate  of  strain  0V/dx  due  to  streamlike  curveture, 
resulting  in  an  overshoot  of  q  ,-  the  immediate  downstream 
region  where  high  q^  is  produced;  and  the  far  downstream 
region  where  starts  to  decay  and  velocity  gradients 
are  smaller.  In  the  first  region,  where  the  interaction 
between  the  two  vortical  fields  begins  to  take  place, 
turbulent  mixing  of  the  two  flows  is  important  even  though 
the  mean  field  picture  indicates  that  the  jet  fluid  acts 
(ike  a  "cover"  over  the  jet.  The  fluid  there  is  also  sub¬ 
jected  to  lateral  divergence  leading  to  an  extra  component 
of  mean  rate  of  strain  OW/0z  (>  0)  although  W  =  0,_ol 
I’  0,  In  atfiVion  t,  dWASn.  A  fesMivt  Vqlu*  tS  W/dz. 


implies  immediately  "negative"  production  of  turbulent 
kinetic  energy  because  of  the  term  wr  3W/8z  in  the 
turbulent  kinetic  energy  transport  equation.  Furthermore 
8W/dz  must  be  balanced  by  negative  values  of  3U/dx  + 
8V/3y.  In  that  specific  region  9V/0y  seems  to  be  fairly 
small  but  negative  and  only  the  longitudinol  deceleration 
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9U/8*  balances  the  lateral  divergence  which  can  lead 
to  increased  entrainment  and  mixing.  Smits  et  al  (14) 
found  indeed  hig^i  entrainment  velocities  in  boundary 
layer  with  strong  lateral  divergence,  almost  three  times 
higher  than  that  of  a  typical  boundary  layer  with  same 
Re-  Most  the  streamline  curveture  on  the  x,  y  plane 
takes  place  from_the  beginning  of  the  interaction  up  to 
x/Dsl  where  dV/dx  is  becoming  negligible.  At  that 
point  q2  starts  to  increase  rapidly  and  around  x/D*=  2  or 
shortly  after  reaches  its  maximum  value  at  the_  "wake" 
like  region  where  the  flow  is  accelerating  (dU/dx  >  0) . 
This  reduces  the  energy  production,  but  due  to  sreomliner 
convergence  overall  production  is  strong  since  both 

dW/02  and  flV/dy  ore  negative.  The  lost_  two  rates  of 
strain  terms  together  with  the  positive  3U/0y  are  mainly 
responsible  for  the  high  levels  of  turbulent  kinetic  energy 
which  are  evident  at  x/DS  1. 


Fig.  7  uv-profiles  at  z/D  =  0.0 


Fig.  8  uv-profiles  ot  z/D  =  -0.50 


Figure  7  and  8  show  profiles  of  uv  at  two  lateral  positions 
z/D  =  0  and  -0.5  for  different  downstream  positions. 
Generally  the  peaks  in  the  uv  profiles  correspond  to 
positions  of  maximum  dU/dy  which  is  one  of  the  main 
mean  strain  rates  in  producing  turbulent  kinetic  energy  or 
shear  stress  (uv).  At  the  plane  of  symmetry  this  term,  like 
dU/3y,  does  not  change  sign .  However,  at  z/D  =  0.5  it 
does  change  sign  at  various  positions  over  the  exit  and  at 
the  x/D  =  1.  Here  the  sign  changes  do  not  correspond 
closely  to  similar  changes  of  d\J/dy.  Similar  behaviour  is 
observed  at  the  uw  distributions  at  x/D  =  -0.5  (Fig.  9) 
where  two  zero  crossings  cf  uw  occur  at  the_ immediate 
downstream  station  x/D  =  1  and  2,  while  d\J/dz  is  every¬ 
where  negative.  The  second  crossing  near  the  wall  occurs 


in  the  vicinity  of  the  vortex  centre.  However,  assuming 
rotation  of  vortical  fluid  by  90°,  so  that  the  eddies  with 
a  contribution  to  uv  after  rotation  contribute  to  uw 
instead,  cannot  be  justified  by  the  present  results,  since 
uv  ond  uw  profiles  do  not  correspond  in  any  sense.  Similar 
ist  the  behaviour  of  vw  at  z/D  =  -0.5  shown  in  Fig.  10. 
This  shear  stress  has  a  magnitude  almost  a  third  of  that  of 
uw  in  the  downstream  regions  but  in  the  upstream  stations 
i.e.  in  the  oncoming  boundary  layer,  it  reaches  values  of 
the  same  order  of  magnitude  of  uw. 

Although  this  paper  is  not  directly  concerned  with 
calculation  methods,  it  should  be  pointed  out  thot  the 
eddy  viscosity  concept  -u v/9U/gy  or  even  the  non -isotropic 
eddy  viscosity  -uw/0U/dz  as  it  hos  been  introduced  in 
(2)  are  quite  unlikely  to  give  satisfactory  results  since 
the  longitudinal  and  normal  momentum  will  be  miscalcu¬ 
lated  and  the  dissipation  rate  might  be  negative  if  locol- 
equilibrium  arguments  are  involved. 

In  Figures  11a  and  b  the  normol  (by  and  lateral  (bz) 
growth  of  the  jet  ore  plotted  os  functions  of  x/D  for 
various  values  of  z/D  or  y/D  respectively.  Both  hove 
been  defined  as  the  points  where  the  shear  stress  uv  falls 
to  0.05  (uVfnox'^c)  (where  uvc  is  the  ossymptotic  volue 
of  the  profile).  First  it  is  clear  thot  the  width  b  reduces 
with  z  as  does  the  growth  rate.  The  growth  rate  is  high 
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Fig. 


Fig.  llo  Normal  growth  of  jet:  o  z/D  =  0. 

*  z/D  =  0.5,  o  z/D  =  0.75,  ♦  z/D  =  1.0, 
Round  jet  in  stagnant  surrounding 


close  to  the  exit;  roughly  equal  to  0.32  and  is  seen  to  be 
greater  than  the  lateral  spreading  rote  of  3-Dimensional 
jets  on  plane  surfaces,  which  according  to  the  review  of 
Rod!  and  Launder  (15)  is  equal  to  0.26.  At  the  imme¬ 
diate  downstream  region  the  spreading  rate  is  gradually 
reduced  up  to  the  station  x/D  *  5  at  which  point  it  takes 
on  a  value  similar  to  that  of  an  axisymmetric  jet  in 
sta^tont  surroundings.  It  then  reduces  further  until  the 
boundary  layer  jyowth  is  asymptotically  reoched.  The 
lateral  spreading  rate,  however,  seems  to  be  fairly 
constant  (0-105  1  for  all  the  investigated  x  positions  and 
almost  equal  to  the  mixing  layer  spreading  rote.  It  seems 
that  the  bound  vortices  and  the  low  back  pressure  (yeatly 
effect  the  spreading  of  the  jet  in  these  two  directions. 

The  low  back  pressure  opposes  the  normal  growth  of  the 
jet  by  causing  the  "downwasfT  effect  in  the  streamline 
os  it  has  been  shown  in  the  V-profiles.  Here  the  action 
of  the  longitudinal  vortices  is  pressumably  suppressed.  The 
lateral  spreading  of  the  jet,  however,  is  likely  to  be 
controlled  by  the  vortices  rather  than  the  back  pressure 
since  pressures  in  this  direction  are  smoothly  varying. 


Fig.  lib  lateral  growth  ot  jet:  a  y/D  =  0.18, 
oy/D--  0.28,  a  y/D  *  0.38, 
o  y/D  *  0.48,  v  y/D  *  0.88 
*  y/D  ■  128 


Fig.  u  luroulent  kinetic  energy  balance 

o  Production,  o  Advection,  e  Diffusion 
*  Dissipation 


Fi^rre  12  shows  the  turbulent  kinetic  energy  ot 
*/P  =  4,  on  the  plane  of  symmetry  z  =  0.  The  terms 
0qv3z,  dU/dz,  0v/3z  are  zero  by  arguments  of  symmetry; 
the  remaining  terms  ore  as  following: 


Advection : 


FWwcfion:  "W-'f -W-^IW-Ifi 


Diffusion  : 
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Diuipotion  is  obtained  by  difference,  neglecting  the 
contribution  of  the  pressure- velocity  term  p'u  ,  p’T  and 
prw  to  the  diffusion  term  on  pounds  described  in  (  16  )  . 
It  it  obvious  that  some  chonges  to  the  turbulence  structure 
occur:  The  extremely  high  goin  _y  production  is  counter¬ 
balanced  by  'oss  not  only  in  dissipation  but  also  in 
diffusion,  which  also  shows  a  gain  at  the  edges  of  thi 
jet.  This  confirm  that  transport  equations  can  be 
reduced  to  "mean  transport"  =  "turbulent  transport"  near 
the  outer  edge  of  the  jet,  where  the  measured  longi¬ 
tudinal  and  lateral  diffusion  is  small.  Then  it  can  be 
easily  argued  that  th:  entrainment  velocity  V£  is  high 
olthou^i  not  equal  *°  V<,  =  q^v/q®  because  longitudinal 
advection  Uil fl  q^^>  's  also  high. 

CONCLUSIONS 

Several  interesting  features  of  the  jet  in  a  cross 
flow  are  brought  to  light  by  the  present  results.  The 
bound  vortices  which  are  f  nd  to  be  present  at  high  R 
were  also  found  at  low  R  0.5.  These  results  also  support 
the  numerical  predictions  of  Bergeles  Grossman  and 
Launder  (3)  who  found  weak  secondary  flows  at  R  x  0. 1 
but  their  anisotropic  eddy  viscosity  assumption  is  not 
supported.  These  vortices  were  found  to  influence  the 
lateral  spreoding  rate  bz  which  maintained  a  constant 
value  of  0.105  Curvature  of  the  jet  streamlines  begins 
inside  the  tube  anrf  at  the  final  stages  of  curvature 
extremely  high  Reynolds  stresses  are  developed.  These 
reach  a  maximum  at  o  downstream  distance  of  about  2 
tube  diameters  where  entrainment  of  free  Stream  fluid  is 
high.  The  result s  alto  show  clearly  that  almost  none  of 
the  terms  involved  in  the  transport  equations  are  negli¬ 
gible  and  Calculation  methods  based  on  eddy-viscosity  and 
local  equilibrium  concepts  are  not  expected  to  succeed. 

The  present  work  has  been  supported  by  the  Deutsche 
Forschungsgemeinschaft  ond  has  benefited  from  good 
colaboration  with  Prof.  J.  Foss. 
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ABSTRACT 

An  experimental  investigation  of  the  turbulence 
characteristics  in  the  near-region  of  a  steady  incom¬ 
pressible  turbulent  plane  wall  jet  of  air  injected 
from  a  small  inclined  slot  into  still  surroundings  is 
performed  by  use  of  a  large  apparatus  which  has  a 
height  of  injection  slot  approximately  ten  times 
greater  than  that  used  hv  the  previous  investigators. 
The  present  wall  jet  is  injected  under  the  initial 
conditions  of  the  uniform  time-mean  velocity  distri¬ 
bution  and  very  low  turbulence  intensity.  The  turbu¬ 
lence  characteristics  are  obtained  in  detail  by  use 
of  the  hot-wire  anemometers  within  a  nondimensional 
downstream  distance  up  to  about  20  at  the  injection 
Reynolds  number  6  x  10u  .  It  is  found  that  the  turbu¬ 
lence  characteristics  are  less  affected  on  the  injec¬ 
tion  conditions  and  the  existence  of  the  corner  of 
small  inclined  slot  than  the  time-mean  characteris¬ 
tics  obtained  in  the  previous  investigation.  The 
effectiveness  of  "Coanda  Effect"  is  confirmed  also 
from  a  view  of  turbulence  characteristics. 

NOMENCLATURE 

b  :  width  of  the  wind  tunnel 
h  :  height  of  the  injection  slot 
k  :  wave  number 

Rej  ■  Uj  x  h/v  :  injection  Reynolds  number 
Ru,  Rv>  Rw  :  autocorrelation  of  u,  v,  w 
tu,  tv.  tw  :  time-scales  of  u,  v,  w 
T  :  time  separation 
u,  v,  w  :  components  of  turbulence 

u’,  v',  w'  :  root-mean-square  values  of  turbulence 
u*  :  friction  velocity 

U  :  mean  velocity  component  parallel  to  the  wall 
Uj  :  injection  velocity 

L'm  :  maximum  value  of  U  at  a  given  section 
x  :  distance  measured  along  the  wall  downstream  from 
the  corner  of  small  inclined  slot 
x'  :  distance  measured  along  the  nozzle  surface 
y  :  perpendicular  distance  from  the  wall 
y'  :  perpendicular  distance  from  the  nozzle  surface 
'0.5  :  hal f- let-wid th  of  the  wall  jet 
v  :  kinematic  viscosity  of  fluid 
9  :  inclination  angle  of  the  injection  slot 

INTRODUCTION 

Wall  jet  is  formed  when  a  fluid  Jet  is  injected 
from  a  nozzle  along  a  solid  surface.  The  motivation 
for  investigating  such  a  flow  is  that  the  wall  jet 
is  very  important  in  connection  with  many  practical 
applications,  such  as  boundary  layer  control  on 


aircraft  wing,  film  cooling  of  rocket  engine  and  pre¬ 
vention  of  flow  separation  in  diffuser.  The  another 
motivation  comes  from  a  hydrodynamic  interest  that 
the  velocity  profiles  show  the  combined  feature  of 
free  jet  and  boundary  layer.  Accordingly,  a  number 
of  investigations  have  been  reported  on  this  flow, 
since  the  first  paper  by  Glauert(l_).  But  theoretical 
and  experimental  Investigations  on  turbulent  wall 
jet,  as  well  as  on  turbulent  free  jet,  have  been  de¬ 
voted  mainly  to  the  mean  flow  characteristics  in  the 
fully  developed  similar  region  which  is  formed  suffi¬ 
ciently  far  downstream  from  a  thin  injection  slot. 

In  various  applications,  including  the  upper  surface 
blowing  wing,  problems  are  also  concerned  with  the 
flow  region  near  the  nozzle.  For  the  flow  in  this 
near-region  of  jets,  the  turbulent  mixing  and  en¬ 
trainment  are  quite  complicated  and  largely  depend  on 
the  injection  conditions:  for  example,  geometrical 
shape  of  nozzle,  injection  pressure,  velocity  profile 
at  nozzle  section,  and  turbulence  level  and  distribu¬ 
tion  of  flow  in  the  nozzle.  Then  the  simple  models 
of  turbulence  hitherto  existed  are  not  adequate,  so 
the  analytical  treatments  are  extremely  difficult  for 
this  near-region. 

Moreover,  most  of  the  previous  measurements  are 
confined  to  the  plane  wall  jet  issued  tangentiallv 
from  the  so-called  "step  slot"  type  nozzle.  But  mak¬ 
ing  steps  on  the  surface  of  the  real  applications  is 
usually  undesirable  for  the  reasons  of  increasing 
skin  friction  and  heat  transfer.  When  the  "flush 
slot"  type  nozzle  is  used,  on  the  other  hand,  the  iet 
will  separate  at  the  corner  of  the  slot  when  an  ex¬ 
ternal  flow  is  absent. 

The  present  author(^-4)  investigated  previously 
the  flow  in  the  fully  developed  region  of  wall  jet 
issued  from  a  specially  designed  small  inclined 
"flush  slot"  using  the  "Coanda  Effect".  He  also  in¬ 
vestigated  mean  flow  characteristics  in  the  near¬ 
region  of  wall  jet  issued  from  this  slot  bv  use  of 
the  enlarged  apparatus(5J  . 

The  purpose  of  the  present  investigation  is  to 
add  the  experimental  results  of  the  turbulence  char¬ 
acteristics  to  the  previous  investigation  on  the 
tlme-mea..  characteristics  in  the  near-region  of  a 
steady  incompressible  turbulent  plane  wall  jet  of  air 
issued  into  still  surroundings  from  the  small  in¬ 
clined  slot,  under  the  initial  conditions  of  the  uni¬ 
form  velocity  distribution  and  very  low  turbulence 
intensity  at  the  nozzle  section,  by  use  of  the  cross- 
wired  probe  in  the  same  enlarge  apparatus  as  used  in 
the  previous  investigation,  with  high  degree  of 
accuracy. 


EXPERIMENTAL  APPARATUS  AND  PROCEDURE 


The  small  Inclined  slot  shown  in  Fig.  1  is  espe¬ 
cially  designed  by  Che  present  author  and  used  in  his 
previous  investigations.  It  has  already  been  con¬ 
firmed  that  the  jet  Injected  from  this  nozzle  flows 
around  the  corner  attaching  firmly  on  the  wall  sur¬ 
face  without  separation  and  forms  the  fully  developed 
similar  wall  jet  in  downstream  sections,  even  if 
there  is  no  external  flow.  The  wall  jet  with  an  ex¬ 
ternal  flow  will  be  complicated  and  altered  signifi¬ 
cantly  by  the  velocity  ratio  and  the  upper  lip  thick¬ 
ness,  then  one  had  better  begin  with  simpler  case. 
More  detailed  description  of  this  nozzle  can  be  seen 
in  the  previous  reports(2-4) . 

Figure  2  shows  the  enlarged  experimental  appara¬ 
tus  used  in  the  present  investigation.  It  was  con¬ 
structed  in  the  testing  section  of  an  open-circuit 
flow-off  "blower"  type  low  speed  wind  tunnel,  having 
a  600mm  x  600mm  square  exit  nozzle  with  large  end 


Fig.  2. 

Experimental  Apparatus 


Fig.  3. 

Main  Part  of  Apparatus 


plates  to  prevent  disturbances  from  the  outside.  The 
geometrical  section  of  this  nozzle  is  exactly  similar 
to  the  previous  one  shown  in  Fig.  1,  except  that  the 
height  of  slot  (h)  is  increased  to  60om  and  axes  are 
rotated  clockwise  around  the  corner  (0)  by  an  angle 
of  15  degree. 

Figure  3  shows  the  main  part  of  the  apparatus 
and  the  coordinate  system  used  in  the  present  inves¬ 
tigation.  The  height  of  slot  is  larger  than  that 
used  in  conventional  jet  studies  by  about  10  times. 
The  span  of  nozzle  slot  is  equal  to  the  width  of  wind 
tunnel  b  ■  600mm,  then  the  corresponding  aspect  ratio 
of  nozzle  is  AR  ■  10.  Using  a  part  of  wind  tunnel 
exit  as  a  wall  jet  nozzle  assures  the  perfect  two- 
dimensionality  of  wall  jet.  From  Fig.  3,  it  can  be 
considered  that  the  flow  field  in  the  small  inclined 
slot  is  identical  with  the  one  injected  tangentially 
from  the  new  step  slot  nozzle  having  same  slot  height 


and  located  at  the  position  upstream  220mm  from  the 
corner.  This  flow  may  be  termed  "two-dimensional 
upper  surface  blowing”,  as  the  lower  surfsce  of  noz¬ 
zle  corresponds  to  the  wing  and  the  test  surface  cor¬ 
responds  to  the  flat  flap  deflected  downward  by  15 
degree . 

The  experiment  was  performed  at  an  injection  ve¬ 
locity  Uj  *  15.0m/sec,  which  corresponded  to  the  in¬ 
jection  Reynolds  number  Rej  -  Uj  x  h/v  -  6  x  104 . 

The  turbulence  intensity  was  measured  by  the  constant- 
temperature  hot-wire  anemometers  with  the  standard 
cross-wired  probe.  The  probe  was  mounted  on  the  uni¬ 
versal  traversing  mechanism  which  can  shift  the  probe 
in  the  three  coordinate  directions.  Figure  4  shows 
the  block-diagram  of  the  instrumentation  for  turbu¬ 
lence  data  processing.  This  on-line  system  worked 
very  satisfactorily. 

EXPERIMENTAL  RESULTS  AND  DISCUSSION 

Injection  Conditions 

Figure  5  shows  the  distributions  of  the  mean  ve¬ 
locity  and  the  longitudinal  relative  turbulence  in¬ 
tensity  at  the  new  nozzle  section  (x'  •  -220mm,  x'/h 
•  -3.67).  It  can  be  seen  that  the  mean  velocity  U 
across  the  nozzle  section  is  uniform  over  75%  of  the 
height  of  the  injection  slot,  except  in  the  thin 
boundary  layers  on  the  inside  surfaces  of  nozzle. 

More  precisely,  the  boundary  layer  on  the  inner  sur¬ 
face  of  the  upper  lip  of  injection  nozzle  is  much 
thinner  than  that  on  the  lower  surface.  And  the  rel¬ 
ative  turbulence  intensity  u'/Um  in  this  section  is 
uniform  over  602  of  the  height  of  the  injection  slot 
and  has  the  intensity  u'/Um  *  0.0023,  which  is  as  low 
as  that  in  the  empty  testing  section  of  the  low  speed 
wind  tunnel  used  in  the  present  investigation.  It  is 
very  interesting  fact  that  the  respective  extent  of 
the  constant  velocity  layer  and  the  constant  turbu¬ 
lence  layer  are  different. 
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Fig.  6. 

Local  Turbulence  Contours 
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Local  Turbulence  Intensity 

The  contours  of  longitudinal  local  turbulence 
intensity  u*/U  in  the  near-region  of  wall  jet  issued 
from  a  small  inclined  slot  are  shown  in  Fig.  6.  No 
distinct  patterns  are  seen  even  in  the  region  around 
the  corner  of  slot,  where  the  negative  peak  value  of 
static  pressure  and  the  maximum  value  of  mean  veloci¬ 
ty  appeared  in  the  previous  investigation. 

The  one-dimensional  turbulence  data  obtained  by 
means  of  a  cross-wired  probe  agree  very  well  with  the 
corresponding  results  obtained  by  the  smaller  single- 
wired  probe.  This  indicates  that  the  influence  of 
cross-wired  probe  on  the  turbulence  characteristics 
in  the  present  jet  is  small. 
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F  ig  •  5. 

Measured  Profile 
at  Nozzle  Section 
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Fig.  7.  Relative  Turbulence  Intensity  u’/lj, 
(x'/h  -2  o) 
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Fig.  8.  Relative  Turbulence  Intensity  u'  l 
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Relative  Turbulence  Intensity 

The  distributions  of  longitudinal  relative  tur¬ 
bulence  intensity  u'/Um  the  sections  x'/h  *  -3.67 
-v  0  and  x/h  «  0  v  18.75  are  ahovn  in  Figs.  7  and  8, 
respectively.  Proceeding  from  the  new  nozzle  section 
to  the  downstream  sections,  the  width  of  the  region 
where  u'/Un  “  constant  becomes  narrow  and  the  minimum 
intensity  Increases  with  x.  The  figures  indicate 
that  the  longitudinal  relative  turbulence  intensity 
develops  smoothly  across  the  corner  sections  and 
reaches  the  state  of  similar  or  self-preserved  turbu¬ 
lence  at  x/h  >  12.5. 

Figures  9  and  10  show  the  distributions  of  lat¬ 
eral  relative  turbulence  intensity  v'/Uj,  and  w'/Um, 
respectively .  V  ly  show  also  the  smooth  development 
of  v'/Um  and  w'/Um. 


Figure  11  indicates  that  the  relative  turbulence 
intensity  distributions  u'/Um  at  the  corner  sections 
x'  ■  0  and  x  »  0  agree  very  well  when  they  are  plot¬ 
ted  non-dlmensionally  by  use  of  the  same  scales. 
Though  the  distributions  of  v'/Um  and  w'/Um  in  the 
same  sections  are  shown  only  by  the  mean  curves  in 
this  figure,  the  scatter  of  data  is  as  same  order  as 
u'/Um.  It  is  clear  that  v'/Uo  is  the  highest  inten¬ 
sity  in  the  main  region  0.2  <  y/6o.5  <  0.8  at  this 
section.  However,  it  can  be  seen  from  Fig.  8  v  10 
that  in  the  region  x/h  i  12.5,  the  order  of  three 
components  of  relative  turbulence  intensity  is 
u'  >  w'  >  v',  as  well  as  in  the  fully  developed  re¬ 
gion  of  general  turbulent  shear  flows. 

Autocorrelation  Curves  and  Time  Scales 

The  one-point  autocorrelation  coefficient,  e.g. 
Ru  for  the  turbulent  velocity  component  u,  is  defined 
by 


Ru(x,y,z,T)  «  u(x,y,z,t) •u(x,y,z,t+T)/u(x,y,z)‘ . 

The  curves  for  Ru,  Rv  and  Rw  were  obtained  at  differ¬ 
ent  positions  in  the  near-region  of  wall  jet  issued 
from  a  small  inclined  slot.  But  only  several  repre¬ 
sentative  curves  of  Ru  obtained  in  two  sections  are 
shown  in  Figs.  12  and  13.  A  curve  for  the  position 
x'  ■=  -75mm  (x'/h  -  -1.25)  and  y'  -  20mm  (y’/h  «  0.33) 
has  the  fuller  positive  portion  for  small  time  sepa¬ 
ration  followed  by  a  long  negative  portion,  which  in¬ 
dicates  the  feature  observed  in  the  so-called  core 
region  of  jet.  In  the  downstream  sections,  for  exam¬ 
ple  at  x/h  »  15.83,  the  autocorrelation  coefficients 
decrease  smoothly  with  time. 

The  time  scales  of  turbulence  can  be  obtained  by 
the  method  proposed  by  Ramaprian(6) .  The  arrows  in 
Figs.  12  and  13  indicate  the  "last"  point  for  each 
correlation  curve.  The  time  scales  t u.  tv  and  tw  are 
nondimensionalized  by  60.5/u*,  where  u*  is  the  fric¬ 
tion  velocity  obtained  from  the  Clauser  chart . 

Figure  14  shows  the  time  scale  tu,  as  a  repre¬ 
sentative.  It  is  seen  that  the  distributions  of  time 
scale  in  downstream  sections  Ce  nearly  linear. 


Fig.  1'.  Relative  Turbulence  Intensity  at  Nozzle  S-ection 
O  '-  X  '  *  0  •  :  X  e  0 
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Reynolds  Shear  Stress 

Figure  IS  shows  Che  Reynolds  sheer  stress  ob¬ 
tained  from  the  one-point  cross  correlation  of  turbu¬ 
lence  components  u  and  v  for  the  time  separation 
T  »  0.  The  Reynolds  shear  stress  -uv/u*‘  has  posi¬ 
tive  value  in  the  boundary  layer  region  and  negative 
value  in  the  free  mixing  layer  region.  The  curves  of 
the  Reynolds  shear  stress  for  two  regions  are 


Fig.  12.  Autocorrelation  Curves  Ru 
x'  =  -75  mm  ,  x'/h  =  -1.25 


y«0mm 


T  (m*l 


y»50mm 


T  (ms) 


x  =  950  mm  ,  x/h  *  15.  83 


connected  each  other  in  the  so-called  core  region  and 
become  a  single  smooth  curve  in  the  downstream  sec¬ 
tions  x/h  i  9.17.  The  Reynolds  stress  curves  in  this 
region  pass  through  zero  at  the  point  nearer  to  the 
wall  than  the  position  of  maximum  velocity.  This  re¬ 
sult  has  been  observed  in  the  previous  investigations 
for  the  fully  developed  similar  flow  region  of  wall 
Jet  and  lead  to  the  difficulty  that  there  is  a  de¬ 
finitive  difference  between  the  inner  layer  of  wall 
Jet  and  the  conventional  boundary  layer.  This  diffi¬ 
culty  suggests  that  the  analyses  dividing  the  flow 
field  of  wall  jet  into  several  layers  and  regions 
proposed  by  Glauert(l^)  and  Myers  et  al.(2>  are  not 
suitable  for  highly  sheared  complex  turbulent  flow. 
The  accumulation  of  much  more  detailed  and  numerous 
measurements  is  necessary. 


Fig.  '5.  Distribution  of  Reynolds  Stress 


Turbulent  Energy  Spectra 

Figures  16  and  17  show  the  turbulent  energv 
spectra  of  u2  obtained  by  use  of  the  technique  of  fast 
Fourier  transformation.  The  spectra  obtained  at  the 
position  very  near  to  the  wall  in  the  section  x'/h 
■  -1.25  extend  up  to  nearly  5kHz,  but  that  obtained  in 
the  downstream  section  x/h  ■  15.83  extend  up  to  2kHr 
at  most.  The  local  maximum  peak  in  the  spectra  was 
not  observed  even  in  the  p  tion  just  downstream 
from  the  corner,  which  indicates  no  separation  in  the 
flow  around  the  corner  of  small  inclined  slot. 
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CONCLUSIONS 
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The  conclusions  of  the  present  investigation  on 
the  turbulence  characteristics  in  the  near-region  of 
the  wall  Jet  Issued  from  a  small  inclined  slot  under 
the  initial  conditions  of  the  uniform  mean  velocity 
distribution  and  very  low  turbulence  Intensity  are 
sumnerired  as  follows :- 

(1)  The  effectiveness  of  the  "Coanda  Effect"  is  con¬ 
firmed  not  only  from  a  point  of  view  of  time-mean 
velocity  characteristics  but  also  from  that  of 
turbulence  characteristics. 

(2)  The  contours  of  local  turbulence  intensity  are 
less  complicated  than  the  isobar  and  the  isotach 
patterns  obtained  from  the  time-mean  velocity 
measurement  in  the  previous  investigation. 

(3)  The  relative  turbulence  intensity  grows  very 
quickly  but  smoothly  even  in  the  region  very  near 
the  corner  of  small  inclined  slot. 


x  '  /h  =  -1.25 


Fig.  17.  Energy  Spectra  of  u 
x/h  =  15.83 


(4)  The  different  developing  features  of  correlation 
coefficient,  time  scale,  Reynolds  stress  and  en¬ 
ergy  spectra  of  turbulence  cannot  lead  to  the 
simple  characteristic  scales  which  are  suitable 
for  complex  turbulent  flows. 

(5)  The  analysis  dividing  the  flow  field  of  wall  jet 
into  several  layers  and  regions  is  not  suitable, 
and  much  more  careful  considerations  must  be 
necessary . 

(6)  It  is  expected,  however,  that  the  accumulation  of 
such  a  detailed  experimental  Investigation  of 
these  highly  sheared  complex  turbulent  flows  will 
lead  to  the  comprehensive  information  on  the  tur¬ 
bulent  flows  and  more  useful  models  of  turbulence 
than  have  hitherto  existed. 

(7)  The  present  investigation  is  directly  concerned 
with  the  specially  designed  small  inclined  slot 
using  the  "Coanda  Effect",  so  that  the  measure¬ 
ment  is  performed  under  the  single  geometrical 
condition  of  injection  nozzle.  The  problem  is 
easily  extended  to  the  wall  jet  on  the  inclined 
plate  where  the  inclination  angle  (6)  and  the 
distance  between  nozzle  and  corner  may  be  the 
important  variables.  Further  investigation  on 
this  problem  will  be  made  in  the  future. 
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Abstract 

The  change  in  the  turbulence  structure  and  relax¬ 
ation  features  of  the  wall  Jet  disturbed  by  a  circular 
cylinder  which  is  placed  at  various  distances  from  the 
plane  wall  are  investigated  experimentally.  The  re¬ 
sults  show  that  the  mean  and  fluctuating  properties 
are  considerably  affected  by  the  disturbance  of  the 
cylinder,  and  that  both  the  change  in  the  profiles  of 
the  turbulent  field  and  the  recovery  of  the  turbulent 
structure  from  the  disturbance  exhibit  different  be¬ 
haviour  according  to  the  locations  of  the  cylinder. 
Changes  in  the  scale  and  shape  of  the  perturbing  eddy 
are  deduced  from  the  measurements  of  correlation  and 
spectra.  The  estimation  of  various  terms  of  the  tur¬ 
bulent  energy  equation  reveals  the  effect  of  the  dis¬ 
turbance  by  the  cylinder  for  different  cylinder 
heights . 

Nomenclature 

aj  :  Bradshaw's  parameter  (  2  -uv/q*  ) 
bj  :  half  width 
bm  :  value  of  y  at  U/Um=l 
d  :  diameter  of  circular  cylinder 
k  :  wave  number 
Lx  :  integral  scale 
p  :  fluctuating  pressure 
Pm  :  auto-correlation  coefficient 
S  :  Jet  nozzle  slot  height 
U  :  mean  velocity  in  the  x  direction 
Um  :  maximum  velocity  at  any  x  location 
u,v,w  :  fluctuating  components  of  velocity  in  the  x,y 
and  z  direction 

x  :  distance  measured  along  wall  from  the  cylinder 
and  in  the  downstream  direction 
y  :  distance  normal  to  wall 

y,  :  value  of  y  at  0.5  percent  of  the  maximum  turbu¬ 
lent  kinetic  energy 
yc  :  height  of  the  cylinder  axis 
f  :  density  of  air 
\)  :  kinematic  viscosity  of  air 

1>T  :  eddy  viscosity 

Power  spectra  of  u2  ,v2  ana  i 2  respectively 

subscript 

(t)t  :  value  of  (* )  for  the  undisturbed  wall  Jet 
superscript 

(* ) '  :  rms  value  of  (t) 

1.  Introduction 

From  the  methodological  point  of  view  there  are 
two  approaches  to  the  shear  flow  problem.  One  is  to 
measure  the  natural  development  of  the  flow  field  and 
the  other  is  to  use  Clauser's  black  box  analogytll. 

The  latter  was  proposed  about  a  quarter  of  a  century 


ago  and  proved  its  usefulness  in  the  research  of  tur¬ 
bulent  shear  flow  as  a  fundamental  method.  For  ex¬ 
ample,  various  responses  of  the  boundary  layers  to  the 
change  of  surface  conditionCOl ,  pressure  gradientC31, 
peripheral  speed  of  the  rotating  cylinderfbj  and  the 
disturbance  introduced  by  a  cylinderC53  or  a  vibrating 
ribbonCfl  were  examined.  In  these  studies  fundamental 
concepts,  such  as  inner  layer  and  outer  layer,  self- 
preservation,  large  eddy,  coherent  structure  and  so  or. 
have  been  utilized  to  describe  the  change  of  flew 
field. 

A  wall  Jet  consists  of  an  inner  layer  akin  to  the 
boundary  layer  and  an  outer  layer  resembling  a  free 
shear  layer.  There  is  an  interaction  between  the  two 
layers.  Although  the  wall  Jet  has  this  complex  prop¬ 
erty,  it  shows  a  well-defined  self-preservaticr.  and  it 
is  a  basic  turbulent  shear  flow.  Extensive  studies  of 
the  wall  Jet  have  been  carried  out,  for  example,  see 
TovnsendCtJ  and  RaJaratnamCS 1 .  The  turbulence  struc¬ 
ture  of  the  wall  Jet  was  measured  by  Irwin (with  free 
stream)C93,  Wilson  &  Gcldstein (without  free  stream.'1 
CIO!  and  Kacker  &  Whitelaw(vith  free  stream' 1111 . 

The  present  study  is  different  from  these  exper¬ 
iments  since  we  adopt  Clauser's  approach,  that  is,  a 
response  of  a  wall  Jet  issuing  in  the  still  ambient 
air  is  analized  for  a  disturbance.  The  current  view 
of  turbulent  shear  flow  is  that  it  has  ar.  identifiable 
large-scale  structure  which  controls  the  development 
of  the  shear  layer.  The  disturbance  has  beer,  intro¬ 
duced  simply  by  a  circular  cylinder  which  sheds  two- 
dimensional  eddies  and  makes  two  shear  layers  having 
the  opposite  sign  of  mean  vorticity.  The  measurements 
of  various  quantities  reveal  the  variation  cf  the  mean 
velocity  profile,  change  of  turbulent  energy  and 
'Reynolds  stress  balance.  The  spatial  correlation  map? 
with  optimal  delay  time  exhibit  the  deformation  of  the 
large  eddy. 

2.  Experimental  apparatus  and  techniques 

The  wind  tunnel  used  has  a  rectangular  rczzle  1" 
mm  in  height  and  300  mm  in  width.  A  wall  Jet  develops 
on  a  smooth  flat  plate  which  is  made  from  the  alumini¬ 
um  alloy  and  is  1.67  m  in  length.  Side-boards  are 
attached  to  the  plate  to  ensure  the  two-dimensicr.ality 
of  the  flow.  The  configuration  of  the  flow  field  and 
nomenclature  are  shown  in  Fig.  1.  A  cylinder  of  di¬ 
ameter  5  10. Cl  mm  which  was  made  of  stainless-steel 
pipe  with  very  smooth  surface  was  used  for  the  exper¬ 
iment  .  The  streamwise  location  of  the  cylinder  was 
fixed  at  350  mm.  downstream  from  the  nozzle  exit.  The 
half  width  and  the  thickness  of  the  inner  layer  of  the 
undisturbed  wall  Jet  was  33  ram  and  about  5  mm,  respec¬ 
tively,  at  this  station.  The  space  between  the  cylin¬ 
der  axis  and  the  wall  was  set  at  five  different  values. 
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the  locations  yc/d  of  the  cylinder  axis  being  0.5. 

0.8.  3.3.  5.3  and  6.6  above  the  vail.  Measurements 
have  been  performed  at  6  stations  x/d=  6  ~150  with  X- 
vlre  probes  and  a  constant-temperature  anemometer. 

The  dissipation  rate  was  computed  from  measurements 
of  the  time  rate  change  of  the  instantaneous  velocity. 
For  the  measurements  of  correlation  coefficients  and 
spectra  a  San-ei  7T08  FFT  real  time  data  anallzer  and 
a  Bruel  &  KJaer  2112  audio  frequency  spectrometer  vas 
employed.  Reynolds  number  based  on  a  cylinder  diame¬ 
ter  U*d/V  vas  set  at  10*  for  all  tests.  At  this  time 
the  velocity  and  turbulence  level  at  nozzle  exit  vas 
30  m/s  and  0.1* respectively. 

The  experimental  uncertainty  of  the  data  is  esti¬ 
mated  as  follovs:  Primary  quantities  such  as  pressure, 
length,  etc.,  are  estimated  at  1  1  percent.  Mean 
velocity  from  hot  vire  measurements  are  1  3  percent  and 
turbulence  quantities  measurements!  8  percent. 

3.  Experimental  results  and  discussion 

Change  of  mean  flow  field 

The  undisturbed  vail  Jet  shoved  the  self-preserv¬ 
ing  velocity  profile  in  the  region  dovnstream  from  the 
station  vhere  a  cylinder  insertedC121.  Figure  2  pre¬ 
sents  a  typical  development  of  the  mean  velocity  dis¬ 
turbed  by  the  cylinder  located  at  yc/d=0.8,  3.3  and 
5.3.  At  the  station  of  x/d=6,  the  positions  of  max¬ 
imum  velocity  deficit  almost  coincide  vith  the  height 
of  the  cylinder  axis.  The  relative  magnitude  of  the 
velocity  deficit  is  larger  in  the  case  of  the  cylin¬ 
der  close  to  the  vail . 

Figure  3  shovs  the  decay  of  the  velocity  maximum 
vhich  is  usually  selected  as  the  velocity  scale  for 
all  yc/d.  In  the  figure  the  solid  line  represents  the 
results  of  the  undisturbed  vail  Jet  and  coincides  veil 
vith  the  measurements  of  other  investigators.  When 
the  cylinder  locates  at  yc/d=3.3,  the  variation  of 
the  velocity  maximum  is  in  good  agreement  vith  that  of 
the  undisturbed  vail  Jet.  If  the  cylinder  is  set  in 
the  region  yc/d<0.8,  the  value  of  Um/Uo  is  lover 
than  that  of  the  undisturbed  vail  Jet.  In  particular, 
the  velocity  deficit  has  a  maximum  value  for  the  case 
of  yc/d«0.8.  On  the  other  hand,  vhen  the  cylinder  is 
set  at  yc/d£5.3  the  value  of  Um/Uo  Is  larger  than 
that  of  the  undisturbed  vail  Jet.  The  decay  rate  of 
Um/Uo  is  almost  in  accord  vith  that  of  the  undisturbed 
vail  Jet  for  each  case  in  the  dovnstream  region. 

Figure  1*  shovs  the  grovth  of  the  half  width  ba  /d 
along  the  flow  direction.  In  the  figure,  the  solid 
line  represents  the  undisturbed  vail  Jet  and  reflects 


good  agreement  vith  the  measurements  of  other  investi¬ 
gators.  The  value  of  ba/d  for  the  cylinder  near  the 
wall  is  larger  than  that  of  the  undisturbed  flow, 
whereas  the  results  indicate  the  opposite  tendency 
when  the  cylinder  is  away  from  the  vail.  The  grovth 
rate  of  b*/d  vith  x/d  almost  agrees  with  that  of  the 
undisturbed  vail  Jet  for  each  case  In  the  region 
greater  than  approximately  x/d=80. 

From  the  resrlts  mentioned  above,  two  possibili¬ 
ties  can  be  inferred  in  the  recovery  process  of  the 
mean  flov  field  from  the  disturbance.  Possibility  1 
is  that  far  dovnstream  from  the  cylinder  position  the 
effect  due  to  the  cylinder  disturbance  effectively 
disappears,  and  the  flov  field  becomes  exactly  the 
same  self-preserving  state  as  for  an  undisturbed  vail 
Jet.  Possibility  2  is  that  although  the  flov  field  is 
also  self-preserving,  its  profile  becomes  a  nev  equi¬ 
librium  state  differing  from  the  one  of  the  undisturb¬ 
ed  case.  In  this  case,  ve  may  say  that  the  nev  equi¬ 
librium  state  bifurcates  from  the  original  one  asymp¬ 
totically.  The  present  result  seems  to  suggest  possi¬ 
bility  2,  according  to  the  considerations  of  the  re¬ 
sults  mentioned  belov.  This  deduction  is  probable 
considering  that  the  initial  condition  for  the  state 
of  the  nozzle  exit  has  a  large  effect  on  the  develop¬ 
ment  of  the  free  JetC133.  The  discussion  on  the  pres¬ 
sure  distributions,  coefficients  of  drag  and  lift  of 
the  cylinder  and  the  vail  shear  stress  vill  be  giver, 
elsevhere . 

Change  of  turbulent  field 

Figure  5  shovs  the  distribution  of  the  fluctuat¬ 
ing  components  of  velocity  for  yc/d  of  3.3.  The  fig¬ 
ure  indicates  that  u-component  of  the  fluctuating  ve¬ 
locity  has  a  maximum  value  at  the  region  corresponding 
to  both  the  upper  and  the  lover  side  shear  layers  of 


Fig.  1  Configuration  of  the  flov  field 


Fig.  2  Profiles  of  the  mean 
velocity  disturbed  by  the 
cylinder 


Fig.  3  Streamvise  variation  of 
the  velocity  maximum 


Fig.  1*  Streamvise  variation  cf 
the  half  vidth 
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the  cylinder  up  to  x/d  =10.  This  maximum  value  of  the 
profile  is  larger  in  the  case  of  a  low  cylinder  posi¬ 
tion  and  perdures  for  a  long  distance  along  the  pro¬ 
file  of  the  streamvise  fluctuating  velocity  u' /Urn. 

The  contribution  to  the  turbulence  intensity  by  the 
disturbance  shows  a  more  pronounced  peak  in  the  pro¬ 
file  of  v’/Um.  For  example,  at  the  location  of  x/d  = 

6  the  result  has  the  order  v'/Um  >u'/ltai>  v'/UmC51  in 
the  region  corresponding  to  the  lower  side  shear  layer 
of  the  cylinder.  This  is  because  the  mixing  length  in 
the  y  direction  become  larger  than  those  in  the  other 
directions  based  on  the  formation  of  the  shear  layer. 
The  peak  of  the  profile  disappears  with  increasing 
x/d,  and  the  distributions  of  each  fluctuating  veloc¬ 
ity  approach  those  of  the  undisturbed  case. 

Figure  6  shovs  the  downstream  development  of  the 
Reynolds  shear  stress  for  values  of  yc/d  of  0.8,  3.3 
and  5.3.  In  the  two  cases  yc/d  of  0.5  and  0.8,  the 
distributions  of  uv/Um2  have  a  counter  S-type  shape 
in  the  region  of  x/d  410  and  show  a  maximum  value 
(uv/Um2 <  0)  in  the  region  corresponding  to  the  upper 
side  shear  layer  of  the  cylinder.  When  yc/di3.3,  the 
profile  has  a  maximum  value  in  the  regions  correspond¬ 
ing  to  both  side  shear  layers  of  the  cylinder.  At 
x/d-  Uo,  it  is  observed  that  the  shear  stress  profiles 
are  considerably  closer  to,  but  still  different  from, 
that  of  the  undisturbed  wall  Jet  for  each  ease.  It 
may  be  considered  that  after  x/d  =  120  Reynolds  stress 
distributions  are  similar  respectively  for  every  case 
of  yc/d,  but  slightly  different  from  that  of  the  un¬ 
disturbed  case  in  the  same  manner  as  the  distribution 
of  the  fluctuating  velocity  components. 

Figure  7  shows  the_turbulent  energy  difference 
at  x/d=6,  that  is  l/2(q*  -  q5r )/Um2  ,  where  l/2qJ 
is  the  turbulent  energy  of  the  undisturbed  wall  Je?. 
These  profiles  exhibit  a  large  variation  according  to 
the  location  of  the  cylinder  axis  yc/d.  When  the  cyl¬ 
inder  is  set  in  the  region  yc/d  0.8,  the  energy  dif¬ 
ference  shows  a  sharp  peak  in  the  region  corresponding 
to  the  free  shear  layer  generated  from  the  upper  side 
of  the  cylinder.  Then  the  profile  decreases  rapidly 
and  again  increases  in  the  region  of  y/d  i  5.  The 
measurement  indicated  that  the  second  mild  peak  of  the 
turbulent  energy  difference  for  the  disturbed  case  was 
due  to  the  increase  of  v  component.  In  the  case  yc/d 
Z  3.3,  the  profile  has  a  maximum  in  the  region  corre¬ 
sponding  to  the  lower  side  shear  layer  of  the  cylin¬ 
der;  on  the  other  hand,  at  the  upper  side  of  the  cyl¬ 
inder  the  profile  has  a  minimum.  It  is  notable  that 
the  energy  in  the  case  of  a  disturbed  wall  Jet  de¬ 
creases  from  that  in  the  case  of  an  undisturbed  wall 
Jet  in  the  region  y/d  •  5~8  when  yc/d=  5.3  and  6.6. 


This  is  due  to  the  decrease  of  u  and  w  components  com¬ 
pared  with  the  values  of  the  undisturbed  case  as  shown 
in  Fig.  3. 

Turbulent  energy  balance 

The  measured  values  of  normal  stress  and  of  mean 
velocity  gradient  permit  the  evaluation  of  the  produc¬ 
tion  of  Reynolds  shear  stress  v*-dU/ey.  Typical  val¬ 
ues  are  shown  in  Fig.  8  for  each  ease  at  x/d  =  6.  The 
solid  line  in  this  figure  is  the  result  for  the  case 
of  an  undisturbed  wall  Jet.  The  profiles  reveal  a 
more  pronounced  variation  when  compared  with  the  one 
for  the  undisturbed  case.  In  the  case  yc/d  £  0.8,  the 
negative  production  of  Reynolds  shear  stress  is  pro¬ 
moted  in  the  region  corresponding  to  the  upper  side 
shear  layer  of  cylinder,  while  the  production  of  tur¬ 
bulent  kinetic  energy  has  a  maximum  value  in  that  re¬ 
gion.  The  v*'3U/ay  has  a  maximum  value,  which  is 
larger  than  that  of  the  undisturbed  wall  Jet  at  y/bj« 
0.7.  When  yc/d  =  5.3  and  6.6,  the  production  of  shear 
stress  does  not  vary  significantly  near  the  wall  and 
has  a  positive  maximum  value  in  the  region  correspond¬ 
ing  to  the  lower  side  shear  layer  of  the  cylinder, 
whereas  production  of  turbulent  energy  has  a  maximum 
value  in  this  region.  In  the  case  yc/d  =  3. 3,  the  pro¬ 
duction  of  the  shear  stress  has  a  minimum  and  a  maxi¬ 
mum  value  in  the  region  corresponding  to  the  upper  and 
the  lower  side  shear  layer  of  the  cylinder,  respec¬ 
tively.  The  production  of  turbulent  energy  has  a  max¬ 
imum  value  in  the  region  corresponding  to  the  lower 
side  shear  layer  of  the  cylinder.  The  pressure  dis¬ 
tribution  around  the  cylinder  is  symmetric  with  re¬ 
spect  to  the  stagnation  point  for  the  case  yc/d=3.3, 
and  therefore  the  vortex  shedding  behind  a  cylinder 
whose  periodic  component  contributes  strongly  to  v 
component  of  fluctuating  velocity  exists. 

The  turbulent  energy  balance  depicts  the  physical 
process  occurring  in  the  shear  layer.  Although  Kacker 
and  WhitelawClll  and  IrwinC91  estimated  the  turbulent 
energy  balance  of  wall  Jet  with  a  free  stream,  it 
seems  that  only  the  authors'  present  experiment alt 111 
are  available  for  the  case  without  the  free  stream. 
Figure  9,  10  and  11  show  the  distribution  of  various 
terms  of  the  following  turbulent  energy  equation  for 
the  case  yc/d=0.8,  3.3  and  5.3  at  x/d  =  10. 

Adv*et.oa  Product**.  Pifusna  Pw.pt* 

The  dissipation  rate  has  been  evaluated  with  the  aid 
of  the  assumption  of  local  isotropy  £  =  15  y  (  8  u /s x  'i 
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Fig.  5  Profiles  of  the  fluctuating 
velocity  components 
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Fig.  6  Profiles  of  the  turbulent 
shear  stress  showing  large 
depression 


Fig.  7  Profiles  of  turbulent 
energy  difference  between  the 
disturbed  and  the  undisturbed 
wall  Jet 
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and  the  diffusion  has  been  calculated  as  tbe  value  of 
g(vq«  )/#y,  so  the  pressure-velocity  correlation  has 
not  been  measured. 

The  disturbance  generated  by  the  cylinder  makes  a 
large  contribution  to  the  turbulent  energy  balance  as 
seen  from  Figs.  9~11.  In  all  cases,  the  adveetion 
term  is  very  important  even  in  the  region  far  down¬ 
stream  from  the  cylinder(x/d=  UO).  In  the  case  yc/d 
£  0.8,  the  adveetion  shows  a  sharp  peak  in  the  region 
corresponding  to  the  upper  side  shear  layer  of  the 
cylinder,  and  it  also  exhibits  a  peak  at  the  lower 
side  shear  layer  of  the  cylinder  for  the  ease  ye/d  = 
3.3.  When  yc/d  5. 3,  the  gain  of  the  adveetion  re¬ 
veals  a  deficit  in  the  region  of  the  height  of  the 
cylinder  axis.  The  relative  increase  of  the  adveetion 
may  be  caused  by  the  large  eddies  shed  from  the  cylin¬ 
der.  The  decomposition  of  the  adveetion  term  indi¬ 
cates  the  large  component  of  V-8(q*  /2)/j  y.  The  pro¬ 
duction  term  shows  a  peak  in  the  region  corresponding 
to  the  height  of  the  cylinder  axis.  When  yc/d=0.8, 
the  gain  of  this  term  fairly  increases,  whereas  the 
gain  of  the  production  is  not  significantly  different 
from  that  of  the  undisturbed  wall  Jet  for  the  other 
cases.  The  diffusion  term  has  a  peak  near  the  region 
where  the  production  reveals  a  peak,  and  the  profile 
shows  the  same  trend  as  that  of  the  undisturbed  wall 
Jet  for  each  case.  It  may  be  considered  that  the 
pressure-velocity  diffusion  has  an  effect  on  the  tur¬ 
bulent  energy  balance  in  the  region  corresponding  to 
the  upper  side  shear  layer  of  the  cylinder,  comparing 
the  measured  value  with  that  obtained  by  the  differ¬ 
ence  from  equation(l).  The  dissipation  does  not  show 
a  minimum  value  corresponding  to  the  production  term 
and  increases  by  the  cylinder  irrespective  of  its  po¬ 
sition. 

From  both  results  mentioned  above  and  that  of  the 
far  downstream  location,  it  is  noticed  that  the  turbu¬ 
lent  energy  balance  is  affected  considerably  by  the 
disturbance  generated  by  the  cylinder,  when  the  latter 
is  near  the  wall.  The  recovery  from  the  disturbance 
is  faster  when  yc/d  is  smaller  after  the  decision 
based  on  possibility  2. 

Reynolds  shear  stress  balance  is  as  important  as 
the  turbulent  energy  balance,  and  Fig.  12  presents  a 
typical  profile  of  the  terms  of  the  following  uv 
equation  at  yc/d«0.8 


Reynolds  shear  stress  is  in  equilibrium  In  tbe  eense 
that  production  equals  transport C151 .  It  is  especially 
worth  noting  that  the  production  of  the  shear  stress  in 
the  near  wall  region  becomes  negative  because  the  pro¬ 
duction  is  proportional  to  tbe  mean  vorticity  times  v*, 
and  tbe  mean  vorticity  changes  its  sign  in  tbe  wall 
Jet.  The  Inserted  cylinder  makes  a  great  change  in 
the  shear  stress  balance  as  seen  in  the  figure.  In 
the  disturbed  wall  Jet  the  adveetion  term  contributes 
appreciably  to  the  balance  and  it  takes  a  negative  val¬ 
ue  in  the  wall  region  and  becomes  positive  in  the  mid¬ 
dle  of  the  layer.  The  transverse  adveetion  term  be¬ 
comes  important  in  the  disturbed  wall  Jet.  The  impor¬ 
tance  of  the  adveetion  suggests  that  the  eddy  Issued 


Fig.  8  Production  of  the  turbulent  shear  stress 


(<*v£)5v  .-*!J  . ft) 


Fig.  9  Turbulent  energy  balance  for  yc/d  =  0.8_ 
Each  term  is  non-dimensionalized  by  ha  /Urn®  . 


Adveetion.  Production  Tremsfort 

In  the  case  of  the  undisturbed  wall  Jet  the  adveetion 
of  the  Reynolds  shear  stress  is  immaterial,  and  the 


Fig.  10  Turbulent  energy  balance 
for  yc/d *3.3.  see  caption  to  Fig.  9 


Fig.  11  Turbulent  energy  balance  Fig.  12  Balance  of  terms 

for  yc/d»5.3.  see  caption  to  Fig.  9  in  the  uv  equation,  see 

caption  to  Fig.  9 
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from  the  cylinder  modifies  the  large-scale  structure 
of  the  wall  Jet.  The  diffusion  term  is  evaluated  hy 
the  difference  from  equation (2)  and  this  is  balanced 
by  the  production  tern  of  the  shear  stress.  The  dis¬ 
turbance  due  to  the  cylinder  causes  rather  large  in¬ 
crease  of  the  shear  stress  production. 


Correlation  and  spectrum 

The  vake  of  a  cylinder  placed  in  a  complete  tur¬ 
bulent  flow  as  in  the  present  case  nay  have  a  compli¬ 
cated  structure,  but  it  is  reasonable  to  expect  that 
some  dosklnant  freqyency  vill  appear  in  the  power  spec¬ 
tra.  8pectra  of  ua  ,  va  and  »J  for  the  case  yc/d  = 
0.5  —  6. 6  at  x/d=  3  are  shown  in  Fig.  13.  The  spectrum 
of  v*  ,  that  is  ♦la*  reveals  more  pronounced  energy 
peaks  except  for  the  ease  of  yc/d * 0.5.  This  charac¬ 
teristic  frequency  equals  the  Strouhal  frequency  due 
to  the  KfirmSn  vortex  shedding  from  the  cylinder.  From 
the  graph  of  the  spectra  it  can  be  inferred  that  the 
contribution  to  the  turbulent  intensity  by  the  dis¬ 
turbance  has  the  order  v*  >  u*  > v*  .  This  result  cor¬ 
responds  to  the  variation  of  the  spatial  distribution 
of  the  turbulent  intensity  component. 

Figure  lU  shows  the  distribution  of  the  integral 
length  scale  of  the  disturbed  w^.1  Jet  calculated  from 
the  following  definition  Lx«UfJl!ti(T)  ■  dT,  where  U  is 
the  local  velocity  and  1»  is  the  time  delay  up  to 
R  i,  (t)=  0.  The  result  in  the  case  of  the  undisturbed 
wall  Jet  shown  in  the  figure  is  nearly  constant 
through  the  entire  cross-section  of  the  wall  Jet,  and 
it  takes  Lx/d%3.2.  In  the  disturbed  wall  Jet,  the 
value  of  Lx/d  increases  roughly  linear  with  increasing 
yc/d,  but  it  is  considerably  smaller  than  in  the  un¬ 
disturbed  case.  This  result  suggests  that  the  large 
eddy  of  the  wall  Jet  separates  into  the  small  eddies 
due  to  the  disturbance  of  the  cylinder. 

Figure  15  and  16  show  the  so  called  space-time 
iso-correlation  surface  with  optimum  delay  for  the 
cases  yc/d* 0.8  and  5.3  at  x/d  —  6.  The  fixed  probe  is 
set  at  the  same  height  of  the  cylinder  axis,  respec¬ 
tively.  When  yc/d=0.8,  the  space-time  iso-correla¬ 
tion  surfaces  are  appreciably  narrower  than  those 
found  in  the  undisturbed  wall  Jet.  The  negative  val¬ 
ue  of  the  iso-correlation  line  exists  in  the  upper 
part  of  the  wall  Jet  where  the  mean  velocity  causes  an 
excess  compared  with  that  of  the  undisturbed  case.  In 
the  case  yc/d  =  5.3,  the  extent  of  the  space-time  iso- 
correlation  surface  is  still  smaller  than  that  of  the 
undisturbed  case.  The  iso-correlation  line  Hu  =  0.1 
has  a  constriction  in  the  region  slightly  above  the 
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Fig.  18  Profiles  of 
function  a^ 
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Fig.  17  Profiles  of 
eddy  viscosity 


cylinder  location.  This  suggests  that  the  eddies  sep¬ 
arated  by  the  cylinder  disturbance  are  merged  into  an 
eddy  in  the  region  downstream  from  the  cylinder  posi¬ 
tion.  This  trend  is  markedly  evident  in  the  case  yc/d 
=  3.3.  In  the  ease  yc/d=5.3,  the  contour  line  of  the 


Fig.  13  Spectra  of  ua,  v1  and  v2 
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Fig.  1*»  Integral  length  scale 


-15  -10  -5  0  5  10  15 

ut/d 


Fig.  15  Space-time  iso-correlation  surface  vith 
optimum  delay  for  yc  /d  -  0.8,  upper  side  plane  view, 
lower  side  side  view,  flow  direction  is  from  right 
to  left 
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Fig.  l6  Space-time  iso-correlation 
surface  with  optlmtm  delay  for  yc/dm5.3 
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iso-correlation  extends  cosiderably  outward  to  look 
up  at  the  upstream  which  indicates  the  entrainment 
mechanism.  The  extent  of  the  iso-correlation  for 
positive  Ut/d  seems  to  he  smaller  compared  with  that 
of  the  undisturbed  case. 

Prediction  model 

It  is  significant  to  check  the  typical  concepts 
extensively  used  in  the  prediction  model.  Figure  17 
shows  the  more  popular  eddy  viscosity  profile  at  x/d= 
6  which  is  extensively  used.  The  solid  line  in  the 
figure  indicates  the  result  obtained  in  the  case  of 
an  undisturbed  wall  Jet.  The  profile  of  Mr  has  a  max¬ 
imum  value  in  the  region  corresponding  to  the  height 
of  the  cylinder  and  also  reveals  the  point  of  singu¬ 
larity  in  that  region.  The  value  of  Mp  is  negative 
near  the  wall,  and  thus  the  physical  significance  of 
Mr  is  lost.  At  x/d=80,  the  profile  is  still  differ¬ 
ent  from  that  of  the  undisturbed  case.  The  profile 
of  the  mixing  length  also  indicates  the  same  trends 
as  that  of  the  eddy  viscosity. 

Figure  18  shows  the  distributions  of  the  func¬ 
tion  a,  (s  -Tuv/qi  ) .  In  refereneeCl63,  it  was  shown 
that  at  can  be  regarded  as  a  constant {a(=  0.15)  for 
wall  boundary  layers.  The  solid  line  shown  in  the 
figure  represents  the  result  of  the  undisturbed  wall 
jet  and  agrees  with  the  measurement  of  Kacker  and 
VhitelawCllJ .  The  profile  of  ai  has  a  maximum  value 
in  the  region  corresponding  to  the  height  of  the  cyl¬ 
inder  axis.  Its  value  is  positive  for  the  case  yc/d< 
0.8  and  negative  for  the  case  yc/d£3.3.  It  is  clear 
from  the  figure  that  the  profile  of  a, is  complex  and 
so  its  value  is  not  constant.  The  distribution  of  a^ 
is  still  different  from  that  of  the  undisturbed  wall 
jet  at  x/d=8C,  but  it  is  not  seen  in  the  figure. 

1.  Conclusions 

The  variation  in  the  turbulent  structure  of  a 
plane  wall  jet  disturbed  by  a  cylinder  and  the  recov¬ 
er;.-  to  the  self-preserving  state  were  investigated. 
Through  the  experiment  the  following  conclusions  have 
been  obtained.  First,  changing  the  center  height  of 
the  cylinder  varies  the  rec every  process  and  it  is 
classified  for  the  case  where  the  cylinder  is  set  in 
the  inner  layer  of  the  wall  Jet  and  the  other  case 
where  the  one  lies  in  the  outer  layer.  From  these  re¬ 
sults,  two  possibilities  can  be  inferred  for  the  re¬ 
covery  process  of  the  flow  field  from  the  disturbance 
of  the  cylinder.  Possibility  1  is  that  the  flow  field 
assumes  exactly  the  same  seif-preserving  state  as  one 
of  the  undisturbed  wall  Jets.  Possibility  2  is  that  a 
new  equilibrium  state  which  is  bifurcated  from  the  one 
cf  the  undisturbed  flow  will  be  established.  Accord¬ 
ing  tc  possibility  2,  the  wall  Jet  mere  quickly  com¬ 
pensated  for  its  change  due  to  the  perturbation  when 
the  cylinder  was  set  closer  tc  the  wall.  This  is  due 
tc  the  difference  of  the  disturbing  eddy  size  con¬ 
strained  by  the  distance  from  the  cylinder  to  the  vail 
Secondly,  turbulent  energy  and  Reynolds  shear  stress 
budget  were  estimated  for  the  disturbed  wall  Jet. 

They  showed  a  very  large  change  due  to  the  disturbance 
The  advection  terms  which  are  unimportant  for  the  un¬ 
disturbed  wall  Jet  come  tc  play  an  important  role  in 
the  disturbed  case.  The  decomposition  of  the  advec¬ 
tion  terms  indicates  that  th<s  increase  is  due  to  the 
transverse  term.  The  turbulent  energy  balance  is  more 
affected  by  the  disturbance  generated  by  the  cylinder 
when  yc/d  is  smaller.  Thirdly,  energy  spectra  of  u*  , 
v*  and  ws  components  have  been  measured.  In  these 
spectra,  ec.-ly  shows  a  dominant  wave  number  which 

is  most  prominent  when  the  cylinder  is  placed  at  yc/d 
=3.3.  The  pattern  of  spectra  indicates  the  v-energy 


component  is  affected  by  the  disturbance  most  inten¬ 
sively  in  the  wave  number  space.  Fourth,  auto  and 
space  cross  correlations  have  been  measured.  In  the 
disturbed  wall  Jet,  the  value  of  the  integral  length 
acale  increases  roughly  linear  with  increasing  yc/d, 
but  it  is  considerably  smaller  than  that  obtained  in 
the  undisturbed  ease.  From  the  space-time  iso-corre- 
lation  surface  with  optimum  delay,  it  is  evident  that 
the  large  eddy  size  and  its  shape  are  different  due  to 
the  height  of  the  cylinder,  and  the  scale  of  the  eddy 
is  smaller  than  that  in  the  undisturbed  case.  Fifth, 
the  parameters  used  for  the  prediction  model  such  as 
Mr  and  a<  vary  significantly  in  terms  of  the  cylinder 
height  and  are  not  constant.  Therefore,  predictions 
based  on  these  models  do  not  suffice. 
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ABSTRACT 

Measurements  of  velocities  in  the  oscillatory 
turbulent  boundary  layer  over  a  horizontal  wall  have 
reen  made  using  a  large  oscillating  water  tunnel. 

The  procedure  of  periodic  ensemble  averaging,  modified 
by  an  application  of  a  finite  Fourier  series  for  the 
estimation  of  the  most  probable  values  of  the  periodic 
averages,  has  p .  nutt-  '  the  separation  of  the  periodic 
components  and  the  turbulent  fluctuations.  From  the 
data  separated  the  vertical  profiles  and  the  time 
variations,  of  mean  velocities,  Reynolds  stresses  and 
turbulent  energy,  are  obtained. 

Turbulent  structure  of  the  oscillatory  boundary 
layer  has  been  studied  utilizing  the  flow  visualiza¬ 
tion  technique  of  thin- layered  milk  method.  Visual 
studies  elucidate  the  results  of  measurement  of  tur¬ 
bulent  quantities  and  explain  the  mechanism  of  the 
generation,  development  and  decay  of  turbulence 
occurring  during  each  cycle  of  the  oscillatory  motion. 
The  large-scale  features  of  turbulence  which  cause 
negative  Reynolds  stresses  are  examined. 

NOMENCLATURE 

As  Fourier  coefficient  of  cosine  part 
8S  Fourier  coefficient  of  sine  part 
a  Free  stream  amplitude 

h  Harmonics  number 

k  Turbulent  energy 

T  Period  of  oscillatory  motion 

t  Time 

Uo  Free  stream  velocity  amplitude  • 
u  Mean  velocity  in  longitudinal  direction 
u*  Velocity  fluctuation  in  longitudinal  direction 
Var  Cumulative  variance 

w'  Velocity  fluctuation  in  vertical  direction 
Xg, j  A  measured  datum 

Tj  Periodic  ensemble  mean  of  data 
Sj  Estimated  periodic  ensemble  mean  of  data 
X  Overall-time-averaged  value  of  all  data 
z  Probe  height  measured  from  bed 

o1  Variance 

5 2  Estimated  variance 

4  Stokes-layer  thickness  •  (2v/w)  , 

X  Stokes  parameter  *  (Uo/2)  (2v/u>) 1/2 /v 
v  Kinematic  viscosity  of  fluid 

b>  radian  frequency 

SUBSCRIPTS 

i,  j  j-th  sample  obtained  during  the  i-th  cycle 
a  Number  of  sampling  during  a  cycle 
n  Number  of  sampling  of  cycles  . 


INTRODUCTION 

Experimental  studies  of  the  oscillatory  turbulent 
boundary  layer  date  back  to  the  work  of  Jonsson  [1], 
who  determined  shear  stress  profiles  on  the  basis  of 
the  velocities  measured  with  a  micropropeller  only. 
Later,  in  a  similar  procedure  Jonsson  6  Carlsen  [2] 
determined  turbulent  characteristics  such  as  shear 
stresses,  eddy  viscosities,  energy  loss  and  boundary 
layer  thicknesses.  But  since  the  experimental  and 
data  processing  techniques  to  study  the  structure  of 
turbulence  in  such  boundary  layers  have  become  avail¬ 
able,  attention  has  been  forcussed  to  more  refined 
measurements  of  oscillatory  turbulent  boundary  layers. 
The  experiments  of  Hino  et  al.  [3]  revealed  the  fact 
that  turbulence  is  generated  suddenly  in  the  decel- 
rating  phase  of  free  stream  velocity  and  that  the  pro¬ 
file  of  the  velocity  distribution  changes  drastically. 
Similar  observations  were  reported  by  Merkli  £ Thomann 
[4],  who  performed  experiments  on  the  oscillatory 
boundary  layer  in  a  circular  pipe.  Detailed  measure¬ 
ments  of  turbulent  characteristics  such  as  mean  velo¬ 
city  profiles,  Reynolds  stresses  and  turbulent  energy 
were  made  by  Cousteix  et  al.  [5].  Measurements  of 
turbulent  intensities  and  Reynolds  stresses  were  also 
made  by  Kobashi  £  Hayakawa  [6]  for  the  purpose  of 
studying  the  effects  of  unsteadiness  of  flow  or.  the 
transition  mechanism  and  development  of  turbulences 
in  the  boundary  layer.  Experiments  by  Ramaprian  £ 
Mueller  [7]  showed  the  profiles  across  boundary  layer, 
of  periodic  velocity  and  ensemble-averaged  turbulence 
intensity  in  longitudinal  direction.  Measurements  of 
Reynolds  stresses  were  made  by  Anwar  £  Atkins  16],  who 
were  in  concern  primarily  with  the  turbulence  charac¬ 
teristics  in  the  tidal  flow,  the  period  of  oscillation 
being  very  large,  and  the  effect  of  non-steadiness  of 
flow  on  the  structure  of  turbulence  being  not  remark¬ 
able. 

Recently,  the  writers  [9]  presented  the  results 
of  detailed  measurement  of  turbulent  characteristics 
and  visualization  of  transition  to  turbulence,  and 
provided  new  information  on  the  structure  of  turbu¬ 
lence.  In  another  recent  research,  Hino  et  al.  [10] 
reported  the  spatial  correlations  determined  for  the 
purpose  of  elucidating  the  coherent  structure  of  turbu¬ 
lence  in  the  boundary  layer. 

In  spite  of  these  significant  previous  studies, 
a  question  remains  whether  the  behavior  of  generation 
of  turbulence  to  be  observed  at  the  end  of  the  decel¬ 
erating  phase  of  free  stream  velocity  is  similar  to 
the  behavior  of  generation  of  turbulence  in  the  steady 
uni-directional  flow,  i.e.  the  behavior  of  burst,  or 
not. 
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Another  question  to  be  elucidated  is  the  large- 
scale  features  of  turbulence  which  are  supposed  to 
exist  immediately  after  the  direction  of  free  stream 
velocity  is  reversed,  i.e.  at  the  beginning  of  the 
accelerating  phase  of  the  free  stream  velocity. 

The  main  purpose  of  this  paper  is  to  elucidate 
these  questions  performing  detailed  measurement  of 
turbulence  and  also  visualization  of  disturbunces . 

EXPERIMENTAL  APPARATUS  AND  DATA  PROCESSING  PROCEDURE 

The  experiment  was  conducted  in  a  Lundgren- 
Sdrensen-type  water  tunnel.  This  simulates  -  on  a 
prototype  scale  -  conditions  due  to  the  wave  motion 
near  the  sea  bed.  The  apparatus  forms  a  U-shaped 
tube  consisting  of  two  vertical  risers,  each  with  a 
height  of  3.5m,  and  a  horizontal  tunnel  which  is  17.5m 
long,  0.75m  wide  and  0.24m  deep.  By  means  of  a  pis¬ 
ton  the  water  is  made  to  oscillate  in  the  U-shaped 
tube  with  periods  and  amplitudes  as  desired.  The 
general  view  of  the  apparatus  is  shown  in  Fig.  1. 

The  movement  of  the  water  surface  in  the  open 
riser  was  recorded  by  the  use  of  a  wave  amplitude 
meter.  The  phase  angle  of  the  oscillator)-  motion  was 
defined  as  Fig.  2.  Velocities  were  measured  by  a  X- 
tvpe  hot-film  probe.  This  probe  was  inserted  in  the 
water  tunnel,  and  the  height  of  the  probe  above  the 
bed  was  changed  with  the  distances  2mm  between  z  =  0 
and  20mm,  3mm  between  z  =  20mm  and  35mm,  5mm  between 
z  -  35mm  and  50mm,  and  10mm  between  50mm  and  120mm. 

In  order  to  estimate  the  most  probable  values  of 
periodic  averages  of  turbulent  quantities  of  the  os¬ 
cillatory  flow  out  of  the  data  obtained  the  finite 
Fourier  series  described  below  was  adopted  to  the 
periodic  ensemble  means  of  the  data. 

Let  Xi_j  be  a  datum,  in  which  i  «  cycle  (i  *  1 ,  *  • 
• • ,n) ,  and  j  =  number  of  a  datum  in  each  cycle 
(j  ■  !,••••,  m  ).  All  data  obtained  are  arranged  in 


a  matrix  form  as 

"  n 

X i,  i  Xi,  j  .  X] .  m  j 

X2,  1  X2, 2  .  X2,  m  } 


Xn  >  1  Xn,  2  .  Xn,  m 

Then,  the  periodic  ensemble  mean  is  given  as 


—  1  n 

Xi  =  i  Xif  j 


n 


(1) 


We  fit  a  finite  Fourier  series  with  respect  to  j  to 
the  periodic  ensemble  means  obtained  by  Eq.  (1),  the 
finite  Fourier  series  being  expressed  as 


C  T  r  2trs  J  ft  .  2ttsj, 

Xi  =  X  +  I  (Ac  cos  - 4-  +  B  sin  - 4-) 

j  s=l  m  m 


(2) 


where 


_  1  m  _ 

x  *  -  X  Xi 
m  s=i  3 


Now,  the  problem  is  to  select  an  optimal  number  for 
this  h.  _For  this^  purpose  we  first  calculate  the  vari 
ance  of  Xj  from  X  as  Eq.  (3)  and  the  variance  of  Xj 
from  the  periodic  function  adopted,  as  Eq.  (4). 

,  m  _ 

o2(Xi)  =  ±  X  (Xi  -  X)  (3) 

J  B  jj) 


S2(Xj)s  =  (Aj2  +  §j2)  /  2  (s  *  1,  •  •  •  ■  ,h)  (4) 

With  these  variances  thus  obtained  we  calculate  the 
cumulative  variance  with  respect  to  s  as 


Fig.  1.  General  view  of  oscillating  water  tunnel 


Fig.  2.  Definition  of 
the  phase  angle  of 
oscillating  motion 


Fig.  3.  Records  of  velocity  measurement 


The  number  for  h  was  determined  in  such  a  way  as  to 
make  the  value  of  this  cumulative  variance  99%. 
Furthermore,  the  correlogram  was  calculated  from  the 
autocorrelation  of  Xj  -  X j ,  and  from  this  correlogram 
whether  the  periodic  components  had  properly  been 
eliminated  was  checked. 

EXPERIMENTAL  RESULTS 

The  experimental  conditions  adopted  in  this  study 
are  listed  in  Table  1. 

Table  1.  Experimental  conditions 
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Fig.  6.  Reynolds  stress  distribution  (Run-1) 
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Mean  velocity  profiles 

During  the  period  of  acceleration 

During  the  period  of  deceleration 
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Fig.  5  Mean  velocity  profiles 

(a)  At  the  early  stage  of  acceration  period 

(b)  At  the  finishing  stage  of  deceleration  period 

_  Figs.  4  and  S  show  the  dimensionless  velocity 
u/Uo  of  Run  1  plotted  against  dimensionless  height 
from  the  wall.  In  these  figures,  Figs. 4  (a)  and  (b) 


Fig.  8.  Turbulent  energy  distribution  (Run-1) 
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Fig.  9  Time  variation  of  turbulent  energy  (Run-1) 
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are  for  the  acceleration  period  and  deceleration  peri¬ 
od,  respectively,  of  the  free  stream,  and  Figs.  5  (a) 
and  (b)  are  for  the  early  stage  of  the  acceleration 
period  and  the  finishing  stage  of  the  deceleration 
period,  respectively.  It  is  seen  from  Fig.  4  and  Fig. 
3  that  the  phase  of  velocity  advances  that  of  wave 
amplitude  meter  by  about  r/12. 

Figs. 6  and  7  show  the  the  vertical  profiles  and 
the  time  variation,  respectively,  of  turbulent  shear 
stresses  in  Run-1,  and  Figs.  Sand  9  show  the  vertical 
profiles  and  the  time  variation,  respectively,  of  tur¬ 
bulent  energy  of  the  same  run.  Since  only  two  compo¬ 
nents  of  turbulent  velocity  were  measured  in  this 
study,  the  turbulent  energy  k  was  calculated  assummg 
the  formula  written  below,  which  formula  was  used  by 
Lckelmanr.  in  his  study  on  low-Reynolds-number  turbu¬ 
lence  [11]. 


k  =  (3/4)  (u'2  ♦  w'2)  (6) 

Figs.  10  and  11  show  the  time  variations  of  the 
Reynolds  stresses  and  turbulent  energy,  respectively 
of  Runs- 2,  3  and  4. 

It  is  seen  from  Figs.  6-11  that  both  the  Rey¬ 
nolds  stress  and  the  turbulent  energy  are  larger  in 
the  period  of  deceleration  than  in  the  period  of  accel¬ 
eration,  of  the  free  stream  velocity.  It  is  to  be 
noted  also  that  appearance  of  the  maxima  of  turbulent 
shear  stress  and  turbulent  energy  tend  to  be  delayed 
as  the  height  of  the  point  of  measurement  increases. 


Fig.  10.  Time  variation  of  Reynolds  stress 


Fig.  11.  Time  variation  of  turbulent  energy 


Runs-2,  3  and  4  have  a  same  free  stream  amplitude. 
It  is  seen  from  Figs.  10  and  11  that  the  Reynolds stres s 
does  not  show  distinct  difference  between  these  runs, 
but  time  of  occurrence  of  the  maximum  of  turbulent  en¬ 
ergy  tends  to  be  delayed  as  radian  frequency  increases. 

FLOW  VISUALIZATION  AND  OBSERVATION 


Flow  visualization  provides  efficient  means  for 
the  investigation  of  generation,  development  and  decay 
of  turbulence  in  oscillatory  boundary  layer.  For  the 
flow  visualization  the  bed  of  water  tunnel  was  covered 
by  a  thin  layer  of  milk  whose  specific  gravity  is  1.02. 
The  thickness  of  the  layer  was  about  1mm.  In  order  to 
make  it  possible  to  observe  from  vertically  upward  a 
lucite  part  was  installed  in  the  upper  wall  of  the 
water  tunnel  (Fig.  12).  The  piston-stroke  was  started 
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from  rest  to  a  sinusoidal  movement  (Fig.  13).  The 
movement  of  milk 
was  recorded  photo¬ 
graphically  with  a 
motor-driven  camera 
set  stationary  above 
the  tunnel . 

A  series  of  pic¬ 
tures  of  Fig. 14  show- 
patterns  of  disturb¬ 
ances  occurred  on  the 
bed  of  the  tunnel. 

When  the  speed  of  the 
water  flow  was  maximum,  i.e.  when  wt  -  t/2  no  disturb¬ 
ance  was  observed  on  the  bed.  Disturbances  occur  after 
wt  *  tt/2.  A  series  of  pictures  of  Fig.  15  are  for 
nearly  a  quarter  period  of  oscillation  having  the  in¬ 
stant  of  no  free  stream  velocity  ut * v  in  it.  This 
series  of  pictures  was  taken  employing  a  micro-lens. 


The  process  of  generation  and  development  of  tur¬ 
bulence  which  have  been  observed  from  these  series  of 
pictures  are  as  follows: 


1)  The  configuration  of  disturbances  formed  at  first 
is  shown  in  Fig.  15  (a) 

2)  The  amplitude  of  these  disturbances  increases, 
and  the  disturbances  are  deformed  to  U-shaped  loops 
(Figs.  14  (c)  and  15  (b)). 

3)  The  tips  of  the  U-shaped  loops  move  away  from 
the  bed  owing  to  the  self-induction  effect  of  the  loops 
(Fig.  15  (c)). 

4)  When  ut  approaches  it,  i.e.  when  the  free  stream 
velocity  is  decelerated  nearly  to  zero,  the  U-shaped 
loops  eject  turbulent  burst  (Figs.  14  (e)  and  14  (f)1. 

5)  At  an  early  stage  of  acceleration  period  a  large- 
scale  structure  of  eddies  exists  at  the  outer  edge  of 
the  boundary  layer  (Figs.  15  (d) ,  IS  (e)  and  15  (f)). 

6)  These  large  eddies  are  decomposed  into  turbu¬ 
lence  having  higher  frequencies  (Fig.  15  (g) ) . 

7)  The  turbulence  tends  to  be  relaminari zed  during 
the  acceleration  period.  The  clouds  of  milk  already 
formed  make  few  diffusion  and  are  simply  carried  back 
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(d)  wt  =  14/18  TT  (e)  uit  =  1S/18  it  (f)  uit  »  16/18  tt 

Fig-  14.  Patterns  of  disturbances  formed  (Scope  in  actual  size  64cm x 69cm) (T  *  lO.Osec) 


as  a  whole  by  the  flow  (Figs.  IS  (h)  and  15  (i)). 

I'  is  recognized  from  these  pictures  that  the 
flow  in  the  boundary  layer  does  not  always  remain  tur¬ 
bulent  during  a  whole  cycle. 

Comparison  between  Fig.  7  and  Fig.  15  indicates 
that  the  features  responsible  to  the  occurrence  of 
negative  values  of  Reynolds  stress  are  such  large- 
scale  eddies  as  shown  in  Figs.  15  (d) ,  IS  (e)  and  Fig. 
IS  (f).  it  is  noticed  in  Fig.  7  that  the  absolute 
value  of  the  negative  Reynolds  stress  increases  as  the 
distance  from  the  wall  increases  up  to  a  certain  value, 
although  the  value  of  the  positive  Reynolds  stress  de¬ 
creases  as  the  distance  increases.  This  result  of 
measurement  can  be  interpreted  also  as  the  consequence 
of  the  formation  of  the  large-scale  eddies  (Fig.  is  (d). 
IS  (e)  and  15  ( f ) ) . 

CONCLUSIONS 

New  details  on  the  nature  of  turbulence  in  the 
oscillatory  boundary  layer  were  observed  by  dynamic 
measurement  of  turbulence  and  also  flow  visualization 
technique.  Turbulence  bursts  occur  in  each  cycle  of 
oscillatory  flow  which  bursts  are  followed  by  the 
relaminarization  during  the  same  cycle.  The  process 
of  generation  of  turbulence  in  oscillatory  boundary 
layer  was  elucidated  by  the  flow  visualization  and  com¬ 
pared  with  the  results  of  dynamic  measurements. 
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ABSTRACT 

The  flow  field  of  an  axisymmetric  turbulent  vor¬ 
tex  row  impinging  onto  a  flat  surface  was  investigated 
experimentally.  The  vortices  were  generated  acous¬ 
tically  by  a  loudspeaker  installed  in  a  specially  de¬ 
signed  ducting  system  yielding  maximum  intensity  in 
resonance  frequencies.  The  intensity  was  further 
increased  using  a  nozzle  of  large  contraction  ratio. 
Thus,  the  system  could  be  operated  in  several  reson¬ 
ance  frequencies,  yielding  high  velocity  fluctuations 
at  the  nozzle's  exit  that  resulted  in  a  row  of  vor¬ 
tices  whose  geometrical  characteristics,  velocities, 
and  spacing  were  governed  by  those  frequencies.  Due 
to  the  periodic  nature  of  the  flow,  ensemble  averag¬ 
ing  was  used  for  data  processing. 

The  results  include  time  histories  of  the  mean 
and  r.m.s.  velocities  in  a  basic  period,  autocorrela¬ 
tions,  power  spectra  and  pictures  of  the  flow  field 
using  smoke  visualization. 

The  main  conclusions  are  that  this  flow  shows 
certain  similarities  to  an  impinging  let  flow  in  both 
mean  and  fluctuating  velocities,  as  well  as  in  the 
turbulence  augmentation  by  vortex  stretching  near  the 
stagnation  point. 

1.  INTRODUCTION 

1.1  General  Description 

The  initial  motivation  for  this  research  stems 
from  previous  works  that  were  concerned  with  heat- 
transfer  from  a  heated  flat  surface  to  an  impinging 
flow.  It  was  established  <•  those  works  that  the 
level  of  turbulence  is  incrta^ed  when  the  flow  appro¬ 
aches  stagnation  and  the  heat  transfer  rates  are  in¬ 
creased. 


In  order  to  study  this  phenomenon  in  a  controlled 
flow  field  Gutmark  et  al  [ll  used  a  round  .jet  that 
could  be  excited  by  a  loudspeaker  in  a  predetermined 
frequency.  The  flow  field  of  this  jet  was  studied 
at  different  excitation  frequencies.  In  special  fre¬ 
quencies  the  amplitude  of  the  velocity  fluctuations 
issued  from  the  nozzle  were  exceptionally  high  due  to 
an  acoustic  resonance  of  the  ducting  system.  In 
addition,  further  augmentation  of  the  turbulence  at 
certain  frequencies  was  generated  by  the  stretching 
of  the  flow  near  the  stagnation  point.  Since  the 
relation  between  the  heat  transfer  rate  and  the  in¬ 
creased  turbulence  level  in  stagnation  flow  has  been 
established  in  previous  experiments,  Gutmark  et  al 
[2]  cheeked  the  heat  transfer  from  a  plate  to  an 
excited  round  jet.  In  these  measurements  the  jet  was 
excited  at  the  resonance  frequencies  in  order  to  get 
more  ener^  into  the  flow  in  specific  frequencies. 

Some  of  these  measurements  were  carried  out  without 
any  net  jet-flow,  so  that  the  total  flow  field  was 
created  by  the! loudspeaker  generated  fluctuations  at 
the  nozzle.  An  interesting  observation  was  that  the 
cooling  effect  of  the  acoustic  flow  was  dominant  up  to 
a  relatively  high  Reynolds  number  of  the  jet  flow. 

The  present  research  was  carried  out  in  order  to 
study  the  flow  characteristics  of  the  acoustic  flow, 
so  that  its  high  cooling  effect  might  be  explained. 

1.2  Literature  Survey 

The  present  flow  field  is  similar  in  some  respects 
to  impinging  jet  flows,  and  in  other  respects  to  the 
flow  of  free  toroidal  vortices.  The  round  impinging 
jet  flow  has  been  investigated  experimentally  by  some 
authors,  e.g.  Poreh  and  Cermak  [3],Schauer  and  Eustls 
[ 4 j ,  Gutmark  et  8l  [1],  Donaldson  and  Snedeker  [5]  and 
Yokobori  et  al  [6].  Impingement  at  a  short  nozzle  to 
plate  distance  was  reported  by  Sadeh  et  al  [7], Similar 
configuration  was  studied  by  Castro  and  Bradshaw  [6]. 


It  is  recognized  now  that  vortex  stretching  near  the 
stagnation  point  augment  the  turbulence  energy,  and 
that  absolute  increase  of  the  turbulent  fluctuations 
in  the  stretched  direction  occurs  at  low  frequencies. 
Recently  Ho  and  Nosseir  [9]  found  large  scale  struc¬ 
tures  in  impinging  jet,  and  these  structures  are  very 
likely  toroidal.  Toroidal  vortex  chains  were  studied 
in  many  papers,  for  instance  Sallet  and  Widmayer  110], 
Maxworthy  [11],  Sullivan  et  al  [12],  Yamada  and  Matsui 
[13],  or  Schultz-Grunow  [14].  The  vortices  appear  to 
be  very  coherent  at  least  near  the  nozzle.  They  grew 
slowly  as  they  move  downstream.  Usually  they  reach  a 
fully-developed  stage  only  after  2-3  nozzle  diameters. 

Theoretical  investigation  of  the  toroidal  vor¬ 
tices  allow  prediction  of  their  properties.  Saff- 
man  (3  51  formulated  a  method  for  such  calculations. 
Although  he  assumed  that  the  core-diameter  is  small 
compared  to  the  diameter  of  the  vortex,  his  calcula¬ 
tions  are  useful  for  comparison  with  the  present  in¬ 
vestigation  where  this  assumption  is  not  satisfied. 

In  conclusion,  vortex  stretching  near  stagnation 
points  plays  an  important  role  in  such  flows,  by  the 
augmentation  of  turbulence  which  it  creates.  Appa¬ 
rently,  a  iet  flow  shows  somewhat  similar  properties 
to  those  of  a  chain  of  vortices,  and  therefore  vortex 
impingement  may  be  of  significant  practical  use.  In 
the  present  research  we  study  this  phenomenon  experi¬ 
mentally,  using  hot  wire  anenometry,  and  flow  visuali¬ 
zation  techniques.  Our  main  objective  is  to  under¬ 
stand  the  basic  properties  of  the  mean  and  turbulent 
flow . 


The  hot-wire  probe  was  operated  by  a  DISA  con¬ 
stant-temperature  anemometer.  It  was  calibrated 
against  the  nozzle  velocity  while  flow  was  forced  by 
the  fan.  The  hot-wire  signal  was  sampled  and  pro¬ 
cessed  on  a  POP  11/34  computerized  data  acquisition 
system  as  described  in  Reference  [161.  The  calibra¬ 
tion  was  performed  by  the  conputer  as  well,  using  best 
fit  to  A,  B  and  n  in  the  anemometer  response  equa¬ 
tion 

V2  -  A  +  B  U  n  . 

The  calibration  errors  were  about  *  2%  at  10  m/s 
and  *  4%  at  1.5  m/s . 

The  experiments  were  performed  at  an  acoustic 
frequency  of  15  Hz.  The  number  of  sampling  points 
per  period  was  256.  Ensemble  averaging  was  used  for 
processing,  and  all  the  members  of  the  ensenfcle  were 
of  equal  length.  The  sampling  quality  was  checked 
by  its  autocorrelations.  The  autocorrelation  of  the 
ensemble  average  was  periodic  to  less  than  11  and  the 
autocorrelation  of  the  turbulent  fluctuations  was 
s  tatiouarv . 

Very  near  to  the  nozzle  the  axial  velocity  is 
negative  during  a  part  of  the  period.  We  do  not  re¬ 
port  measurements  in  this  region  due  to  the  inherent 
difficulty  to  identify  the  direction  of  flow  from  hot¬ 
wire  measurements.  The  axial  velocity  became  fully 
positive  at  about  one  nozzle  diameter  from  the  nozzle. 

2.2  Non-Dimensional  Presentation 


As  the  mean  flow  is  periodic,  the  conventional 
time-averaging  techniques  could  not  be  applied  here. 
Therefore  we  had  to  develop  special  sampling  and 
processing  techniques,  which  are  described  elsewhere 
[16]. 

2.  EXPERIMENTAL  METHODS 

2.1  Apparatus  and  Procedure 

A  schematic  of  the  experimental  rig  is  shown  in 
Figure  1.  The  vortex  rings  are  issued  form  a  2.5  cm 
diameter  nozzle  after  an  area  contraction  ratio  of 
1:64. 

The  nozzle  is  connected  to  the  settling  chamber 
by  a  round  duct  of  203  ran  diameter  and  984  mm  length. 
At  one  of  the  walls  of  the  settling  chamber  a  50  watt 
12  inches  diameter  loudspeaker  is  installed.  Its 
vibrations  produce  the  vortex-rings  which  are  issued 
from  the  nozzle  with  increased  intensity  because  of 
the  contraction  at  the  nozzle. 

Behind  the  settling  chamber  a  conical  diffuser 
is  installed  to  enable  a  proper  connection  to  a  blow¬ 
er  whenever  net  flow  is  superimposed  on  the  acoustic 
vibrations.  The  whole  system  is  mounted  on  a  lathe- 
slide  enabling  positioning  of  the  nozzle  in  the  two 
horizontal  directions  with  accuracy  of  0.05  mm. 

A  flat  round  plate,  1  meter  diameter,  is  in¬ 
stalled  perpendicular  to  the  nozzle's  axis.  The 
plate  can  be  moved  in  the  vertical  direction  with  an 
accuracy  of  0.25  ran.  The  hot  wire  probe  is  protru¬ 
ding  through  a  hole  in  the  center  of  the  plate.  The 
probe  may  be  moved  through  the  hole  in  a  normal  direc¬ 
tion  to  the  plate.  The  accuracy  of  the  hot-wir^s 
location  was  i  0.25  mm. 


The  present  flow  is  governed  by  the  following 
parameters: 

f  -  the  acoustic  frequency 

D  -  the  nozzle  diameter 

U  -  a  characteristic  velocity  of  the  vortices 

h  -  the  distance  between  the  nozzle  and  the 
plate . 

These  parameters  may  be  arranged  in  the  following 
dimensionless  t roups: 

UD 

Revnolds  Number  Re  *  — 

v 

Strouhal  Number  St  *  * — 

Non-dimensional  distances  h/D  ;  X/D  . 

Previous  works  showed  that  the  viscosity  has  a 
secondary  effect  on  the  development  of  the  vortices 
away  from  the  nozzle  and  from  the  plate.  Thus  the 
Strouhal  number  is  the  dominant  dimensionless  para¬ 
meter  for  this  flow.  This  is  illustrated  in  Figure 
2,  which  shows  the  local  Strouhal  nunfcer  (based  on 
local  peak  velocity)  along  the  axis  versus  the  initial 
Strouhal  number,  for  various  acoustic  frequencies  and 
intensities . 

The  resulting  lines  correspond  to  different  nor¬ 
malized  distances  from  the  nozzle  (X/D).  A  single 
functional  relation  is  sufficient  to  describe  the  be¬ 
havior  at  each  distance,  apart  from  X/D  »  3.10,  3.16, 
which  are  very  near  the  wall.  The  discrepancy  at 
these  two  locations  can  be  attributed  to  the  high 
measurement-errors  and  the  increased  dependence  on 


viscosity  near  Che  vail. 

In  dos t  of  the  measurements  the  Reynolds  number 
based  on  the  mean  absolute  nozzle  velocity  was  7326. 
This  corresponded  to  Reynolds  and  Strouhal  numbers 
based  on  the  peak  velocity  at  one  nozzle  diameter 
from  the  nozzle  of  16  600  and  0.0375  respectively. 

3.  EXPERIMENTAL  RESULTS 

3.1  Flow  Visualization 

Flow  visualization  by  dry  ice  was  used  to  clari¬ 
fy  the  basic  characteristics  of  the  flow.  In  Figure 
3  a  fully  developed  vortex  can  be  recognized  beginning 
at  X/D  »  1.  In  the  radial  direction  it  extends  to 
r/D  *  1.5,  which  means  that  its  core  diameter  is  about 
ID.  Figure  4  shows  the  spreading  of  the  vortex  on 
the  plate.  The  vortex  diameter  is  decreased  in  this 
region.  The  vortex  was  axially-synmetrical  when 
viewed  from  the  nozzle  direction. 

3. 2  Ensemble  Averaged  Velocity 

Figure  5  depicts  a  typical  hot  wire  sipiature, 
and  the  loudspeaker  input  signals.  The  hot  wire 
signature  is  positive  at  all  times.  High  frequency 
turbulent  fluctuations  appear  following  the  peak  in 
the  velocity.  A  remarkable  difference  between  the 
signature  of  the  leading  and  trailing  edges  of  the 
vortex  is  apparent.  A  typical  phase  shift  between 
the  two  signals  is  evident.  This  phase  shift  was 
found  to  depend  on  the  distance  from  the  nozzle  and 
from  the  axis  by  analysis  of  many  hot  wire  signatures. 

The  ensemble-average  mean  velocity  variation  of 
a  flow-structure  on  the  axis,  at  different  axial  lo¬ 
cations  is  given  in  Figure  6.  The  velocity  profiles 
at  each  location  are  shifted  so  that  the  peak  value 
of  each  curve  coincides  with  the  others.  The  norma¬ 
lized  time  is  f-t  ;  when  f  is  the  forcing  frequency 
which  equals  15  Hz  in  the  present  case,  and  t  is 
the  time,  starting  from  the  peak. 

The  mean  velocity  <U>  is  normalized  by  the 
peak  velocity,  which  is  termed  <U„>  •  The  values  of 
<U_>  change  from  10  m/sec  at  X/D  ■  1.25  to  about 
lm/s  ec  near  the  plate. 

The  overlapping  of  the  velocity  profiles  at  di¬ 
fferent  X/D  locations  along  the  axis  stems  from  the 
similarity  of  the  profiles. 

The  lateral  variation  of  <Um’  in  different 
axial  locations  is  given  in  Figure  7.  The  velocity 
is  normalized  by  its  value  on  the  center-line.  The 
velocity  profiles  are  also  cosgiared  with  the  calcula¬ 
ted  velocity  profile  of  an  inviscid  vortex-ring  whose 
total  circulation  is  i  -  0.32  m2/sec.  The  ahape  of 
the  calculated  profile  fits  quite  well  to  the  measured 
one  at  X/D  •  1.25  especially  in  the  inner  and  outer- 
part  of  the  vortex,  but  not  near  the  core  where  the 
viscosity  cannot  be  neglected. 

Further  downstream  the  vortex  is  stretched  and 
entrains  more  fluid  from  the  ambient  air  and  thus  the 
profile  becomes  broader  and  with  a  more  even  distribu¬ 
tion  of  the  velocity.  Near  the  plate  (X/D  «  2.75) 
at  the  outer  part  of  the  vortex  the  velocity  measured 
has  a  higher  contribution  of  the  lateral  component. 


tion  in  the  lateral  direction  where  profiles  from  dif¬ 
ferent  axial  locations  are  similar.  The  mean  veloci¬ 
ty  is  normalized  by  its  center- line  value,  Ue,  and  the 
lateral  coordinate  Y  is  normalized  by  the  lateral 
distance  to  the  point  where  the  mean  velocity  drops  to 
half  its  value  on  the  center- line  (Y^) .  The  profiles 
are  congiared  with  the  mean  velocity  profiles  of  a  de¬ 
veloped  axisymmetric-jet  and  of  a  developed  plane 
mixing- layer.  The  former  fits  the  present  results 
in  the  outer  part  of  the  profile  and  the  later  in  the 
inner  part. 

3.3  Ensenble  Averaged  Fluctuating  Velocities 

The  root  ensenble  mea"  square  (R.E.M.  S.)  axial 
velocity  non  dimensionalized  by  the  peak 

velocity  <Dm:>  is  shown  in  Figure  9.  All  profiles 
were  shifted  so  that  the  location  f*t  ■  0  corresponds 
to  the  location  of  the  peak  mean  velocity  of  each  ve¬ 
locity  trace.  In  this  way  the  relative  fluctuations 
intensity  of  the  leading  and  trailing  edges  of  the 
structure  can  be  compared. 

The  highest  relative  values  of  the  R.E.M.S. 
were  measured  at  the  leading  edge  of  the  structure 
reaching  a  level  of  202  near  the  nozzle  and  352  near 
the  plate.  At  the  location  of  the  peak  mean  velocity 
there ' s  a  dip  in  the  normalized  R.E.M.S.  and  another 
maximum  in  the  R.E.M.S.  follows  in  the  trailing  edge, 
but  at  a  lower  level.  The  tail  of  the  structure  at 
each  location  has  a  low  constant  intensity.  One 
exception  is  the  profile  closest  to  the  plate  at 
X/D  -  3.16  where  the  maximum  intensity  is  located 
after  the  oeak  mean  velocity  and  has  a  high  value  of 
more  than  402,  which  might  lead  to  large  measurement 
error.  Another  source  of  error  in  this  profile  is 
the  very  low  mean  velocity  in  this  region  which  is  of 
the  order  of  1  m/sec. 

The  distribution  of  the  axial  fluctuating  velo¬ 
city  component  at  X/D  ■  2.75  is  given  in  Figure  10. 

All  the  orofiles  measured  In  various  Y/D  feature  the 
same  double-peak  structure.  In  most  cases  the  peak 
in  the  accelerating  side  of  the  vortex  is  higher  than 
the  one  corresponding  to  the  decelerating  side. 

3.4  The  Autocorrelation  of  the  Fluctuating 

Veloci ties 

The  autocorrelation  of  the  axial  fluctuating 
component  is  given  in  Figure  11  on  the  axis  in  Jifferent 
axial  locations.  All  the  autocorrelation  curves  have 
a  typical  shape  of  an  isotropic  developed  turbulence. 

The  autocorrelation  decays  to  zero  after  less  than  102 
of  the  large  structures  period.  Then  the  curve  has  a 
small  negative  dip,  followed  by  a  positive  low  peak. 

The  variation  along  the  axis  shows  a  slight 
narrowing  of  the  autocorrelation  in  the  downstream 
direction,  followed  by  an  increased  width  near  the 
wall. 

3.5  Spectral  Distribution  of  the  Fluctuating 

Axial  Velocities 

The  spectra  of  the  turbulent  fluctuations  was 
calculated  from  the  Fourier  Integral  of  the  autocorre¬ 
lation  using  Wlener-Khinchlne  relation: 

p(f)  »  4|  R(t)  cos2rfr  dT 


Figure  6  shows  the  time-averaged  velocity  varia- 


The  gradual  development  of  the  turbulence  to¬ 
wards  the  plate  on  the  axis  is  shown  in  Figure  12. 

In  the  beginning  most  of  the  energy  is  concentrated 
in  the  low  frequency  fluctuations  of  the  order  of  up 
to  5  times  the  large  structure  frequency.  The  slope 
in  the  high  frequency  range  is  sharp  and  thus  the 
energy  level  of  the  high  frequencies  is  low.  As  the 
plate  is  approached  this  slope  increases  until  an 
inertial  subrange  can  be  detected  implying  that  the 
turbulence  becomes  more  developed  and  energy  is  flow¬ 
ing  to  the  higher  frequencies. 

CONCLUSIONS 

The  flow  field  of  a  row  of  toroidal  vortices 
impinging  onto  a  plate  was  investigated  experimentally. 

It  was  found  that  only  in  a  limited  zone  near 
the  nozzle,  of  about  1.25  P  there  is  a  reversed  flow 
region  where  the  mean  velocity  could  change  its  di¬ 
rection  from  forward  to  backward  flow.  Following 
this  region  Che  vortices,  while  entraining  flow  from 
the  anfcient  air,  gained  axial  momentum  so  that  there 
was  only  forward  velocity.  The  decay  of  this  velo¬ 
city  towards  the  impingement  plate  was  found  to  be 
very  similar  to  that  of  an  impinging  jet  or  a  stagna¬ 
tion  flow.  The  profile  of  the  axial  mean  velocity 
has  also  a  similar  bell  shape  profile  as  in  the  im¬ 
pinging  jet  but  the  width  of  the  flow  is  kept  constant 
till  the  immediate  vicinity  of  the  plate.  The  width 
of  the  mean  velocity  trace  is  not  changed  till  a  dis¬ 
tance  of  about  one  wave  length  from  the  wall  where  it 
starts  to  decrease  as  a  result  of  the  vortex  stretch¬ 
ing,  caused  by  the  plate.  The  velocity  trace  becomes 
also  narrower  at  the  maximum  range  until  a  real  sharp 
variation  of  the  velocity  can  be  detected  at  the  crest. 
Comparing  the  turbulent  R.M.S.  values  it  can  be  seen 
that  the  higher  intensities  of  the  turbulent  fluctua¬ 
tions  are  found  at  the  leading  edge  of  the  vortex 
where  the  flow  is  in  the  acceleration  phase,  indica¬ 
ting  a  dependence  of  the  intensities  on  the  local 
Reynolds  Number.  Similar  results  were  recently 
found  in  pulsating  flow  in  a  oipe  (Shemer  &  Wygnanski 

[17]). 

The  almost  perfect  periodicity  of  the  large- 
scale  structures  is  well  demonstrated  by  the  auto¬ 
correlation  measurements. 
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ABSTRACT 

The  paper  describes  velocity  and  pressure 
measurments  in  pulsating  pipe  flow  and  a  comparison 
is  made  between  steady  and  pulsating  flows  ai  ident¬ 
ical  Reynolds  nutr.bers  in  laminar  and  turbulent  re¬ 
gimes.  The  analysis  of  the  experimental  data  shows 
that  the  response  of  the  turbulent  structure  lags 
behind  the  pulsating  flow.  An  eddy  viscosity  model 
allowing  for  this  effect  is  proposed,  and  the  re¬ 
sults  of  the  numerical  solution  are  presented. 

NOMENCLATURE 


e  ipower  spectra  coefficients 

D  spipe  diameter 

g,h  ^arbitrary  functions 

f  s  frequency 

t  smixing  length 

L  slength  of  the  pipe 

p  ^pressure 

r  sradial  coordinate 

R  sradius  of  the  pipe 

Re  iUD/  v  Reynolds  number 

t  stime 

T  =period  of  pulsations 

u  =axial  velocity 

ut  ifriction  velocity 

J  =bulk  velocity 

v  sradial  velocity 

x  =  axial  coordinate 

■5  sradius-vector 

Greek  Letters  — 

a  sr/u/v  frequency  parameter 

e  skinematic  eddy  viscosity 

e.  soscillating  eddy  viscosity 

e  sccr-Flex  eddy  viscosity 

1  sfriction  coefficient 

4  i phase  angle  (with  the  appropriate 

subscript  denotes  the  angle  between  the  subscript 
quantity  and  pressure) 
p  ^density 

6  srelaxation  time 

t  sshear  stress 

w  *2*  f  cyclic  frequency 

Subscripts  and  symbols 

1  amplitude  of  oscillations 

cr  critical  value 

<...>  denotes  phase  average 

(overbar)  denotes  time-mean 

A  BRIEF  DESCRIPTION  OF  THE  APPARATUS  AND  DATA  PRO¬ 
CESSING 


The  paper  describes  measurements  carried  out  in 
a  pulsating,  fully  developed,  pipe  flow  in  laminar 
and  turbulent  regimes.  A  detailed  description  of 
the  original  facility  was  given  oy  Wygnarsxi  and 
Champagne  (1973);  a  brief  account  is  presented  here 
for  the  sake  of  completeness.  A  straight  and  smooth 
aluminum,  pipe  3.3  cm  in  diameter  and  17  m  long  was 
used.  The  mean  flow  was  supplied  oy  a  high  pressure 
(5  atm)  compressor  and  regulated  by  a  precision  re¬ 
gulator.  High  resistance  was  introduced  between  the 
compressor  and  a  large  settling  chamber  in  order 
that  the  flow  rate  would  be  Independent  of  pressure 
oscillations  and  the  flow  regime  in  the  pipe.  As  a 
source  of  pulsations  a  valvless  piston  pur.p,  con¬ 
nected  to  the  settling  chamber,  was  used.  The  pis¬ 
ton  diameter  was  9  cm.,  and  its  displacement  could  be 
-hanged  from  3.5  to  7.5  cm.  in  17  steps.  The  Fump 
was  driven  by  a  1.5  hp  variable  speed  motor  permit¬ 
ting  a  change  in  the  period  of  pulsations  between 
0.5  sec  and  5  sec. The  repeatability  of  the  time  per¬ 
iod  was  better  than  0.3*. 

Velocity  measurements  were  made  with  single 
x-wire  or  with  a  rase  of  9  hot  wires  distributed 
evenly  in  the  radial  direction  at  distances 
A  r/Rs0.12  between  the  neighbouring  wires;  so  that 
when  the  location  of  the  first  wire  was  on  the 
center  line,  the  9-th  wire  was  located  at  r/Rs0.97. 
Velocity  signal  s  from  the  hot  wire  anemometers  were 
digitized  by  a  12  bit  analog  to  digital  converter 
and  processed  on  a  PDP  11/60  minicomputer .  All  vel¬ 
ocity  measurments  were  taken  at  the  exit  plane  of 
the  pipe. 

A  pressure  transducer  (Validyne  DP  215-30) 
placed  at  the  wall  of  the  inlet  nozzle  monitored  the 
lnstanteneous  static  pressure  at  the  entrance  of  the 
pipe.  An  optical  senses-witch  mounted  on  the 
flywheel  of  the  piston  provided  a  trigger  signal, 
which  was  used  as  a  phase  reference.  Both  pressure 
and  trigger  signals  were  processed  digitally. 

The  period  of  the  oscillations  was  measured  by 
the  computer.  Two  factors  determined  the  sampling 
frequency  which  depended  on  the  period  of  the  oscil¬ 
lations:  1)the  number  of  samples  per  channel  per 
period  had  to  be  a  power  of  2  for  the  purpose  of 
using  a  Fast  Fourier  Transform;  2)  the  maximum,  pos¬ 
sible  rate  of  continuous  data  processing  and  record¬ 
ing  on  a  magnetic  tape  provided  an  upper  limit  on 
the  total  sampling  rate  which  could  not  exceed  23 
KHz.  Thus,  1024,  204 d  or  4096  points  were  sampled 
per  period  per  channel,  depending  on  the  frequency 
of  oscillations.  The  lowest  sampling  frequency  used 
was  B00  Hz.  In  laminar  flow  56  periods  were  meas¬ 
ured  for  each  set  of  parameters  while  in  turbulent 
flow  the  number  was  240.  In  both  cases  d  consecu¬ 
tive  periods  were  sampled  thus  enabling  one  to  ob- 
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tain  spectral  infontation  for  frequencies  lower  than 
those  of  the  forced  oscillations. 

Most  of  the  measurm.ents  were  made  at  mean  Rey¬ 
nolds  number  4000. The  choise  of  Re  was  dictated  oy 
two  jr.ain  reasons:  1)to  ensure  that  there  is  no  back 
flow  at  any  radial  location,  and  2)  to  assure  that 
the  relatively  low  sampling  frequency  is  adequate 
for  measurments  of  turbulence.  The  influence  of  the 
ir.ean  Reynolds  number  on  the  flow  was  tested  and  re¬ 
ported  by  Shelter  (1981). 

The  undisturbed  flow  was  lair.inar  at  all  Rey¬ 
nolds  nuir.Ders  and  frequencies  used.  Turbulence  was 
triggered  artificially  by  a  perturbance  (a  cylinder 
2.5  hit  in  diameter)  which  was  inserted  diametrically 
into  the  Fipe  20  dia/reters  from,  the  entrance.  The 
disturbance  caused  the  steady  flow  to  become  fully 
turbulent  at  all  Reynolds  numbers  above  3000.  When 
the  cylinder  was  pulled  out  of  the  pipe  the  flow  be¬ 
came  laminar,  which  enabled  m.easurm.ents  in  laminar 
or  turoulent  flow  while  keeping  all  other  controll¬ 
able  parameters,  like  mean  velocity,  displacement 
am.pl itude  of  the  piston  and  frequency  of  oscilla¬ 
tions,  constant. 

The  periodic  nature  of  this  flow  suggests  the 
decomposition  of  any  flow  variable  g(jf,t)  into  3 
components  (Hussain  and  Reynolds  (1970)) 

g(iT,t)=g(x)*<g(x,4  )>+g'(x,t)  (1) 

where  g(x)  is  th£  time  mean  value  of  the  variable 
g(x,t)  at  point  x  T 

g(x)  =  lim  1/2T  g(x,t)  dt 
-TJ 

<g(x,  4  )>  is  the  contribution  of  the  periodic  part 
at  a  given  phase  angle  at  the  same  point 

<  g(x,4)  >  -^lim  £  \  (gi(x,8)  -  gU)) 

and  g'(x,t)  is  the  random  part.  The  difference 
between  pulsating  and  non-pulsating  turbulent  flow 
is  determined  oy  the  existence  of  <g>,  which  van¬ 
ishes  in  the  steady  case.  From  the  definition  of 
the  phase  mean  component  <g>  it  is  clear  that  the 
following  relations  must  hold  for  the  temporal  mean 
val ues 

g' *<g>rg' <h>=0  (2) 

Averaging  experimental  data  at  fixed  phase  angles 
determines  the  value  of  <g>. 

Assuming  that  the  flow  is  not  only  periodic, 
but  also  harmonic,  restricts  the  oscillating  part  to 
a  single  Fourier  com.ponent,  thus 

<g(x  ,  4  )>=Re(g1(x)  exF(  i(  u  t+  4^))  (3) 

where  g  (x)  is  the  amplitude  of  pulsations  and  4 
is  the  initial  phase  angle  of  the  quantity  g.  All 
phase  angles  referred  to,  in  this  work,  are  related 
to  the  pressure.  In  general,  the  time  dependent 
variables  can  oe  expanded  in  Fourier  series,  so  that 
the  right  hand  side  of  Eq.(3)  becomes  the  leading 
term,  in  the  expansion. 

EXPERIMENTAL  RE3ULT3 

Mean  Flow:  iteady  vs ,  Pulsating  Velocities  and 
Pressure 

Fig.l"  represents  time  mean  velocity  profile 
measured  oy  an  x-wlre  in  l«tinar  pulsating  flow  and 
normalized  Oy  the  center-line  velocity.  The  profile 


presented  was  taken  at  Re=4000,  period  T=1.34  sec 
and  a  relative  amplitude  of  bulk  velocity  fluctua¬ 
tions  AU=20t. 


Fig.  1  Time-mean  velocity  profiles 

a)  Laminar  Flow 

b)  Turoulent  Flow 

In  Fig.1b  three  measured  turbulent  velocity  are 
shown;  one  of  the  profiles  was  taken  in  steady  flaw 
at  Re=4000,  while  for  the  other  two  the  amplitude  of 
pulsations  was  varied.  No  significant  difference 
could  be  observed  Detween  steady  and  pulsating  time 
mean  velocity  profiles  whether  in  laminar  or  turbu¬ 
lent  flows.  This  result  could  be  anticipated  in 
fully  developed  lam.inar  flow,  because  of  the  result¬ 
ing  linearity  of  the  Navier-otoxes  equations,  out  m 
turbulent  pulsating  flow  it  indicates,  that  the  time 
mean  Reynolds  stresses  are  not  affected  oy  the  har¬ 
monic  oscillations. 

The  friction  coefficient  x  ,  calculated  from 
Darcy's  formula 

p/  p:  XL/D  D2/2 

did  not  show  any  difference  between  steady  and  pul¬ 
sating  flows  for  both,  lam.inar  and  turoulent  regim.es. 
The  measured  friction  coefficient  in  laminar  flow 
was  higher  by  about  1DJ,  than  the  theoretically 
predicted  value  of  64/Re.  In  turoulent  flow,  the 
measured  value  of  is  in  fair  agreement  with  the  va¬ 
lues  quoted  in  the  literature  for  smooth,  pipes  (see 
H.Schlichting  (1975)). 

Phase  Averaged  Values:  Laminar  vs ■  Turoulent  F low 

Typical  time  dependencies  of  the  phase  averaged  vel¬ 
ocities  in  a  tubulent  pulsating  flow  are  shown  in 
Fig. 2  and  the  concomm.itant  reference  pressure  oscil¬ 
lations  are  shown  at  the  tOF  of  the  Figure.  Each 
velocity  trace  is  normalized  oy  the  time  mean  velo¬ 
city  on  the  center  line  of  the  Fipe.  The  uppermost 
velocity  trace  corresponds  to  r/R=0  (i.e.  the  velo¬ 
city  was  measured  or,  the  center  line)  and  the  bottom 
trace  represents  the  velocity  at  r/RsO.97.  During  a 
fraction  the  period  the  pressure  at  the  inlet  of  the 
pipe  is  lower  than  at  the  exit  pointing  to  the  exis¬ 
tence  of  an  adverse  pressure  gradient.  The  velocity 
however  does  not  reverse  itself  at  all  radial  posi- 


tions  and  all  phase  angles.  The  validity  of  the  as¬ 
sumption  that  pressure  and  velocity  oscillations  are 
harmonic  nay  be  checked  by  representing  the  ensemble 
averaged  signals  in  Fourier  series. 


Fig.  2  Phase  averaged  velocities  and  pressure 

The  "power"  spectra  were  calculated,  and  the  ratio 
of  the  first  two  coefficients  c(2u)/c(u),  i.e. 
the  coefficient  of  the  fundamental  frequency  and  its 
first  harmonic,  was  determined.  For  moderate  ampli¬ 
tudes  of  velocity  pulsations,  this  ratio  was  less 
than  3*  thus  providing  the  justification  for  the 
harmonic  assumption.  At  high  amplitudes,  in  turbu¬ 
lent  pulsating  flow,  partial  relaminarization  occurs 
making  the  contribution  of  the  second  harmonic  more 
significant . 

The  harmonic  character  of  pulsations  enables 
one  to  represent  the  instanteneous  velocity  by  an 
exponential  form  (Eq.(3)),  and  aleviates  the  neces¬ 
sity  of  describing  the  temporal  and  spatial  changes 
in  velocity  by  plotting  a  large  number  of  phase 
averaged  velocity  profiles.  Two  functions  can  fully 
describe  the  phase  averaged  component  of  the  veloci¬ 
ty  at  the  imposed  frequency:  (i)  the  amplitude  dis¬ 
tribution  u^r);  (ii)  the  phase  angle  *  (r)  rela¬ 
tive  to  the  phase  of  the  pressure  oscillations.  The 
fully  developed  laminar  pulsating  pipe  flow  depends 
or,  Re  and  on  a  dimensionless  frequency  parameter 
a  *R/w/vwhich  is  referred  to  at  times  as  Wocersley 
number.  In  the  absence  of  viscosity,  the  pressure, 
being  the  only  driving  force,  is  in  phase  with  the 
acceleration  of  the  fluid.  The  velocity  lags  by  90° 
behind  the  acceleration,  and  thus  also  lags  behind 
the  pressure.  The  radial  distribution  of  the  phase 
angle  is  shown  in  Fig. 3  for  Re«4000  and  for  various 
periods  of  oscillations.  The  solid  lines  ahow  the 
theoretical  prediction  of  Uehida(1956),  ttiile  the 
crosses  and  the  triangles  give  the  measured  phase 
angles  in  fully  developed  laminar  and  turbulent 
flows,  respectively.  A  good  agrewent  with  theory 
was  obtained  for  the  laminar  case,  with  the  excep¬ 
tion  of  the  very  low  frequencies  which  are  most  sen¬ 


sitive  to  the  influence  of  the  entrance  region.  The 
phase  lag  on  the  genter  line  of  the  pipe  in  laminar 
flow  is  usually  90°,  and  it  decreases  to  approxi¬ 
mately  45°  near  the  wall. 


Fig.  3  The  radial  distribution  of  in  laminar 
and  turbulent  flows. 

In  turbulent  flow  the  results  appear  to  be  very 
different.  The  frequency  parameter  a  =  r/  uVvno 
longer  controls  the  flow  because  the  relevant  vis¬ 
cosity  is  no  longer  v  but  some  turbulent  exchange 
coefficient  e  ,  which  is  orders  of  magnitude  larger 
than  v  .  The  effective  a  is  thus  much  lower,  and 
the  angle  t  in  the  central  region  of  the  pipe  de¬ 
creases  more  quickly  with  increasing  period  than  in 
the  corresponding  laminar  flow.  In  contrast  to  lam¬ 
inar  flow,  however,  the  Fhase  lag  increases  towards 
the  wall;  the  qualitative  nature  of  this  result  was 
noticed  by  Ramaprian  and  Tu  (1980).  A  more  detailed 
explanation  of  this  phenomenon,  based  on  a  simple 
turbulent  model  will  be  discussed  later. 

The  qualitative  difference  between  laminar  and 
turbulent  pulsating  flows  also  exists  in  the  radial 
distribution  of  the  amplitudes  of  the  velocity  os¬ 
cillations.  In  lar.lnar  flow,  the  maximum.  amplitude 
of  the  velocity  oscillations  occurs  in  the  Stokes 
layer  near  the  wall,  as  noticed  already  oy  Richard¬ 
son  (1927/28),  while  in  turbulent  flow  the  maximum 
amplitudes  occur  in  the  center  of  the  pipe.  The  ra¬ 
dial  distribution  of  the  measured  amplitudes  of  vel¬ 
ocity  oscillations  in  laminar  and  turbulent  flows, 
resulting  from,  identical  forcing,  is  shown  in  Fig. 4. 
The  theoretically  calculated  amplitudes  in  laminar 
flow  which  were  matched  on  the  center  line  (Jchida 
(1956))  are  shown  also  in  Fig. 4  for  comparison.  In 
turbulent  flow  the  amplitude  is  uniform,  in  the  cen¬ 
tral  region  of  the  pipe,  but  decreases  rapidly  near 
the  wall.  The  amplitude  of  pulsations  in  laminar 
flow  also  decreases  near  the  wall.  Increasing  the 
mean  Re  or  decreasing  the  frequency  of  oscillations 
leads,  in  turbulent  flow,  to  a  more  uniform,  distri¬ 
bution  of  the  velocity  amplitudes. 

The  E  f feet  of  Forcing  on  Turbulence 

There  is  no  doubt,  that  some  Information  relat¬ 
ed  to  the  structure  of  the  turbulent  flow  is  lost  oy 
the  conventional  and  phase  locked  averaging  proce- 
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dure.  The  oscillating  part  of  the  velocity  during  a  the  amplitude  of  the  pulsations  of  ut  which  in  turn 

single  period,  measured  oy  the  hot-wire  rake  and  deduced  from  the  oscillatory  component  of  the  Fres- 

compared  with  the  signature  of  the  pressure  oscilla-  sure  drop, 
tion,  is  shown  in  Fig. 5. 


Fig.  4  Radial  distribution  of  velocity  amplitude 


0  rr  2  r 


Fig.  5  Perturbation  velocity  during  one  period  of 
oscillations 

A  partial  lam.inarization  of  the  flow  is  observed 
during  the  time  at  which  the  velocity  is  low.  The 
amplitude  of  the  turbulent  fluctuations  Increases 
quite  suddenly  while  velocity  is  high,  out  it  decre¬ 
ases  gradually  during  the  decelerating  portion  of 
the  cycle.  _ 

Time  averaged  Reynolds  stresses  -u'v*  which 
were  measured  by  an  x-wire,  are  independent  of  the 
flow  pulsations  (Fig. 6a);  this  was  inferred  earlier 
from  the  similarity  of  time-mean  velocity  profiles. 
The  fact  that  the  time  mean  pressure  drop  along  the 
pipe  is  Independent  of  forcing,  also  Indicates,  that 
the  pulsations  have  nearly  no  effect  on  the  mean  Re¬ 
ynolds  stresses. 

The  radial  distribution  of  the  oscillating  part 
of  the  Reynolds  stresses  for  two  amplitudes  of  pul¬ 
sations  is  shown  in  Fig. 6°.  The  measured  values  of 
<u'v’>  were  rendered  dimensionless  when  divided  oy 


Fig.  6  Radial  distribution  of  u'v'  fluctuations 

a)  tim.e  mean  u'v' 

b)  amplitude 

c)  phase  angle  $uv 

Normalized  in  that  way,  the  amplitudes  of  the  Rey¬ 
nolds  stress  appear  to  be  independent  of  the  am.pl  l- 
tude  of  the  pulsating  Dulk  velocity.  Qualitatively, 
the  radial  distribution  of  the  amplitude  of  <u'v’> 
resembles  the  time  mean  u'v'.  Doth  are  proportional 
to  the  radial  distance  r  in  the  central  region  of 
the  pipe,  but  the  pulsating  <u'v'>,  attains  a  maxi¬ 
mum.  value  closer  to  the  wall,  than  the  tim.e  mean  Re¬ 
ynolds  stress. 

The  Fhase  of  <u'v'>  lags  behind  the  pressure 
and  attains  a  minimum  (Fig. 6c)  not  far  from  the  wall 
(0.7<r/R<0.8) .  The  location  of  this  minimixr.  depends 
on  the  amplitude  of  the  forcing. 

AN  EDDY  VISCOSITY  MODEL  FOR  TIME  DEPENDENT  FLOWS 


In  pulsating  pipe  flow,  the  amplitudes  and 
Fhase  angles  of  the  oscillating  pressure,  velocity 
and  shear  stress  are  mutually  dependent.  Therefore 
the  qualitative  difference  in  the  radial  distribu¬ 
tion  of  ♦  between  laminar  and  turoulent  flows 
(Fig. 3)  results  from,  the  different  behaviour  of  the 
oscillating  part  of  the  shear  stress  in  Doth,  re¬ 
gimes.  The  oscillating  parts  of  the  laminar  and 
turbulent  velocity  profiles  at  high  values  of  a  are 
vaguely  similar,  suggesting  that  a  proper  use  of  an 
eddy  viscosity  model  may  provide  a  qualitative 
answer  for  the  behaviour  of  the  oscillating  turbu¬ 
lent  flow,  in  particular  for  the  vastly  different 
radial  distribution  of  the  phase. 

The  eddy  viscosity  for  the  time  dependent  part 
of  the  flow  is  different  from,  the  eddy  viscosity  for 
the  steady  flow.  Following  Maruyam.a  (1974)  and 
using  the  Prandtl's  mixing  length  approach,  the  ex¬ 
pressions  for  the  shear  stress  and  the  eddy  viscosi¬ 
ty  are; 


3u  c2.3u.2 

PE  T7  pt  (¥7> 


where  t  is  the  mixing  length.  Introducing  the  de- 
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composition  for  the  steady  and  time  dependent  parts 
of  the  phase  averaged  velocity  uiTJr<u>  and  substi¬ 
tuting  '  into  £q.(4),  and  neglecting  terns  of  sec¬ 
ond  ordei  ,  .ulds: 

,2  ,  3  u.  2  2  3  u  3<u>  , c , 

t  -  Pi  (-)  +  2pi  ^7  —  (5) 

thus  implying  that  the  eddy  viscosity  of  the  oscil¬ 
lating  flow  is: 

£1  “  2‘2  f?  ’  2c  *  3(1 (6> 

The  simple  model  of  Prandtl  which  uses  a  constant 
length-scale,  gives  for  the  time  dependent  part  of 
the  shear  stress  an  eddy  exchange  coefficient  o1 
which  is  twice  the  conventional,  steady  eddy  viscos¬ 
ity 

For  a  more  complex  model,  like  the  one  of  Van 
Driest  (Launder  and  Spalding  (1972)),  the  relation 
between  c  and  e^  is  not  as  simple.  In  order  to  ob¬ 
tain  the  eddy  viscosity  which  represents  the  depen¬ 
dence  of  the  shear  stress  on  the  velocity  profile, 
the  radial  distributions  of  the  velocity  gradient 
and  of  the  shear  stress  were  calculated  for  two 
slightly  different  values  of  the  friction  velocity 
u,  from  equations  of  Van  Driest.  The  eddy  viscosity 
for  the  oscillating  flow  was  then  calculated  follow¬ 
ing  Fq.(6)  from.  the  equation : 

(»/R)Au* 

E  '  AOuTir)  £7) 

The  use  of  eddy  viscosity  suggests  that  the 
shear  stress  is  proportional  to  the  instantaneous 
value  of  the  local  velocity  gradient,  irrespective 
of  to  the  rate  of  change  of  the  phase-averaged  flow. 
A  careful  examination  of  the  experimental  data  reve¬ 
als,  that  this  is  not  always  a  valid  assumption. 
From  the  definition  of  an  eddy  viscosity  one  obta- 
ines 


.  3<u> 

(£rv)  ~rr 


-  -  <u  V  > 


The  phase  angle  of  the  Reynolds  stress  is  thus  re¬ 
lated  to  the  velocity  gradient  3<u>/3r.  With  the 
radial  distribution  of  both  amplitude  u  (r)  and 
phase  angle  *  (r)  of  the  velocity  oscillations 
Known,  the  time  dependent  velocity  gradient  is: 

3<u>  ,  aui  x  .  3V  i(“t+V 

“IT  •  (~  +  iul  e  «) 

The  phase  angle  of  a<u>/3r  may  thus  be  calculated 
from.  Eq.(9).  The  experimentally  observed  radial  de¬ 
pendencies  of  uj  (r)  and  t  (r)  are  slowly  varying 
function  of  r  with  the  exception  of  the  wall  area, 
thus  the  differentiation  of  these  curves  will  inev¬ 
itably  result  in  a  large  experimental  error. 
Consequently,  an  accurate  evaluation  of  the  eddy 
viscosity  for  the  oscillating  part  of  the  flow  from, 
the  measured  values  of  <u'v’>  and  3<u>/3r  seems  im¬ 
possible  in  practice. 

There  exists,  however,  a  point,  at  which  the 
phase  lag  ♦  (r)  attains  a  minimum,  resulting  in 
3<u(r)/3r*0  at  this  particular  radial  position,  and 
the  phase  angles  of  3  <u>/3r  and  <u>  are  identical 
(£q.(9)).  The  experimental  data,  however,  shows  a 
difference  in  phase  of  <u>  and  <u'v'>  at  this,  as 
well  as  at  other  radial  locations.  It  follows  from 
from  Eq.(d),  that  the  turbulent  part  of  the  eddy 
viscosity  for  the  time  dependent  flow,  has  to  be  a 
complex  function  which  Incorporates  a  phase-shift 
between  3<u>/3r  and  <u'v'>.  The  turbulent  struc¬ 
ture  thus  lags  behind  the  instantaneous  velocity 


distribution,  and  the  equation  relating  the  shear 
stress  to  velocity  gradient  has  to  be  modified  in 
order  to  include  a  lag  in  response-time  of  the  Rey¬ 
nolds  stress: 

<u'v'>  -  (bj-v)  - 6  -  (10) 

The  second  term  on  the  right  hand  side  of  Eq.(lO) 
represents  the  "inertia"  of  the  Reynolds  stress, 
which  may  be  large  whenever  the  change  in  <u'v'>  is 
rapid  in  comparison  with  a  characteristic  time  e  , 
but  vanishes  for  an  infinitely  slow  processes. 
Substituting  into  the  Eq.(IO)  the  notation  of  (3) 
one  obtains: 

,  .  rl  v  3<u>  cl  v  -iarctR(ujf)  3  =  u>  .... 

<uv  J  “7=TTe  ~ 

which  gives  an  expression  for  the  oscillating  eddy 
viscosity: 

.  £l“v  -iarctg(ue) 

Ej  -  v  +  ■— — —  e  (12) 

We2 

Eq.(  12)  indicates  that  the  argument  of  the  com- 
plex  eddy  viscosity,  as  well  as  it's  absolute  value 
are  frequency  dependent.  At  high  frequencies  rela¬ 
tive  to  the  relaxation  time  e(tue  »1)  the  absolute 
value  of  the  eddy  viscosity  for  the  oscillating  flow 
decreases,  and  the  Reynolds  stress  becomes  indepen¬ 
dent  of  the  phase  angle.  Thus,  the  turbulence  de¬ 
pends  on  the  mean  flow  only,  while  the  pulsations 
are  governed  by  the  molecular  viscosity  and  are  in 
this  sense  laminar;  although  the  mean  flow  remains 
fully  turbulent. 

As  mentioned  earlier,  the  phase  difference 
between  <u'v’>  and  3<u>/3  r  is  Known  accurately  at 
one  the  radial  location  only,  where  the  phase  of  the 
velocity  gradient  equals  to  the  phase  of  the  veloci¬ 
ty  itself.  The  experimentally  measured  »  at 
1  =  1.311  sec  and  d  A)=20X  attains  a  minimuii'’  at 
r/R=3.72,  and  the  phase  difference  between  the  velo¬ 
city  and  the  Reynolds  stress  is  equal  at  this  radial 
position  to  30°  (see  Fig. 3  and  Fig. 6°).  The  relaxa¬ 
tion  time  6  ,  Obtained  from,  thd  Eq .(11)  is  therefore 
6  =(  tt/6)/(2  =  /T)=0.12  sec.  Although  the  relaxation 
time,  should  in  general  depend  on  the  radial  posi¬ 
tion,  it  is  convenient  to  assume  it  to  be  constant 
across  the  pipe.  The  relaxation  time  therefore  is  a 
universal  constant  for  a  given  mean  Reynolds  number. 
Karasimha  and  Prahbu  (1972)  used  a  similar  approach 
to  calculate  the  influence  of  the  finite  relaxation 
time  on  the  development  of  the  turbulent  wake  in 
response  to  a  steep  change  in  pressure  gradient. 
Neglecting  the  dependence  of  the  relaxation  time  on 
the  transverse  coordinate  proved,  in  their  case,  to 
have  no  significant  effect  on  the  results  of  the 
calculations  nor  on  the  agreement  with  experimental 
data . 

Following  equation  (12),  one  may  define  a  crit¬ 
ical  frequency  of  pulsations  fer=  w  /2"  =1/2=6  =1.3 
Hz.  At  w<  u  the  modulus  of  tis  practically  in¬ 
dependent  of  frequency  and  equals  to  a  limiting  eddy 
exchange  coefficient  for  very  slow  pulsations.  At 
u  =  u  the  oscillating  eddy  viscosity  decreases  to 
i/f7  8?  its  value  at  »  +  3.  When  m  >  u  ,  and 
(u>6  P»1  | eh  1/w  ,  the  amplitude  of  oscillations  in 
shear  stress  decreases  rapidly  with  increasing  fre¬ 
quency  for  a  given  value  of  3<u>/3r.  The  corres¬ 
ponding  critical  period  of  the  pulsations  is,  in 
this  case,  T  =1/f  =0;75  sec.  For  the  turbulent 
structure  to  become  frozen  (i.e.  for  the  oscillat¬ 
ing  eddy  viscosity  to  vanish)  the  frequency  of  pul¬ 
sations  has  to  be  much  higher  than  f  ,  as  may  be 


deduced  from  Eq.(12).  On  the  other  hand,  even  at 
f<f  the  oscillating  eddy  viscosity  still  intro¬ 
duce?  a  significant  phase  angle  between  <u'v'>  and 
3 <u>/  jr,  thus  influencing  the  balance  among  iner¬ 
tia,  pressure  and  viscous  forces  (Shemer  (1931)). 

The  eddy  viscosity  for  the  infinitely  slowly 
oscillating  flow  was  obtained  by  modifying  the  Van 
Driest  model  according  to  Eq.(7).  The  resulting 
complex  eddy  viscosity  was  substituted  into  the  Na- 
vier-Stokes  equation  which  was  solved  numerically. 


Fig.  7  The  calculated  radial  distribution 
of  u^r)  and  r ) 

The  results  of  the  calculations  are  presented 
in  Fig. 7,  showing  the  radial  distrioution  of  the  am¬ 
plitudes  and  phase  angles  of  the  oscillating  veloci¬ 
ty.  The  calculations  were  performed  for  mean 
RerUOOO  and  T=1.0  sec.  A  qualitative  agreement  with 
the  experimental  results  was  achieved  in  this  way. 
The  calculated  radial  distribution  of  3  is  similar 
to  the  experimental  observation.  The  calculated 
angle  slightly  decreases  with  increasing  distance 
from,  the  center  line,  and  increases  near  the  wall. 
It  should  be  noted  that  efforts  to  use  the  real 
rather  than  complex  value  for  the  oscillating  eddy 
viscosity  resulted  in  the  calculated  radial  distri¬ 
bution  of  $  which  resembled  3  in  laminar  flow, 
and  decreased  itfonotonically  with  increasing  r/R, 

The  calculated  values  of  <t  (r)  differ  from,  the 
experimentally  measured  angles'?  implying  that  the 
theoretical  model  is  not  sophisticated  enough  to 
provide  an  exact  balance  between  viscous,  inertia 
and  pressure  forces,  and  perhaps  it  is  not  adequate 
for  the  low  Reynolds  number  used.  Nevertheless, 
even  the  very  simple  model  which  accounts  for  finite 
response-time  of  the  turbulent  structure  to  the  ra¬ 
pidly  changing  mean  flow  appears  to  be  qualitatively 
correct . 
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ABSTRACT 

Measurements  in  turbulent  channel  flow  with 
forced  velocity  oscillations  of  snail  anplitude  have 
been  performed  over  a  wide  range  of  frequencies.  The 
results  show  that  the  mean  flow  and  the  mean  turbulent 
intensity  are  not  affected  by  the  forced  oscillations. 
The  amplitude  and  the  phase  shift  of  the  periodic 
velocity  fluctuation  follow  the  laminar  Stokes  solu¬ 
tion  at  high  frequency.  A  low  frequencies  near  the 
wall  the  gradient  of  the  amplitude  becomes  steeper 
than  in  the  Stokes  flow  ar.d  the  phase  shift  decreases 
to  slightly  negative  values.  Further  from  the  wall 
a  phase  lead  is  again  observed.  The  results  also 
show  that  the  phase  averaged  longitudinal  turbulent 
intensity  is  not  simply  proportional  to  the  velocity 
oscillations  ;  the  amplitude  ratio  is  position  and 
frequency  dependent.  It  is  shown  that  the  Stokes 
thickness  l*  r.cn-dimensionalised  with  the  mean  vis- 
cous  sublayer  thickness  is  the  important  parameter. 


NOMENCLATURE 

"th 

Anq  amplitude  of  n  mode  cf  q 

f  frequency  of  forced  oscillations 

ft  characteristic  frequency  of  turbulence 

f  frequency  of  validation  of  the  laser 

Doppler  signal 

h - channel  half  hight 

Stokes  length 

is  =  viscous  wall  length  scale 

t  time 

T  period  of  forced  oscillations 

u  longitudinal  velocity 

u^  shear  velocity 

x,y  longitudinal  and^ransverse  coordinates 

^  phase  lead  of  n  mode  cf  q 

v  kinematic  viscosity 

X>  wall  Bhear  stress 

2nf 


{  )+  =  (  )/l„ 

(  )  centerline 

c 

(  )  time  mean 

(  )  periodic  fluctuation 

(  )’  turbulent  fluctuation 

|  (  _  amplitude  cf  periodic  fluctuation 

k!  )>=  (  )+(  )  ensemble  average 

q  =  q  +  q”  +  q'  for  any  quantity  q 

<q>=  <T  +  X  Anq  cos  (■wo.r+ 


INTRODUCTION 

Many  flows  of  practical  importance  in  aerody¬ 
namics,  hydrodynamics,  turbomachines,  bio-fluid  dynamics 
are  unsteady.  Yet,  in  the  turbulent  regime  these 
flows  are  not  well  if  at  all  understood  even  in  the 
simplest  case  as  the  flow  over  a  flat  plate. 

Experimental  investigations  of  unsteady  turbu¬ 
lent  boundary  layers  have  so  far  been  rather  scarce  and 
have  yielded  little  information  on  the  wall  layer.  For 
instance,  such  vital  information  as  the  amplitude  and 
phase  shift  of  the  wall  shear  stress  is  almost  comple¬ 
tely  lacking.  On  the  other  hand,  several  turbulent 
closures  developped  for  steady  flows  have  been  applied 
to  unsteady  flows  but  their  predictions  of  the  wall 
shear  stress  differ  considerably  from  one  another  gi¬ 
ving  even  different  trends  for  its  phase  shift  towards 
large  non-dimensional  frequencies  (fig.  6  of  ref.  6). 
Since  there  is  little  experimental  data  available 
with  which  the  various  predictions  can  be  confronted, 
it  is  difficult  to  evaluate  the  merits  and  defects  of 
the  various  models. 

The  need  for  measurements  in  unsteady  turbulent 
boundary  layers  is  also  patent  and  has  been  stressed 
many  times  in  recent  years.  The  purpose  of  the  present 
investigation  is  to  provide  some  data  in  this  field  and 
to  contribute  to  the  understanding  of  unsteady  turbulent 
flows. 
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The  measurements  are  performed  in  a  water  char.- 
nel  :  length  :  2c00  mm,  height,  2h  =  IOC  mm,  span  : 

1000  nr.  ,  u  =  0-50  cm/s.  The  test  section  is  1000  mm 
long  and  located  at  the  down  st rear.  end.  A  divergence, 
adjustable  up  to  at out  20°,  can  be  imposed  on  the  sec¬ 
tion  walls  in  order  to  subject  the  flow  to  a  mean  unfa¬ 
vourable  pressure  gradient.  The  oscillating  flow  is 
driven  by  a  reciprocating  piston  with  adjustable  speed 
and  stroke  mounted  or.  the  caisson  upstream,  of  the  grids 
and  honeycomb.  The  return  flow  is  via  a  free  surface 
in  crier  to  minimize  the  effects  of  unsteady  gradients. 


The  velocities  uere  measured  with  a  laser- 
loppler  velocimeter  operating  in  the  fringe  mode.  The 
series  cf  the  Doppler  signal  was  determined  with  a 
counter.  Since  one  the  goals  was  tc  perform  measure¬ 
ments  close  to  wall  it  was  necessary  to  minimize  the 
size  of  the  rrcbe  volume.  The  waist  cf  the  fccrsei  bea 


waist  cf  the  fee rseu  team 


was  rez-cec  tc 


.  ~c  mm  cy  marling  use  of  a  team  expar. 


Let  us  notice  that  a  systematic  err : r 
duces  if  the  analog  output  cf  a  counter  prev: - 
circuit  holding  the  previous  value  between  s-c 
validations  were  periodically  sampled  by  takir. 
lue  in  each  channel  at  each  cycle.  It  can  easi 
shown  that  for  a  sin- wave  the  measured  amplit ui 
be  reduced  by  f  /  *  f  sin  (rrf/f  ,)  and  the  phas 
lag  by  jrf/f  .  In  addition  there  vculd  also  be 
ficial  increase  in  the  measured  turbulent  ir.te 
For  f  =  ICf  the  phase  lag  would  be  lc°,  als 
half  t£e  maximum  phase  lead  cf  the  velocity  cb 
in  unsteady  boundary  layers.  This  is  ever,  more 
because  f  depends  upon  the  rate  at  whicr.  t r 
cles  cress  the  probe  volume  (proportional  to  < 
tc  the  quality  of  the  Doppler-signal ,  two  fact 
both  decay  rapidly  as  the  wall  is  approaches, 
lags  cf  the  velocity  published  previously  f 
accounted  for  by  this  systematic  error.  Such  a 
is,  of  course,  avoided  by  the  present  phase  tv 


s*cv  near 


Lr.semb-e  averaging  is  done  at  ICC  points 
equally  spaced  over  the  period  called  channels  here¬ 
after  for  the  s axe  of  clarity.  A  problem  arises  because 
the  phase  averaging  has  to  be  performed  on  digital  va¬ 
lues  arriving  randomly  in  time  and  not  from  a  conti¬ 
nuous  analog  signal  a^from.  a  hot  wire.  For  this  reason 
the  average  in  the  i  *  channel  is  calculated  by  taking 
£-.1  the  values  arriving  at  the  microprocessor  during 
tr.e  time  interval  iT/100  to  (i+l)T/10C  from  the 
beginning  of  each  cycle.  The  maximum  difference  in 
pnase  angle  between  the  values  averaged  in  any  channel 
is  therefore  -  1.6®.  Thus,  if  f  is  the  average  fre¬ 
quency  at  which  the  validated  values  occur  (roughly 
equal  t:  the  average  number  of  Doppler  bursts  per  se¬ 
cond),  then  the  average  number  cf  values  contributed 
tc  the  average  in  one  channel  during  one  cycle  is 
f  /ICOf.  In  particular,  if  f  <  100  f  a  sample  is  not 
contributed  to  the  average  at  every  cycle. 


r.ar.: 


the  turbulent  intensity  are  clearly  distinguishable 
from  the  random  scatter.  It  should,  finally,  be  re¬ 
marked  that  the  present  measurements  correspond  to 
amplitudes  of  the  forced  oscillations  on  the  center- 
line  of  5?  or  less.  For  larger  amplitudes  the  statis¬ 
tical  scatter  would  be  relatively  smaller. 


EXFEr.IKEh'TAI  CHECKS 

The  twc-dimensionality  of  the  flew  was  checks, 
at  three  stations  lo  h  apart  from  each  ether.  The  nea: 
flow  is  established  at  least  ICh  upstream,  of  the  sec¬ 
tion  X  =  2,1  n  where  the  measurements  were  taker,  fc: 
the  velocity  u  =17,5  cm/s. 

The  instrumentation  and  data  acquisition  were 
checked  in  twe  ways.  Firstly  in  steady  turbulent  flew 
in  the  channel  where_good  agreement  was  found  fer 
both  u/ut  and  /fx  /u?  vs  y  with  previous 
measurements  (fig-  -,5)  and  secondly  in  laminar  oscil¬ 
lating  flow  in  an  cil  channel  where  good  agreement 
was  found  for  the  amplitude  A,..  ar.d  the  pr.ase  shift 
2,  vs  y  with  the  theoretical “values  of  the  Stokes 
flow.  E 

Vibrations  of  the  wall  generated  by  the  cscil 
bating  pressure  could  prod-ce  large  systematic  errors 
on  u  especially  clcse  to  the  wall  where  11/ Ty  i 
large.  It  shculd  first  be  remarked  that  the  oscillate: 
pressure  ir.  a  given  section  is  proportional  to 
hence  to  ui  |u|  .  The  problem  of  wall  vibrations  is 

refore  most  severe  with  high  frequency  and  large  am.- 
piitude  oscillations.  These  vibrations  were  measured 
with  an  ultra-sonic  depth  gage  having  a  sensitivity 
of  iDam  equival  ent  tc  hi 12  ir.  the  most  frequent 
case.'  For  the  highest  frequency  f  =  1  ,m -f  ho  an;  an 
anplit-de  |u|  =  l.f  cm/s  -almcst  twice  as  large 

as  the  one  used  in  the  experiments  reported  here- 


Fig.  2  -  Ensemble  averaged  velocity  at  y+  =  l.£ 
T  =  7.32  s. 

5001  samples/channel 
A  =  3.7“-  cm/s  A,  =  0,166  cm/s 

O  1 

A. /A.  =  11.355  A. /A.  =  1,7? 

cl  1  1 


Fig.  3  -  Er.|em.ble  averaged  turbulent  intensity  at 
y  =  w.6  -  T  =  7,32  s . 

5000  samples/channel 

Aq  *  1.31  cm/s  Ai  *  0,001  cm/s 


the  wall  displacement  was  to  small  tec  be  measured. 

At  the  same  frequency  tut  with  an  amplitude  of  9  cm  s 
the  maximum,  displacement  was  15  /Urn.  If  it  is  assumed 
that  the  displacement  is  proportional  to  the  amplitud 
at  a  given  frequency  then  it  is  about  1,5  yUm  also 
till 80  in  the  most  severe  conditions  of  these  expe¬ 
riments.  Since  the  maximum  mean  velocity  gradient  is 
equal  to  ut//4,  at  the  wall  the  resulting  velocity 
oscillation  is  The  smallest  amp  1 1 

tude  measured  is  about  |  u  |  /ID  at  y+  *  3.  Since 
I  1  cm/s  and  u^=  0,6Ccm/s  in  most  cases,  the 

largest  relative  error  on  the  amplitude  is  about 
(u8  /80)/(  /  u  I  / 10)  =  10?.  This  error  decreases  with 
the  distance  from  the  wall  because  ?i/Ty  decreases 
and  lul  increases. 


J_  -  Turk '-lest  intercity  near  the  -.’all  ir. 
channel  flow 

Steady  flow  :  q  Conte-iellot  , 

A  Eckeima r.r. 

Steady  and  ur.cteaiy  flew  :  O  Acharia  , 
+  present  investigation 


t.-.e  extrapolations  to  y 


cr.ec/.  cf  the  negligible  effect 
c  nay  be  found  or.  fig.  ' ,  where 
y  =  1  cf  the  amplitude  data 
y  close  to  the  crigine.  If  the 


All  near urer.er.t  r  repirte  :  -rc  tut  one  set 


c  =  :,’-i:. -a 

The  crrreri rrr.iir.g  rar.re  cf  the  non-dimer,  si  o- 
r.al  Stokes  length  is  ^  «  3,5  -  lt,t. 

Ir.  order  to  obtain  smaller  red-ced  frequen¬ 
cies,  tr.e  centerline  velocity  had  to  be  increased. 

C.'.e  . owes*,  frequency  caoe  corresponds  t:  the  fellc- 


51,1  cn/s 


A.^K  =  *« 

«T-  2>.- 


1,9  cn/s  F^,  =  F5  x  10 
=  13,5  s  -Cl.  *  l.Ouh 


because  the  piston  prooucing  the  oscillatory  notion 
ha*,  a  limited  sto/.e,  the  amplitude  could  at  roost  be 
if  with  tr.is  value  of  TT  and  f.  The  amplitude  of 
the  second  harmonic  of  t^e  forced  velocity  oscilla¬ 
tion-  cn  the  centerline  was  less  than  cf  of  the  funda¬ 
mental  a  .to  the  amplitude  of  the  higher  harmonics  was 
leer  tear.  if. 

The  reproducibility  jf  the  oscillating  flow 
cn  the  channel  jenterline  was  -  i,5«  r.m.s.  for  the 
-.mplitude  and  -  1,1°  r.m.s.  for  the  phase  of  the 
fundamental  node. 


resists  as; i  iissvssic:; 

Kean  velocity  and  near,  turbulent  intensity 

Mean  velocity  profiles  measured  ir.  oscillating 
flow  are  indistinguishable  from  the  steady  flow  curve 
at  all  frequencies  tested  (fig.  -) .  This  confirms  the 
previously  published  results  (i,  6,  9)  but  is  at  varian¬ 
ce  with  the  latest  data  of  RAXAFF.IAI.'  and  SHVES-VE!  (7) 
whose  profile  seems  to  show  a  point  of  inflexion  near 
the  wall.  These  authors  argue  that  the  mean  flow  ir. 
their  experiment  has  been  affected  by  the  periodic 
oscillations  because  the  forcing  frequency  f  is  of 
the  same  order  as  the  characteristic  frequency  f_ 
cf  the  turbulence  (f~  f _ )  and  that  ar.  interaction 
between  the  twe  types  of  fluctuations  takes  place.  Sin¬ 
ce  our  highest  Strouhal  number  bases  or.  the  half 
channel  width  me  1 ie  ever,  larger  tr.ar.  tr.e  sr.e  :f 
RS  which  was  about  C-,5  (re/  u  ir.  their  case  ;  pipe 
radius  :  R),  this  argument  alcr.e  car.r.ot  explain  tr.e 
differences  between  these  observations.  It  mould  be 
added  tr.at  the  highest  frequency  ir.  Ear.ssor. 's  * 
experiment  and  the  two  frequencies  .sec  by  AThA.FlA  -! 
were  also  such  that  fa  f  ar.i  r.c  effec*.  or.  tr.e  rear. 


ow  was  ct serves. 


frequency,  would  affect  the  turb -Tenet  ar.i  therefore  to 

This  parameter  is  quite  different  ir.  ar.i  t.-.e  pre¬ 
sent  experiments,  being  respectively  about  35”  ar.i  r”. 
Ir.  KAFlHoCN's  measurements  at  high  amplitude  (3;5  ar.i 
at  a  medium,  or  high*,  frequency,  their  seems  to  be  a 
slight  effec*.  cr.  the  mean  velocity  but  from  tr.e  plot¬ 
ted  data,  it  is  difficult  tc  conclude  whether  this  ef¬ 
fect  is  significant  cr  r.ct.  Ir.  the  present  work  t.-.e 
amplitude  had  tc  be  kept  small  ir.  crier  to  av.ii  flow- 
reversals  near  the  wall  because  the  laser  vel  cimeter 
was  r.ct  equiped  with  a  frequency  shifting  device. 

The  mean  turbulent  intensity  ;fig.  -  is  r.o* 
affected  either  by  the  forces  oscillation:  as  ctserw- 
ir.  ether  experiments  t,  The  iata  of  the 
turbulent  shear  stress  ir.  point  toward.*  t.-.e 

same  conclusion  but  the  measurement s  coulo  of  co-r.j^ 
not  be  perform.ed  as  close  t:  the  wall  ao  *.:.:st  of  */?'•' . 
The  insensitivity  cf  the  turbulence  to  the  forced  oscol 
laticr.s  explains  that  cf  the  mean  vel:  city  vr.i*:.  -ar. 
only  be  affected  by  ■_ 1  v '  ir.  cr.ar.r.el  flow  t.-.e  smear 
stress  cf  the  perioiio  motion  uv  being  cer:  ir. 
channel  flew  beca-se  iu/ix=  ■  ;  her.ce  free  oor.t  lr..lty 

v  =  f.  Actually  it  is  shewn  ir.  that  uv  is  small 
ever,  in  ar.  unsteady  boundary  layer  ir.  a  mean  ur.favorabl 
pressure  gradient. 

Ferlcdlc  velocity  oscillations 

The  evolutions  cf  the  amplitude  ar.u  of  the 
phase  of  the  fundamental  mode  cf  the  forced  oscillation 
vs  the  ncn-dimensional  distance  y  , y  =  y  i  )  for 
five  cases  are  shown  cr.  figures  c  and  The  param.eter 

C*  c  /  H,  measures  how  far  the  viscous  Stokes  layer 
extends  into  the  inner  layer  cf  the  steady  turt-iet*. 
wall  flow.  It  is  clear  that  small  values  of  corres¬ 
pond  tc  high  frequencies. 

Despite  some  differences,  it  is  quite-  remarka¬ 
ble  hew  close  the  amplitudes  fall  tc  the  laminar  Stoke: 
layer  in  all  cases  for  yr  <  1.  Tc  within  about  *  r:T 
the  slope  (  ?A  .  /  t' >* ) _,  sd  the  wail  is  that  cf  the 
laminar  oscillid'ing  flow.  This  behaviour  ecr.tratc  sharp 
ly  with  that  cf  the  mean  flew  where  the  graiier.t  at 
the  vail  in  the  t  urbulent  case  is  at  leas* 

ar.  order  of  magnitude  steeper  than  ir.  the  laminar  regos 
uc/h  ,  the  ratio  being  (>ut/5j .  *  (“t/S  >  "£  ' 

where  typically  IT  <.  u  /ut  <  <-C.  "he  oiff-sicr.  ::  the 
oscillating  wall  shear  stress  into  the  fluid  seems 
also  little  affected  by  the  presence  of  the  *  urb  _ler.ee 
produced  by  the  mean  flow. 


t 

L 


In  the  tvo  high  frequency  runs/  =  5,5  and 
T  the  amplitude  and  the  phase  follov  the  ltminar  Sto¬ 
kes  curve  quite  closely.  In  particular  there  is  a  large 
phase  lead  near  the  wall.  The  scatter  of  the  data 
points  is  sufficiently  small  that  the  extrapolation 
to  y  =  0  is  significant  yielding  a  1(5°  phase  lead  at 
the  wall  as  in  laminar  flow.  KARLSSON  ( 1 )  mentions  that 
the  largest  phase  lead  obtained  was  35°  at  y  *  J,0l" 
for  11  inferred  from  his  data.  The  correspon¬ 

ding  Stokes  flow  at  the  same  distance  gives  a  phase 
lead  of  36°  which  confirms  the  present  high  frequency 
results  despite  the  difference  in  JZ  ■  PARIKE  et  al 
(9)  also  find  a  steep  raise  of  the  phase  with  a  lead 
up  to  3C°  near  the  wall  at  their  highest  frequency. 

An  appreciable  undershoot  of  the  amplitude  for 

=  3,5  is  observed  beyond  y  =2  which  does  not 
exiS''  '*'R  }  phase  res— ts  are  completely 

different  since  he  measured  a  phase  difference  at 
the  wall  of  about  l6C°  for  ££  -  7,1.  The  present 
=  7  case  was  run  precisely  in  order  to  be  as 
close  as  possible  to  ACHASIA’s  experimental  conditions. 
I.o  plausible  explanation  for  the  large  discrepancy 
in  the  phase  angle  between  the  two  experiments  has  teen 
found.  Eut  the  amplitudes  agree  qualitatively. 

The  main  features  of  the  high  frequency 
behaviour  may  be  'understood  if  it  is  recalled  that 
in  the  steady  turbulent  wall  flow  the  turbulent 
s^ear-stress  is  smaller  than  the  viscous  one  for 
y  <  12  and  if  it  is  observed  that  the  thickness  of 
the  viscous  Stokes  layer  is  about  2  y,  .  Hence,  below 
y  =  12,  u  (as  u'  is  mainly  subjected  to  viscous 
diffusion  ar.i  if  2/;  <12  than  the  amplitude  and  phase 
of  u  reach  the  outer  values  before  the  turbulence 
can  actively  affect  them.  It  is  seen  that  the  present 
high  frequency  cases  =  5,5  and  7  approximate 
satisfy  this  requirement. 

The  evolution  of  u  in  the  lew  fj-equer.cy 
cases  is  more  complexe.  In  the  proximity  of  the  wall 
a  steeping  cf  the  amplitude  gradient  with  respect  tc 
the  Stokes  flow  is  clearly  noticeable  for  ■(*  -  lt,£ 
and  39,-.  This  is  tc  be  expected  since  most  cf  the 
variations  of  u  are  in  the  fully  turbulent  part 
of  the  inner  layer,  let,  it  is  surprising  that  there  is 
sc  little  difference  between  these  two  cases  though  the 
values  differ  by  a  factor  of  2,5.  For  large  values  of 
one  would  expect  near  the  wall  to  become 

independent  cf  .  This  does  not  seem,  to  happen  or 
then  the  value  of  39, ~  is  still  too  small.  It  should 
be  remembered  that  because  of  the  physical  limitations 
of  the  pulsating  device  the  amplitude  on  the  center- 
line  was  only  2%  in  the  latter  case.  Eut  it  is  doutful 
that  at  such  low  levels  the  amplitude  itself  influences 
uhe  flow. 

The  evolutions  of  the  amplitude  for  y  >  0,5 
at  the  two  lowest  frequencies  are  strikingly  different. 
For  {'  -  l£,6  keeps  roughly  the  same  value  un¬ 

til  the  amplitude  reaches  the  outer  level  as  in  the 
high  frequency  cases  while  for  ^  -  39, 11  the  shope  of 
lui  decreases  abruptly  a  behaviour  reminiscent  of 
the  mean  velocity’s.  + 

The  intermediate  case  y  =12,2  is  somewhat 
puzzling  since  near  the  boundary  lul  varies  as  in  the 
high  frequency  cases  whereas  further  away  it  evolves 
nearly  as  in  the  lowest  frequency  case. 

As  increases  the  phase  shifts  away  from 

the  laminar  Stoles  curve.  In  particular,  the  phase  lead 
at  the  wall  tends  to  zero  and  becomes  negative.  Extra¬ 
polation  to  wall  except  for  *  16,6  is  hazardeous 
because  of  the  scatter  of  thesdata  especially  for 
•  39, k.  In  this  latter  case  the  eduction  of  ~ 
frSm  the  turbulence  is  much  slower  because  of  the  small 
value  of  the  centerline  amplitude  and  it  has  been  obser¬ 
ved  that  the  phase  is  quite  sensitive  to  the  scatter  of 
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Relative  amplitude  cf  fundamental  more  cf 
the  periodic  velocity  oscillations  vs 
non-dimensional  distance  yc  free,  the 
wall.  •£■5.5  ,  A  7 . 0  ;  Oil,;  , 

A  It  ,£  ,  *  ;  9,-  laminar  Stokes 

flow. 


the  points  around  the  fundamental  mode  (see  fig.  l!. 
There  is  quite  a  tit  of  disagreement  or.  the  phase 
among  the  various  experiments  but  it  is  felt  that  ar. 
appreciable  part  may  just  come  from  measurement  ir.ac- 
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Tip.  1  -  Phase  of  fundamental  mode  of  the  periodic 
velocity  oscillations  vs  ncn-dimensic- 
n&l  distance  y  from  the  vail 
for  legend  see  ?ig.  t 


8.23 


Oscillating 


all  ear-stress 


Since  the  anj/lituie  of  u  fellows  approx i- 
matly  the  laminar  Stokes  solution,  the  amplitude  of 
the  oscillating  shear  stress  is 


a.z  -  J&*)  =  ^ 


4‘c  ~  JL 

*  MZ 


(l) 


(A1t/^)/(^,u./Mc)  =  &  (2! 

let  us  recall  that  in  a  la.zir.ar  tcur.iary  layer  this 
relative  amplitude  ratio  equals  3  in  the  high 

frequency  lir.it  ar.i  ■K/’il/.i  in  ls.tinar  channel  flov. 
The  above  relation  she  vs  the  importance  of  the  non- 
dimer.sional  etches  thickness  expressed  in  vail 
parar.eters  ./£  .  It  seems  that  as  long  as  «■  <T 
cr  h  t:.at  /'  is  core  relevant  than  or  h/£ 

cr  u,*/  ut  . 

The  above  relations  also  shev  the  combined 
influence  of  the  frequency  and  of  the  forcing  ar.pli- 
tuce  on  the  oscillating  shear  stress.  They  further 
point  towards  tr.e  itportar.ee  of  a  tear,  unfavorable 
pressure  gradient  due  to  the  presence  of  Mc  in  the 
denominator  since  then  1. 

Periodic  flov  reversal  requires ( Z\fz  >  I , 

1*1/  |  f  4'  1:1 

which  shews  that  the  amplitude  must  be  large  unless 
the  frequency  is  very  large  or  u%  is  very  small  as 
ir.  a  meat,  unfavorable  pressure  gradient. 

Turbulence  is  only  affected  by  the  strain 
rate  i.e.  velocity  gradients  and  r.ct  directly  by 
velocity  oscillations  whatever  the  fre^rercy  sc  that 
there  car.  be  no  effect  ever  the  whole  layer  where 


These  observations  are  confirmed  by  fig.  p  where  tr.e 
turbulent  intensity  variations  are  referred  tc  tr.e  1c 
cal  amplitude  of  the  velocity.  It  is  also  seer,  that  t 
relative  intensity  near  the  wall  reaches  about  515  a 
value  which  is  twice  as  large  as  that  of  the  ratic 
&'/u  of  the  means  which  tends  tc.2i.  according  to 
ECKELMAKK  (3). 

There  appears  also  tc  be  ar.  amplification 
of  the  turbulent  intensity  with  respect  tc  the  impose 
velocity  oscillations.  This  should  iear  tc  a  somewhat 
weaker  requirements  tfcar.  (3)  for  a  modification  of 
the  mean  turbulence  and  mean  flew. 


The  oscillating  flew  car.  therefore  only  modi¬ 
fy  tr.e  turbulence  ar.d  hence  the  mean  flow  if  the  oscil¬ 


lating  gradient  contributes  substantially  tc  the 

total  gradient 'S<u»/7«  ir.  the  wall  layer,  alo:  if 
lii/5  ~  4.  ■  This  requires  ’  V  tc  hold.  Ir.  addition, 

since  ±  L\‘>  w  0  for  y"  <  5  it  may  be  arg-ed  that 
one  must  also  have  ■£%>’■  ir.  order  to  have  a  substan¬ 
tial  contribution  to  the  turbulent  production. 

Therefore,  the  mean  flow  and  turbulence  can 
neither  be  affected  if  the  frequency  is  lew  beca.se 
condition  (3)  cannot  be  satisfied  unless  the  amplitude 


is  very  large  cr  u  very  small  ncr  if  the  frequency 
is  high  because  is  then  too  small. 

Periodic  variations  of  the  turbulent  intensity 

The  amplitude  of  the  fundamental  mode  of 
the_periodic  variations  of  the  turbulent  intensity 
(  u'1  for  four  cases  are  shown  on  fig.  8  and  V  respec¬ 
tively  with  respect  to  ar.d  +A^,..  As  /irVuj  , 

A^ tends  to  sere  with  y  .^reaches  a  maximum 
an 2  slowly  decreases  tc  zero  as  y  increases. 

Since  the  amplitude  of  the  run  =  39,1  is  2,5  times 
smaller  tnan  in  the  others,  it  may  be  seen  that  for 
/-  >  1.  the  maximum  value  of  the  ratio  Ala' /  „  U 

J  nr  /  C« 

The  oscillations  of  the  turbulent  intensity  is  also 
larger  than  the  forcing  of  the  mean  flow.  It  is  clear 
a^so  that  these  oscillations  are  much  smaliej  at 
high  frequency  as  shown  by  the  values  for  *  T. 

This  seems  to  confirm  partially  the  argument 'above 
concerning  the  requirement  £  >  5  for  the  turbulence 
tc  be  affected  by  the  forcedsoscillatiohs . 


Fig.  9  -  Relative  amplitude  Of  the  periodic  va-i 
tions  of  the  turbulent  intensity  vs  y 
For  legend  see  fig.  6 
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ABSTRACT 

A  new  computational  procedure  for  the  solution  of 
the  unsteady  incompressible  ensemble-averaged  boundary- 
layer  equations  is  presented.  The  procedure  uses  stan¬ 
dard  second-order  accurate  finite-difference  techniques 
in  the  temporal  and  streamwise  marching  directions  and 
splined-cubic  Hermite  polynomials  together  with  orthog¬ 
onal  collocation  in  the  stream  normal  direction.  This 
latter  procedure  is  fourth-order  accurate  on  a  nonuni¬ 
form  mesh.  The  turbulent  shear  stress  is  modeled  by 
means  of  a  scalar  eddy  viscosity  obtained  from  either 
the  Cebeci-Smith  model  or  the  Glushko  one-equation 
model.  Any  other  turbulence  model  embodying  the 
scalar  eddy-viscosity  assumption  may  in  principle  be 
incorporated  without  modification  to  the  solution  pro¬ 
cedure  of  the  main  code.  The  numerics  are  verified  by 
comparing  the  results  of  the  present  method  with  other 
numerical  and  analytic  solutions  for  laminar  flow  with 
an  oscillating  free  stream.  The- complete  code,  includ¬ 
ing  the  two  turbulence  models,  is  demonstrated  by  com¬ 
paring  it  with  other  numerical  solutions,  and  with 
experimental  data  for  oscillating  flow  over  a  flat 
plate  and  for  flow  with  an  oscillating  pressure  gra¬ 
dient.  The  results  of  these  comparisons  demonstrate 
that  the  numerical  procedures  are  satisfactory  and 
that  the  correct  qualitative  behavior  of  unsteady 
turbulent  boundary  layers  can  be  predicted  with  simple 
turbulence  models. 

INTRODUCTION 

Although  unsteady  boundary  layers  have  always 
been  Important ,  there  appears  to  be  a  recent  and  sub¬ 
stantial  Increase  in  Interest  in  these  flows  on  the 
part  of  both  experimentalists  and  theoreticians.  This 
is  a  result  of  the  fact  that  both  instrumentation  and 
computation  have  advanced  to  the  point  where  many 
believe  they  may  be  usefully  brought  to  bear  on  the 
unsteady  problem,  and  to  the  fact  that  future  high- 
performance  air-  and  rotorcraft  will  require  the 
reliable  prediction  of  dynamic  flow  parameters. 

This  is  not  to  say  that  one  can  expect  to  predict 
an  arbitrary  unsteady  turbulent  flow  reliably  but 
rather  that  the  art  of  calculation  has  advanced 


sufficiently  to  permit  the  economical  evaluation  of 
various  unsteady  turbulence  models,  with  some  assur¬ 
ance  that  the  purely  computational  aspects  of  the 
study  are  under  reasonable  control. 

The  present  method  uses  splined-cubic  Hermite 
polynomials  to  represent  the  stream-normal  variation 
of  flow  parameters,  with  the  coefficients  of  these 
polynomials  determined  by  orthogonal  collocation.  The 
streamwise  derivatives  are  represented  by  classical 
second-order  accurate  finite  difference  approximations 
and  the  temporal  variation-cum-linearization  is  accom¬ 
plished  by  either  a  Crank-Nicolson  method  or  by 
second-order  accurate  finite  differences  with  Newton- 
Raphson  iteration.  The  choice  of  iterative  or  non¬ 
iterative  time  marching  is  made  by  the  user.  The 
result  is  a  hybrid  finite-element  finite-difference 
scheme  which  is  fourth-order  accurate  in  "Y"  and 
second-order  accurate  in  "X"  and  "t."  The  high  accu¬ 
racy  in  the  stream-normal  direction  is  consistent  with 
the  boundary-layer  assumptions  and  permits  accurate 
solutions  on  a  relatively  coarse  mesh. 

The  present  numerical  method  is  a  substantial 
improvement  over  that  of  Ref.  1,  since  it  provides  the 
same  accuracy  with  a  matrix  block  size  half  that  of 
Ref.  1.  Applied  to  the  same  problem,  this  would  yield 
a  factor  of  8  in  speed. 

In  the  present  paper  the  new  method  is  applied  to 
turbulent  unsteady  flows  by  means  of  the  ensemble- 
averaged,  unsteady  boundary-layer  equations.  In  addi¬ 
tion,  it  is  assumed  that  the  characteristic  frequency 
of  the  turbulence  is  sufficiently  remote  from  that  of 
the  mean  motion  to  preclude  significant  interaction. 

A  scalar  eddy  viscosity  is  assumed  to  provide  the 
relationship  between  stress  and  strain  tensors.  At 
present,  the  Cebeci-Smith  model  (2)  and  the  Glushko 
turbulence  energy  equation  model  (3)  have  been  con¬ 
sidered.  This  latter  model  has  been  chosen  because  it 
is  the  simplest  model  that  explicitly  includes  time 
dependence. 

ANALYSIS 

The  ensemble-averaged  incompressible  unsteady 
boundary-layer  equations  incorporating  a  scalar  eddy- 
viscosity  relation  between  stress  and  strain  may  be 
written  as: 
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where  ujj^,  uijfc,  Uijk.  etc.  are  the  node  point 
values  of  u ,  etc.,  and  their  derivatives  and  Nj's 
are  the  cardinal  cubic  Hermite  polynomials  on  the  unit 
interval,  shown  in  Table  1. 


Following  McCroskey  and  Phillipe  (4),  we  introduce 
the  coordinate  transformation  (x,y,t)  -*■  (S,n,t)  where 
£  «  x  -  x0,  n  *  (ue/2cv)1/2,  and  T  -  ut,  yielding 
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and  e  is  the  dimensionless  eddy  viscosity.  This 
latter  parameter  is  taken,  in  the  present  study,  from 
either  the  Cebeci-Smith  algebraic  model  or  the  one- 
equation  model  of  Glushko.  This  latter  model  uses  a 
single  differential  equation  to  describe  the  transport 
of  turbulence  kinetic  energy  in  conjunction  with  an 
algebraic  length  scale  equation.  It  is  the  simplest 
available  model  that  explicitly  admits  time  dependence 
in  the  turbulence  field  as  distinguished  from  the  mean 
velocity  field. 


In  the  stream  normal  discretization  we  represent 
u,  9C/3ti,  32Q/3n2,  V,  and  3V/3n  in  Eqs.  (2)  by  their 
approximations  in  terms  of  cubic  Hermite  splines. 

That  is, 

u(E,r,  :)  -  uijkN1(s)  +  u|jkN2(s)hj  ^ 


?u 

3n 


(C.n.r) 


3fu 

3n2 


(C.n.T) 


vu.n.t) 


+  “ij+ikN3(s)  +  “ij+ikN.,(s)hj 


“ijk  h?  <s>  +  “ijkNi<s) 


+  “334., V  (*)  + 


ij+lk  h 


ij+ik  a 


N'.'(s)  N'j  (s) 

ClJk  "T2"  +  5iJk  ~*T 

hj  j 


N'3’(s)  _t  n;'(s) 

+  uij+ik  h^2  +  uij+ik  Tp 

VijkVs)  +  Vij^fOhj 

+  Vij+lkN3(s)  +  ViJ+lkN^(s)hj 


(3) 


Table  1 

Cubic  Hermite  Polynomials 
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These  relations  (3)  are  substituted  into  Eqs.  (2) 
which  are  then  collocated  at  the  2S  -  2  Gauss  points 
to  yield  4N  -  4  partial  differential  equations  in 
X  and  t.  The  theoretical  background  for  this  procedure 
is  given  in  Ref.  5. 

The  X-derivatives  are  eliminated  by  the  substitu¬ 
tion  of  second-order  accurate  finite-difference  approx¬ 
imations,  and  the  temporal  derivatives  are  treated  in 
either  of  two  ways.  For  attached  laminar  flow,  the 
time  marching  is  carried  out  by  a  standard  Crank- 
Nicolson  method  with  the  usual  linearization.  If  the 
flow  is  turbulent  or  separated  (i.e.,  contains  back- 
flow)  the  time  differencing  is  done  by  second-order 
accurate  backward  differences  with  Newton-Raphsor. 
iteration.  The  rationale  behind  this  dichotomy  is 
that  despite  the  additional  work  required  by  the  iter¬ 
ation  scheme,  the  interchangeable  module  for  turbulence 
modeling  is  more  readily  accommodated  within  the  iter¬ 
ative  procedure,  and  the  linearization  error  in  the 
neighborhood  of  a  moving  separation  point  may  be 
significant  in  comparison  with  the  temporal  truncation 
error. 

The  resulting  linearized  algebraic  system  is 
advanced  one  time-step,  or  one  iteration,  at  each 
X-station,  by  the  solution  of  a  4  «  4  block  tridiagonal 
system  having  N  blocks  along  the  diagonal,  where  N 
is  the  number  of  mesh  points  normal  to  the  wall. 

The  boundary  and  initial  conditions  are  prescribed 
as  follows: 

1.  At  x  ■  x0  for  all  y  and  t,  we  prescribe 
“ijk’  “ijk’  “ijk’  an<*  “ijk’  This  can  be  accomplished 
in  the  present  code  by  calling  for  steady  similarity 
solutions. 

2:  At  t  •  t0  for  all  X  and  V,  we  prescribe 
“ijk’  vijk’  “ijk*  an<*  vijk’  This  can  be  accomplished 
in  the  present  code  by  calling  for  steady  nonsimilar 
boundary  layer  solutions. 
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3.  At  Y  «  0,  for  all  X  and  t,  u< “  0  and 

Vijk  -  0.  j 

4.  At  y  «  ymax  for  all  X  and  t,  uiJ(.k  *  1.0 
and  Vjj^  +  0.5  x(6x  -  ft  +  1)  *  0. 


8.  <7 


Note_that  the  algebraic  system  solved  in  u,  u',  V, 
and  V'  requires  four  boundary  conditions  as  opposed 
to  the  three  boundary  conditions  required  by  the  dif¬ 
ferential  system.  The  additional  condition,  on  V'  at 
*max»  above  is  obtained  by  collocating  the  continuity 
equation  at  the  outer  boundary. 

The  4  »  4  block  tridiagonal  matrix  has  a  partic¬ 
ular  sparcity  structure  which  characterizes  these 
collocation  methods.  This  structure,  shown  schemati¬ 
cally  in  sketch  (a),  has  been  exploited  by  the  con¬ 
struction  of  a  new  block  solver  that  is  slightly  more 
than  twice  as  fast  as  the  usual  dense  block  solver. 


viscosity  is  modified  by  incorporating  a  pressure 
gradient  correction  into  the  parameter 

A+  -  2b//uT[l  -  11.8(p+  +  p+)] 

where 

+  v  3ue  +  vue  3ue 
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T  T 

In  Ref.  6,  the  outer  eddy  viscosity  is  modified  by  an 
intermittency  parameter  as 
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Sketch  (a).  Schematic  of  matrix  structure;  x's  denote 
nonzero  entries. 

The  turbulence  model  is  introduced  to  the  mean 
flow  portion  of  the  code  only  through  the  values  of 
C  and  3c/3ri  which  are  provided  by  the  EDDY  subroutine. 
As  a  result,  the  model  may  be  exchanged  for  any  other 
eddy  viscosity  model  without  major  structural  changes 
to  the  code. 


In  the  present  version  of  the  computer  code ,  we 
have  two  subroutines  defiring  the  eddy  viscosity  and 
its  derivatives.  The  first,  denoted  Eddy  1,  embodies 
the  Cebeci-Smith  model  (2),  which  can  be  written  as 

I  li 

t  •  min  < 

\lo 


where 


where 

Y  -  ij1  -  erf [b(f-  0.78)]) 

And  in  Ref.  7,  the  outer  eddy  viscosity  is  written  as 


where 


a 


1.55 
1  +  r 


and 

*  -  0 . 55 [  1  -  exp (0.24 3  Z\/2  -  0.293  Zj)] 

where 


Based  on  steady-state  experience,  for  the  range  of 
flow  parameters  considered  here,  none  of  the  above 
modifications  would  be  expected  to  have  a  first-order 
effect  on  the  predicted  quantities. 


The  second  EDDY  subroutine,  Eddy  2,  embodies  the 
unsteady  Glushko  model  (3).  This  model  relates  the 
eddy  viscosity  to  the  turbulence  energy  described  by 
the  equations 
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Note  that  if  t  =  0  the  eddy  viscosity  damps  to  zero 
for  all  y.  This  model  is  very  close  to  those  of 
Refs.  4,  6,  and  7.  In  Refs.  4  and  7  the  inner  eddy 
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The  constants  used  were  a  -  0.2,  rQ  -  110,  C 
and  X  »  0.4  as  suggested  by  the  author  (3). 
proposed  the  boundary  conditions 


This  latter  condition  is  required  by  the  form  of  the 
equations  for  large  y. 


To  verify  the  numerical  accuracy  of  the  present 
method,  the  oscillating  laminar  flow  over  a  semi¬ 
infinite  flat-plate  was  solved.  Figure  1  compares  the 
phase  lead  of  wall  shear  as  predicted  by  the  present 
method  with  the  prediction  of  Cebeci  and  Carr  (8)  and 
with  the  low-  and  high-frequency  asymptotic  solutions 
of  Lighthill  (9).  The  reason  for  the  leading  phase 
angle  is  that,  for  unsteady  flow, 

3p  3ue  *ue 

9x  9t  k'eue 

and  the  low  momentum  flow  near  the  wall  tends  to 
follow  3ue/'t  which,  for  harmonic  variations  of  ue, 
leads  ue  by  tt/2.  The  small  differences  between 
the  results  of  the  present  method  and  those  of  Ref.  8 
are  probably  due  to  differences  in  the  temporal  inte¬ 
gration  scheme  used  to  generate  the  phase  angle  from 
the  computed  unsteady  wall  shear  stress. 

Having  established  that  the  method  is  numerically 
accurate,  we  can  now  consider  the  more  interesting 
problem  of  the  prediction  of  unsteady  turbulent  flows. 

As  in  the  steady-state  case,  the  only  way  to 
assess  the  utility  of  an  unsteady  turbulent  boundary- 
layer  code  is  by  comparison  with  experimental  data. 
Unfortunately,  only  a  relatively  small  amount  of  data 
is  available  for  unsteady  turbulent  boundary  layers 
and,  as  always,  a  substantially  smaller  amount  of 
reliable  data. 

There  are,  however,  several  programs  under  way 
to  remedy  this  situation,  notably  at  Stanford  (10), 
Office  National  D’Etudes  et  de  Recherches 


Aerospatiales/Center  Etude  Recherches  de  Toulouse 
(ONERA/CERT)  (11),  and  Southern  Methodist  University 
(12).  In  the  past,  only  Karlsson’s  data  were  avail¬ 
able  and  they  were  used  as  a  test  for  computational 
methods.  In  the  present  paper,  comparisons  are  made 
with  the  data  of  Karlsson  (13)  which  provides  a  com¬ 
mon  base  for  comparisons  with  r  computational 
methods,  that  is.  Refs.  4,  6-.  nd  14,  and  with  the 
data  of  Parikh  et  al.  (10).  A.  nough  solutions  have 
been  obtained  for  both  the  Cebeci-Smith  and  Glushko 
turbulence  models,  time  and  space  limitations  pre¬ 
clude  a  detailed  discussion  of  all  the  results.  In 
the  comparison  with  experiment  and  the  discussions 
that  follow,  the  emphasis  will  be  placed  on  the 
Cebeci-Smith  model. 

Data  of  Karlsson 

Karlsson  (13)  measured  the  turbulent  boundary 
layer  on  the  wall  of  a  wind  tunnel  with  a  rectangular 
cross-section  that  varied  from  12  *  18  in.  at  the 
inlet  to  13  *  19  in.  at  the  outlet.  The  mean  velocity 
was  15  to  17.5  ft/sec  and  the  unsteadiness  was  intro¬ 
duced  by  four  parallel  rotating  shutters  in  the  tunnel 
exit  plane.  This  gave  rise  to  a  free-strear.  velocity 
of 


,(t)  -  UQ^1  +  cos  -t^ 


where  u£  is  the  instantaneous  edge  velocity  and  u^ 
the  average  edge  velocity.  Amplitudes  (iue./uD)  varied 
from  0.08  to  0.34  and  frequencies  from  0  to  46  H2. 

The  hot-wire  signals  were  processed  to  yield 
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Fig.  1  Phase  angle  between  edge  velocity  and  wall  shear  stress  for  an  oscillating  flow  over 

a  flat  plate. 
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where  T  is  the  period  of  the,  assumed,  purely  har¬ 
monic  oscillation.  Note  that  these  three  parameters 
u,  A,  and  B  with  the  turbulence  intensity  r(y) 
constitute  the  sum  of  the  Karlsson  data.  Any  other 
parameter  must  be  deduced  from  those  cited  above  with 
due  appreciation  of  the  experimental  accuracy  circa 
1959. 

The  predicted  results  that  are  compared  with  the 
above  data  were  obtained  using  the  following  proce¬ 
dure:  at  time  »  0  the  code  was  run  in  the  steady- 
state  mode  (i.e.,  3u/3t  ■  0)  with  Ax  -  0.58, 
v  -  0.00016,  uQ  -  17.5,  and  instantaneous  transition 
at  x  ■  1.16.  That  x,  for  which  Ca  s  0.0034  was 
chosen  as  the  appropriate  value  for  data  comparison. 

The  code  was  then  run  in  the  unsteady  mode  with  a 
A(-t)  of  10  deg  through  two  full  cycles  with  the 
appropriate  data-reduction  integrations  being  taken 
over  the  second  cycle.  Parametric  studies  were 
carried  out  with  regard  to  time-  and  space-step  site 
and  will  be  described  subsequently.  The  starting 
turbulent  energy  profile  for  the  Glushko  model  was 
taken  from  Ref.  15. 

Figure  2  shows  the  phase  lead  between  wall  shear 
and  edge  velocity  for  an  oscillating  flow  over  a  semi¬ 
infinite  flat  plate.  This  figure  was  first  presented 
by  McCroskey  (16)  and  subsequently,  with  additions, 
by  Cebeci  (7).  All  of  the  predictions  and  the  experi¬ 
mental  data  are  for  the  Karlsson  experiment.  The  most 
disturbing  thing  about  this  figure  is  that  the  methods 
of  lelionis  and  Tsahalis  (6),  Cebeci  (7),  and 
McCroskey  and  Phillipe  (4)  are  all  finite-difference 
methods  in  which  essentially  the  same  turbulence  model 
was  used;  hence,  they  should  produce  nearly  indistin¬ 
guishable  results.  The  fact  that  these  very  similar 
methods  produce  substantial  scatter  indicates  that  the 
parameter  is  very  sensitive  to  the  integration 

time-step.  This  conclusion  is  verified  by  comparing 
the  present  results  obtained  with  a  time-step  of  10  deg 
of  arc  and  the  Cebeci-Smith  model,  with  additional 
results,  at  a  reduced  frequency  u  ■  u>x/u0  of  8  with 
A(*t)  of  20  deg  and  30  deg  of  arc,  shown  as  the  error 
bar  of  Fig.  2.  We  should  note  that  this  time-step  is 
the  time-step  used  in  the  data  reduction  procedure  and 
not  that  used  in  the  boundary-layer  calculation  itself. 
The  in-phase  component  of  velocity  is  similarly  sensi¬ 
tive,  and  the  presentation  of  data  in  this  form  tends 


to  give  an  erroneous  impression  of  the  accuracy  of 
predictions.  Since  this  uncertainty  is  a  function  of 
the  time-step  used  in  the  data  reduction  procedure, 
it  may  well  exist  in  the  analogous  procedure  applied 
to  the  experimental  data.  In  addition,  if  the  angle 
♦T  is  computed  from  the  relation 

♦t  ■  ‘  tan_1  TW 

it  can  be  extremely  sensitive  to  the  stream  normal 
nodal  spacing  in  the  near-wall  region  because  of  the 
rapid  variation  of  t  as  y->o.  This  can  be  clearly 
seen  from  Fig.  3.  The  data  appear  to  reach  a  maximum 
near  the  wall,  but  these  values  are  questionable  since 
they  are  ratios  of  parameters  each  of  which  is  tending 
to  zero. 

In  contrast  to  the  above,  the  mean  velocity  does 
not  seem  to  be  particularly  sensitive  to  either  ampli¬ 
tude  or  frequency,  as  can  be  seen  in  Fig.  4. 

Figure  5  compares  the  predictions  of  the  present 
method  with  Karlsson's  data  for  a  frequency  of  2  Hz 
and  an  amplitude  (Au0/uc)  of  0.176.  The  distance  nor¬ 
mal  to  the  wall  is  normalized  on  the  experimental 
boundary- layer  thickness.  The  difference  between  mean 
velocity  profiles  predicted  by  the  Cebeci-Smith  and 
Glushko  models  are  typical  of  the  differences  obtained 
in  steady-state  calculations  at  matching  values  of 
Cf.  The  predicted  in-phase  components  A(y)  are  in 
substantial  agreement  with  each  other  and  in  qualita¬ 
tive  agreement  with  the  rather  badly  scattered  data. 

The  predicted  out-of-phase  components  do  not  agree 
nearly  so  well  and,  surprisingly,  the  Cebeci-Smith 
model  appears  to  be  in  better  agreement  with  the  data, 
although  both  models  provide  the  same  qualitative 
behavior. 

Figure  6  presents  essentially  the  same  information 
for  a  frequency  of  7.65  Hz  and  an  amplitude  of  0.073. 
Again,  both  models  agree  qualitatively  with  the  data, 
with  the  Cebeci-Smith  model  in  somewhat  better  agree¬ 
ment.  Comparing  Figs.  5  and  6,  we  note  that  as  the 
frequency  increases,  both  the  predictions  and  the 
experiment  show  a  distinct  thinning  of  the  region 
characterized  by  significant  phase  shift.  This  behav¬ 
ior  is  analogous  to  the  reduction  in  the  depth  of 
penetration  with  increasing  frequency  in  the  laminar 
flow  over  an  infinite  oscillating  plate. 
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Fig.  2  Phase  angle  between  wall  shear  stress  end  edge  velocity  on  an  oscillating  flat  plate. 
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Fig.  6  Comparison  of  predicted  and  measured  velocity  components  at  7.65  Hz  with  an  amplitude  of  0.073. 


To  provide  the  reader  with  some  feeling  of  the 
magnitude  of  the  dynamic  effects,  we  present  in  Fig.  7 
the  extremes  of  the  computed  velocity  profiles  for 
the  conditions  of  Karlsson's  experiment  (Au/u0  *  0.176 
and  w/2it  -  2  Hz).  These  results  show  that  nontrivial 
excursions  in  velocity  occur  and  that  wall  shear-stress 

°  (l/2)p0u02 

varies  by  more  than  a  factor  of  2.  It  is  clear  that 
the  mean  velocity,  which  can  be  predicted  easily  with 
a  quasi-steady  method,  is  meaningless  and  that  if  one 
seeks  to  predict,  for  example,  the  unsteady  pressure 


u/u* 

Fig.  7  Comparison  of  predicted  extreme  velocity  pro¬ 
files  for  Karlsson  experiment;  2  Hz,  Aue/u0  »  0.176. 


distribution  or  drag  coefficient,  an  accurate  unsteady 
calculation  scheme  is  necessary. 

Data  of  Parikh,  Reynolds,  and  Jayaraman 

The  experiment  of  Parikh,  Reynolds,  and  Jayaraman 
(10)  is  again  the  unsteady  flow  over  a  tunnel  wall. 

The  edge  velocity  is  given  by  the  relatio. 

ug  »  0.73  m/sec  x  <  x0 

ao<*  "  xo>  „ 

Ue  -  Ue  -  - - -  (1  -  cos  *t)  X  >  X0 

where  up  “  0.73  m/sec;  x„  «  2  m,  an  =  0.05  up 
o  o 

L  -  0.6;  and  u/2*  -  0.  0.25,  0.5,  2  Hz.  At 
x  -  2.0  m,  the  end  of  the  steady  flat-plate  flow,  the 
experimental  and  predicted  velocity  distributions  are 
compared  in  Fig.  8.  The  agreement  is  quite  good,  as 
would  be  expected  for  a  steady  flat-plate  flow.  In 
fact,  since  no  matching  procedure  was  used,  the  results 
are  substantially  better  than  might  be  expected. 

Figure  9  shows  a  comparison  of  the  measured  and 
predicted  mean  velocity  profiles  at  x  «  2.583.  Note 
that  for  0  <  u/2it  <  2  Hz  these  profiles  are  indepen¬ 
dent  of  frequency  and  equal  to  the  steady  profile 
under  the  mean  pressure  gradient.  The  agreement  is 
everywhere  within  about  5%,  which  is  quite  reasonable. 

The  present  method  fails  rather  badly  to  predict 
the  skin-friction  coefficient,  as  presented  in  Ref.  10. 
This  may  be  due  in  part  to  the  method  of  determining 
the  skin-friction  in  Ref.  10,  that  is,  a  Olauser  plot 
which  ignores  phase  differences  between  velocity  and 
shear  stress.  Our  predictions  indicate  a  25  to  30  deg 
phase  lead,  whereas  the  data  seem  to  show  a  significant 
phase  lag;  in  addition,  the  predicted  variation  of 
(<Cf>  -  Cf)/Cf  is  strongly  asymmetric  (see  Fig.  10  in 
Ref.  10).  We  do,  however,  predict  an  attenuation  of 
amplitude  ACf/Cf  at  0.25  and  0.5  Hz.  At  2  Hz  and 
higher  frequencies,  however,  the  amplitude  Increases 
with  increasing  frequency. 
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Ue*  0.73098  m/s 
x  «  Xo  *  2.0m 
v  *  1.14  x!0'6  m2/sec 


Fig.  8  Initial  velocicy  distribution  for  the  experi¬ 
ment  of  Ref.  10. 


Fig.  9  Comparison  of  predicted  mean  velocity  distri¬ 
bution  with  the  data  of  Ref.  10. 


Finally,  Fig.  10  presents  the  predicted  variation 
of  skin-friction  coefficient  at  a  frequency  of  2  Hz 
and  an  amplitude  a  -  £u0/ue  *  0.15.  In  Ref.  10  it 
is  noted  that  this  amplitude  is  sufficient  to  cause 
separation  during  a  part  of  the  oscillation  cycle. 

To  avoid  semantic  entanglement  as  to  what  constitutes 
separation,  we  note  merely  that  the  predicted  skin 
friction  is  negative  for  130°  <  wt  <  180°  where  Cf 


is  based  on  the  undisturbed  velocity  l0  -  0.73  m/s ec. 
No  indication  of  the  Goldstein  singularity,  at  t  *  0, 
was  encountered  in  these  calculations. 

CONCLUDING  REMARKS 

One  of  the  major  conclusions  of  the  present  study 
is  that  there  is  not  only  a  pressing  need  for  addi¬ 
tional  experimental  data,  as  always,  but  also  an 


(lit 

Fig.  10  Predicted  variation  of  skin  friction  for 
o  -  0.15;  2  Hz. 


equally  pressing  need  for  a  consensus  as  to  what  kind 
of  data  are  required  and  how  they  should  be  presented. 
The  present  authors  would  strongly  advocate  the  use  of 
ensemble-averaged  velocity  profiles  at  discrete  cycle 
points  as  being  the  nearest  thing  to  common  ground 
between  prediction  and  experiment. 

The  present  numerical  method  is  both  accurate  and 
efficient  and  appears  to  provide  a  good  qualitative 
description  of  the  behavior  of  unsteady  turbulent 
boundary  layers  with  the  simplest  of  turbulence  models. 
One  must  bear  in  mind,  however,  that  the  streamwise 
pressure  gradients  considered  here  are  quite  mild. 

Since  the  largest  variations  of  parameters  occur  in 
the  near-wall  region,  which  is  also  the  most  difficult 
region  for  measurement,  we  can  make  no  clear  quantita¬ 
tive  assessment  of  the  turbulence  models  considered 
here. 

Finally,  consistent  with  earlier  studies  by 
authors  cited  above,  we  find  that  the  present  method 
can  predict  the  unsteady  flow  in  regions  with  negative 
skin  friction  without  difficulty. 
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DYNAMICS  OF  AN  UNSTEADY  TURBULENT  BOUNDARY  LAYER 
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Abstract 


The  response  of  a  well-defined,  steady,  flat- 
plate  turbulent  boundary  layer  subjected  subse¬ 
quently  to  two  types  of  oscillations  of  the  free- 
stream  velocity  in  the  test  section  is  studied  in 
this  investigation.  In  the  first  case,  the  free- 
6tream  velocity  decreased  linearly  in  the  test  sec¬ 
tion  in  a  time-dependent  manner  such  that  the  magni¬ 
tude  of  the  streamwise  gradient  of  the  free-stream 
velocity  varied  sinusoidally  from  zero  to  a  maximum 
value  at  frequencies  ranging  from  zero  to  approxi¬ 
mately  the  bursting  frequency.  In  the  second  case, 
the  mean  free-stream  velocity  decreased  in  the  test 
section  in  a  nonlinear  fashion  independent  of  the 
oscillation  frequency,  while  the  amplitude  and  phase 
of  the  free-stream  oscillations  varied  along  the 
streamwise  direction  in  an  arbitrary  manner,  depend¬ 
ing  upon  the  oscillation  frequency.  Detailed  mea¬ 
surements  are  reported  for  the  first  case.  It  was 
found  that  the  mean  velocity  and  mean  turbulence 
intensity  profiles  in  the  boundary  layer  were  unaf¬ 
fected  by  the  imposed  oscillations.  The  ratio  of 
the  amplitude  of  the  periodic  velocity  component  in 
the  boundary  layer  to  that  in  the  free-stream,  al¬ 
though  as  much  as  1.7  for  quasi-steady  oscillations, 
becomes  unity  over  the  outer  region  of  the  boundary 
layei  at  high  frequencies.  Also,  at  high  frequen¬ 
cies  of  imposed  oscillations,  both  the  boundary 
layer  thickness  and  the  Reynolds  stress  distribution 
across  the  boundary  layer  becomes  frozen  over  the 
oscillation  cycle  at  their  mean  values.  Only  the 
mean  velocity  profile  measurements  were  carried  out 
in  the  second  case.  It  was  found  that,  despite  the 
large  streamwise  variations  of  the  amplitude  and 
phase  of  the  free-stream  oscillations,  the  mean 
velocity  profile  in  the  boundary  layer  once  again 
remained  independent  of  the  imposed  oscillation 
frequency  so  long  as  the  mean  free-stream  velocity 
distribution  remained  unchanged. 

Introduction 


The  objectives  of  the  Stanford  Unsteady 
Turbulent  Boundary  Layer  Program  are:  to  develop  a 
fundamental  understanding  of  such  flows,  to  provide 
a  definitive  data  base  which  can  be  used  to  guide 
turbulence  model  development,  and  to  provide  test 
cases  which  can  be  used  by  computors  for  comparison 
with  predictions. 

Due  to  space  limitations,  work  of  other  inves¬ 
tigators  will  not  be  summarized  here,  except  to  note 
that  all  the  previous  experiments  are  characterized 
by  unsteady  flow  at  the  inlet  to  the  unsteady  re¬ 
gion.  For  a  comparison  of  the  present  experimental 
parameter  range  with  those  of  other  investigations, 
see  Reference  1.  The  distinctive  feature  of  the 
present  experiments  is  that  the  boundary  layer  at 


the  inlet  to  the  unsteady  region  is  a  standard, 
steady ,  flat-plate  turbulent  boundary  layer.  It  is 
then  subjected  to  controlled  oscillations  of  the 
free  stream.  This  feature  is  especially  important 
from  the  point  of  view  of  a  computor,  who  needs  pre¬ 
cise  specification  of  boundary  conditions  for 
computation  of  the  flow. 

Free-Stream  Boundary  Condition  of  the  Present  Exper- 
iment 


The  free-stream  velocity  distribution  u„(x,t) 
for  the  first  case  in  the  water  tunnel  built  for 
this  work  is  shown  in  Fig.  1.  u„  remains  steady 
and  uniform  for  the  first  two  meters  of  boundary 
layer  development.  It  then  decreases  linearly  in 
the  test  section;  the  magnitude  of  the  velocity 
gradient  varies  sinusoidally  from  zero  to  a  maximum 
value  during  the  oscillation  cycle.  The  mean  free- 
stream  velocity  distribution  in  the  test  section  is 
thus  linearly  decreasing  and  corresponds  to  the  dis¬ 
tribution  at  the  cycle  phase  angle  of  9u°,  while  the 
amplitude  of  imposed  free-stream  oscillations  grows 
linearly  in  the  streamwise  direction,  starting  at 
zero  at  the  entrance  to  a  maximum  value  of  ac  at 
the  exit.  Hence, 


u  (x, t )  ■  u 


X  <  X 


a  (x-x  )r-  “1 

U  -  — - : — —  1  -  COS  ult  ,  X 

*>,0  L  L  J  o 


<  x  <  x  +  L 


The  important  parameters  of  this  problem  are 
the  amplitude  parameter  o  •  a  /u„  Q  and  the 
frequency  parameter:  8^  ■  f 4  T\im  ’.  Here  f  * 

e)/(2it)  and  60  is  the  thickness  6?  the  boundary 
layer  at  the  inlet  to  the  unsteady  region.  In  the 
present  experiments: 


u„  Q  "  0.73  m/s,  -  0.05  m,  0  <  f  <  2  hz, 

0  <  a  <  0.25,  0  <  86  <  0.14 

It  should  be  mentioned  that  the  value  of  the 
frequency  parameter  Bj  at  the  so-called  "bursting 
frequency"  in  turbulent  boundary  layers  is  about  0.2 
[2].  Thus  the  imposed  oscillation  frequencies  used 
in  the  present  experiments  cover  the  range  from 
quasi-steady  (f  -  0)  to  values  approaching  the 
bursting  frequency.  The  results  reported  here  are 
for  one  non-dimensional  amplitude,  a  •  0.05. 


In  the  second  case,  the  mean  free-stream 
velocity  distribution  was  nonlinear  along  x  but 
was  independent  of  the  oscillation  frequency,  as 
shown  in  Fig.  2.  The  amplitude  of  the  imposed  free- 


stream  oscillations  near  the  test-section  exit  was 
comparable  to  that  in  the  first  case  (52).  However, 
the  growth  of  the  amplitude  from  nearly  zero  at  the 
test  section  entrance  to  the  maximum  value  at  the 
exit  was  nonlinear  and  frequency  dependent,  as  shown 
in  Fig.  3.  Furthermore,  the  phase  of  the  free- 
stream  oscillations  varied  dramatically  along  x 
and  was  also  dependent  on  the  oscillation  frequency, 
as  shown  in  Fig.  3.  The  net  result  at  high  oscil¬ 
lation  frequency  was  a  strong  departure  of  the 
phase-averaged  free-stream  velocity  distribution 
from  a  linear  one  accomplished  in  the  first  case 
(see  Fig.  4). 

Experimental  Facility 

Figure  5  is  a  schematic  of  the  facility.  The 
16:1  nozzle  contraction  is  followed  by  a  2  n  long 
development  section,  where  the  test  boundary  layer 
is  grown  on  the  top  wall.  A  constant  head  and  a 
constant  flow  resistance  prov'ide  a  constant  flow  . 
The  free-stream  velocity  in  the  development  section 
is  maintained  uniform  along  x  by  bleed  from  the 
bottom  wall. 


Here  <  u  >,  the  phase  average  velocity,  is  deter¬ 
mined  by  averaging  over  an  ensemble  of  samples  taken 
at  a  fixed  phase  in  the  imposed  oscillation.  In  the 
present  experiments,  with  harmonic  oscillation  of 
the  free  stream,  the  response  at  points  within  the 
boundary  layer  is  almost  sinusoidal,  with  higher 
harmonics  contributing  less  than  52.  Hence,  u  may 
also  be  extracted  from  the  instantaneous  signal  u 
by  cross-correlation  with  a  sine  wave  in  phase  with 
the  oscillation.  A  digital  correlator  (HP  3721a) 
was  used  to  determine  cross-correlations  leading  to 
the  u  data  reported  here.  Currently  a  DEC  MINC-11 
laboratory  minicomputer  system  is  used  for  automatic 
data  acquisition  and  processing,  allowing  the  deter¬ 
mination  of  phase  averages  of  u  and  u'  . 

The  measurements  reported  here  were  taken  at  a 
fixed  streamwise  location  near  the  end  of  the  test 
section  at  x  -  xQ  *  0.568  m. 

Results  and  Discussion 

Case  (i):  Linear  Phase-Averaged  Free-Stream 
Distribution 


The  linear  decrease  in  free-stream  velocity  in 
the  test  section,  as  desired  in  the  first  case,  is 
accomplished  by  uniformly  bleeding  off  some  flow 
through  a  perforated  plate  which  forms  the  bottom 
wall  in  the  test  section.  The  holes  in  the  perfo¬ 
rated  plate  are  sized  such  that  the  pressure  drop 
across  them  is  large  compared  to  the  dynamic  pres¬ 
sure  in  the  test  section.  To  make  the  amplitude  and 
phase  of  free-stream  oscillations  dependent  on  os¬ 
cillation  frequency,  the  holes  were  made  larger  so 
that  the  pressure  drop  across  the  perforated  bottom 
plate  became  small  compared  to  the  dynamic  pressure. 
The  remainder  of  the  flow  exits  downstream.  Each  of 
these  two  flows  exits  the  tunnel  through  slots  in  an 
oscillating  plate.  The  design  ensures  that,  regard¬ 
less  of  the  position  of  the  oscillating  plate,  the 
total  fiow  area  of  the  slots  remains  the  same.  The 
sluts  are  the  controlling  resistance  of  the  entire 
fluid  circuit,  hence  the  constant  flow.  By  sinus¬ 
oidally  oscillating  the  plate,  a  periodic  free- 
stream  distribution  is  established  in  the  test 
section,  while  the  upstream  flow  in  the  development 
section  remains  steady. 

Measurement  and  Data-Processing  Techniques 

Pitot  tubes  are  used  for  mean  velocity  measure¬ 
ments  in  steady  flow  regions.  Unsteady  velocity 
measurements  use  i  single-channel,  forward-scatter, 
bragg-shif ted  D1SA  laser  anemometer  in  the  tracking 
mode. 


Following  Hussain  and  Reynolds  (3J,  the  in¬ 
stantaneous  velocity  signal  from  an  unsteady  tur¬ 
bulent  flow  may  be  decomposed  into  three  parts: 

u*u+u+u*  (1) 


The  mean  velocity  profiles  measured  with  the 
oscillating  plate  in  fixed  positions  6*0,  90c , 
180°  are  fit  by  dashed  curves  in  Fig.  6.  These 
represent  phase-averaged  profiles  at  zero  frequency, 
i.e.,  quasi-steady  profiles.  At  this  amplitude  (a 
*  0.05),  the  response  of  the  boundary  layer  is 
almost  linear,  so  that  the  profile  corresponding 
to  6  =  90°  lies  nearly  midway  between  the  6  =  C 
and  180°  profiles.  The  90°  profile  represents  the 
mean  profile  for  quasi-steady  oscillations.  The 
difference  between  the  0  and  90°  profiles  at  a 
fixed  y-location  represents  the  amplitude  of  quasi¬ 
steady  oscillations  at  that  location  in  the  boundary 
layer.  Note  that  the  quasi-steady  amplitudes  xn  the 
boundary  layer  are  larger  than  the  free-stream  amp¬ 
litude. 


The  mean  velocity  profiles  measured  under  os¬ 
cillatory  conditions  at  0.5  hz  and  2.U  hz  are 
shown  as  data  points  in  Fig.  6.  Note  that  the  mean 
velocity  profiles  at  various  frequencies  are  iden¬ 
tical  with  the  profile  measured  under  stationary 
condition  with  pulser  angle  set  at  6  “  90°,  It  may 
be  concluded  that  t  lie  mean  velocity  profile  (at  a 
fixed  amplitude  a  *  0.05)  is  independent  of  the 
imposed  oscillation  frequency  in  the  entire  range  0 
f  2  hz.  The  same  behavior  persists  all  the  way 
up  to  the  wall. 


This  behavior  of  the  mean  velocity  profile  may 
be  explained  by  an  examination  of  the  governing 
equations.  Use  of  (1)  in  the  momentum  equation  and 
time-averaging  yields 


u 


3u  ,  —  3u 
3x  V  3y 


-  I  l£  + 
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where  IT  Is  the  mean,  u  Is  the  time-dependent, 
organized  (deterministic)  component,  and  u'  is  the 
random  fluctuation.  7T  is  determined  by  long-time 
averaging  of  u.  Here  u  is  of  a  periodic  nature 
and  nay  be  determined  by  first  phase-averaging  the 
instantaneous  velocity  signal  and  then  subtracting 
out  the  mean.  Thus, 

u  ■  <  u  >  -  u 


Equation  (3)  may  be  recognized  as  the  equation  gov¬ 
erning  an  ordinary  turbulent  boundary  layer,  except 

for  the  addition  of  the  term  uv,  which  represents 
Reynolds  stresses  arising  from  the  organized  oscil¬ 
lations. 

The  time-mean  pressure  gradient  3p/3x  may  be 
shown  to  be  independent  of  the  imposed  oscillation 


(2) 
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frequency  and,  except  for  a  higher-order  tens,  it 
is  the  same  as  that  obtained  for  f  «  0  at  6  - 
90°.  Therefore,  the  mean  velocity  field  trill  be 
frequency-dependent  if  and  only  if  one  or  both  of 
the  following  happen: 

•  The  distribution  of  Reynolds  stress  u'v’  is 
altered  under  oscillatory  conditions  and  is 
dependent  on  the  frequency  of  Imposed  oscil¬ 
lations. 

•  The  Reynolds  stress  uv  arising  from  organized 
fluctuations  becomes  significant  compared  with 

u' v' . 

We  shall  now  argue  that  neither  of  the  above  re¬ 
quirements  is  met.  Figure  7  shows  the  measured 
distribution  of  u'  s  under  stationary  condition 
with  the  pulser  at  8  =  90°  (  the  mean  position)  as 

well  as  those  measured  under  os  illatory  conditions 
at  frequencies  up  to  2  hz.  Note  that  u^mS  is 
independent  of  the  imposed  oscillation  frequency 
and,  further,  that  it  is  the  same  as  that  measured 
at  f  “  0  and  0  *  90° .  We  believe  that  the  same 
would  be  true  for  u'v',  which  at  present  we  cannot 
measure.  Figure  8  gives  a  comparison  between  mea¬ 
sured  values  of  uv  at  2  hz  with  data  on  u'v' 
obtained  by  Anderson  [4]  in  a  steady  adverse  pres¬ 

sure  gradient  boundary  layer  at  comparable  condi¬ 
tions.  The  present  data  on  uv__  were^obtained  by 
separate  LDA  measurements  of  u  and  v  and  their 

respective  phases.  It  may  be  seen  that  the  contri¬ 
bution  of  uv  to  total  Reynolds  stress  is  insignif¬ 
icant  over  almost  the  entire  boundary  layer.  Hence, 

u'v'  is  independent  of  frequency  and  uv  is 
negligible,  and  so  the  mean  velocity  profile  is  also 
independent  of  frequency  and  is  the  same  as  that 

found  at  f  -  0  with  0  “  90°. 

The  behavior  of  the  periodic  component  u  will 
next  be  examined.  We  denote 

u  -  aj(y)  cos [ut  +  $(y) ]  (4) 

The  profiles  of  amplitudes  aj  measured  in  the 
boundary  layer  and  normalized  by  the  free-stream 
amplitude  a^  „  are  shown  in  Fig.  6.  The  profile 
for  quasi-steady  (f  *  0)  oscillations  was  deter¬ 
mined,  as  explained  earlier,  from  the  mean  velocity 
profiles  measured  at  f  “  0  with  8  ■  0,  90°,  and 

180“  (see  Figs.  6(a),  (b)).  Note  that,  during 

quasi-steady  oscillations,  the  amplitude  in  the 
boundary  layer  exceeds  the  free-stream  amplitude  by 
as  much  as  70%.  It  may  be  mentioned  that  data  for 
f  ■  0. 1  hz,  not  shown  on  Fig.  9,  do  indeed  come  very 
close  to  the  quasi-steady  behavior. 


0.25  hz.  The  effect  of  increasing  the  frequency  is 
to  reduce  the  phase  lag  in  the  outer  region,  but  to 
introduce  large  phase  leads  in  the  region  very  close 
to  the  wall.  Clearly,  the  asymptotic  behavior  of 
the  outer  region  for  high  frequencies  is  once  again 
a  zero  phase  lag  with  respect  to  free-stream  oscil¬ 
lations,  as  in  the  quasi-steady  case. 

At  high  frequencies,  the  combination  of  the 
asymptotic  behaviors  of  aj/aj  „  and  t  in  the 
outer  region  together  with  the  fact  that  the  mean 
velocity  profile  is  unaffected  by  imposed  oscilla¬ 
tions,  has  the  effect  of  freezing  the  boundary  layer 
thickness.  This  is  shown  in  Fig.  11,  where  the 
phase-averaged  boundary  layer  thickness  <  4.99  > 
is  plotted  as  a  function  of  the  cycle  phase  angle 
for  several  frequencies.  The  quasi-steady  behavior 
of  <  S>99  5  is  quite  obvious:  at  8  *  0,  the 
boundary  layer  in  the  test  section  continues  to 
develop  under  a  zero  pressure  gradient  and  is  the 
thinnest  at  this  point  in  the  entire  cycle.  As  the 
phase  angle  is  increased,  pressure  gradients  of 
increasing  adversity  are  imposed  on  the  boundary 
layer,  causing  it  to  thicken.  The  maximum  thickness 
is  attained  at  8  ■  180“  under  the  maximum  adverse 
pressure  gradient.  Hence,  at  f  ■  0,  6  oscillates 
180°  out  of  phase  with  u„. 


Under  oscillatory  conditions  at  f  *  0.25, 
0.5,  and  2.0  hz,  two  things  happen:  a  significant 
phase  lag  develops  from  quasi-steady  behavior  and 
the  amplitude  attenuates  with  increasing  frequency. 
For  the  f  *  2.0  hz  case,  the  variation  over  the 
complete  cycle  is  less  than  1%  and  the  boundary 
layer  thickness  is  practically  frozen  during  the 
oscillation  cycle. 


It  may  be  shown  by  a  simple  argument  based  on  a 
mixing  length  model  of  boundary  layer  turb-.lence 
that  the  freezing  of  the  boundary  layer  thickness  at 
high  frequencies  is  also  accompanied  by  freezing  of 
the  Reynolds  stress  over  the  oscillation  cycle.  To 
prove  this,  we  hypothesize  that  the  phase-averaged 
Reynolds  stress  distribution  may  be  related  to  the 
phase-averaged  velocity  profile  in  the  same  manner 
as  for  a  steady  boundary  layer,  i.e., 
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Now,  in  the  outer  region  of  the  boundary  layer,  the 
mixing  length  1  may  be  modeled  as 

i  -  A  <  6>99  >  (6) 

where  \  is  nearly  a  constant.  Now, 

<u>  "  u+u  “  u  +  8j(y)  cos[u>t  +  4>(y)]  (7) 


As  the  frequency  is  increased,  the  amplitude 
ewlthin  the  boundary  layer  is  attenuated.  The 
amplitude  appears  to  drop  as  f  is  Increased  and 
then  rise  again.  At  high  frequencies,  the  amplitude 
in  most  of  the  boundary  layer  is  the  same  as  in  the 
free-stream;  near  the  wall  the  amplitude  of  the 
periodic  component  rapidly  drops  to  zero. 


However,  in  the  high-frequency  limit, 

aj(y)  ■  aj  „  “  const  ,  $(y)  *  0  ,  and  (8) 

<  i99  >  -  1  99  -  const. 

Therefore 


The  phase  differences  between  the  boundary 
layer  oscillations  and  free-stream  oscillations  are 
shown  in  Fig.  10.  For  f  *  0  there  is  no  phase 
difference.  The  largest  phase  lags  in  the  outer 
region  of  the  boundary  layer  were  observed  at  f  * 
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Combining  the  above,  one  finds  , 
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i.e.,  the  phase-averaged  Reynolds  stress  in  the 
outer  region  also  becomes  frozen  at  -  u'v'. 

Experimental  evidence  of  this  stress-freezing 
behavior  was  obtained  by  measurements  of  phase- 
averaged  normal  turbulent  stress  <  u'  >.  The 
quasi-steady  (f  m  0)  profiles  of  <  u'  >  are 
shown  in  Fig.  12  for  three  phase  angles  6  ”  0°, 
90°,  and  180°.  Note  that  the  distribution  for  90° 
lies  nearly  midway  betweert  those  for  0°  and  180°. 

The  distribution  of  <  u'  > _ for  90°  is  the  same 

2 

as  Che  distribution  of  u*  ,  as  seen  earlier. 
Therefore,  the  difference  between  the  0°  and  90° 
curves  in  Fig.  12  represents  t^ie  amplitude  of  quasi¬ 
steady  oscillations  of  <  u’“  >  at  any  point  in 
the  boundary  layer.  This  amplitude  was  determined 
graphically  from  Fig.  12  and  is  plotted  in  Fig.  13 

for  the  case  of  f  *  0.  Under  oscillatory  condi¬ 

tions,  the  amplitude  of  the  normal  stress  oscil¬ 
lations  in  the  boundary  layer  attenuates  as  the 

frequency  of  imposed  oscillations  is  increased 
from  f  "  0.  At  f  •  2.0  hz,  the  amplitude  of 
stress  oscillations  across  the  boundary  layer  is 

almost  zero  over  the  outer  region,  as  seen  in  Fig. 
13,  i.e.,  the  stress  is  almost  frozen  over  the 
oscillation  cycle. 

Case  (11):  Arbitrary  Phase-Averaged  Free-Stream 
Distribution 

In  this  case,  the  phase-averaged  free-stream 
distributions  become  frequency-dependent,  as  shown 
in  Fig.  4.  However,  the  mean  free-stream  distribu¬ 
tion  remained  almost  the  same  as  that  shown  in  Fig. 
2  at  all  frequencies  employed.  The  mean  velocity 
profiles  in  the  boundary  layer  were  measured  at  the 
same  axial  location  as  in  Case  (i).  Fig.  14  shows 
that  the  mean  velocity  profile  was  still  unaffected 
by  Cue  imposed  oscillations  at  frequencies  ranging 
from  zero  to  2.0  Hz.  This  shows  that  the  mean 
velocity  profile  is  dependent  only  on  the  mean  free- 
stream  velocity  distribution  ahead  of  the  measure¬ 
ment  station  and  is  independent  of  the  amplitude  and 
phase  distributions  of  the  imposed  oscillatory  com¬ 
ponent  in  the  free  stream. 

Conclusions 

The  conclusions  from  our  experiments  to  date 
may  be  summarized  as  follows: 

1.  The  mean  velocity  profile  in  the  boundary  layer 
is  unaffected  by  imposed  free-stream  oscilla¬ 
tions  in  the  range  of  frequencies  employed,  and 
it  is  the  same  as  the  one  measured  with  a  free- 
stream  velocity  distribution  held  steady  at  its 
mean  value.  This  is  true  even  if  the  amplitude 
and  phase  of  the  imposed  oscillatory  component 
in  the  free  stream  vary  arbitrarily  along  x  as 
functions  of  imposed  oscillation  frequency. 

2.  This  behavior  of  the  mean  velocity  field  is  a 
consequence  of  two  observations:  (a)  the  time- 
averaged  Reynolds  stress  distribution  across  the 
boundary  layer  is  unaffected  by  the  Imposed 
oscillations  and  is  Indeed  the  same  as  the  one 
measured  with  the  free-stream  velocity  distribu¬ 
tion  held  steady  at  the  mean  value;  and  (b)  the 
Reynolds  stresses  arising  from  the  organized 
velocity  fluctuations  under  Imposed  oscillatory 
conditions  are  negligible  compared  to  the  Rey¬ 
nolds  stresses  due  to  the  random  fluctuations. 


3.  The  amplitude  of  the  periodic  component  in  the 
boundary  layer  under  quasi-steady  oscillations 
(f  ♦  0)  is  as  much  as  702  larger  than  the 
Imposed  free-stream  amplitude.  However,  at 
higher  frequencies  the  peak  amplitude  in  the 
boundary  layer  is  rapidly  attenuated  toward  an 
asymptotic  behavior  where  amplitudes  in  the 
outer  region  of  the  boundary  layer  become  the 
same  as  the  free-stream  amplitude,  dropping  off 
to  zero  in  the  near-wall  region. 

4.  Quasi-steady  boundary  layer  velocity  response  is 
in  phase  with  the  imposed  free-stream  oscilla¬ 
tions.  As  the  frequency  is  increased,  phase 
lags  begin  to  develop  in  the  outer  region  of  the 
boundary  layer.  The  magnitude  of  this  phase  lag 
reaches  a  maximum  and  then  decreases  with  in¬ 
creasing  frequency  until  an  asymptotic  limit  is 
reached  where  the  outer  region  once  again  re¬ 
sponds  in  phase  with  the  free  stream.  Near  the 
wall,  however,  large  lead  angles  are  present  at 
higher  oscillation  frequencies. 

5.  A  consequence  of  (3)  and  (4)  above  is  that  the 
boundary  layer  thickness  becomes  nearly  frozen 
over  the  oscillation  cycle  at  higher  frequen¬ 
cies. 

6.  A  consequence  of  (3),  (4),  and  (3)  above  is  that 
the  Reynolds  stress  distribution  in  the  outer 
region  of  the  boundary  layer  also  becomes  frozen 
over  the  oscillation  cycle  at  higher  frequen¬ 
cies. 
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ABSTRACT 

The  development  of  an  oscillating  turbulent 
boundary  layer  is  studied  along  a  flat  plate.  The 
Strouhal  number,  based  on  a  fictitious  origine  of  the 
boundary  layer,  varies  from  1.5  to  18.  Systematic 
measurements  of  the  velocity  profiles  are  carried  out 
and  are  presented  in  the  form  of  the  harmonic  analy¬ 
sis  of  the  velocity,  as  well  as  of  the  displacement 
thickness.  It  is  shown  that  any  quantity,  for  example 
the  phase  and  the  amplitude  of  the  displacement 
thickness,  oscillates  as  the  Strouhal  number  in¬ 
creases.  The  period  of  this  oscillation  can  be  cor¬ 
rectly  estimated  from  a  small  perturbation  develop¬ 
ment  of  the  Von  Karman  momentum  integral  equation. 

The  evolution  of  the  phase  of  velocity  profiles 
near  the  wall  is  carefully  examined.  An  estimation  of 
the  harmonic  analysis  of  the  wall  shear  stress  is  gi¬ 
ven,  assuming  the  validity  of  the  law  of  the  wall  and 
the  law  of  the  skin  friction  coefficient. 

The  evolution  in  time  of  the  u-component  of  the 
kinetic  energy  of  turbulence  and  of  the  correlation 
coefficient,  are  presented  in  a  typical  case. 

INTRODUCTION 

The  study  of  unsteady  turbulent  flows  has  deve¬ 
loped  greatly  during  the  last  few  years,  due  to  the 
Improvement  in  prediction  methods  and  closure  models. 
Although  the  number  of  experimental  investigations  is 
also  increasing,  there  exists  a  lack  of  experimental 
data  to  validate  the  theoretical  work  and  also,  to 
obtain  a  better  understanding  of  the  physics  of  the 
phenomenon.  For  these  reasons,  it  was  felt  interes¬ 


ting  to  undertake  the  study  of  the  response  of  a  tur¬ 
bulent  boundary  layer  over  a  flat  plate, to  an  oscilla¬ 
ting  external  velocity  field.  The  simplicity  of  the 
boundary  conditions,  fixed  walls  and  periodic  external 
velocity,  allows  an  extensive  and  systematic  investi¬ 
gation  of  the  boundary  layer.  This  simplicity  is  also 
helpful  for  comparison  with  other  experiments  and  with 
predictions. 

In  the  present  experiment,  the  range  of  the 
Strouhal  number  is  quite  large,  between  1.5  and  18, 
and  the  velocity  profiles  are  measured  at  close  inter¬ 
vals  of  Strouhal  number, to  obtain  a  detailed  descrip¬ 
tion  of  the  response  of  the  boundary  layer  tc  the 
perturbation  induced  by  the  oscillation  of  the  exter¬ 
nal  velocity. 


NOMENCLATURE 

f  T 

u 

X,Y 

*o 

S 

H 

R* 

u*=  u/uT 
e 

T 

P 

AF 

*F 

n 
<  > 

( ') 


frequency  and  period 

longitudinal  velocity 

longitudinal  and  normal  coordinates 

distance  from  the  ficticious  origin 

of  the  turbulent  boundary  layer 

Strouhal  number  S=wXo /Q^=  2xf  Xo/Oe 

shape  parameter 

Reynolds  number  Rx=UpX/u 

skin  friction  coefficient  Ci=Tw/J.p  M 

2  e  e 


Y'mYUj/u 


displacement  thickness 
momentum  thickness 
shear  stress 

dynamic  and  kinematic  viscosity 
density 

amplitude  of  F 
phase  of  F 


time  mean  value 
ensemble  average 
random  fluctuation 
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unuer  uranc  UKti  n 


OU*  J* 


(lot  n'  6) . 


Subscripts 

0  time  mean  value 

1  complex  amplitude 

e  external  value 

w  value  at  the  wall 

EXPERIMENTAL  SET-UP  AND  FLOW  PARAMETERS 

The  boundary  layer  under  consideration  develops 
on  a  -8  m  long,  .22  m  wide  and  .15  mm  thick  flat 
plate.  The  aspect  ratio  of  the  elliptic  leading  edge 
is  6.  A  transverse  wire,  0.8  mm  in  diameter  and  loca¬ 
ted  70  mm  from  the  leading  edge  of  the  plate,  trips 
the  transition  of  the  boundary  layer. 

The  pulsation  of  the  flow  is  induced  by  a  simple 
rotating  butterfly  valve,  located  1.3  meter  down¬ 
stream  the  trailing  edge  of  the  flat  plate.  This 
valve  generates  a  periodic  pressure  loss  in  the  suc¬ 
tion  facility.  By  choosing  the  r.p.m.  of  the  butter¬ 
fly  corresponding  to  the  resonance  frequencies  of 
the  wind  tunnel,  sinusoidal  variation  of  the  external 
velocity  is  easily  obtained,  with  a  small  harmonic 
distortion  within  a  few  per  cent  of  the  fundamental. 

The  variation  of  the  Strouhal  number  cannot 

□e 

be  obtained,  only  by  changing  X,  which  corresponds  to 
a  displacement  along  the  plate.  Practically,  a  varia¬ 
tion  of  S  from  1.5  to  18  is  achieved  by  choosing  two 
combinations  of  U  and  Ue.  Table  1  gives  the  parame¬ 
ters  of  the  two  experiments,  as  well  as  a  description 
of  the  external  flow  fields  in  terms  of  their  harmo¬ 
nic  analysis.  In  both  experiments,  the  mean  velocity 
remains  constant  in  the  X  direction,  but  the  relative 
amplitude  of  the  fluctuation  decreases  linearly  by  a 
factor  1 . 5  at  t  »  38  Hz  and  3  at  f  »  62  Hz,  over  a 
distance  of  700  mm.  At  38  H2,  the  phase  difference 
between  the  two  extreme  measurement  stations  is  very 
small,  but  it  reaches  45°  at  62  Hz,  which  corresponds 
to  a  travelling  wave  with  a  celerity  equal  to  450 
m/s. 

For  the  calculation  of  the  Strouhal  number,  a 
difficulty  arises  due  to  the  definition  of  the  origin 
of  the  turbulent  boundary  layer.  This  origin  is  cal¬ 
culated  from  the  mean  momentum  thickness,  obtained  at 
the  first  measurement  station  by  using  the  steady 
flow  flat  plate  approximation  : 

e  -  0.0221  (1) 

X°~  RXo6 

The  quantity  X0  in  the  figures  refers  to  this  ori¬ 
gin. 


MEASUREMENTS  AND  DATA  REDUCTION 

Measurements  of  the  longitudinal  component  of 
the  velocity  are  done  by  constant  temperature  hot 
wire  anemometry.  The  average  velocity  is  defined  using 
a  conditional  sampling  technique.  U  being  the  instan¬ 
taneous  velocity,  9  the  phase  angle  in  the  cycle  and 
n  the  number  of  the  cycle,  we  have  : 

N 

<ll>-EU(nT*f)  with  U=<U>*u'  and  <u>s0 
n=1 

,2 

The  u-component  of  the  turbulence  energy  is  <u  > 
by  definition. 

In  practice,  the  rotation  of  the  butterfly  valve 
which  induces  the  pulsation  of  the  flow  gives  the 
phase  information. <U>  and<tl’2>  are  obtained  at  24 
instants  per  cycle  by  averaging  over  60C  cycles  / 1 / . 

AVERAGE  FLOW  FIELD 
Mean  Flow  Field 

For  both  experiments,  corresponding  to  f  *  38 
and  62  Hz,  the  average  flow  field  has  beer,  compared 
with  the  steady  configuration  at  the  same  Reynolds 
number.  Fig.  1  presents  only  the  results  obtained  at 
f  -  38  Hz.  No  influence  of  the  unsteadiness  of  the 
flow  can  be  detected  at  the  considered  Strouhal  num¬ 
bers,  namely  between  1.5  and  8. Results  corresponding 
to  the  case  f  -  62  Hz  extend  this  conclusion  up  to 
S  =  18.  The  skin  friction  presented  in  the  figure 
has  been  obtained  using  the  technique  of  "Clauser 
plot",  which  consists  in  fitting  the  experimental 
velocity  profiles  by  the  law  of  the  wall.  The  results 
are  in  good  agreement  with  predictions  using  an 
integral  method.  Moreover,  the  slope  of  0(X)  agrees 
well  with  the  estimated  values  of  the  skin  friction 
coefficient,  which  indicates  a  good  two-dimensiona¬ 
lity  of  the  flow. 

Harmonic  Analysis  Of  The  Velocity 

Profiles  of  the  relative  amplitude  of  fluctua¬ 
tion  and  of  phase  shift  with  respect  to  the  external 
velocity,  are  presented  in  figures  2  and  3  for  seve¬ 
ral  stations  along  the  plate.  A  slight  overshoot  of 
AU/AU#  exists  at  the  first  station.  It  increases 
to  reach  20%  at  Xj  »  0.34  m.  Farther  downstream,  it 
decreases  and  disappears  completely  at  X0  «  . 54  m. 
Then,  this  evolution  repeats.  If  the  boundary  layer 
is  considered  as  a  resonant  mechanical  systez,  the 
observed  periodicity  along  X  can  be  interpreted  as 
the  response  of  the  boundary  layer  to  the  perturba¬ 
tion  induced  by  the  pulsation  of  the  external  flow. 


Ue  =  U**Aue  Sin  (tot  •'Pue> 

F  (HZ) 

38 

62 

OJ  (m/s) 

21.9 

16.8 

AUe/Ui 

0.152  -  0.0743  (Xo-  0.047) 

0.118  -  0.114  (Xo-  0.047) 

7.6  (X,,-  0.047) 

88.9  (X,,-  0.047)%-  6.66 (XgO. 047) 

Xo  (m) 

0.14  to  0.77 

0.137  to  0.762 

(1)  Xo/  Up 

1.52  to  8.35 

3.2  .to  17.8 

RXo 

0.2  106  to  1.1  106 

0.15  106  to  0.87  106 

350  to  120 

270  to  90 

Table  1  :  External  velocity  and  main  parameters  of  the  flows 


8.42 


By  assuming  the  existence  of  a  travelling  wave 
which  affects  the  successive  profiles,  the  convective 
celerity  of  this  wave  is  of  the  order  of  .75  0®  .The 
results  obtained  at  62  Hz  lead  to  the  same  interpre¬ 
tation. 

The  evolution  with  Strouhal  number  of  the  profi¬ 
les  of  the  phase  shift  of  the  velocity,  also  displays 
a  periodicity,  similar  to  that  of  the  profiles  of 
AU/AUe  •  An  interesting  feature  of  the  profiles 
♦u-fUe  is  the  maximum  phase  lead  observed  around 
Y*  ■  50,  corresponding  to  the  logarithmic  region  of 
the  velocity  profile.  Simpson  111  has  also  observed 
an  extremum  in  the  logarithmic  region.  This  property 
will  be  interpreted  later. 

Integral  Boundary  layer  Thickness 

The  relative  amplitude  of  fluctuation  of  the 
displacement  thickness  8^  ,  divided  by  the  rela¬ 

tive  amplitude  of  the  external  velocity, and  the 
phase  difference  with  respect  to  Ue  are  presented  in 
figure  4.  All  the  experimental  results  obtained  at 
ONERA  are  plotted  with  those  of  Karlsson  111.  For 
the  sake  of  uniformity,  the  Strouhal  number  is  cal¬ 
culated  using  a  fictitious  origin  of  the  turbulent 
boundary  layer.  Despite  large  differences  in  the 
Initial  conditions  and  the  transition  process,  and 
although  the  Strouhal  number  is  not  the  unique  para¬ 
meter  to  take  into  account,  an  overall  good  agreement 
is  observed  between  the  various  experiments,  espe¬ 
cially  the  phase  difference  with  respect  to  the  ex¬ 
ternal  velocity.  In  experiments,  this  last  quantity 
is  measurable  with  a  better  accuracy  than  the  rela¬ 
tive  amplitude  of  oscillation. 

The  striking  result  is  the  periocic  oscillation 
of  the  quantities  with  a  small  damping  as  the  Strou¬ 
hal  number  increases.  This  oscillation  has  been  pre¬ 
viously  observed  for  the  shape  of  the  profiles  of 
relative  amplitude  and  phase  shift  of  the  velocity. 
Its  period  is  close  to  5.  This  means  that  it  can  be 
detected  only  if  the  boundary  layer  is  measured  at 
close  intervals  of  Strc  .hal  number,  which  was  not 
the  case  in  the  pioneering  experiments  of  Karlsson. 

The  general  feature  of  the  response  of  the 
boundary  layer  to  the  oscillation  of  the  external 
velocity,  can  be  easily  illustrated  from  a  small 
perturbation  expansion  of  the  Karman's  equation  : 

2  0X  Ue  3X 

e  (2) 

By  assuming  that  all  the  quantities  appearing 

in  equation  (2)  can  be  written  in  the  form  : 

♦  » *^l*'U*  ,  and  the  modulus  of  ,  the 

complex  amplitude  .being  supposed  small  compared  to 
to  ,  the  Karman's  equation  reads  : 

-!£l=  £il  -ili.  <6n  .6,^21)  (3) 

dX  2  Ueo  °Ueo 

To  close  equation  (3),  it  is  assumed  that  the 
shape  parameter  remains  constant  and  that  the  skin 
friction  is  a  function  only  of  Rg  and  H,or  equi¬ 
valently  in  the  present  case  of©  and  Ue,  but  is  not 
explicitely  a  function  of  time.  Then,  equation  (3) 
becomes  : 

)  - 

dX  U*i  2  36  0  ~ 


-i«H0e0U£l 

2  3U*  U90 


Using  the  Strouhal  number  S  •  uX/U^0  instead 
of  X,  equation  (4)  has  a  solution  of  the  form  : 

6)  =  ©exp[(-iH0tUio(^£l)o)Sl  (5) 

The  period  of  0j  is  equal  to  2%/Hq*  4-5*  which  is 
close  to  the  experimentally  observed  value  of  5. More¬ 
over  ,  the  above  calculation  shows  that  the  damping 
factor  is  strongly  dependent  on  the  chosen  skin  fric¬ 
tion  law* 

Skin  Friction  Coefficient  -  Phase  Shift  Near  The  Wall 
Law  of  the  wall 

Direct  measurement  of  the  wall  shear  stress 
being  particularly  difficult  in  unsteady  flow,  it  can 
be  interesting  to  deduce  it  by  using  the  technique  of 
"Clauser  plot"  as  in  steady  flow.  To  do  this*  the  ex¬ 
perimental  velocity  profile  is  approximated  by  the 
law  of  the  wall,  which  i6  supposed  to  remain  valid  at 
every  instant  of  the  cycle.  Following  law  has  been 

used  :  U*=lLnY*  .  C  (6) 

X 

with  X  ■=  0.41  and  C  -  5.25. 

In  figure  5,  profiles  measured  at  a  giver,  loca¬ 
tion  but  at  different  instants  during  a  cycle,  are 
plotted  in  semi-logarithmic  coordinates.  At  each  ins¬ 
tant,  the  value  of  Ut  which  gives  the  best  fit  with 
equation  (6)  is  used  to  calculate  Y4  and  U*  •  A  good 
agreement  is  observed  between  the  experimental  velo¬ 
city  profiles  and  formula  (6)  over  a  rather  wide 
range  of  Y*  ,  as  in  steady  flow. 

The  above  method  of  determining  Ux  has  been  used 
to  obtain  the  harmonic  analysis  oftyv  presented  in 
figure  6.  The  phase  shift  ofTW  with  respect  to  Ue 
remains  small,  less  than  20  degrees  and  decreases 
when  the  Strouhal  number  increases.  As  regards  the 
relative  amplitude  of  fluctuation  of  Tw  ,  the  general 
trend  is  an  increase,  to  which  an  oscillation  with  a 
period  equal  to  5.5  is  superimposed.  One  can  again 
notice  the  weakly  damped  response  of  the  boundary 
layer  to  the  perturbation  of  the  external  flow. 

It  has  been  shown  by  Simpson  111  that  the  exis¬ 
tence  of  a  logarithmic  region  of  overlap,  between 
the  law  of  the  wall  and  the  law  of  the  wake, implies 
that  the  velocity  phase  shift  remains  constant  in 
such  a  region.  In  fact,  this  conclusion  is  a  direct 
consequence  of  the  assumption  of  the  existence  of  a 
general  universal  law  of  the  form  : 

U4  s  f  (  Y*  )  (7) 

in  which  time  does  not  appear  explicitely,  but  only 
in  U*  and  Y*  through  UT  . 

A  small  perturbation  expansion  of  (7)  leads  to 
the  following  equations,  for  the  time-mean  velocity 
and  the  complex  amplitude  : 

Up  _  f (V Uto)  (g) 

Uto  "  u 

U,  ,Ur.[faiil2)  .lifSSdLl 
1  >  u  u  {jY4 

Equation  (8)  only  indicates  that  the  time-mean 
velocity  profile  obeys  the  steady  universal  law, 
which  is  not  surprising.  Equation  (9)  shows  that  the 
velocity  phase  shift  is  constant  and  equal  to  the 
phase  of  the  shear  velocity,  or  equivalently  to  the 
phase  of  the  wall  shear  stress  /  11  . 

Experimentally,  the  velocity  phase  shift  is 
nearly  constant  in  the  region  where  a  logarithmic 
behaviour  exists.  Acutally,  a  local  maximum  of  the 
velocity  phase  lead  occurs  around  Y*  *  50.  Despite 
the  fact  that  the  experimental  velocity  phase  lead 
decreases  rspidly  near  the  wall,  the  phases  of  the 
wall  shear  stress  determined  by  assuming  the  vall- 
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dity  of  the  law  of  the  wall,  compare  well  with  the 
maximum  velocity  phase  shift.  This  can  be  seen  in 
figure  3,  where  the  triangles  correspond  to  the 
phase  of  Tw  . 

A  possible  interpretation  of  the  above  results 
is  that  a  universal  law,  such  as  eq.  (7),  does  not 
cover  the  whole  wall  region,  from  y  »  0  to  the 
logarithmic  region,  but  covers  only  this  last  region 
in  the  imnediate  vicinity  of  the  wall  where  U*  «  V  . 
In  other  words,  it  is  possible  that  the  buffer  layer 
does  not  obey  the  universal  law  (7) . 


Sublayer  region 


The  existence  of  the  universal  law  of  the  wall, 
which  is  indicated  from  figure  5,  implies  that  the 
maximum  phase  lead  of  the  velocity,  observed  in  fi¬ 
gure  3,  is  equal  to  the  wall  shear  stress  phase 
shift.  For  the  coherence  of  the  results,  the  phase  of 
the  velocity  must  increase  in  the  sublayer  region. 
This  can  be  supported  by  considering  the  boundary 
layer  equation  written  in  the  sublayer  region  : 

_  1  dp  ,  JL  <n3U  )-0  UO) 

P  3X  9Y  3Y  ' 

By  setting  -  and  using  a  small 

perturbation  expansion, the  phase  of  the  velocity 
is  given  by  :  Ji..  i 

tan(f,  ,-tfj  J  eo  YUr  -J _ l  U) 

U  Ue-  ™  Ue  2-^2  |tw,|/Two  »  cos^^ 


This  equation  shows  that  the  velocity  phase  shift  is 
not  constant  near  the  wall,  but  decreases  as  Y  in¬ 
creases.  Substitution  of  typical  experimental  values 
indicates  that  for  f  -  38  Hz,  the  velocity  phase 
shift  decreases  by  about  6°  between  Y*  *  0  and  Y* 

*  5.  This  decrease  is  about  13°  for  f  -  62  Hz .  The 
values  so  obtained  agree  well  with  the  experimental 
phase  differences  plotted  in  figure  3, the  measurement 
point  closest  to  the  wall  corresponding  to  Y*  bet¬ 
ween  10  and  6,  depending  on  Xo  •  The  actual  behaviour 
of  the  velocity  phase  shift  near  the  wall  can  be 
thought  of,  as  given  in  the  figure  7. 

In  the  above  discussion,  it  is  assumed  that  the 
scaling  parameter  (J x  which  appears  in  the  law  of  the 


wall,  is  equal  to  |ftw/ P  •  If  it  was  not  the  case, 

the  velocity  phase  shift  would  be  constant  in  the 
logarithmic  region,  but  not  equal  to  the  shift  of  the 
wall  shear  stress  phase. 


An  Expression  For  The  Velocity  Phase  Shift  in  The 
Logarithmic  Region 

To  obtain  this  expression,  it  can  be  assumed 
that,  at  each  instant,  the  skin  friction  coefficient 
obeys  the  same  law  as  in  a  steady  flow  (4)  : 

(  i)1/2_  Un  u«  h  r  0*  (12 

„  Ci  ~  x  » 

with  D  -  2  G  -  4.25  CV2  +  2.12 

and  6  -  — H  *1 _ _ 

H(Cf/  2)V2 

By  carrying  out  a  small  perturbation  expansion 
of  equation  (12),  the  phase  and  the  amplitude  of  Tw 
can  be  expressed  as  functions  of  the  harmonic  analy¬ 
sis  of  the  displacement  and  momentum  thicknesses, 
and  of  the  external  velocity  (5).  The  results  obtai¬ 
ned  from  this  calculation  compare  veil  with  those 
deduced  from  the  law  of  the  wall  (figure  6). 


Figure  8  shows  two  cycles  of  the  evolution  in 
time  of  the  u-component  of  the  kinetic  energy  of  tur¬ 
bulence,  divided  by  its  mean  value.  The  distance  to 
the  wall  corresponds  to  a  constant  value  of  V/$  equal 
to  .8, and  the  distance  between  two  successive  sta¬ 
tions  is  equal  to  5  cm.  The  stars  indicate  the  ins¬ 
tants  when<U'2>  is  maximum.  The  fact  that  they  are 
along  the  dotted  straight  lines,  the  slope  of  which 
corresponds  to  .85  Ue,  leads  to  a  result  similar  to 
that  obtained  in  steady  flow  from  space-time  correla¬ 
tion  measurements. 

An  other  interpretation  of  the  results  of  figure 
8  is  that  the  free  edge  of  the  boundary  layer  oscil¬ 
lates  at  the  frequency  of  the  external  flow, and  car, 
be  represented  by  a  travelling  wave,  the  celerity  cf 
which  being  equal  to  .85  l’e. 

An  important  turbulence  parameter  is  the  corre¬ 
lation  coefficient.  In  the  closure  models  for  calcu¬ 
lation  methods,  it  is  more  or  less  explicit ely  assu¬ 
med  constant.  The  evolution  in  time  of  this  coeffi¬ 
cient  is  plotted  in  fig.  9  for  two  cycles  at  increa¬ 
sing  distances  from  the  wall.  Except  in  the  external 
region  where  <U#v'>  vanishes,  the  correlation  coef¬ 
ficient  remains  constant  and  equal  to  the  value  com¬ 
monly  found  in  steady  turbulent  boundary  layers ,w*hich 
is  0.45.  This  result  tends  to  prove  that,  up  to 
Strouhal  number  of  5,  the  development  of  the  turbu¬ 
lence  is  not  strongly  affected  by  the  unsteadiness  of 
the  flow. 

CONCLUSIONS 

The  experimental  study  of  the  response  of  a  tur¬ 
bulent  boundary  layer  ever  a  flat  plate  to  an  oscilla¬ 
ting  external  velocity  field  has  confirmed  that  the 
mean  flow  field  is  not  affected  by  the  unsteady  ef¬ 
fects  up  to  Strouhal  number  equal  to  18.  A  possible 
interpretation  of  the  measurements  is  that  the  boun¬ 
dary  layer  responds  to  the  perturbation  induced  by 
the  pulsation  of  the  external  flow  as  a  mechanical 
system  with  a  small  damping. 

Although  no  direct  measurement  of  the  wall  shear 
stress  has  been  done  so  far,  an  estimation  of  this 
parameter  can  be  obtained  by  assuming  that  the  law  of 
the  wall  remains  valid.  A  consequence  of  this  assump¬ 
tion  is  that  the  phase  of  the  velocity  near  the  wall 
is  constant,  and  equal  to  the  wall  shear  stress  phase 
shift.  Actually,  a  maximum  of  phase  lead  is  measured 
at  Y*  around  50,  but  the  velocity  phase  lead 
decreases  near  the  wall,  which  tends  to  prove  that  the 
buffer  layer  does  not  remain  a  universal  function  inde¬ 
pendent  of  time. 
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Fig.  3:Harmonic  analysis  of  the  velocity  -  Phase 
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A6i/6^ 

.AlU/lL 

61*5^-A61sinCc*>t*vpSi ) 

— 

♦  # 

• 

♦  o 

p  •  . 

• 

0  °4 

o  ( 

> 

*0  4 

++mmm 

• 

o 

•  o 

•• 

o 

°  %°  * 

♦w  ° 

40 

0 

-40 


*180°  •  f=38H2  of=62  Hz 

.°1  « «[ref6] 

•  [from  ref  3] 

. 

• 

•o 

•*.oe 

•  *v 

•°° 

2 

O 

♦ 

o 

o 

♦ 

• 

* 

4 

1  e 

>  ° 

1 

"O  w 

> 

WXo/ 

o 

0  5  10  15 


Flg.4:Harmonic  analysis  of  the  displacement  thick¬ 
ness  versus  Strouhal  number 


8.45 


2 


DIFFUSION  FROM  AN  ELEVATED  SOURCE  WITHIN  THE  ATMOSPHERIC  BOUNDARY  LAYER 


by 


P.C.  CHATW1N  and 

Department  of  Applied  Mathematics 
and  Theoretical  Physics 
The  University  of  Liverpool 


T.J.  SULLIVAN 

Department  of  Applied  Mathematics 
The  University  of  Western  Ontario 


ABSTRACT 

Concentration  distributions  that  result  from 
contaminant  release  from  an  elevated  source  are 
found  from  the  solution  of  the  convective-diffusion 
equation  prior  to  the  encounter  of  an  appreciable 
amount  of  contaminant  with  the  ground.  The  import¬ 
ant  role  of  the  variability  of  diffusivity  in  dif¬ 
fusion  problems  in  the  atmosphere  is  clearly  exposed. 

NOMENCLATURE 


v'  =  standard  deviation  for  vertical  fluctuating 
velocities . 

x,  x.  =  position  vector  and  components  from  the  re 
1  lease  point . 

X,  X.  =  position  vectOT  and  components  relative  to 
the  centre-of-mass  and  normalised  with  r.. 

i 

x.  =  co-ordinates  of  the  cloud  centre-of-mass. 

l 

x  =  down  wind  location  of  the  maximum  value  of 
ground-level  concentration, 
z  =  non-dimensional  vertical  distance  from  the  g* on. 


a.,b.,c.,d.  =  coefficients  in  a  Taylor  series  expan- 
1111  sion  of  k.  and  u. 
a,  6,  Y  =  non-dimensionil  diffusive  parameters. 

C(x,t)  =  contaminant  concentration. 

^iik(t)  ~  coefficien,;s  in  Gram  Charlier  expansion. 

$  *  non-dimensional  dispersive-parameter. 

F,  P,  Q  =  conveniently  defined  functions, 
h  »  release  height. 

Hi^(X)  »  Hermite  polynomials. 

•  v(Xj)  «  diffusivities . 

M  ft)  =  moments  of  C(x,t). 

m,  i.  ,p  ~ 

R,  r_  «  correlation  coefficient  matrix  and  elements. 
o,.(t)  *  standard  deviation  of  C(x,t). 


o 


4 


standard  deviation  of  wind  angle. 


T  =  non-dimensional  time  scale. 
uiXj),  U(Xj)  =  mean  velocity  profiles,  the  former 
telative  to  the  velocity  at  the  re¬ 
lease  position. 
u„  =  friction  velocity. 


INTRODUCTION 


The  problem  of  contaminant  release  from  an  el¬ 
evated  source  within  the  earth's  boundary-layer  is 
of  particular  practical  importance.  The  customary 
procedure  (10,  j_5,  16)  for  modelling  atmospheric 
diffusion  is  to  assume  'eddy  diffusivities'  where 
the  principal  axes  of  the  diffusion  tensor  are  alig 
ned  with  the  vertical,  lateral  and  streamwise  dir¬ 
ections.  For  an  instantaneous  point  source  the  re¬ 
sulting  equations  governing  contaminant  concentra¬ 
tion  C(x,t)  are: 


3C 

3t 


when 


3  (uC)  3  ,  3i:  . 

"^T" "  l3*i 


j  C(x,t)dV(x)  =  1  , 

all 

space 


(1) 


1:1 


and  C (x , 0)  =  f-(Xj)  5(Xj)  5(Xj) .  (St 


The  downwind  direction  x,  is  measured  relative  to 
U(0)t  so  that  the  velocity  profile  is 


U(Xj )  =  u(x  1  *  U (01 


(41 


9.1 


and  the  lateartl  direction  x,  and  vertical  direction 
x  are  measured  from  the  release  position,  x.  =  0 
i?  a  plane  ore  symmetry.  The  large  amount  of  work 
based  on  (1)  can  be  found  summarized  in  (16)  for  ex¬ 
ample  however  the  bulk  of  this  work  is  applied  to 
the  steady  plime  model  for  specific  forms  of  u(x  ) 
and  K  (x.).  tCie  intrinsically  nonstationary  charac¬ 
ter  of  the  diiiSfusion  of  a  cloud  in  a  turbulent  shear 
flow  suggests  that  (1)  will  be  approximate  and  that 
the  solutionis  to  (1)  be  closely  checked  with  experi¬ 
ment.  Some  discussion  on  this  type  of  approximation 
is  found  in  (U_) .  It  is  desirable  to  assess  the 
validity  of  pi)  by  comparison  with  experimental 
measurements  That  are  taken  before  the  contaminant 
has  encountfsirsd  the  viscous-dominated  or  rough 
boundary  reygiin  immediately  adjacent  to  the  ground. 
Not  only  is  'tie  detailed  flow  structure  very  uncer¬ 
tain  in  thi.-s  cegion  but  its  presence  will  have  a 
dominant  efftct  on  the  subsequent  cloud  evolution. 
Thus  'near-sroirce'  or  'small-time'  solutions  to  (1) 
are  required,  lor  a  sensitive  assessment  of  the  basic 
modelling. 

There  a.rj  also  compelling  practical  reasons, 
related  to  the  deposition  problem,  for  the  invest¬ 
igation  of  nm  near-source  diffusion  from  an  elev¬ 
ated  source  within  the  earths'  boundary- layer .  Al¬ 
though  some  insight  is  available  (mainly  for  ground- 
level  release!  from  a  Lagrangian  similarity  analy¬ 
sis  (4,5)  t!r.e  extension  of  this  theory  to  encompass 
release  froiT  m  elevated  source  would  appear  to  re¬ 
quire  a  dis  taice  downstream  that  is  large  with  res¬ 
pect  to  the  distance  at  which  the  maximum  ground- 
level  concentration  occurs  ( 10)  . 

The  'm (--'t rod  of  moments'  (1,1*)  is  used  in  a  new 
way  to  invest-gate  the  'small-time'  dispersion  prob¬ 
lem  with  va.ruble  diffusivity  as  set  out  in  (1), 

(2)  and  (3)  .  First  all  of  the  moments  of  the  con¬ 
centration  distribution  C(x,t)  are  found  from  (1) 
and  the  momiercs  are  then  used  to  construct  C(x,t) 
using  a  gen.enlized  Hermite  polynomial  expansion. 
Although  a  ;;  nat  deal  of  information  is  contained  in 
the  first  few  moments  of  the  distribution,  important 
consideration*  such  as  the  value  and  spatial  locat¬ 
ion  of  the  maximum  concentration  are  not.  Advocacy 
of  the  use  the  Hermite  polynomials  in  the  asymp¬ 
totically  l.urge  time  dispersion  problem  is  found  in 
("j  and  for  Tie  fluctuation  problem  in  relative  tur¬ 
bulent  dif'fusnn  in  (8^£)  . 

Defining  moments  as: 


'Vn,p(t)  =  {  V^C(x,t)dV(x)  (5) 


when  a  Taylor  series  expansion  about  the  point  of  re¬ 
lease  and  truncated  after  quadratic  terms  for  <^(x.) 
is  used  and  an  arbitrary  but  finite  number  q  of 
terms  for  u(Xj)  is  used.  That  is 

2 

<lCxl)  =  a0  *  Vl  *  a2Xl  t?a) 

K2C*l)  =  bQ  ♦  bJx1  4  b,Xj  (7b) 

*3(xl)  =  cQ  ♦  Vl  *  c2x^  (70 


u(x  )  =  l  d  x1 
1  i  =  l 


It  is  apparent  that,  because  of  the  plane  of  symmetry 
x2  =  0 

M  ,  .  =  0.  (8) 

m,2n4l,p 

The  Taylor  series  expansion  for  <. (x  )  and 
u(x  )  will  describe,  locally,  all  reasonable  funct¬ 
ions  and  only  as  the  cloud  size  grows  in  time  will 
higher  ordered  coefficients  a.,  b. ,  c.  and  d.  in 
'7a  -  d)  be  required  for  an  adequate  representation. 
For  example,  as  t  4  0  only  a  ,  b  and  c  are  import¬ 
ant.  In  the  atmosphere  the  quadratic  terms  in  (*a-c) 
represent  first  approximations  to  the  deviations 
from  the  linear  values  occurring  in  neutral  stratif¬ 
ication.  The  inclusion  of  x  terms  in  "a  -  c)  does 
not  permit  the  simple  recursion  relationships  of  (61 
so  that  it  is  preferable  to  write  the  solution  to  (1) 
as 


C(x,t)  = 


C ( v , t -T ) C ( x -v , 1 1 dV  ( v )  (9. 


with  the  initial  conditions  (3)  and  the  understand¬ 
ing  that  T  is  kept  sufficiently  small  so  that  i~a-d; 
will  apply  at  each  point  throughout  the  cloud  of 
contaminant.  The  simple  recurrence  relationship  .6' 
is  ideally  suited  to  recent  developments  in  computer 
software  that  provide  analytic  solutions  to  such 
equations  (^) • 

kith  the  moments  n  _(t)  determined  from  the 
solution  of  (6)  a  Gram-Charl i er  series  for  Cfx.tl  is 
constructed  (l_2,Lil  such  that 

"* .  *  -C  { x  ,  t ) 


=  (  Sir '  I  R  ,  j 


:>  .  t'H.  .  i  v. 
1 1  k  1 1  k  - 


one  derives  icon  (1)  the  recurrence  relationship 
„  It) 


M  ♦ 

ma,M 

4  (m4l)a,M 

.:  r-2,n,p 

1  m- 

1 ,n,p  2  m.n.p 

■M  ,  4 

b,M  , 

,  4  b^M  - 

.  r.n-2,p 

1  m4 1 

,n-2,p  2  m42,n-2,p 

v,  » 

c,M  , 

,  4  c,  M  , 

",  n ,  p  -  2 

1  m4 1 

,n,p-2  2  m42,n,p-2 

a 

4  p  ;  d  , 

r  -  ,  in-  ;,n,p- 1 

i- 1 


where  g(X)  =  X  RX  is  a  quadratic  form  in  the  stand¬ 
ardized  variable  X  and  R  is  the  correlation  coeffic¬ 
ient  matrix.  H..,(X)  are  Hermite  polynomials  and 
their  coefficients  D...(t)  are  conveniently  expres¬ 
sible  as  functions  ofr-'the  moments  of  C(x,fl 

Because  of  the  plane  of  symmetry  in  this  prop- 
I  en.  ( x  ,  =  (l ) 

D .  ,.  ,  .  =  n  ill! 

l ,2y+l ,k 
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III.  PRESSURE  PARAMETERIZATION  FOR  SINGLE-POINT 
HIGH-ORDER  MODELING 


in  which  the  paremeterintion  of  molecul 


and  the  latecud  direction  x.  and  vertical  direction 
x.  are  measured  from  the  release  position,  x.  *  0 
is  a  plane  art  symmetry.  The  large  amount  of  work 
based  on  (1):  can  be  found  summarized  in  (16)  for  ex¬ 
ample  however  the  bulk  of  this  work  is  applied  to 
the  steady  plune  model  for  specific  forms  of  u(x  ) 
and  (C .  (x.) .  She  intrinsically  nonstationary  charac¬ 
ter  or  the  diffusion  of  a  cloud  in  a  turbulent  shear 
flow  suggests  chat  (1)  will  be  approximate  and  that 
the  solutioms  to  (1)  be  closely  checked  with  experi¬ 
ment.  Some  discussion  on  this  type  of  approximation 
is  found  in  (11).  It  is  desirable  to  assess  the 
validity  of  015"  by  comparison  with  experimental 
measurements  that  are  taken  before  the  contaminant 
has  ehcountteoad  the  viscous-dominated  or  rough 
boundary  regiian  immediately  adjacent  to  the  ground. 
Not  only  is  r3ie  detailed  flow  structure  very  uncer¬ 
tain  in  this  cegion  but  its  presence  will  have  a 
dominant  effect  on  the  subsequent  cloud  evolution. 
Thus  'near- scarce'  or  'small-time'  solutions  to  (1) 
are  required!  2or  a  sensitive  assessment  of  the  basic 
modelling. 

There  a.ra  also  compelling  practical  reasons, 
related  to  the  deposition  problem,  for  the  invest¬ 
igation  of  tihi  near-source  diffusion  from  an  elev¬ 
ated  source  within  the  earths'  boundary- layer.  Al¬ 
though  some  Insight  is  available  (mainly  for  ground- 
level  release).  from  a  Lagrangian  similarity  analy- 
sis  (£.5)  tine  extension  of  this  theory  to  encompass 
release  froim  ai  elevated  source  would  appear  to  re¬ 
quire  a  dis.taice  downstream  that  is  large  with  res¬ 
pect  to  the  distance  at  which  the  maximum  ground- 
level  conce  ntration  occurs (10) . 


when  a  Taylor  series  expansion  about  the  point  of  re¬ 
lease  and  truncated  after  quadratic  terms  for  ie^(x.) 
is  used  and  an  arbitrary  but  finite  number  q  of1 


••erms  for  u(Xj)  is  used.  That  is 

W  *  a0  +  Vl  *  Vl 

K2(V  *  b0  +  blXl  +  Vl 

W  =  cQ  ♦  Vl  ♦ 


u(x  )  =  l  d  xj. 
1  i=l  1  1 


(7a) 

(7b) 

(7c) 

(7d) 


It  is  apparent  that,  because  of  the  plane  of  symmetry 

M  ,  ,  =  0.  (8) 

m,2n»l,p 


Xj  =  0 


The  Taylor  series  expansion  for  <. (x  )  and 
u(x  )  will  describe,  locally,  all  reasonable  funct¬ 
ions  and  only  as  the  cloud  size  grows  in  time  will 
higher  ordered  coefficients  a.,  b.,  c.  and  d.  in 
(7a  -  d)  be  required  for  an  adlquaie  representation. 
For  example,  as  t  +  0  only  a  ,  b  and  c.  are  import¬ 
ant.  In  the  atmosphere  the  quadratic  terms  in  (7a-c) 
represent  first  approximations  to  the  deviations 
from  the  linear  values  occurring  in  neutral  stratif¬ 
ication.  The  inclusion  of  xJ  terms  in  7a  -  c)  does 
not  permit  the  simple  recursion  relationships  of  (6) 
so  that  it  is  preferable  to  write  the  solution  to  (1) 
as 


The  'merttod  of  moments'  (1,£7)  is  used  in  a  new 
way  to  inve-stlgate  the  'small-time'  dispersion  prob¬ 
lem  with  va.rnble  diffusivity  as  set  out  in  (1), 

(2)  and  (3)  .  First  all  of  the  moments  of  the  con¬ 
centration  idUtribution  C(x,t)  are  found  from  (1) 
and  the  moimsrts  are  then  used  to  construct  C(x,t) 
using  a  genienlized  Hermite  polynomial  expansion. 
Although  a  grnat  deal  of  information  is  contained  in 
the  first  f  ew  moments  of  the  distribution,  important 
consideration*  such  as  the  value  and  spatial  locat¬ 
ion  of  the  irucimum  concentration  are  not.  Advocacy 
of  the  use  o/  the  Hermite  polynomials  in  the  asymp¬ 
totically  l.urge  time  dispersion  problem  is  found  in 
(£)  and  for.  lie  fluctuation  problem  in  relative  tur¬ 
bulent  diffusion  in  (£,£)  . 

Defining  moments  as: 


C(x,t)  =  J  C(v,t-T)C(x-v,t)dV(y)  (9) 

all 

space 

with  the  initial  conditions  (3)  and  the  understand¬ 
ing  that  T  is  kept  sufficiently  small  so  that  t’a  -  d) 
will  apply  at  each  point  throughout  the  cloud  of 
contaminant.  The  simple  recurrence  relationship  (6) 
is  ideally  suited  to  recent  developments  in  computer 
software  that  provide  analytic  solutions  to  such 
equations  (2) . 

With  the  moments  n  _(t)  determined  from  the 
solution  of  (6)  a  Gram-Ciiaf l ier  series  for  C(x,t)  is 
constructed  (12,141  such  that 


■J- 

m.n.p 


(t) 


*  |  x“x"xPc(x,t)dV(x)  (5) 

all 

space 


one  derive.s  fnom  (1)  the  recurrence  relationship 


ai°2°3C(X’t) 


=  (87T3|R|f  V*5Sl~)  l  (-1  J1*- *kD ijk(t)H  (X) 


i*j*k 

=0 


(10) 


M*  (t) 
m,n,p 


=  m [ (m- 1) a  M  +  ma,M  ♦  (m*l)a.M  ] 

0'  m-2,n,p  1  m-l,n,p  2  m,n,p 

*  n(n-l)  [b  ,'M  w  b.M  .  ,  ♦  b,M  ,  ,  ] 

1  0  m,n-2,p  1  m*l,n-2,p  2  m*2,n-2,p' 

♦  p(p-l)  [c..M  ,  ♦  c,M  ,  ,  ♦  c,M  ,  ,] 

*  K  1  u:  m,.n,p-2  1  m*l,n,p-2  2  m*2,n,p-2' 

WO? 


d .  IV 


i'  m-*!,  n,p-l 


16) 


T 

where  g(X)  =  X  RX  is  a  quadratic  form  in  the  stand¬ 
ardized  variable  X  and  R  is  the  correlation  coeffic 
ient  matrix.  H..^(X)  are  Hermite  polynomials  and 
their  coefficients  D. (t)  are  conveniently  expres¬ 
sible  as  functions  ofr^the  moments  of  C(x,t) 


Because  of  the  plane  of  symmetry  in  this  prob¬ 
lem  (x2  =  0) 


D.  ,  .  =  0 
i , 2j*l  ,k 


(ID 


9.2 


wtfy HWaiUkiiuiidJll 


and 


V  “  *22  '  r33  =  '• 


r23  “  r12  "  °‘ 


(12) 


Thus  the  inertia  tensor  for  the  contaminant  cloud 
C(X,t)  Mill  always  have  principal  axes  [0,1, 0]T, 
[1,0, 1]  ,  [1,0, -1]T  and  with  relative  magnitudes  a- 
long  these  principal  axes  of  1,  1  +  r  (t) , 

1  -  r,.(t)  respectively.  The  Gram-Charlier  series 
expansion  for  i»j+k  <  3  in  (10)  is  simply  the  (gen¬ 
eralized)  Gaussian  distribution 


C(X,t) 


e-*5g(X) 


(13) 


Finally,  before  proceeding  to  the  problem  spec¬ 
ifics,  it  is  to  be  noticed  that  the  solution  of  (1) 
for  an  instantaneous  point  source  is  generic  in  that 
solutions  to  continuous  plume  models  and  line 
sources  and  distributed  or  non-uniform  and  time  de¬ 
pendent  source  emissions  are  retrieved  by  superpos¬ 
ition  from  (9)  by 

C(x,t)  =  f”  S(t  -  T)C(x,t)dT  (14) 


where  S(t)  is  the  appropriate  source  emission  rate 
(3). 

ANALYSIS  FOR  nvn^p  <  2 


The  moments  for  which  m+n+p  £  2  in  (5)  deter¬ 
mine  the  trajectory  of  the  centre-of-mass  of  the 
contaminant  cloud  and  the  terms  of  the  inertia  ten¬ 
sor  and  give  rise  to  the  Gaussian  distribution  (13) 
when  used  in  (10).  The  first  moment,  calculated 
with  (6) ,  (7a  -  d)  and  setting  q  -  2  in  (7d)  ,  is  for 
example 


4  -  — L 

100  2a- 


2a -t 


(e 


1). 


(15) 


ORDERS  OF  MAGNITUDE  OF  D. (t) 
ijk  ' 


It  is  useful  to  define 
2  ,al\  2 


aoY 


TO 


a.c, 

(_2_1) 

Vo 


c2  =  (^p1)  ,  e2  = 


(18) 


For  a  typical  release  in  an  atmospheric  boundary 
layer  at  height  h 


b0  ~  c0  ~  u*h 


al  ~  bl  ~  cl  -  u. 


.  u.  ,  u„ 

dl  hk  ’  d2  2  ’ 

2kh 


(19) 


where  u„  is  the  friction  yelocity  and  k  is  Yon  kar- 
man's  constant,  so  that  a“,  y2,  and  are  of  order 
unity.  The  non-dimensional  time  scale  t  has  the 
interpretation  that  for  the  gradient 

8  a,  ~  ^  (20) 


< .  - 

l 


1 


then 


T2  ~  30t 

2h2ar 


V 

— J 
2n 


(21) 


or,  t“  *  0(1)  is  the  non-dimensional  time  required 
for  an  appreciable  amount  of  cloud  material  to 
reach  the  ground.  It  is  clear  from  (18)  that  a,  y, 

6  all  refer  to  diffusive  effects  while  £,  which  con¬ 
tains  dj ,  is  a  measure  of  relative  dispersive  ef¬ 


fects. 


It  is  impractical  due  to  the  length  of  the  expres¬ 
sions  to  reproduce  more  of  these  moments  he. 


The  trajectory  of  the  centre-of-mass  of  the 
diffusing  cloud  remains  on  the  x,  *  0  plane  and  has 
the  parabolic  form  " 


*  ( 


Vi 


2a 


2aoY— 2 

7 - )*j 


(16) 


The  Gram-Charlier  expansion  (which  follows  in 
5)  shows  that  the  convective  effects,  as  indicated 
by  the  presence  of  £  in  the  coefficient  appear  at 
lowest  order  of  T  in  the  term 


r 


13 


(22) 


while  the  effects  of  a  linear  gradient  in  v.  appear 
to  lowest  order  in  t  as  1 


provided  that 


t  <  a 


-1 


(17a) 


300 


2Q 


120 


QP 


102 


QF 


(23) 


and 


t  < 


(3/2)  (3jdj  ♦  2aQd2) 
2ald2  4  a2(aldl  4  6a0d2} 


(17b) 


Here,  for  convenience,  the  following  definitions  are 
made . 

Q  »  1  ♦  t  ,  P  «  1  ♦  a  t  ,  F‘  =  1  ♦  y  t  .  (24) 

This  clearly  shows  the  sequence  of  events  in  that  a 
non-constant  diffusivity  will  always  be  of  conse¬ 
quence  before  the  effects  of  dispersion  are  exper¬ 
ienced  by  an  evolving  cloud  of  contaminant.  (See 
(£)  for  a  comparison  with  <  *  constant  case). 


Thus  the  parabolic  form  of  (16)  provides  one  sal¬ 
ient  feature  of  all  solutions  to  (1)  which  should 
be  readily  observed  by  experiment. 


MARGINAL  DISTRIBUTION  ALONG  THE  VERTICAL  DIRECTION 

In  order  to  more  closely  examine  the  diffusive 
effects,  the  marginal  distribution--that  is  when 
(10)  is  integrated  over  x?  and  xj,  along  the  verti¬ 
cal  direction  Xj  (which  is  the  most  interesting 
since  it  is  along  this  direction  that  the  diffusiv- 
ities  vary)  is  investigated.  Here,  instead  of  using 
central-moments  in  standard  form  as  the  marginal 
distribution  for  (10)  would  literally  imply,  a 
slight  departure  is  made  in  that  a  conventional  one¬ 
dimensional  Hermite  polynomial  expansion  is  used 
(13)  but  with  a  space  variable  non-dimensionalized 
as 

X1 

z  =  - 1—  .  (25) 


There  results  , 

-z-/2  H  (z) 

C(Z,T)  =  2 -  [1  +  T(H  (z)  ♦  -Ay—) 

/2tT 

2  H  (z) 

♦  T  (H2(z)  *  H4(z)  *  -Hg~-  ) 

2  2  3  *^4^  3 

*  3  1  (7H2(X)  *  -iT~)  *  °(T  51-  (26) 

The  advantage  in  using  the  representation  given  in 
(26)  is  that  the  co-ordinate  frame  remains  fixed  in 
space  (i.e.  z  =  0  is  the  release  position  at  all 
time)  as  opposed  to  the  use  of  central  moments  where 
x  (t)  does  not.  It  is  interesting  to  notice  on  Fig¬ 
ure  1  that  although  the  skewness  is  increasing  with 
T  the  location  of  the  maximum  value  of  concentration 
is  rather  permanent  (i.e.  z  •  0) . 


In  figure  1  (26)  is  compared  with  a  numerical 
solution,  using  a  Crank  Nicholson  method,  for  var¬ 
ious  values  of  8  and  t.  The  numerical  solutions 
were  checked  by  decreasing  step  sizes  in  space  and 
time  such  that  satisfactorily  reproducible  and  ac¬ 
curate  results  were  achieved.  When  8  »  0,  (26) 
provides  a  good  representation  for  all  practical 
times  (that  is  prior  to  the  encounter  of  an  apprec¬ 
iable  amount  of  contaminant  with  a  boundary  which 
occurs  at  approximately  t  <  .1  in  the  numerical  sol¬ 
ution).  It  is  only  when  8  is  approximately  10  that 
higher  order  terms  than  those  used  in  (26)  are  re¬ 
quired  for  t  greater  than  about  .05.  From  a  review 
of  measurements  in  (^6) ,  where  a  source  height  of 
50m  provided  observed  values  in  the  location  of  the 
maximum  value  of  ground-level  concentration  x^  of 
between  300  and  1000m,  it  was  shown  that 

.76  <  gA-  <  1.38.  (27) 

dm 

By  taking  the  root-mean-square  value  of  wind  angle 
a-  to  be  approximately  cj^  *  v'/U(h),  where  v'  is 
tne  root-mean-square  value  of  vertical  velocity 
fluctuations  at  the  source  location,  a  non-dimens¬ 
ional  time  for  released  contaminant  to  reach  the 
location  x,,,  is  approximately  given  by 

tv  * 

.7  <  <1.4  .  (28) 

h 

Equation  (28)  corresponds  reasonably  to  both  (21) 
and  the  numerical  estimates  above  (i.e.  x-  =  .3 
which  of  course  must  be  smaller  than  the  range  in 
(28)  since  this  represents  the  time  at  which  the 
wall  becomes  important). 


2*0  r  -  03*  3  •  0  r  *  .0*1 


3*0  r  ■  .106 


FIGURE  1.  A  COMPARISON  BETWEEN  A  NUMERICAL  SOLUTION  (•)  AND  A  GRAM  CHARLIER  SERIES  EXPANSION  (SOLID  LINE) 
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It  is  important  to  notice  here  that  the  quad¬ 
ratic  terms  in  in  (7a)  as  indicated  by  8  in  (28) 
only  occur  at  0(i“)--  that  is  along  with  the  convec¬ 
tive  effects  shown  in  (22),  whereas  the  linear  terms 
in  take  effect  at  0(x). 

C(X,T)  FOR  32t2  <  1,  i2  <  1 
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Departures  of  C(X,T)  from  the  Gaussian  form  of  (13) 
result  from  the  terms  in  (10)  with  the  coefficients  17. 
given  in  (29) .  These  departures  first  occur  at 
0(t)  from  the  Dj00,  Djjq  and  Djq^  coefficients.  In 
fact,  since  the  r^  term  that  governs  the  growth  a- 
long  the  principal  axes  of  the  cloud  inertia  tensor 
is  0(r*)  its  contribution  will  only  be  made  follow¬ 
ing  the  distortion  caused  by  Djqq,  D^o  an<*  D102‘ 

On  Figure  2  the  evolution  of  C(X,T)  with  ^  -  y  -  a  -  l 
and  3  -  0  is  shown.  Quite  significant  departures 
from  the  Gaussian  form  of  (13)  (which  would  appear 
as  concentric  ellipses  aligned  with  axes  at  forty- 
five  degrees  from  the  axes  given  in  Figure  2)  are 
apparent  at  small  values  of  T. 
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ABSTRACT 


Measurements  have  been  made  of  mean  concentra¬ 
tion,  concentration  fluctuations  and  turbulent  fluxes 
for  two  passive  plumes  from  an  elevated  and  a  ground 
level  sourr  in  a  turbulent  boundary  layer.  For  the 
concentration  fluctuations,  results  are  presented 
for  the  variance,  the  integral  time  scale  and 
probability  density  functions  and  the  effect  of  the 
ground  on  these  is  highlighted.  The  balance  of  terms 
in  the  variance  transport  equation  is  examined  and 
it  is  shown  that  most  of  the  production  of  fluctua¬ 
tions  occurs  very  near  the  source,  then  the  level  of 
fluctuation  decays,  roughly  in  accordance  with  a 
balance  between  advection  and  dissipation.  For  the 
turbulent  fluxes  of  concentration,  results  are 
presented  for  the  vertical  and  lateral  fluxes,  and 
the  associated  behaviour  of  the  vertical  and 
lateral  eddy  dif f usivities  deduced.  The  balance  of 
terms  in  the  transport  equations  for  the  fluxes  are 
examined.  The  essential  differences  between  vertical 
diffusion  from  ground  level  and  elevated  sources  and 
between  near  field  and  far  field  behaviour  are  shown 
to  be  due  to  the  relative  importance  of  the  advection 
and  diffusion  terms  in  these  equations. 

NOMENCLATURE 


C 

Cm 

C0 

c 

c* 

c 

C1 

D 

H 

p(c) 

P' 

u 

u 

u,  v,  w 
u* 

x,  y.  z 


zo 

z 

aS  8 


mean  concentration 

maximum  mean  concentration  at  any  down¬ 
stream  station 

ground  level  mean  concentration 
fluctuating  concentration 
rms  fluctuating  concentration 
maximum  rms 

peak  concentration  exceeded  less  than 
1Z  of  the  time 

molecular  diffusion  coefficient 
boundary  layer  height 
probability  density  function  of 
concentration 
fluctuating  pressure 
mean  velocity 

mean  velocity  at  edge  of  boundary  layer 
velocity  fluctuations  in  x,  y,  z, 
directions 
friction  velocity 

spatial  co-ordinates  in  longitudinal, 

horizontally  transverse  and  vertical 

directions 

roughness  length 

source  height 

constants  in  pdf 

intermittency  factor  (proportion  of 
time  with  C  >  0) 


6  ,  6 
y  z 


c  wc  vc 

K  ,  K 


plume  half  widths  in  lateral  and  vertical 

directions  — 2  _ 

dissipation  of  c  ,  wc  and  vc,  respect¬ 
ively 

eddy  diffusivities  in  lateral  and  verti- 
3  "  cal  directions 

v  eddy  viscosity 

c>  density 

o  plume  lateral  spread 

integral  time  scale  of  concentration 
fluctuations 

An  overbar  denotes  a  time  averaged  quantity 


INTRODUCTION 


In  recent  years,  due  to  an  increasing  interest 
in  environmental  problems,  considerable  attention  has 
been  focussed  on  means  of  predicting  concentration 
levels  downwind  of  point  sources  in  turbulent  bound¬ 
ary  layers.  In  practice,  predictions  are  often 
required  for  dispersion  in  complicated  flow  fields 
influenced  by  buoyancy  effects,  buildings,  topography, 
etc.  By  restricting  consideration  to  a  passive 
release  into  a  known  boundary  layer  flow,  problems 
associated  with  the  behaviour  of  the  flow  and  with 
source  momentum  and  buoyancy  are  avoided.  Yet,  even 
in  this  simple  case,  many  aspects  of  the  dispersion, 
especially  the  behaviour  of  the  concentration  fluctu¬ 
ations  and  fluxes,  are  poorly  understood.  Despite 
this,  the  recent  tendency  has  been  to  attempt  to 
overcome  the  inherent  flaws  in  the  simple  gradient 
transfer  approach  to  dispersion  modelling  by  moving 
to  higher  order  models,  i.e.  modelling  the  transport 
equations  for  the  fluxes  themselves  (e.g.  Lewellen 
and  Teske,  (1);  El  Tahry  et  al,  (2)).  There  has 
been  little  experimental  evidence  to  guide  this  work 
and  it  has  been  clear  for  some  time  thac  thorough 
experimental  studies  of  plume  structure  and  develop¬ 
ment  were  required.  It  is  hoped  that  the  present 
paper  will  go  some  way  towards  fulfilling  this  need. 

A  natural  development  of  higher  order  models 
lies  in  the  prediction  of  concentration  fluctuations. 
This  is  a  problem  of  considerable  importance  in 
assessing  the  likely  effects  of  air  pollutants  on 
plants  and  animals  or  the  hazard  from  releases  of 
toxic  or  inf  lanznable  gases  and  in  studying  some  of 
the  chemical  processes  within  plumes. 

There  is  an  important  distinction  to  be  made 
between  elevated  and  ground  level  sources.  For  a 
ground  level  source  the  vertical  scale  of  the  plume 
always  exceeds  that  of  the  turbulence,  so  that 
vertical  dispersion  progresses  in  a  'far  field' 
manner  and,  consequently,  can  be  adequately  described 
by  simple  gradient  transfer  or  similarity  arguments. 
This  is  not  the  case  for  an  elevated  source,  or  indeed. 
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Cor  lateral  spreading  from  sources  at  any  height.  It 
has  also  been  found  experimentally  (Robins  and 
Fackrell,  (3))  that  many  of  che  statistical  quantities 
associated  with  a  ground  level  plume  exhibit  an 
approximately  self  preserving  form,  at  least  until 
the  plume  begins  to  fill  the  boundary  layer.  An 
elevated  plume  can  also  be  self  preserving  whilst  it 
remains  fully  elevated,  but  at  some  stage  in  its 
growth  the  influence  of  the  ground  will  begin  to 
change  its  structure  until,  eventually,  it  comes  to 
resemble  a  ground  level  plume.  In  the  present  work, 
a  ground  level  source  and  a  source  at  0.19H  (where 
H  is  the  boundary  layer  height)  were  studied.  The 
elevated  source  height  was  chosen  as  being  roughly 
representative  of  many  full  scale  emissions  and 
because  it  enabled  examination  of  the  change  in  plume 
structure  from  a  fully  elevated  one  towards  a  ground 
level  form  within  the  downstream  distance  available 
in  the  wind  tunnel. 

Because  che  main  concern  is  in  providing 
experimental  information  to  aid  prediction  techniques, 
results  will  be  presented  solely  in  terms  of  disper¬ 
sion  in  the  laboratory  boundary  layer.  However,  much 
of  the  paper  should  be  of  direct  relevance  to  short 
range  dispersion  in  che  neutral  atmospheric  boundary 
liver,  at  least  for  full  scale  quantities  averaged 
over  fairly  short  times,  of  a  few  minutes  to  about 
one  hour.  In  addition,  both  the  flux  and  fluctuation 
results  should  be  of  wider  interest,  with,  for 
example,  some  application  to  combusting  or  reacting 
f lows . 

EXPERIMENTAL  TECHNIQUES 

The  experiments  were  undertaken  in  the 
Marchwood  Engineering  Laboratories'  24  x  9.1  x  2.7  m, 
open  circuit,  wind  tunnel.  A  1.2  m  high  boundary 
layer  was  generated  in  che  tunnel  by  the  method  of 
Counihan  (4).  Plumes  from  sources  at  two  different 
heights  were  studied;  zs/H  =  0.19  and  0.  For  the 
majority  of  the  study  the  ground  level  source  (CLS) 
consisted  of  a  horizontal  tube,  15  mm  diameter, 
aligned  with  the  flow  and  placed  just  above  che 
roughness  elements  of  the  floor.  It  emitted  at  the 
average  velocity  of  che  flow  over  its  height.  The 
elevated  source  (ES)  was  an  8.5  mm  diameter  tube, 
similarity  arranged,  emitting  at  the  velocity  at  its 
height.  Specifically  for  the  investigation  of  the 
importance  of  source  size, a  variety  of  sources  were 
used,  their  diameters  ranging  from  3  to  35  mm;  all 
being  small  compared  to  the  boundary  layer  height. 

The  source  gas  consisted  of  a  neutrally  buoyant 
mixture  of  propane  and  helium,  the  former  being  used 
as  a  trace  gas  for  concentration  measurement. 

Fluctuating  concentration  measurements  were 
made  with  a  modified  flame  ionisation  detector 
system.  A  detailed  description  of  this  system, 
including  its  use  in  conjunction  with  DISA  crossed 
hot  wires  to  obtain  the  fluxes,  is  given  by  Fackrell 
(5).  The  -3dB  point  of  the  frequency  response  of 
che  concentration  sensing  probe  was  about  300  Hz. 

This  allowed  the  most  energetic  fluctuations  and 
some  of  the  inertial  subrange  to  be  measured, 
although  excluding  the  very  fine  scale  structure. 
Signals  from  the  concentration  probe  and  the  hoc 
wires  were  all  processed  digitally  to  obtain  the 
required  statistical  quantities,  with  enough  samples 
being  taken  to  achieve  good  repeatability.  No 
corrections  for  high  turbulence  levels  have  been 
applied  to  the  hot  wire  results,  since  turbulence 
levels  were  fairly  low,  resulting  in  errors  of  less 
than  10Z  in  the  shear  stress.  The  accuracy  of 
concentration  and  flux  measurements  is  probably 


similar  to  this,  except  where  the  values  are  small, 
when  the  errors  will  be  greater. 

RESULTS 

Flow  Field 

The  boundary  layer  used  in  these  experiments  was 
artificially  thickened  using  the  method  evolved  by 
Counihan  (4).  A  detailed  discussion  of  the  structure 
of  such  boundary  layers  is  given  by  Robins  (6),  from 
which  it  follows  chat  the  flows  are  indistinguishable 
from  naturally  grown  boundary  layers  beyond  a  certain 
distance  from  che  devices  used  for  thickening.  The 
sources  in  che  present  case  were  located  to  satisfy 
this  requirement  and,  consequently,  the  flow  field  may 
be  assumed  to  be  an  ordinary,  equilibrium,  zero  pres¬ 
sure  gradient  boundary  layer,  with  height  H  -  1.2  m, 
roughness  length,  z  ■  2.4  x  10“*H  and  friction  vel¬ 
ocity,  u„  ■  .047  Ue. 

Mean  Concentration  Field 

Figure  3  shows  the  variation  of  maximum  mean 
concentration,  Cq,  with  downstream  distance  for  ground 
level  and  elevated  sources.  For  che  GLS,  the  maximum 
at  any  downstream  station  is  always  at  ground  level. 
For  the  ES  it  app-oaches  the  ground,  being  at  ground 
level  for  the  furthest  downstream  position;  ground 
level  concentrations,  Cq,  are  plotted  separately. 

Also  shown,  are  the  vertical  and  lateral  plume  half 
widths,  Sz  and  where  the  half  width  is  the 

distance  in  which  the  maximum  concentration  falls  to 
half  its  value.  The  lateral  half  widths  are  roughly 
the  same  for  both  sources  and  increase  proportional 
to  x  near  the  source  and  xi  far  downstream  in  agree¬ 
ment  with  statistical  theory.  The  ES  vertical  half 
width  shows  simliar  behaviour,  but  the  GLS  vertical 
halfwidth  appears  to  have  a  power  law  dependence, 
consistent  with  similarity  theory,  approximately 
x°-75,  over  all  the  distance  covered  by  the  results. 
The  ES  vertical  halfwidth  is  significantly  larger  than 
che  GLS  one. 

Vertical  profiles  of  concentration  for  the  ES 
can  be  reasonably  well  represented  by  a  reflected 
gaussian  form,  although  far  downstream  and  for  the 
GLS  the  form 

C  -  CQ  exp  (-.693  (z/5z)1,5)  (1) 

gives  a  better  fit.  For  both  GLS  and  ES  the  lateral 
profiles  at  all  stations  were  closely  gaussian  and 
the  lateral  plume  half  width  was  found  to  be  constant 
with  height  at  any  station. 

Fluctuating  Concentration 

There  are  theoretical  grounds  for  thinking  that 
the  observed  statistics  of  a  fluctuating  concentration 
field  are  dependent  on  both  sensor  and  source  dimen¬ 
sions  (Durbin  (7),  Chatwin  and  Sullivan  (8)).  For 
the  present  work,  the  former  was  fixed  as  described 
by  Fackrell  (5) ,  but  the  latter  was  varied  over  a 
range  of  source  sizes  which  would  normally  pass  for 
'point'  sources  in  experimental  work.  Figure  2  shows 
the  behaviour  of  the  relative  intensity  of  fluctua¬ 
tions,  c/C,,,,  with  source  size  and  downstream  distance. 
For  the  ES  the  effects  of  source  size  are  large,  with 
the  intensity  growing  to  a  maximum  quite  near  the 
source  and  then  decaying,  but  for  the  GLS  they  are 
not  distinguishable  from  the  experimental  scatter  and 
the  relative  intensity  stays  at  a  fairly  constant 
level  over  the  downstream  distance  measured. 

Examination  of  the  intermittent  signals  for  the 
ES  suggested  that  an  adaption  of  the  flapping  plume 
model  of  Gifford  (9)  might  provide  a  reasonable 
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description  of  Che  fluctuation  behaviour,  at  least 
near  to  source.  The  model  developed,  described  in 
more  detail  in  Fackrell  and  Robins  (10),  uses  the 
theory  of  Hay  and  Pasquill  (11)  to  predict  mean  pliae 
spread  and  that  of  Smith  and  Hay  (12)  to  predict 
instantaneous  plume  spread.  At  the  source  they  both 
are  the  same  but  then  increase  at  different  rates. 

The  lines  in  Figure  2  are  predictions  due  to  this 
model  for  source  sizes  corresponding  to  the  experi¬ 
mental  ones.  There  is  only  one  disposable  constant 
in  the  theory,  relating  real  source  size  to  an 
initial  gaussian  spread  and  it  requires  as  input  a 
specification  of  the  turbulence  intensity  and  trans¬ 
verse  integral  scales  at  the  source  height.  The 
agreement  with  the  ES  results  is  really  quite  good  for 
such  a  simple  model  even  in  the  decaying  region. 
However,  the  model  cannot  be  applied  to  a  ground  level 
source  since  it  makes  no  allowance  for  velocity  shear 
or  the  surface  boundary  condition. 

The  presence  of  the  surface  was  found  to  have 
a  pronounced  effect  on  the  concentration  statistics. 

The  condition  of  zero  (or  very  small)  transfer  to  the 
ground  (3C/3z->0,  z->0)  appropriate  to  most  atmospheric 
plume  situations,  makes  the  behaviour  near  the  ground 
quite  different  from  the  situation  more  usually 
considered  of  high  (heat  or  mass)  transfer  to  or  from 
the  boundary.  It  follows  that  modelling  approxima¬ 
tions  that  have  been  made  in  the  latter  case,  assuming 
local  equilibrium  near  the  wall,  cannot  necessarily 
be  applied  to  plume  modelling.  The  behaviour  near 
the  surface  of  the  variance  and  integral  time  scale 
of  the  concentration  fluctuations  is  illustrated  in 
Figure  3,  by  results  for  the  GLS  (which  are  also 
representative  of  the  behaviour  of  elevated  plumes 
once  they  are  influenced  by  the  ground).  The 
variance  has  a  similar  profile  at  different  downstream 
positions  with  a  maximum  at  about  0.7  6Z.  There  is  a 
decrease  in  variance  values  near  to  the  surface, 
although  we  cannot  say  whether  c^  actually  reaches 
zero  since  measurements  were  not  made  amongst  the 
roughness  elements  themselves.  The  integral  time 
scale  of  the  fluctuations,  obtained  from  spectra, 
increases  slightly  with  downstream  distance  and  is 
substantially  greater  near  the  ground  than  higher  in 
the  plume.  The  increase  in  value  near  the  ground  is 
much  greater  than  the  decrease  in  mean  velocity,  so 
that  a  length  scale  obtained  by  multiplying  T  by  the 
local  mean  velocity  would  still  increase  towards  the 
ground,  in  contrast  to  the  turbulent  velocity  length 
scales.  The  impression  given  by  the  concentration 
signals  and  from  spectra  is  that  the  intense  small 
scale  eddies  near  the  ground  are  more  effective  in 
mixing  and  reducing  smaller  scale  concentration  fluc¬ 
tuations,  leaving  the  fluctuations  due  to  large  scale 
plume  meandering  relatively  untouched. 

The  presence  of  the  ground  also  has  a  signifi¬ 
cant  effect  on  the  probability  density  function, 
p(c),  obtained,  as  illustrated  in  Figure  4  where  the 
non-dimensional  form  c'p(c)  is  plotted  against 
(c  -  C)/c'.  For  an  elevated  plume  the  pdf's 
obtained  are  roughly  of  the  form  shown  for  x/H  »  0.96, 
although  the  exact  shape  and  intermittency  factor 
obtained  will  vary  with  downstream  distance  and  source 
size.  This  form  is  well  represented  by  a  power  law 
distribution,  p(c)  *  ac“B,  given  by  the  flapping  plume 
theory  referred  to  earlier,  as  indicated  in  the  figure. 
After  an  elevated  plume  contacts  the  ground,  the 
distributions  near  the  ground  have  a  tendency  towards 
a  more  gaussian  form,  as  illustrated  by  the  results 
for  x/H  *  4.79.  Further  downstream,  or  with  a  GL 
source,  the  near  surface  pdf's  are  very  close  to 
gaussian,  although  higher  in  the  plume,  where  the 
intermittency  factor  is  lower,  the  power  law  shape  is 


still  t  lamed.  Despite  this  wide  range  of  pdf  shapes, 
it  was  found  that  the  peak  concentration,  defined  as 
the  value  exceeded  for  less  than  1Z  of  the  time,  Cj, 
had  a  fairly  constant  relation  to  the  rms  c',  such 
that  c  j / c  '  =  4.5  to  5.0.  Thus,  if  the  rms  can  be 
predicted, fairly  reliable  estimates  of  the  peak  concen¬ 
tration  can  be  made. 


For  the  boundary  layer  flow  examined,  the  variance 
of  the  concentration  fluctuations  obeys  a  transport 
equation  of  the  form 
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where  £  «  D  -e —  .  -5 —  and  D  is  the  molecular  diffusion 
c  ex .  ex . 
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coefficient.  The  terms  represent  respectively; 
advection  of  T7  by  the  mean  velocity;  generation  by- 
gradients  in  mean  concentration;  diffusior^by  turbu¬ 
lent  velocity  fluctuations  (>>  molecular  diffusion); 
and  dissipation  due  to  molecular  diffusion  of  the  fine 
scale  concentration  fluctuations.  All  the  quantities 
in  this  equation  have  been  measured  directly  except 
the  dissipation,  which  can  therefore  be  obtained  by- 
difference,  as  well  as  being  deduced  from  the  inertial 
subrange  behaviour  of  spectra  as  described  by  for 
example  Bradshaw  (13).  Results  showing  the  relative 
importance  of  the  terms  for  two  stations  on  the  centre¬ 
line  of  the  ground  level  plume  and  at  3  stations  on  the 
centreline  of  the  elevated  plume  are  given  in  Figure  5. 
Except  for  the  elevated  case  at  x/H  »  1.92,  where 
diffusion  is  important,  the  resultant  balances  are 
dominated  by  advection  and  dissipation.  The  produc¬ 
tion  was  found  to  be  small  relative  to  the  advection 
in  a22  the  measurements  (unlike  cases  with  high  heat 
transfer  at  the  surface).  Checks  at  positions  off  the 
centreline,  where  the  production  is  increased  by  a 
3C/3y  term,  still  showed  the  advection  term  signifi¬ 
cantly  larger.  The  near  source  measurements  for 
C/Cjp  given  in  Figure  2  suggest  that  most  of  the  prod¬ 
uction  of  ~c*  occurs  very  close  to  the  source  and  the 
overall  level  of  the  fluctuations  is  decaying  there¬ 
after.  Indeed,  the  value  c  6yfz,  roughly  propor¬ 
tional  to  the  integral  of  c  over  the  plume,  or  the 
total  flux  of  variance,  monotonically  decreases  with 
increasing  downstream  distance  from  the  nearest  point 
of  measurement  x/H  «  0.21.  The  overall  level  of  the 
fluctuations  is  set  in  the  production  region  near  the 
source  and  this  may  pose  problems  for  the  numerical 
modelling  of  equation  2,  since  it  implies  that  the 
near  source  region  will  have  to  be  modelled  in  fairly 
fine  detail. 


Concentration  Fluxes  _ 

It  is  the  magnitude  of  the  turbulent  fluxes,  wc 
and  vc,  which  determines  the  rate  of  spread  of  the 
plume  in  the  vertical  and  horizontal.  Yet  despite  their 
importance,  there  have  been  very  few  reports  of  turbu¬ 
lent  scalar  flux  measurements  directly  related  to  the 
present  study.  Most  measurements  that  have  been  made 
are  of  heat  fluxes  in  cases  with  high  heat  transfer  to 
or  from  the  wall  and,  as  already  indicated,  a  passive 
scalar  with  no  transfer  is  a  significantly  different 
situation.  Note  that,  since  the  mean  concentration 
field,  away  from  the  imaediate  vicinity  of  the  source, 
is  observed  to  be  source  size  independent,  the  time 
averaged  turbulent  fluxes  wc  and  vc  must  also  be. 

Figure  6(i)  shows  the  variation  with  downstream 
distance  of  the  vertical  flux  on  the  centreline  of  th>. 
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plume  from  Che  ES.  The  flux  profiles  develop  from 
being  anti-synnetric  abouc  che  source  height  (.19H) 
near  che  source,  cowards  a  CLS  profile,  indicated  by 
Che  dotted  line.  The  CLS  results  (not  shown  expli¬ 
citly  for  clarity)  were  all  fairly  close  to  this  line, 
which  therefore  represents  the  self  preserving  form. 
The  lateral  variation  of  wc  at  any  downstream  position 
was  found  to  be  close  to  gaussian  and  similar  to  thac 
of  the  mean  concentration.  The  usual  first  order 
closure  models  wc  as  -  kz  3C/3Z,  where  kz  is  the  eddy 
diffusivity.  The  GLS  profile  for  wc  together  with  the 
mean  concentration  vertical  profile  described  by 
equation  1,  yield  an  eddy  diffusivity  which  is 
independent  of  downstream  distance  and  proportional 
to  the  eddy  viscosity,  such  that  vt/xz  =  0.8.  However, 
for  the  ES,  che  vertical  eddies  are  not  limited  to 
the  plume  size,  so  the  eddy  diffusivity  will  be  a 
function  of  downstream  distance.  This  is  illustrated 
in  Figure  6(ii),  where,  although  there  is  some  scatter 
because  of  the  difficulty  of  estimating  3C/3z  near 
the  ground,  the  growth  in  eddy  diffusivity  with 
downstream  distance  can  be  seen. 

Within  experimental  error  it  has  been  found  that 
the  lateral  profiles  of  mean  concentration  at  any 
downstream  station  are  similar  and  independent  of 
z.  This  suggescs  thac  C  -  C(x,z)f(n),  where  n  *  y/o 
and  Oy  *  Oy(x).  In  addition,  the  results  for  wc  ^ 
indicate  that  its  laceral  variation  is  closely  similar 
to  thqt  of  the  mean  concentration,  so  that  writing 
wc  =  wc(x,z)f(n)  should  be  a  reasonable  approximation. 
It  is  shown  in  Robins  and  Fackrell  (3)  that  these 
assumptions  lead  to  an  expression  for  the  lateral 
flux  at  any  position  of  the  form 
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If  the  function  f(n)  is  gaussian,  as  che  results 
suggest,  and  an  eddy  diffusivity  form  for  vc  is  used, 
then  equation  (3)  further  implies  thac  the  eddy  dif- 
fusivity,  Ky  -  U/2-dOy  /dx,  i.e.  a  function  of  x  only. 
This  is  the  same  relation  as  thac  obtained  from 
statistical  theory  for  dispersion  in  a  uniform  wind, 
except  that  in  the  present  case  U  varies  with  height. 
Equation  i.  has  been  tested  for  the  GLS  and  ES  in 
Figure  7.  Although  there  is  some  scatter,  allowing 
for  likely  errors,  che  results  provide  fairly  good 
confirmation  of  equation  2,!  in  particular,  the 
results  at  each  station  are  fairly  uniform  with 
height. 

There  is  an  increasing  trend  towards  the  use 
of  ’second  order  modelling'  in  che  calculation  of 
turbulent  dispersion,  i.e.  the  modelling  of  transport 
equations  for  the  fluxes  themselves.  It  is  hoped  in 
this  way  to  account  for  the  advection  and  diffusion 
of  che  fluxes  and  so  make  a  given  calculation  set 
more  generally  valid.  The  transport  equation  for  the 
vertical  flux,  wc,  as  applied  to  the  present  two 
dimensional  boundary  layer  flow,  is 
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The  terms  represent  respectively;  advection;  prod¬ 
uction;  diffusion  due  to  turbulent  velocity  and 
pressure  fluctuations;  dissipation;  and  a  pressure- 
concentration  gradient  correlation  which  acts  to  limit 
che  growth  of  the  fluxes.  With  the  present  measure¬ 
ment  system  it  is  not  possible  to  measure  those  terms 
marked  by  an  asterisk  and  they  have  been  lumped  to¬ 
gether  as  a  difference  term  to  balance  the  equation. 


It  is  expected  that  final  term  will  make  by  far  che 
dominant  contribution  to  this  difference  term  and 
henceforth  the  two  will  be  treated  as  being  identical 
(e.g.  see  Launder,  14).  Results  for  two  stations  on 
the  centreline  of  the  GL  plume  are  given  in  Figure  8. 

At  both  stations,  a  balance  between  production  and 
the  difference  term  dominates,  advection  and  diffusion 
being  much  smaller.  Also  shown  a*p  wc  balances  for 
the  ES  at  3  downstream  stations  on  the  plume  centre¬ 
line  and  in  this  case  near  to  the  source,  advection 
and  diffusion  are  che  same  order  as  the  othet  terms, 
only  becoming  much  smaller  at  the  furthest  downstream 
position. 

A  transport  equation  similar  to  equation  U_  can 
also  be  derived  for  the  lateral  flux  vc  and  vc 
balances  obtained  for  the  GLS  and  ES  plume  are  given 
in  Figure  9.  In  both  cases,  there  is  an  approximate 
balance  between  production  and  the  difference  terms 
only  at  the  position  furthest  from  the  source.  Closer 
to  the  source,  the  diffusion  and,  in  particular,  the 
advection  become  equally  important.  Note  however, 
that  for  both  the  vertical  and  horizontal  fluxes, 
where  the  advection  and  diffusion  terms  are 
significant,  they  do  oppose  each  other,  so  that 
their  nett  contribution  is  smaller  than  either 
term  separately.  This  implies  that  the  diffusion 
term  must  be  accurately  modelled  to  keep  the  error 
in  the  nett  contribution  small.  In  general,  whenever 
plume  dimensions  are  less  than  the  local  turbulence 
scales,  any  eddy  diffusivity  term  will  be  fetch 
dependent,  so  that  using  a  fixed  eddy  diffusivity  in 
the  diffusion  term  will  lead  to  errors  in  chat  term. 

By  comparing  predictions  of  first,  second  and  third 
order  models  for  plume  dispersion  in  isotropic 
turbulence,  Deardorff  (15)  has  shown  that  the  result¬ 
ant  error  in  mean  concentration  prediction  using  a 
fixed  eddy  diffusivity  in  the  higher  order  models  can 
be  as  great  as  that  from  doing  so  in  the  first  order 
closure.  We  suspect  that  the  same  will  be  true  in 
the  simple  boundary  layer  flow  we  have  examined. 
Therefore,  there  may  not  be  a  great  deal  to  gain  from 
higher  order  modelling  in  such  flows,  although  it  may 
be  of  advantage  in  more  complex  flow  situations. 
Finally,  note  that,  whenever  there  is  a  balance  between 
the  production  and  pressure-concentration  gradient 
terms,  a  fixed  eddy  diffusivity  behaviour  should  result 
For  example,  modelling  the  latter  term  as  wc/T  where 
T  is  a  time  scale,  leads  to  wc  »  -  w-T  3C/3z,  the 
standard  eddy  diffusivity  closure. 
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ABSTRACT 

The  parameterization  of  pressure  effects  on 
triple  correlations  is  shown  to  be  an  important 
part  of  the  closure  problem. 

Based  on  arguments  relevant  to  homogeneous 
and  isotropic  turbulence,  it  is  argued  that  pres¬ 
sure  effects  are  not  only  of  relaxative  nature. 

In  the  case  of  turbulent  thermal  convection,  a 
parameterization  scheme  including  non-linear  and 
rapid  effects  is  proposed  and  used  wichin  the  fra¬ 
mework  of  a  third-order  model.  Comparison  with 
experimental  results  by  Ferreira  (_l_0)  indicates 
that  the  rapid  part  of  pressure  effects  represents 
an  important  contribution  to  the  budget  of  triple 
correlations  and  that  it  prevents  the  development 
of  spurious  stable  stratification  in  the  interior 
of  the  convective  layer. 

NOMENCLATURE 

C.  Dimensionless  constants 

c  Eddy  kinetic  energy  (per  unit  mass) 

h  Depth  of  the  turbulent  layer 

i  Square  -  root  of  (-1) 


I.  INTRODUCTION  AND  MOTIVATIONS 

It  is  now  widely  known  that  the  turbulent 
transfers  which  take  place  in  convectively  driven 
flows  do  not  follow  the  simple  Boussinesq  eddy  vis¬ 
cosity  assumption,  i.e.  in  many  cases  the  turbulent 
flux  of  a  property  'a'  is  oriented  from  regions 
with  low  'a'  toward  regions  with  high  'a'.  This 
"counter-gradient"  turbulent  transport  has  been 
documented  experimentally  for  the  case  of  a  mean 
property  like  the  mean  temperature  T  (0  and  also 
for  the  case  of  a  secondyorder  quantity  like  the 
eddy  kinetic  energy  e  =  J^u 'k u ' ^  (21.  Paramete¬ 
rization  methods  and  numerical  simulation  techni¬ 
ques  for  convective  flows  have  consequently  under¬ 
gone  a  significantly  different  development  as  com¬ 
pared  to  the  one  which  occured  in  the  case  of  pure 
shear  flows.  It  is  indeed  known  that  even  simpli¬ 
fied  second-order  models,  like  the  so-called  "k-£" 
model,  can  be  used  quite  successfully  for  the 
simulation  of  a  variety  of  shear  flows  in  different 
geometrical  configurations  (e.g.  3),  while  it  has 
been  shown  that  the  numerical  simulation  of  the 
most  simple  convective  flows  requires  the  use  of 
sophisticated  turbulence  models  (e.g.  4,  5). 

These  models  are  presently  based  : 


k,g,2,r,s  Wave-vectors  in  Fourier  space 
k,p,q,r,s  Wave-numbers  in  Fourier  space 
t  Time 

T  Temperature 

T^  Convective  temperature  scale 

u'  »  (u' | ,u'2«u' j)  =  (u'.v'.w')  ■  Fluctuating 

velocity 

0  •  (5  ,<•  I  to  3)  Fourier  transform  of  the 

*  fluctuating  velocity  field 

w^  Convective  velocity  scale 

x  -  (X|,x2>Xj)  *  (x,y,z)  Position 
z  Height 


« 


Coefficient  of  thermal  expansion 
Buoyancy  parameter 
Kronecker  symbol 

Eddy  Kinetic  energy  dissipation  rate 


J  Kinematic  viscosity 


& 


Constant  density 


(i)  either  on  Lumley's  idea  that  Boussinesq 
eddy  diffusivity  assumption  can  be  properly  gene¬ 
ralized  in  order  to  account  for  buoyancy  effects 
and  can  then  be  used  to  relate,  in  matrix  form, 
third-order  correlations  to  the  gradients  of  second- 
order  ones,  in  the  framework  of  a  more  or  less  com¬ 
plex  model  (6,  7) 

(ii)  or  on  the  explicit  use  of  rate  equations 
for  the  triple  correlations  (8,  9). 

Both  of  these  methods  require  the  knowledge 
and  parameterization  of  quadruple  correlations, 
molecular  and  pressure  effects  on  third-order  terns. 
The  two  former  problems  are  usually  solved  by  retai¬ 
ning  respectively  the  quasi-normal  approximation 
and  the  assumption  of  isotropic  dissipative  scales, 
while  the  solution  of  the  latter  is  based  on  the 
idea  that  pressure  effects  are  indeed  relaxative 
processes.  One  is  then  lead  to  the  introduction  of 
a  relaxation  time  which  directly  determines  the 
value  of  triple  terms  in  Lumley's  method,  while 
the  use  of  rate  equations  involves  not  only  the 
above  linear  relaxation  but  also  allows  for  more 
sophisticated,  basically  non-linear,  pressure  rela¬ 
xation  effects. 
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The  purpose  of  this  paper  is  to  study  chese 
pressure  effects  on  third-order  correlations. 

P  to  now  similar  studies  have  been  based 
either  on  theoretical  consideration,  or  on  indirect 
experimental  evidence  since  the  only  availab.e 
laboratory  measurements  were  quite  scarce  md 
restricted  . o  t'.-  i'-'al.ed  case  of  penetrative 
'■Action,  d . . i  another  different  physical  pheno- 
non  u.i.  entrainment  of  overlying  stably  strati¬ 
fied  fluid  into  underlying  turbulent  convective 
layer)  leads  to  idditional  complexity  and  does  not 
allow  for  unambiguous  determination  of  pressure 
effe  -s.  In  this  respe. ■  the  recent  experiment  by 

Fe  fe  ’  ••  i  i  ) ,  u  .11  ase  the  present 

stuO...  es  not  suit’*  cm  the  same  difficulties 

since  it  deals  with  n  •  penetrative  convection 

between  rigid  noundar.es.  This  experimental  study 
lias  the  furrier  advantage  of  inclucing  more  precise 
thermometric  and  velocimetric  measurements  of  nume¬ 
rous  triple  co r re  lac  ions .  Unfortunately,  the  price 
co  pay  for  che  reduction  of  complexity  due  Co  pene- 
tracive  convec-ien  is  the  introduction  of  another 
viscous  layer  at  the  upper  boundary.  Our  study  will 
consequently  be  restricted  to  the  interior  of  the 
convective  layer,  where  it  can  be  safely  assumed 
that  turbulence  is  fully  developed,  and  will  not 
deal  with  the  adjacent  viscous  sublayers. 

It.  PRESSURE  RELAXATION  IN  HOMOGENEOUS  TURBULENCE 

Before  turning  to  the  subject  of  convective 
flows,  it  is  of  interest  to  recall  and  summarize 
some  general  properties  of  the  effects  of  pressure 
fluctuations  on  triple  correlations. 

The  closure  problem  associated  with  pressure 
effects  is  mainly  due  to  the  fact  that  these  effects 
are  non-local  in  x-space  and  involve  convolution 
integrals  over  the  whole  domain  of  the  flow.  It  is 
consequently  of  much  help  to  introduce  two-point 
correlations  in  order  to  solve,  at  least  formally, 
the  above  closure  problem.  Due  to  its  inherent  com¬ 
plexity,  it  is  unfortunately  almost  impossible  to 
use  this  formalism  in  any  case  different  from  the 
simplest,  but  of  much  theoretical  interest,  case  of 
homogeneous  turbulence.  In  this  case,  and  using 
Fourier  transform  u  (k)  of  the  velocity  field  u(x), 
the  exact  rate  equations  for  double  and  triple  corre¬ 
lations  read  (e.g.  JM_,  12) 

-jr 

(  B  ^  J  li  ll\  II  . 


( **u*wwM<  to' 


■KriW;::!] 


where  {uuuu^*  (uuuu  <uu>  is  the  fourth- 

oruer  cumulant,  [jrft]  a  symbol  representing  addi¬ 
tional  terms  obtained  by  the  indicated  permutations 
of  indices  and  wave-vectors,  and 

**  (3) 

a  geometrical  tensor  taking  into  account  advective 
and  pressure  effects,  the  former  being  traced  to  the 
Kronecker  symbol  j„  and  the  latter  described  by  the 
term  involving  k”*  (inverse  Laplacian  operator  in 
k-space).  The  fact  that  pressure  effects  are  always 
associated  with  k“2  makes  it  easy  to  trace  their 
effects.  By  considering  Eq.  (2)  one  is  then  lead  to 
the  following  conclusions  concerning  the  effect  of 
pressure  fluctuations  (i)  they  are  responsible, 
together  with  advective  effects,  for  a  linear  rela¬ 
xation  of  triple  correlations.  It  has  indeed  been 
shown  (11)  that  the  term  involving  fourth-order 
cumulants  were  damping  terns  which  could  be  approxi- 
maced  by  - {fcO*)-* fclPj  \  < (fc) ( 1) >  • 

where  the  eddy-damping  rate  £(k)  is  proportional 
to  a  typically  positive  geometrical  coefficient 
B  (k,r,s)  constructed  from  the  geometrical  tensor  D 
of  £q.  (3)  : 

Sst/*‘ }  (4) 

This  coefficient  is  typically  positive  since 

B^,r  s)  4.8(W,St),  &  je(rV)  /*  kVs*  >0 

where  A  is  a  totally  symmetric  quartic  positive 
for  k,r  and  s  being  the  legs  of  a  triangle 

A  =  -k4  -  r4  -  s4  +  2  kV  *  2  k2s2  +  2  r2S2. 

Distinction  between  advective  (A)  and  pres¬ 
sure  (P)  effects  in  Eq.  (4)  leads  to  the  partition 
of  the  geometrical  coefficient  into 

B(k,r,s)  =  B(A)(k,r,s)+B(AP)(k,r,s)*B(P)(k,r,s)  (5) 

where  the  advective  part  is  positive 

B(A)  (k,r,s)-  3k2 r2  A  /4k2r2s2  (b) 

as  well  as  the  pressure-pressure  interaction  part 

„(P),,  ,  ..2.2  2.2a  ...  2  2  2  ... 

B  (k,r,s)=  (k  +r  -s  )  tl /4k  r  s  (7) 

and  where  the  pressure-advection  interaction  part 
is  typically  negative  ^ 

(ii)  they  tend  to  reduce  the  magnitude  of  triple 
correlations,  since  their  contribution  leads  typi¬ 
cally  to  a  decrease  of  the  terms  involving  products 
of  double  correlations  in  Eq.  (2). 

In  other  terms,  the  above  arguments  do  con¬ 
firm  that  pressure  fluctuations  mainly  destroy  tri¬ 
ple  correlations.  They  also  show  that  (unfortuna¬ 
tely!)  pressure  effects  are  more  complicated  than 
the  usually  assumed  relaxation  to  isotropy,  and 
that  they  are  not  the  only  mechanism  responsible 
for  damping  triple  correlation,  and  consequently 
for  preserving  the  realitability  conditions  see 
the  discussion  by  Andre  and  Lumley  in  ( 13  ). 

Ip  the  more  general  case  of  convective  flows, 
necessarysimplicity  will  nevertheless  lead  us  to 
adopt  a  parameterization  of  pressure  fluctuations 
based  on  a  relaxation  assumption,  but  we  shall  keep 
in  mind  that  it  would  not  be  reasonable  to  ascribe 
every  possible  unphysical  growth  of  triple  corre¬ 
lations  to  an  underestimated  pressure-induced  rela¬ 
xation. 
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III.  PRESSURE  PARAMETERIZATION  FOR  SINGLE-POINT 

HIGH-ORDER  MODELING 

The  simulation  of  turbulent  convective  flows 
which  are  inhomogeneous  along  the  vertical  cannot, 
at  least  at  the  nresent  time,  be  undertaken  in  the 
above  presented  two-noint  closure  framework. 

One  has  then  to  turn  to  the  much  more  effi¬ 
cient  single  point  closures. 


in  which  the  parameterization  of  molecular  terms 

is  based  on  the  assumption  of  isotropic  dissi¬ 
pative  scales 


^  aTT 


*°  t 


(13) 


Unfortunately,  but  this  is  the  price  to  pay, 
these  are  less  satisfactory  from  the  theoretical 
point  of  view.  A  possible  alternative  would  be  to 
rely  on  the  ao-called  "modal  method"  (e.g.  14  ). 

in  which  the  simplification  due  to  the  use 
of  a  relatively  crude  and  prescribed  horizontal  struc¬ 
ture  allows  for  high  resolution  along  the  vertical. 
There  is  then  no  need  for  sophisticated  turbulence 
closure,  turbulent  transfer  being  then  explicitely 
described. 

The  model  we  shall  be  dealing  with  is  a  third- 
order  model  already  used  for  the  simulation  of  various 
turbulent  flows  (15,  1 6) .  It  shoud  be  noted  here 
that  the  realizability  conditions  (8)which  were  used 
in  the  earlier  simulations  are  not  necessary  anymore 
for  the  present  study.  Indeed,  the  refinements  we 
shall  introduce  below  for  the  closure  assumptions 
prevent  triple  correlations  from  becoming  too  large 
and  overshooting  their  maximum  permissible  values 
derived  from  generalized  Schwarz's  inequalities. 


Turning  now  to  the  pressure  terms,  we  shall 
split  them  as  in  (15),  into  three  parts  :  diffusive, 
diagonal,  and  trace-free  parts.  We  shall  neglect 
the  diffusive  part  since  it  is  very  likely  tc  be  of 
small  importance  in  the  interior  of  convective  layers, 
pressure  transport  being  significant  only  close  tc 
walls  or  in  stably  stratified  layers.  The  diagonal 
part  will  be  modeled  as  a  source  term,  following 
Launder's  (17)  recommandat i on .  Finally  the  trace- 
free  part  will  be  modeled  as  a  redi s tribut i or  term 
including  a  'slow'  return-to-isotropy  contribution 
and  a  'rapid'  contribution,  proportional  to  the 
anisotropic  part  of  the  production  tensor.  These 
two  contributions  come  respectively  from  the  non¬ 
linear  turbulent  and  buoyant  parts  of  the  Poisson's 
equation  for  fluctuating  pressure  (see  16,. 

With  all  these  assumptions,  and  in  the  parti¬ 
cular  case  of  convection  in  the  absence  of  mean 
shear,  the  pressure  terms  will  be  given  by,  in  gene¬ 
ral  agreement  with  the  developments  of  preceding 
section  : 


We  shall  not  go  here  into  all  details  of  the 
model,  its  description  for  the  simulation  of  convec¬ 
tive  flows  being  given  in  Andre  et  al.  ( 1 6),  to  which 
the  interested  reader  is  referred. 


We  shall  simply  recall  that  the  rate  equation 
for  triple  correlation  read,  with  usual  assumptions 
and  standard  notations 
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where  the  'c„-term'  corresponds  to  diagonal  part 
and  the  ' Cg-  and  'C||-terms'  correspond  respecti¬ 
vely  to  the  non-linear  and  rapid  parts. 

IV.  NUMERICAL  RESULTS  AND  SENSIVITY  STUDIES 

Some  "computer  optimization"  and  sensivity 
studies,  which  will  be  reported  later,  have  been 
used  to  determine  the  'best'  values  of  the  constants 

c8’  c9’  c10’  and  cl 1  : 

c8-  8.0  ;  c9-  -0.67;  c,0-6.0  ;  c.,-0.2  (17) 

where  the  value  of  c„  is  determined  from  the  reali¬ 
zability  constraint  (15) ,  3  c^  ■  c|Q~Vg  (IP) 


IT1  a  iw'Y*  -  3  to 'T'  “  4TTT  (12) 

%}  * 


The  corresponding  results,  normalized  with  the 
aid  of  Deardorff's  (J_9)  convective  scaling.  are  ,  - 
shown  in  Figures  I  to  4  for  respectively  w'v,  u'-w', 
w^T'  and  w'Tv^.  It  must  be  noted  here  that  the  expe¬ 
rimental  results  by  Ferreira  (10)  which  appear  on 
these  figures  have  been  rescaled.  The  velocity  scale 
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w4  used  in  convective  scaling  depends  in  fact  on  the 
coefficient  of  thermal  expansion  0(  .  Since  this  coef¬ 
ficient  varies  significantly  (almost  linearly)  with 
temperature  in  the  range  we  are  concerned  with 

,  we  used  the  exact  value  of  o(  corresponding 
to  each  particular  experiment  instead  of  a  mean  value 
as  in  the  results  shown  by  Ferreira.  This  did  lead 
to  a  change  in  the  dimensionless  results  by  as  ouch 
as  207  in  the  case  of  w' d  and  u1^  w' . 

It  can  be  seen  that  the  agreement  between  our 
numerical  results  and  the  "corrected"  measurements 
by  Ferreira  ( 10)  is  quite  satisfactory  in  the  convec¬ 
tive  layer  interior,  with  the  only  possible  exceptim 
that  w'^T'  is  slightly  overestimated.  This  effect 
could  maybe  be  ascribed  to  the  fact  that  paramete- 
rizations  (13)  and  (15)  of  molecular  and  pressure 
effects  in  tq.  (10)  are  not  completely  consistent 
with  realizability  conservation.  Indeed,  realizabi- 
litv  constraint  (18)  is  sufficient  to  insure  that 
?«'*!'  /  >t«  0  whenever  w’  «  0  but  is  not  to  lead 
to}u' ^T  / d  t“0  when  u*  *  0. 

These  parameterizations  consequent lv  induce 
an  overestimation  of  u' *T'  and  v’^T'  which  in  turn, 
through  the  Cg-term  describing  return-to-i sotrqnv - 
(see  Eq.  (15),  lead  to  an  overestimation  of  w' ^T ' . 
Although  a  plausible  explanation  has  been  found,  it 
has  not  been  possible  to  derive,  at  least  up  to  now, 
a  completely  satisfactory  modification  of  paramete¬ 
rization  (15). 

It  should  also  be  noticed  from  Figs.  I  to  4 
that,  despite  the  fact  that  viscous  wall  layers  are 
not  taken  into  account  in  the  simulation,  the  nume¬ 
rical  results  are  still  in  agreement  with  experi¬ 
mental  data  close  to  the  lower  boundary. 

The  sensitivity  of  model  results  to  a  +  207. 
modification  of  constants  Cg,  c]0  and  c  is  shown 
in  Table  I  (c^  being  always  determined  from  (18)). 
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TABLE  I  :  Sensitivity  of  model  results  to 
changes  in  the  constants 

It  can  first  be  checked  that  an  increase  in  the  cons¬ 
tants  leads  to  a  decrease  of  triple  correlations 
(and  vice-versa),  in  agreement  with  the  general  idea 
of  damping  by  pressure  effects.  It  must  further  be 
noticed  that  cg  is  the  easiest  constant  to  determine 
since  it  strongly  influences  the  results,  with  the 
only  exception  that  any  significant  increase  of  Cg 
would  lead  to  an  important  deterioration  of  w'3  ana 
w'T'2  profiles  without  improving  singificantly  the 
w’^T'  profile.  Such  an  increase  of  cg,  i.e.  of  the 
linear  relaxative  effect,  would  furthermore  be  in 


contradiction  with  the  developments  of  Section  2  and 
would  also  lead  to  much  underestimated  calculated 
triple  correlations  in  the  case  of  other  turbulent 
flows  like  the  asymetric  channel  flow  of  Hanjalic 
and  Launder  (20),  see  ( j_6) .  Any  significant  increase 
of  c„  being  ruled  out,  one  has  then  to  look  for 
another  pressure  mechanism  to  efficiently  destroy 
triple  correlations.  This  is  the  main  reason  for  the 
introduction  of  the  rapid  linear  part  described  by 
the  'cij-term'. 

Another  justification  for  the  introduction  of 
rapid  linear  pressure  effects  is  as  follows.  For 
stationary  conditions,  and  near  the  middle  of  the 
convective  .lavgr  where  w’ 2  reaches  a  maximum,  the 
budget  for  w'2T'  reduces  to  [see  Eq  i .  (10)  with 
i-j-3  and  03),  (15)  and  (18)  ]  : 

c.  4.  .  ^ps  -a;*  I'CTr*  a  9) 

‘e  i  V  a  **  1 _ _ 

Adapting  to  the  triple  correlation  v  an 
argument  developed  by  Wyngaard  and  Cote  (21)  for  the 
double  correlation,  or  kinematic  heat  flux,  v’T’,  it 
can  be  said  that  the  introduction  of  rapid  effect 
(c..-term)  decreases  the  magnitude  of  the  buoyant 
contribution  in  Eq .  (19),  allowing  in  tura  that  the 
budget  balances  with  larger  values  of  -v  , 

i.e.  with  smaller  values  of  Vf/»j  or,  in  other  terms, 
with  enhanced  unstable  stratification.  This  argument 
has  indeed  been  verified  by  running  numerical  expe¬ 
riments  with  c  j  j“0,  and  by  noting  that,  in  such 
cases,  spurious  stable  stratification  (positive 
St/>|)  did  appear  in  the  lower  half  of  the  convective 
layer. 

V.  CONCLUDING  REMARKS 

Convective  turbulent  flows  exhibit  a  lot  of 
peculiar  features  :  existence  of  countergradient 
transfer,  presence  of  organized  large-scale  struc¬ 
tures,  importance  of  pressure  effects.  It  is  belie¬ 
ved  that  these  features  are  closely  related  to  each 
other,  the  key  mechanism  being  probably  the  appea¬ 
rance  of  quite  regular  mean  motion  at  larger  scales, 
even  at  very  high  Rayleigh  number.  These  large  struc¬ 
tures  develop  in  already  turbulent  flows  and  are 
probably  the  result  of  secondary  instability  mecha¬ 
nism  (see  e.g.  22_  for  review)*  They  bear  some 
resemblances,  from  the  morphological  and  also  maybe 
mathematical  points  of  view,  to  the  more  familiar 
convective  patterns  observed  for  much  smaller 
Rayleigh  number.  Their  physics  and  dynamics  are 
however  basically  different  since  in  this  case  the 
dissipative  phenomena  are  due  to  the  'background' 
smaller  scale  turbulent  motions,  instead  of  being 
due  directly  to  viscosity.  One  can  then  question 
about  the  relevance  of  'direct'  numerical  simula¬ 
tions  for  the  study  of  these  convective  turbulent 
flows.  Can  they  shed  some  light  on  flow  dynamics  ? 
Can  they  be  cf  interest  for  the  development  of  clo¬ 
sure  schemes  and  parameterization  techniques  ?  Wha¬ 
tever  their  precise  type  is,  either  "modal"  (14)  or 
"three-dimensional"  with  either  subgrid-scale  para¬ 
meterization  (e.g.  23  )  or  large  eddy 

simulation  techniques  (24),  they  are  restricted  to 
relatively  small  equivalent  Rayleigh  number. 

They  indeed  can  only  deal  with  narrow  turbu¬ 
lent  spectra  due  to  the  limited  memory  size  of 
presently  available  computers.  Despite  this  limi¬ 
tation  concerning  their  true  physical  signification, 
it  is  believed  (but  at  least  hoped  !)  that  they  will 
help  for  the  understanding  of  many  of  the  effects 
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associated  with  large-scale  convective  structures. 
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ABSTRACT 

We  apply  two-points  closures  to  study  radia¬ 
tive  cooling  in  homogeneous  and  isotropic  turbu¬ 
lence.  They  should  provide  a  systematic  tool  in 
this  study. 

The  radiative  dissipation  of  temperature  inho¬ 
mogeneities  intervenes  as  a  linear  dissipative  term 
in  the  equation  of  advection  of  temperature  fluctua¬ 
tions. 

A  critical  regime  is  studied  which  could  not  be 
analyzed  by  phenomenological  models.  In  that  regime, 
a  balance  occurs  between  the  radiative  dissipative 
term  and  a  non  local  part  of  the  transfer  term.  It 
creates  an  "intertial-radiative"  subrange,  where  the 
slope  of  the  temperature  spectrum  is  steeper  than  -3. 
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I .  INTRODUCTION 


(3) 


Two-point  analytical  closures  have  been  success¬ 
fully  developped  for  the  study  of  a  passively  advec- 
ted  scalar  as  the  temperature  field  see  Leslie  (J_) 
for  review,  and  ( 2 )  -  (5)  for  new  developments 

These  closures  should  provide  a  systematic  tool 
for  the  study  of  interaction  between  turbulence  and 
long-wave  radiation.  Coantic  (£)  analyzes  extensi¬ 
vely  the  importance  of  this  interaction  in  the  con¬ 
text  of  geophysical  flows.  This  interaction  seems 
especially  important  in  nocturnal  planetary  boun¬ 
dary  layers  Andre  et  al.  (7),  since  the  radiative 
destruction  rate  of  temperature  variance,  X_,  is 
then  of  che  same  order  as  the  molecular  one  X.. 

We  first  discuss  a  direct  derivation  in  the 
Fourier  space  for  the  divergence  of  the  radiative 
flux.  Due  to  the  fact  chat  the  radiative  transfer 
equation  is  linear,  Fourier  space  is  rather  conve¬ 
nient  to  obtain  such  a  result,  which  has  been  first 
obtained  by  Spiegel  (8). 

A  phenomenological  approach,  slightly  different 
from  che  one  used  by  Schved  (9),  points  out  the  exis¬ 
tence  of  a  critical  regime. 

We  characterize  it  by  a  critical  "radiative 
Prandtl  number"  P  .  For  radiative  Prandtl  number 
P^  smaller  than  this  critical  value,  radiative  dis¬ 
sipation  becomes  of  prime  importance. 

Local  and  non-local  interactions,  as  analyzed 
by  Lesieur  and  Schertzer  (J_0) ,  are  discussed  rela¬ 
tively  to  their  influence. 

For  radiative  Prandtl  number  P  larger  than 
Pg  ,  local  interaction  are  dominant  as  in  the  usual 
"inertial-inertial"  range  (i.e.  inertial  for  the 
temperature  and  velocity  fields).  Simple  fhenomenolo- 
gical  models  of  non  linear  transfer  of  temperature 
variance  may  be  used  (II)  to  model  the  pertubed  tem¬ 
perature  spectrum. 

On  the  contrary  for  lower  P^,  non-local  inter¬ 
actions  become  predominant  and  lead  to  che  existence 
of  an  "inertial-radiative"  subrange. 

In  this  subrange,  which  is  included  within  the 
velocity  inertial  range,  a  balance  occurs  between 
radiative  dissipation  (which  is  not  of  a  pertubative 
nature  anymore)  and  a  non-local  part  of  Che  non¬ 
linear  transfer  of  temperature  variance. 

The  temperature  variance  spectrum  has  then  a 
slope  notably  steeper  (  <-31  tian  in  the  usual  "inertial- 
inertial"  range  (  -  5/3). 

Some  consequences  of  the  appearance  of  such  a 
subrange  are  discussed. 

2.  RADIATIVE  DISSIPATIVE  TERM. 

Long-wave  radiative  cooling  is  described  (6,e. 
g.)  by  the  divergence  of  the  radiative  flux  £  : 

[a/*t  T!*,h]s  .  7.  F  Cp  (I) 

and  introduces  a  linear  dissipative  term  in  the 
equations  for  the  rate  of  change  of  temperature 
fluctuations  0  (x, t). 

In  the  Fourier  space,  this  equation  and  the 
one  for  the  spectrum  of  temperature  variance 

.  in  homogeneous  and  isotropic  turbulence  read  : 

(*/<iC  *  D#k2)  #(k,t)  -  -  N(k)  9(k, t)  (2) 

-  i  k  «y'v(£>t)  0(a,  t)  d£ 
k  -  £  ♦  a 


(i/At*2Dflk2)  Ee(k,t)  -  -2  N(k)  Ee(k,t)+T@(k,t) 

where  T^fk.t)  is  the  non-linear  transfer  term  of 
scalar  variance,  D^  the  molecular  diffusivity,  and 
N(k)  is  the  radiative  dissipative  term.  It  is  worth- 
wile  to  notice  that  N(k)  modifies  the  Green  function 
of  (2),  so  that  it  intervens  implicitely  in  the  ex¬ 
pression  of  Tg(k,t).  We  will  precise  this  point  later. 

The  reason  for  this  relatively  simple  radiative 
term  is  that  the  radiative  transfer  equation  (e.g.  12) 
is  linear  with  respect  to  I  #(x,d,t),  the  specific 
intensity  at  point  x  of  rays  traveling  in  the  direc¬ 
tion  d_  (  Id)  •  I )  : 

d.  7  1^  -  -K„  (x,d.C)-B#(T(x,t))  (4) 

where  the  coefficient  of  absorption  at  fre¬ 

quency  ,  is  proportional  to  the  mean  concentration 
*  Pa*  °C  c^e  absorber,  and  has  the  dimension  of  a 
wave-number.  B  ^  is  the  Planck  function  wich  is  the 
appropriate  source  term  in  case  of  loc.,‘.  thermody¬ 
namical  local  equilibrium  (L.T.E.). 

Fourier  transform  of  equation  (4),  respecti¬ 
vely  to  x,  leads  then  to  : 

I  .  (k,d,t)  *  G  (k,d)  B  (T  (k,t))  (5) 

e -  v - V  — 

G  ^  being  the  Green  function  : 

G ^  (k,d)  *  /  ( i  d.k  +  K^,  )  (6) 

From  the  spectral  intensity  I  ,  ,  it  is  then 
possible  to  compute  the  radiative  flux  and  its  diver¬ 
gence  according  to  : 

«o  r 

i  k.F(k.t)  -  i  /dvjk  d  I/k.d.t)  d  d  (7) 

°  fd|  -  I 

Equation  (2)  is  then  obtained  by  using  a  linear 
approximation  for  the  Planck  function  B  : 


T  (x,t)  -  <  T  >  ♦  0(x,t) 


B„[T(x.t)]  - 

no  contribution 
From  ( 5)-(8) ,  i 


B  (<T  >)  +  (  <  T  > )  0  (x,t)  (8) 

AT 

to  the  evolution  of  fluctuations, 
t  follows  that  (11)  : 


-J  d*  A*  K,  f*  -(if, . 

A,  =  (411  /f  Cp  )  (  j  '  (9) 

In  the  "grey  atmosphere"  approximat  ion  (K  *K), 
this  expression  reduces  to  (8)  : 


N(*)  A  K  [<  -  (k/ti  (4/  kll 

Am  4^<T>'/3fCp 


Though  the  approximation  of  grey  atmosphere  is 
not  too  badly  suited  for  the  case  of  stellar  atmos¬ 
pheres  (12),  it  is  not  accurate  enough  for  the  earth 
atmosphere.  In  this  last  case,  the  dependency  on 
frequency  of  the  absorption  coefficient  K  *  may 
classically  be  taken  into  account  by  statistical  mo¬ 
dels  of  absorption  bands  (13).  The  frequency  spec¬ 
trum  is  then  divided  into  independent  bands  of  fre¬ 
quencies  &».  In  each  band,  K  #  is  considered  as 
the  cumulative  absorption  due  to  randomly  distri¬ 
buted  lines  of  absorption,  each  line  having  a  ran- 
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characteristic  times 


*  ^ 


domly  distributed  intensity.  Accurate  modeling  of 
N  (k)  can  thus  be  performed  (13)  for  water  vapour 
in  the  case  of  the  earth  atmosphere  for  infra  red 
radiation.  As  a  first  approximation,  and  following 
Simonin  ( 14) ,  K#  will  be  taken  as  its  average  value 
in  the  j-th  band  of  characteristic  frequency 

VW)S  I  A,*,  [A  -  '“i’I  (11) 

1  Aj  r  (ffl/fV  /iTi 

We  will  refer  to  this  last  approximation,  in  the 
rest  of  the  text,  by  the  expression  of  "non  grey 
atmosphere". 

In  each  case,  it  is  possible  to  define  the  two 
classical  limits  (6)  : 

(i)  the  opaque  limit  ■  1  — >  n 

°  (12) 

n(4)  i  0Rto)  4*  ;  O^ioisti/vjTv 

(ii)  the  transparent  limit  :  ^  ^ 

KHjiNl"';  N(»*)s  a,  fc,  -  A  Kp 

We  may  define  a  radiative  diffusivity  at  each 
wave  number  by  : 

\(t)  -  /  (14) 


In  the  case  of  a  grey  atmosphere,  the  Planck 
mean  absorption  coefficient  K  and  the  Rosseland  one, 
K^,  are  both  equal  to  K.  ^ 

On  the  contrary.  Goody  ( 1 3)  indicates  that  for 
the  case  of  water  vapour  absorption  in  the  lower 
atmosphere,  one  has  :  K  /K^  lO^1. 


Fig. I  :  characteristic  times  (normalised  by 

fm  •  '^max5' -  =  t~l  ;  -  .  -  :  C 05>°  S*eT 

...  - -  Dr(°)  k^non  %«/);  — ' 

-  :  t),"1  ; 

The  main  effect  of  this  difference  between  K 
and  Kg  is  that  there  exists  a  large  subrange  of  P 
wave-numbers  such  that  : 

tf(  I )  -*■  ^  r  1  05) 

As  we  will  see  later,  the  indicated  value  (2/3)  will 
be  of  prime  importance. 


Figure  1  indicate,  in  log-log  plots,  the 

behaviour  of  N  (k)  in  the  precited  cases  and  will  be 
further  commented  in  the  next  section. 

At  this  point,  we  have  to  emphasize  that  we  have 
neglected  the  fluctuations  of  the  concentration  of 
the  absorber,  as  usualy  done  (13). 


3.  PHENOMENOLOGY 

Classicaly  (e.g.  :  2) >  the  local  characteristic 
time  of  turbulent  advection  is  :  ^ 

Te  (k\  ~  C  c  n  k  )  (i6) 

while  the  molecular-conductive  and  radiative  ones 
are  respectively  : 

zji-i  ~  (d#  C'r*  .  (17) 

where  is  the  molecular  diffusivity.  Recalling  that 
the  thermal  Prandtl  number  is  defined  by  : 

PT  "  *  7  D0  M8) 

(  being  the  kinematic  viscosity)  we  may  define  a 
"radiative  Prandtl  number"  by  (see  equation  12)  : 

P*  *  *  l  D*  (  o )  09) 

The  inverses  of  theses  times  are  plotted  in 
figure  1  .  A  critical  regime  is  obtained  when 

the  two  curves  T'gf'O  and  T"g(K)  are  approximately 

tangent  or  intersect. 

The  possible  point  of  tangency  gives  a  certain 

critical  wave  number  k  : 

c 

4  -  S/3  (20) 

(in  case  of  a  grey  atmosphere  :  kc  *  2. 4768... K). 

When  an  intersection  occurs,  we  obtain  a  subran¬ 
ge  [  kQ,  k^7  inside  which  radiative  effects  are  pre¬ 
sumably  of  prime  importance,  because  X  r(*0  is  the 
smaller  characteristic  time.  The  first  point  of  inter¬ 
section  k  is  on  the  side  of  opaque  limit  (small  k), 
the  secon§  one,  k  ,  on  the  side  of  the  transparent 
limit  (large  k).  Of  course,  if  the  intersection  of 
(k)  and  Tg(k)  occurs  at  a  wave-number  k'  smal¬ 
ler  than  k£,  *  instead  of  k  ,  characterizes  the 
end  of  the  precited  subrange.  It  must  be  noticed, 
that  we  may  estimate  Pg~10-^  from  Goody's  computa¬ 
tions  (13),  when  P^.^.  1 . 

In  the  case  of  a  grey  atmosphere,  using  crude 
(but  rather  accurate)  approximations  of  N  (k)  corres¬ 
ponding  to  its  two  limits  (equations  12  and  13)  we 
may  approximate  kQ  and  kt  by  : 

l'*  1  V01’'*  *  8t  -  VAK'J’V 

In  any  case  (grey  or  non-grey  atmospheres),  the 
case  of  tangency  between  T  and  T*g  is  obtained 
for  the  critical  value  of  the  rate  of  destruc¬ 

tion  of  turbulent  energy  satisfying  [  k  being  defi¬ 
ned  by  (20)  J  : 

g  r  WM«)  (21) 

c  *«■ 

and  for  f  lower  than  €  ,  we  have  a  critical  regi¬ 
me.  The  relationship  (21)  can  be  adimensionalized, 
by  noting  that  in  any  case  we  may  write  : 


u {{)  -.  (2ai 

K  being  some  characteristic  absorption  coefficient, 
and,  in  the  same  time;  some  wave  number  (because  of 
its  dimension,  as  soon  noted)*  In  our  study,  we 
2 

choose  :  Kc  »  Kp,K^>  Usin8  the  classical  relations 

(e •  8*  J.)  :  ,  H/V 

*/' /7>) 

(where  R  is  Che  Reynolds  number,  k.  is  the  Kolmo¬ 
gorov  llngth-scale  ,  k  is  the  wave  "number  of  injec¬ 
tion  turbulent  kinetic  energy), one  obtains  for  the 
critical  relationship  : 

(23) 

PRC  being  what  we  call  the  "critical  radiative 

Prandtl".  The  existence  of  the  subrange  [  k  ,k  -7 
is  obtained  when  s  is  replaced  by  <  in  (237.  A 
convenient  way  to  say  it,  is  that  the  radiative 
Prandtl  is  lower  than  its  critical  value  defined  by 
(23)  for  the  given  Reynolds  number  and  ratio  of  sca¬ 
les  (K  /k. t)  .  Otherwise,  we  could  speak  of  a  critical 
ReynolSs  number,  or  a  critical  rat’V  o'  o  -  ':i. 

4.  LOCAL  INTERACTIONS 

For  wave-numbers  smaller  r'-.lt  >  '*  a  lia- 

tive  Prandtl  P  larger  than  it"  -  .«  PR 

(i.e.  for  "small"  radiative  ef*bcnu-  •  * 
expected  that  the  transfer  of  -ort-i  ••  _rs-  snance 
in  Fourier  space  is  dominated  "V  *  •’ v  ceractions, 

as  in  the  case  of  a  simply  aoc.'  >  (e.g.  2 

or  5  ).  That  is  to  say,  tr;,J  '  't£ 's!  such  as 


k  vp  w  q  give  the  predomir 
non-linear  transfer  term  T  i 


but  ion  for  the 
;•  and  the  non-linear 


fl^x  of  temperature  variance  in  scales  smaller  than 

(**t>  (24) 

Dimensionnal  analysis,  or  examination  of  the 
local  divergence  of  this  flux  in  the  framework  of 
two-point  closures  (2) .  leads  to  : 

*(*.»>  -.  c.v  k  mm  (25) 


EslM>  =  C1 


C  being  the  Corrsin-Obukhov  constant.  The 

c .  o. 

variation  of  the  flux  X  (k) ,  with  respect  to  k,  is 
due  to  the  radiative  dissipation  as  a  quasi-equili¬ 
brium  is  obtained  by  an  injection  of  a  flux^  of 
temperature  variance  at  wave-number  k^  : 

if(t)=  -aMlfc)E#(R)4fc  (27) 

It  follows  that  :  (  i  Sn 

juft)  -  wt-  1  (28) 

i.e.  a  slight  modification,  with  respect  to  the 
usual  inertial-inertial  range. 

It  may  further  be  approximated,  for  non  criti¬ 
cal  regime,  in  noting  that  in  a  certain  subrange 
/"k.,  k,  J  around  kc  we  have  (due  to  the  definition 
of  this  wave  number,  see  (21)  : 


As  noted  earlier  (ID,  in  case  of  a  non  grey 
atmosphere  k.  may  be  near  of  kj. 

This  explains  the  linear  dependency  of  JC(k) 
on  Log  (k/kj)  observed  on  figured-  Equations  (30) 
and  (27)  explain  that  the  radiative  dissipation 
spectrum  is  rather  flat  in  an  area  preserving  plot 

(  it  ).  _ _ 


k/kj 


jew. 


(f  Jt)' 


Fig. 3  :  weak  radiative  effet  (grey  atmosphere) 

K  "  2‘kI  1  PR  *  PRC/,°  “  ,0~3  : 

.  :  global  energy  flux  ;  -  —  :  global  temperature 

variance  flux  ;  —  .  —  :  local  temperature  variance  flux; 
—  :  non  local onp.  — 

As  soon  as  c  is  near  of  (or  PR  near  of  PR  ) 
equations  (28)  or  (30)  shows  that  the  exponent  of 
the  spectrum  may  largely  change.  There  is  consequent¬ 
ly  no  more  guarantee  chat  the  local  interactions  are 
predominant.  For  instance,  if  the  slope  of  the  spec¬ 
trum  becomes  steeper  than  -3,  the  spectrum  of  the 
temperature  gradient  (k)  is  then  concentrated 
in  scales  larger  than  k  Thus,  some  integrals 
intervening  in  JC  (k)  are  no  more  locally  divergent. 
Lousely  speaking,  what  is  on  the  left  of  the  spec¬ 
trum  may  wheight  more  than  the  rest  on  the  right. 

This  point  is  totally  missed  by  phenomenolo¬ 
gical  models  leading  to  (25),  even  if  Te  is  repla¬ 
ced  by  a  time  scale  caking  into  account  the  dissi¬ 
pative  one  (15). 

5.  NON  LOCAL  INTERACTIONS  :  AN  "INERTIAL-RADIATIVE" 
SUBRANGE 

In  the  physical  space,  non  local  interactions 
mean  interactions  between  very  different  scales.  In 
the  Fourier  space  a  precise  definition  can  be  given 
(e.g.  :  10) ,  i.e.  a  triad  (k,  £,  £)  is  non  local  if  : 

min  (k,p,q)  /  max  (k,p,q)<a«l  (31) 

where  a  is  some  fixed  parameter,  defining  the  ampli¬ 
tude  of  non-localness. 

Suppose  now,  as  the  local  analysis  of  the  prece¬ 
ding  section  shows  it,  that  around  k  the  slope  of 
che  temperature  spectrum  becomes  sceeper.  The  main 
contribution  for  the  non-linear  flux  (k,t),  k  kQ, 
are  given  by  non  local  triads  of  interactions  (k,£, 

3)  corresponding  to  triple  correlations<9(]09(j>)y(q)> 
with  :  p<tko«q  -w  k  (52) 
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Using  the  technique  developped  in  Lesieur  and 
Schertzer  ( 10)  and  applying  it  to  (3),  as  partialy 
done  in  Larcheveque  et  al.  (2)  •  the  corresponding 
part  the  non  local  flux  created  by  the 

non  local  interactions,  is  of  an  "eddy  diffusivity" 
type,  i.e.  :  Jui'ti 

f'  Et(r,i)  (33) 

where  E  (k,t)  is  the  energy  spectrum  and  7! 
is  the  characteristic  time  of  relaxation  of  tfiple^ 
correlation  <@(k)  @(£)  U  (£)>. 

In  the  velocity-inertial  range,  we  have,  fol¬ 
lowing  Larcheveque  et  al.  (_3_)  : 

T4  *  C  T~\ tuT'  lf)*V^)  i  t  (34) 

3y  derivation,  with  respect  t0  k*  (33)leads  to 
the  non  local  part  of  tne  transfer  term  : 

V;  -  < w  ti k*>  £ tT  Tlf  V  ri ttif>  -ii(u)k\w 35) 

(k/a)  being  the  eddy-dif fusivity,  taking  into 

account  the  influences  of  scales  smaller  than 
(k/a)-'  on  the  scale  k-'  : 


Ttit  ( 


(36) 


As  soon  as  k  is  larger  than  k  ,  i.e.  N(k)^"^(^l 


T  k.P.k 


may  be  approximated  by  : 

(36) 


N(l)' 


On  the  other  hand,  we  may  introduce  the  "renor¬ 
malized  radiative  diffusivity"  DRr  (using  the  renor¬ 
malization  language  (_1_6)  -  (J8)  : 

D'lH,',*).  DRt&)  1  d;im,o  (37) 

It  must  be  stressed  that,  equation  (37)  gives 
a  false  appearance  of  a  simple  addivity  between  the 
radiative  diffusivity  and  an  eddy-di f fusi vi ty ,  inde¬ 
pendant  of  the  radiative  diffusivity.  This  is  clear¬ 
ly  not  the  case:  an  increase  in  DR  implies  (34,36)  a 
decrease  in  DRe.  We  will  comment  later  this  impor¬ 
tant  point. 

If  we  suppose  that  is  the  leading  part  of 

the  transfer  term  T^,  its  ’balance  with  the  radia¬ 
tive  dissipation  can  be  written,  with  the  help  of 
(35,  36  and  37) ,  as  : 

a  d  *  tM  ,  *>  £  eb<M)  =  <V»j 


Equation  (38)  ensures  the  existence  of  an  "iner¬ 
tial-range"  between  kQ  and  k^  : 

C6  -v  1* K  4  >  -  3  (39) 

Because  of  (36,  37),  (38)  could  be  roughly  approxi¬ 
mated  by  : 


f1/5A . A|(«, 


(40) 


Si-M 


n  a/t  n  *  1  •  ir 

fce  ift.H  (d/5j  CK  r 

where  we  use  the  convergence  of  iT  ,  i.e. 

IV  (k). 

I  o 

After  k  ,  (40)  indicates  a  return  to  k  -5^3 
law  which  is  reached  around  kf,  if  this  wave-number 
is  far  enough  in  the  transparent  limit  (r  Ao). 

Figure  3  shows  that  in  the  subrange 
the  exponent  of  the  temperature  spectrum  remains 
nearly  equal  to  -3,  because  r  remains  itself  nearly 
equal  to  2/3. 


Fig. 5  :  spectra  for  non  grey  atmosphere 

(Kc  -  2  kj,  PR  -  10  7)  ;  —  :  E(k.t); - :  Eg(k,t) 

Due  to  (37) ,  we  have  : 

(i/(i)<  D*  (M^  ^  ^  *<*<'>  -  ^  &B(<,',-<J(4i) 

(Nr  being  the  "renormal i zed*1  radi at ive  dissipative 
term),  we  may  approximate  (38)  by  : 

Ee  (<o>  >„  tA/i> 

e,  (k,'>  S  C-*'3;  rt«.') N*ii,  (43) 

As  noted  earlier,  equation  (40),  the  non-local 
equilibrium  described  tends  to  create  an  apparent 
"inertial-inertial"  range  near  kt>  if  this  wave- 
number  is  far  enough  in  the  transparent  limit,  i.e. 
N(k  t )  x  N(  oo  ) .  For  k  >  k  t ,  a  real  inertial-inertial 
subrange  takes  place  up  to  kp  ,  the  Corrsin- 

Obukhov  wave-number.  In  this  range  the  flux^fp  cf 
temperature  variance  which  is  cascading  towaras  kD 
is  of  course  the  part  of  the  flux  which  is  left 
after  destruction  by  radiative  dissipation  effects, 
and  which  will  be  destroyed  by  molecular  diffusivity. 


6.  CONCLUDING  REMARKS 


Above  the  critical  radiative  Prandtl  number  PRr, 
for  which  advective  and  radiative  time  scales  are 
equal,  see  (23),  radiative  cooling  has  only  a  slight 
pertubative  effect  on  temperature  variance  spectrum. 
It  introduces  a  small  exponential  correction  (a  small 
power  correction  near  k  ,  N(k  )  -v.  k  2'3)  to  the 
k  ”3/3  temperature  inerfial  range  Cspectrum.  This 
range  survives,  though  the  flux  of  temperature  va¬ 
riance  is  no  more  constant  as  the  radiative  dissi¬ 
pation  occurs  through  all  the  range.  The  analysis 
made  in  section  4,  see  (28),  leads  to  the  following 
estimation  of  the  molecular  dissipation  of  tempera¬ 
ture  variance  Xp,  compared  to  its  injected  flux  Xj  : 

Uoj(  /  *-  1  f  C, « 


For  lower  than  P^c,  i.e.  larger  radiative 
diffusivity,  the  spectrum  is  largely  affected  by  the 
appearance  of  an  "inert ial-radi ative"  subrange.  Non 
local  interactions  predominate  and  determine  the 
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behaviour  of  the  temperature  spectrum.  The  slope  of 
the  spectrum  being  nearly  a  constant  steeper  than  "3. 
In  the  case  we  have  studied,  water-vapour  in  lower 
atmosphere,  this  exponent  remains  very  near  to 

For  different  absorbers,  or  different  conditions, 
the  value  of  this  exponent  could  be  very  different 
because  it  depends  largely,  see  (38)  -  (40),  on  the 
behaviour  of  N(k),  the  radiative  dissipative  term. 

And,  for  instance,  if  N(k)  is  steeper  than  the 
one  we  used,  non-local  interactions  will  be  more 
effective  than  in  our  study. 

In  any  case,  the  variance  of  the  temperature 
gradient  is  mainly  concentrated  on  scales  larger 
than  k  ' 1  or  smaller  than  kt_1(if,  of  course,  an 
inertial-inertial  subrange  still  developps  for  k  >kc, 
i.e.  if  k^<  kg  ) . 

On  che  other  hand,  the  behaviour  of  the  larger 
scales  does  not  seem  too  much  affected  by  radiative 
transfer  in  the  case  of  grey  atmosphere.  Thus  the 
ratio  of  dissipation  times  : 


k  ;  ^  v*  /  f  <•  (40 

remains  nearly  a  constant  (R  2;  2.2)  in  scationnary 
case.  This  is  not  Che  same  for  non  grey  atmosphere, 
where  R  may  reach  3.5.  This  difference  seems  to  rely 
on  che  fact  chat  in  non  grey  atmoshere  the  opaque 
limit  (small  k)  is  very  slowly  reached.  Thus  the 
balance,  which  occurs  between  the  "beating-term"  and 
the  eddv-diffusivicy  in  the  large  scales  C  see  (5)] 
seems  largely  affected. 

Ic  must  be  stressed  that  a  cumulative  effect  of 
radiative  dissipation  and  molecular  one,  as  modeled 
by  Andre  ec  at.  (7)  remains  doubtful l  due  to  our  re¬ 
marks  on  the  way  the  radiative  diffusivity  is  renor¬ 
malized  (37).  That  is  to  say,  for  large  radiative 
effects,  the  characteristic  times  of  eddy-dif fusivi ty 
and  of  radiative  diffusivity  do  not  interven  in  an 
additive  way.  This  point  of  view  is  supported  by  the 
corresponding  study  made  by  Kraichnan  (46)  in  the 
case  of  low  thermal  Prandcl  number. 
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ABSTRACT 


=  time-averaged  value 


Measurements  were  made  of  the  turbulent  fluctu¬ 
ations  of  vertical  velocity  and  temperature  in  verti¬ 
cal  round  buoyant  Jets.  The  Jets  were  heated  water 
Jets  with  exit  densimetric  Froude  numbers  ranging 
from  1.3  to  32**0.  Measurements  were  carried  out  with 
two  film  probes.  One  probe  was  maintained  at  a  con¬ 
stant  temperature  and  the  other  was  operated  as  a 
resistance  thermometer. 

The  axial  variations  of  the  intensities  of  ve¬ 
locity  and  temperature  fluctuations  and  of  the  stream- 
vise  turbulent  heat  flux  in  the  established  flow 
region  of  the  buoyant  Jet  are  presented.  It  was  found 
that  they  were  well  correlated  with  a  scaling  law 
proposed  by  Chen  and  Rodi .  The  radial  distributions 
of  the  three  turbulent  properties  are  also  presented. 
The  results  show  satisfactory  similarity  profiles  in 
both  non-buoyant  and  plume  regions  but  there  is  a 
certain  difference  in  the  shapes  between  the  two 
regions. 


NOMENCLATURE 

Ug  =  discharge  nozzle  diameter,  m 

Fr  =  Dg''/ [StTo-^l^osJ  =  discharge  Froude  number 
g  =  gravitational  acceleration,  m/s2 
r  =  radial  coordinate,  m 
Re  =  cIqUq.-q/uo  =  Reynolds  number 

T  =  time-averaged  temperature,  K 
Tm#  =  /Fr(Tm-T„)/(T0-T„) 


U  =  time-averaged  velocity  in  x-direction,  m/s 

UB#  *  ArUn/Uo 

u  =  fluctuating  velocity  in  x-direction,  m/s 
Um#  =  /Fr  /v?/UQ 

ue  =  streamwise  turbulent  heat  flux,  mK/s 
%«m#  *  Frum6m/(U0(T0-TJl 

X  =  vertical  distance  from  virtual  source,  m 
X#  «  X/dg/Fr 

x  =  vertical  coordinate,  m 
6  “  coefficient  of  volume  expansion,  1/K 

6  «  temperature  fluctuation ,  K 


*  /Fr  /6B2/(T0-  T.) 
u  =  viscosity,  Pa-s 

p  *  density,  kg/a3 


Subscripts 

m  «  value  at  Jet  centerline 

0  “  value  at  Jet  discharge 

»  *  ambient  value 

Superscripts 


INTRODUCTION 

The  vertical  buoyant  Jet  discharged  into  a  uni¬ 
form  stagnant  environment  is  one  of  the  most  impor¬ 
tant  flow  patterns  related  with  the  environmental 
heat  transfer. 

A  number  of  methods  have  been  proposed  for  cal¬ 
culating  the  practically  important  cases  of  turbu¬ 
lent  buoyant  jets,  ranging  from  simple  empirical 
formulae  to  complex  models  involving  partial  differ¬ 
ential  equations.  The  more  advanced  methods  attempt 
to  model  details  of  the  turbulent  motion  (^-.2) . 
However,  they  have  not  yet  been  tested  widely  for 
buoyant  jets  because  of  lack  of  sufficiently  reli¬ 
able  and  accurate  experimental  data. 

Measurements  have  been  made  of  the  time-aver¬ 
aged  velocity  at  the  axis  of  the  vertical  round  buoy¬ 
ant  Jet  by  Cgino  et  al.  ( M  and  time-averaged  temper¬ 
ature  by  a  number  of  experimenters,  the  results 
shoving  that  the  measured  values  follow  a  scaling  law 
proposed  by  Chen  and  Rodi  (£). 

Only  few  data  on  turbulence  quantities  are 
available  and  they  are  restricted  mostly  to  the  nor.- 
buoyant  jets.  For  the  plume,  both  velocity  and  tem¬ 
perature  fluctuations  have  been  measured  by  George 
et  al.  (£)  and  Nakagome  and  Hirata  (X).  Those  experi 
mental  results  have  been  reviewed  in  detail  by  Chen 
and  Rodi  (_5) . 

The  purpose  of  this  paper  is  to  present  more 
comprehensive  result  of  the  measurements  of  vertical 
velocity  fluctuations,  temperature  fluctuations  and 
streamwise  turbulent  heat  flux  for  the  vertical  round 
buoyant  Jet  in  a  uniform  temperature  ambient. 

EXPERIMENTAL  APPARATUS  AND  PROCEDURE 

The  experimental  apparatus  is  shown  schematical¬ 
ly  in  Fig.  1.  The  test  tank  was  constructed  of 
transparent  acrylic  plates  with  internal  dimensions 
of  2  m  long,  1  m  wide  and  1  m  deep.  Wall  thickness 
was  2.0  cm. 

Filtered  city  water  was  used  as  ambient  fluid  an 
its  temperature  was  kept  uniform  during  the  measure¬ 
ments.  For  Jet  flows,  three  contraction  nozzles  of 
different  diameters,  0.5,  1.0  and  2.0  cm,  were  used, 
so  that  a  wide  range  of  Froude  number  was  covered. 

The  Jet  fluid  vas  also  city  water  which  was  heated  in 
a  heater  and  of  which  temperature  was  regulated  at 
310  -  330  K  in  a  head  tank.  Flow  rate  was  measured 
by  a  calibrated  orifice  meter. 

The  velocity  and  temperature  were  measured  with 
two  I-type  film  probes  (TSI  1210-20W)  at  neighboring 
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locations  in  the  flow.  The  spacing  of  these  two  by  about  lOt  at  r/X=0.1  (9). 

probes  was  1  mm.  The  velocity  signal  was  obtained  by  Reynolds  numbers  at  the  nozzle  exit  ranged  from 


Fig.  1  Schematic  drawing  of  the  experimental 
apparatus 

1  Test  tank,  2  Contraction  nozzle,  3  Probe 
support,  4  Traverser,  5  Needle  valve, 

6  Orifice  meter,  7.9  Head  tank,  8  Heater 


a  constant  temperature  anemometer  (DISA  55M10)  ,  while 
the  temperature  signal  was  obtained  by  a  constant 
current  anemometer  (DI3A  55M2C)  operated  as  a  resist¬ 
ance  bridge.  The  outputs  from  both  anemometers  were 
stored  in  a  data  recorder  (TEAC  R-400)  and  converted 
to  digital  signals  (FACOM  U-200)  with  a  frequency  of 
200  Hz. 

The  velocity-temperature  calibration  curve  was 
then  used  for  calculation  of  the  actual  velocity 
signal  from  the  instantaneous  constant  temperature 
anemometer  output.  A  block  diagram  of  the  measure¬ 
ment  procedure  is  shown  in  Fig.  2. 

The  frequency  response  of  the  temperature  probe 
was  estimated  to  be  roughly  400  Hz  (£.)•  For  compar¬ 
ison,  the  estimated  frequency  of  the  energy  contain¬ 
ing  eddies  was  roughly  4o  Hz  and  that  of  Kolmogorov 
microscale  was  about  300  Hz.  Since  the  velocity 
probe  was  operated  at  constant  temperature,  its 
frequency  response  was  orders  of  magnitude  better 
than  the  temperature  probe. 

An  error  estimate  by  measured  values  of  skewness 
and  turbulence  intensity  indicates  that  the  measured 
values  of  RMS  of  vertical  velocity  fluctuations  may 
be  underestimated  by  about  3?  at  the  Jet  axis  and 


Hot  Film 


Fig.  2  Block  diagram  of  data  acquisition  system 
and  data  reduction  procedure 


22o0  to  4390  and  the  discharge  Froude  numbers  were 
1.3  to  3240. 

EXPERIMENTAL  RESULTS  AND  DISCUSSION 

Axial  Variation  of  the  Intensity  of  the  Vertical 
Velocity  Fluctuations 

The  measured  values  of  the  relative  intensity  of 
vertical  velocity  fluctuations  at  the  centerline  of 
the  buoyant  jet  are  plotted  in  Fig.  3  along  with  the 
experimental  results  of  other  investigators  (J, 10-13). 

As  discussed  by  Chen  et  al.  (3.)  the  turbulent 
intensity  first  decays  and  then  increases  in  the  zone 
of  flow  establishment.  The  initial  decay  is  due  to 
the  fact  that  the  flow  at  the  nozzle  exit  is  uniformly 
flat  and  is  being  accelerated  by  a  buoyant  force.  In 
this  condition  there  will  be  no  generation  of  turbu¬ 
lence.  When  the  turbulent  kinetic  energy  generated 
in  the  mixing  layer  reaches  the  centerline  by  diffu¬ 
sion,  the  turbulent  intensity  increases  and  after  the 
flow  is  established  it  then  decays  again. 

The  experimental  results  of  the  authors, 
Oosthuizen  (13),  Nakagome  et  al.  and  the  result  of 
Corrsin  et  al.  (10)  obtained  in  the  Jet  of  large 
temperature  difference  at  the  nozzle  exit  confirm  this 
expectation,  whereas  the  experimental  results  obtained 
in  the  Jet  of  small  temperature/concentration  differ¬ 
ence  by  Corrsin  et  al.  and  McQuaid  et  al.  ( 11)  show 
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the  continued  increase  or  the  relative  intensity  of 


Fig.  3  Axial  variation  of  relative  intensity  of 
velocity  fluctuations 


vertical  velocity  fluctuations  because  they  have  been 
obtained  ir.  the  Jet  with  negligible  buoyancy. 

However,  all  of  the  results  show  that  the  rela¬ 
tive  intensity  approaches  to  a  constnat  value  beyond 
x/dj  of  20  to  30.  The  asymptotic  value  of  0.23  is 
presented  by  Oosthuizen  and  0.28  by  Chen  and  Rodi  (ji). 

The  axial  variation  of  the  RMS  values  of  the 
velocity  fluctuations  at  the  centerline  of  the  estab¬ 
lished  jet  flow  region,  normalized  with  the  scaling 
law  proposed  by  Chen  and  Rodi  (£) ,  is  shown  in  Fig.  li. 
The  abscissa  is  the  normalized  distance  from  the 
virtual  source  which  have  been  determined  from  a  plot 
Tm-T«)  vs.  x/do  at  the  region  of  k'x/do*1 
20  as  the  intercept  of  the  resulting  straight  line 
and  the  x/dg  coordinate. 


01  1.0  _  10 

X* 


Fig.  U  Axial  variation  of  normalized  intensity  of 
velocity  fluctuations 


The  experimental  results  of  Oosthuizen  and 
Corrsin  et  al.  show  a  fair  agreement  with  the  present 


data.  For  comparison  between  the  decay  of  the  inten¬ 
sity  of  the  axial  velocity  fluctuations  and  that  of 
the  time-averaged  centerline  velocity,  the  measured 
result  of  Um  is  also  depicted  in  Fig.  1*.  Three  re¬ 
gions  shown  in  Fig.  k  are  respectively  non-buoyant, 
intermediate  and  plume  regions  and  the  demarcations 
of  three  regions  have  been  determined  by  the  time- 
averaged  velocity  and  temperature  measurements  by 
Ogino  et  al.  (M . 

It  is  seen  from  Fig.  1  that  the  experimental  data 
fall  on  a  single  curve  and  the  ratio  /UE  is  con¬ 
stant,  the  value  being  0.22,  over  the  whole  range 


from  non-buoyant  to  plume  regions 

The  empirical 

equations  of 
fluctuations 

the  intensity  of  the 
are  given  by 

axial  velocity 

X*  <  1 

Ux*  =  1.3  (X#)-1 

(1) 

1  <  X#  <  5 

uj  =  1.3  (X#)-:/5 

u; 

5  <  X# 

Uj#  =  0.76 

-  (3) 

It  should  be  noted  that  eq.  ( 

3)  is  not  conclus 

because  of  insufficient  data  in  the  plume  region. 
However,  an  analysis  by  Chen  et  al.  (_3'  predicts  that 
the  turbulent  kinetic  energy  is  proportional  tc 
(X#)-2.3,  suggesting  the  intensity  of  the  axial  ve¬ 
locity  fluctuations  to  be  proportional  to  (X* 

The  dashed  line  depicted  in  Fig.  1  show  the  variation 
of  um#  calculated  from  the  result  of  Chen  et  al., 
which  predict?  higher  values  than  the  present  exper¬ 
imental  data  in  the  intermediate  and  plume  regions. 

Axial  Variation  of  the  Intensity  of  Temrerature 
Fluctuations 

The  experimental  result  on  the  axial  variation 
of  the  relative  intensity  of  temperature  fluctuations 
is  presented  in  Fig.  5.  For  comparison,  the  results 
of  some  other  investigators  (£,  7.,  10-12 ,  1»- It  '  are 
shown  in  Fig.  5  including  the  measurements  of 
concentration  fluctuations. 


Fig.  5  Axial  variation  of  relative  intensity  of 
temperature  fluctuations 


Although  the  results  show  much  larger  scatter 
than  the  results  on  that  of  velocity  fluctuations,  the 
relative  intensities  of  temperature  fluctuations  for 
smaller  Froude  numbers  seem  to  attain  higher  asymp¬ 
totic  values  while  those  for  larger  Froude  numbers, 
the  Jet  with  negligible  buoyancy,  the  lower  values. 
Chenjnd  Rodi  (8)  have  recommended  as  asymptotic  value 
of  w' 6m 2 / < Tm— T„ )  0.21  to  0.2k  for  the  non-buoyant  Jet, 
but  the  relatively  high  values  of  0.35  to  O.U  have 
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been  reported  by  George  et  al.  and  Nakagome  et  al. 
for  the  plume.  This  fact  suggests  that  the  relative 
intensity  of  the  temperature  fluctuations  at  the 
centerline  of  the  buoyant  jet  may  vary  from  about  0.2 
in  the  non-buoyant  region  to  about  0.3  -  o.U  in  the 
plume  region. 


Fig.  6  Axial  variation  of  normalized  intensity 
of  temperature  fluctuations 


In  Fig.  6  the  normalized  intensities  of  temper¬ 
ature  fluctuations  in  the  established  region  of  the 
buoyant  jet  are  plotted  against  the  normalized  dis¬ 
tance  from  the  virtual  source.  The  present  experi¬ 
mental  data  and  those  of  Corrsin  it  al.  fall  again 
closely  on  a  single  curve  and  empirical  equations  are 
given  by 

X#  <5  Fm#  =  1.2  (X#)-1  (M 


-m 

9^#  =  3 . 


5  (X#)-V3 


The  distinction  of  the  r.or.-buoyant  and  intermediate 
regions  cannot  be  noted  in  the  decay  of  the  intensity 
of  temperature  fluctuations  within  the  accuracy  of 
measurements. 

The  tir.e-a\eraged  temperature  at  the  centerline 
is  also  depicted  in  ?it;.  6,  from  which  it  is  3een 
that  the  relative  intensity  of  the  temperature  fluc¬ 
tuations  varies  from  1.2'j  in  the  non-buoyant  region 
to  0.37  in  the  plume  region. 

Axial  Variation  of  the  Streamwise  Turbulent  Heat  Flux 

Figure  7  shows  the  axial  variation  of  the  stream- 
wise  turbulent  heat  flux  at  the  Jet  axis.  The  exper¬ 
imental  data  are  correlated  into  a  single  line  in  the 
plot  of  Fig.  7  and  no  distinction  is  observed  between 
three  regions.  The  empirical  equation  is  expressed  as 

=  (x*)-5/3  (6) 


Fig.  7  Axial  variation  of  normalised  streamwise 
turbulent  heat  flux 


Fig.  8  Axial  variations  of  Un^/Zd,,2^2 
and  Ujg3m/Um(  Tm-Tw) 


George  et  al.  reported  the  value  of  the  correla 


tiOD  coefficient  of  the  streamwise  heat  flux  being 
0.65  at  the  Jet  axis  and  this  value  is  in  good  agree¬ 
ment  with  the  present  experimental  data  in  the  non- 
buoyant  and  plume  regions  as  shovn  in  Fig.  8. 


Fig.  9  Radial  distributions  of  relative  intensity 
of  vertical  velocity  fluctuations 


The  lower  values  in  the  intermediate  region  is  mainly 
due  to  the  higher  measured  values  of  /ej  as  shown  in 
Fig.  6.  The  solid  lines  are  obtained  from  eqs .  (1)  - 
(6).  The  calculated  line  in  the  plume  region  is  not 
conclusive  because  the  empirical  equations  for  the 
plume  region  are  based  on  the  insufficient  data. 

The  experimental  data  of  the  ratio  Un^m/Ug^T,!,-!,,) 
are  also  plotted  in  Fig.  8  along  with  the  calculated 
lines.  The  ratio  varies  approximately  in  proportion 
to  X1^3  over  the  whole  range  of  the  buoyant  Jet. 


Radial  Distributions  of  the  Intensities  of  the 
Vertical  Velocity  and  Temperature  Fluctuations  and 
the  Streamwise  Heat  Flux 


The  radial  distributions  of  the  intensities  of 
vertical  velocity  and  temperature  fluctuations  and  of 
the  streamwise  turbulent  heat  flux  are  shown  in  Figs. 
9*  10  and  11,  respectively.  These  turbulence  proper¬ 
ties  are  non-dimensionalized  with  Um  and  Tm-T»  and 
plotted  against  the  non-dimensional  lateral  distance 
r/X. 

The  results_show  satisfactory  similarity  pro¬ 
files  of/u2  ,  /e2  and  u6  in  both  non-buoyant  and 
plume  regions,  but  the  shapes  of  the  profiles  are 
different  between  the  two  regions.  The  profiles  in 
the  plume  region  are  narrower  than  those  in  the  non- 
buoyant  region  for  all  three  turbulent  properties. 
There  exists  off-axis  peak  in  the  profiles  of  the 
intensity  of  the  temperature  fluctuations  and  the 


streamwise  turbulent  heat  flux  in  the  non-buoyant 
region  an  usually  observed  in  the  Jet  with  negligible 


Fig.  10  Radial  distributions  of  relative 

intensity  of  temperature  fluctuations 

buoyancy  (10,  ll ,  15.,  17 ,  18) ,  whereas  nearly  constant 
values  are  observed  over  the  center  portion  of  the 
Jet  in  the  plume  region. 

For  comparison  the  experimental  results  obtained 
by  other  investigators  are  also  shown  in  Figs.  9,  10 
and  11  from  which  it  is  seen  that  the  shapes  of  the 
profiles  for  three  turbulent  properties  vary  little 
between  different  experimenters,  except  for  the  level 
of  the  dimensionless  properties  as  was  discussed  al¬ 
ready  by  considering  the  values  at  the  axis. 

CONCLUSIONS 

(l)  The  intensities  of  the  vertical  velocity  and 
temperature  fluctuations  and  the  streamwise  turbulent 
heat  flux  at  the  axis  of  the  vertical  round  buoyant 
Jet  are  correlated  well  with  the  same  scaling  law  as 
that  used  for  correlating  the  time-averaged  centerline 
velocity  and  temperature. 


9.29 


w.  I 

r/X 


r/X 


Fig.  11  Radial  distributions  of  streamwise 
turbulent  heat  flux 


(2)  The  relative  intensity  of  the  axial  velocity 
fluctuations  at  the  centerline  is  constant  at  0.22  in 
the  whole  range  from  non-buoyant  to  plume  regions, 
whereas  that  of  the  temperature  fluctuations  increases 
from  0.25  in  the  non-buoyant  region  to  0.37  in  the 
plume  region.  The  ratio  T3m2 3 * 5m/'Jm(Tn*T^J  veries  approxi¬ 
mately  in  proportion  to  X1/3  over  the  whole  range  of 
the  buoyant'*;et. 

(3)  The  radial  distributions  of  the  intensities 
of  the  vertical  velocity  and  temperature  fluctuations 
and  the  streamwise  heat  flux  show  similarity  profiles 
in  both  non-buoyant  and  plume  regions,  but  there  is 

a  certain  difference  in  shapes  of  the  profiles 
between  the  two  regions. 

ACKNOWLEDGMENT 

This  work  was  supported  by  the  Ministry  of 
Education,  Science  and  Culture  through  a  3rant  in 
Aid  for  Scientific  Research  (NO.  505557). 

REFERENCES 

1  Tamanini,  F.,  "The  Effect  of  Buoyancy  on  the 
Turbulence  Structure  of  Vertical  Round  Jets  ,"  Trans¬ 
actions  of  the  ASME.  Journal  of  Heat  Transfer.  Vol. 
100,  Nov.  1978,  pp.  659-664. 

2  Chen,  C.  J.  and  Nikitopoulos ,  C.  P. ,  "On  the 
Near  Field  Characteristics  of  Axi3ymmetric  Turbulent 
Buoyant  Jet3  in  a  Uniform  Environment,"  International 


Journal  of  Heat  and  Mass  Trarsrer,  Vol.  22,  1979, 
pp.  2U5-255. 

3  Chen,  C.  T.  and  Chen,  C.  H. ,  “On  Prediction 
and  Unified  Correlation  for  Decay  of  Vertical  Buoy¬ 
ant  Jets ,“  Transactions  of  ASME ,  Journal  of  Heat 
Transfer.  Vol.  101,  Aug.  1979,  pp.  532-537. 

5  Ogino,  F. ,  Takeuchi ,  H.  ,  Kudo,  X.  and 
Mizushina,  T. ,  "Heated  Jet  Discharged  Vertically  into 
Ambient  of  Uniform  and  Linear  Temperature  Profile," 
International  Journal  of  Heat  and  Mass  Transfer,  Vol. 
23,  1980 ,  pp.  1561-1588. 

5  Chen,  C.  J.  and  Rodi ,  W. ,  “On  Decay  of  Verti¬ 
cal  Buoyant  Jet  in  Uniform  Environment,"  Proceedings 
of  6th  International  Heat  Transfer  Conference,  Vol. 

1,  1973,  pp.  97-102. 

6  George,  W.  K. ,  Alpert ,  R.  L.  and  Tamanini,  F., 
"Turbulence  Measurements  in  an  Axisymmetric  Euoyant 
Plume ,“  International  Journal  of  Heat  and  Mass 
Transfer.  Vol.  20.  1977.  PP.  1145-1154. 

7  Nakagome,  H.  and  Hirata,  M. ,  "The  Structure  of 
Turbulent  Diffusion  in  an  Axi-synmetrical  Thermal 
Plume,"  Proceeding  of  1976  ICHMT  Seminar  on  Turbulent 
Buoyant  Convection.  Hemisphere  Publishing  Corporation, 
1977,  pp.  361-372. 

8  Chen,  C.  J.  and  Rodi,  W.  ,  "Vertical  Turbulent 
Buoyant  Jets-A  Review  of  Experimental  Data,"  HITT  The 
Science  and  Applications  of  Heat  and  Mass  Transfer. 
Vol.  4,  Pergamon  Press,  Oxford,  19  30. 

9  Hinze,  J.  0.,  "Turbulence,"  2nd  ed. ,  McGraw- 
Hill  Book  Company,  New  York,  1975- 

10  Corrsin,  S.  and  Uberoi  ,  M.  S.,  "Further  Ex¬ 
periments  on  the  Flow  and  Heat  Transfer  in  a  Heated 
Turbulent  Air  Jet,"  NACA  Technical  Notes,  No.  1565, 
191.9. 

11  McCuaid,  J.  and  Wright,  W.  ,  "Turbulence 
Measurements  with  Hot-wire  Anemometry  in  Ncn-homuge- 
neous  Jets ,"  International  Journal  of  Heat  and  Mass 
Transfer ,  Vol.  17,  197** ,  PP-  391-3-9. 

12  Way,  J.  and  Libby,  P.  A.,  "Application  of 
Hot-wire  Anemometry  and  Digital  Techniques  to 
Measurements  in  a  Turbulent  Helium  Jet,"  AIAA  Journal. 
Vol.  9,  1971,  pp.  1567-1573. 

13  Oosthuizen,  P.  H.  ,  "Vertical  Buoyant  Air  Jets," 
Proceeding  of  1976  ICHMT  Seminar  on  Turbulent  Buoyant 
Convection .  Hemisphere  Fublishing  Corporation,  1977, 
pp.  303-313- 

14  Becker,  H.  A,,  Hottel,  C.  and  Williams,  3. 

C. ,  "The  Nozzle-fluid  Concentration  Field  of  the 
Round,  Turbulent,  Free  Jet,"  Journal  of  Fluid  Mechan¬ 
ics  .  Vol.  30,  part  2,  1967,  pp.  285-303. 

15  Rosensweig,  R.  E.,  Hottel,  H.  C.  and  Williams, 
■3.  C.  ,  "Smoke-scattered  Light  Measurement  of  Turbulent 
Concentration  Fluctuations ,"  Chemical  Engineering 
Science .  Vol.  15,  1961,  pp.  111-129. 

16  Wilson,  R.  A.  M.  and  Dankwerts ,  P.  V., 

"Studies  in  Turbulent  Mixing  -  II.  A  Hot  Air  Jet," 
Chemical  Engineering  Science.  Vol.  19,  1964,  no.  885 
-395. 

17  Chevray,  R.  and  Tutu,  N.  K.  ,  "Internittency 
and  Preferential  Transport  of  Heat  in  a  Round  Jet," 
Journal  of  Fluid  Mechanics,  Vol.  88,  part  1,  1978, 
pp.  133-160. 

18  Antonia,  R.  A.,  Prabhu,  A.  and  Stephenson,  S. 

E. ,  "Conditionally  Sampled  Measurements  in  a  Heated 
Turbulent  Jet,"  Journal  of  Fluid  Mechanics,  Vol.  72, 
part  3,  1975,  pp.  1*55-1*30. 


9.30 


SESSISON  10  -  HEAT  AND  MASS  TRANSFER  IN  BOUNDARY  LAYERS 

K.  Hanjalic  -  Chairman 


ON  THE  SIMILARITY  BETWEEN  VELOCITY  AND  TEMPERATURE  FIELDS  WITHIN  A  TURBULENT  SPOT 


R.  A.  ANTONIA,  A.  J.  CHAMBERS 

Department  of  Mechanical  Engineering 
University  of  Newcastle,  N.S.K.,  2308,  Australia 


M.  SOKOLOV 

Department  of  Fluid  Mechanics  8  Heat  Transfer 
University  of  Tel  Aviv,  Tel  Aviv,  699'8,  Israel 


C.  K.  VAN  ATTA 

Department  of  .Applied  Mechanics  8  Engineering  Sciences 
University  of  California  at  San  Diego,  La  Jolla,  92093,  U.S.A. 


ABSTRACT 

Velocity  and  temperature  fields  associated  with 
a  turbulent  spot  developing  in  a  laminar  boundary 
layer  reveal  a  number  of  similar  features.  Kith 
ensemble  averaging  performed  with  respect  to  a  partic¬ 
ular  feature  of  the  spot,  the  similarity  between  en¬ 
semble  averaged  longitudinal  velocity  and  temperature 
is  examined  by  considering  the  respective  equations 
for  these  ensemble  averaged  quantities.  The  pressure 
gradient  associated  with  the  spot  disturbance  may  be 
significant  while  the  measured  diffusivities  of  momen¬ 
tum  and  heat  for  the  disturbance  indicate  values  for 
their  ratio  which  are  significantly  larger  than  unit)'. 


NOMENCLATURE 

Cp  Pressure  coefficient 

f  A  non-dimensional  function,  f'  =  <U>/U„  -  1 

g  ■  Uj/U, 

h  Spot  height,  maximum  height  of  1'  contour  T/iT  m 

P  Kinematic  pressure  m2/s- 

Pr  Molecular  Prandtl  number 

R*  Reynolds  number  based  on  U«  and  momentum  thick¬ 
ness  derived  from  <U>  profiles 
T  Temperature  °K 

Ll  i  Tw  -  T«  °K 

t  T ime  j 

U  Instantaneous  longitudinal  velocity  m/s 

u  «  U  -  <ll>  m/s 

\  Instantaneous  normal  velocity  m/s 

v  =  V  -  <V»  m/s 

K  Instantaneous  spanwise  velocity  m/s 

x  Longitudinal  direction  m 

xs  Distance  from  spark  m 

y  Normal  direction  m 

z  Spanwise  direction  m 

a  Molecular  thermal  diffusivitv  m2/s 

aj  Disturbance  thermal  diffusivity  m2/s 

t  *  (z-Zo)/U„(t-t0)  (t0  -  -0.02  s,  z0  *  0  m) 

non-dimensional  spanwise  co-ordinate 
n  *  (y-)'o)/U»(t-to)  (>'o  *  On)  non-dimensional 


vertical  co-ordinate 
e  r  T  -  <T> 

v  Kinematic  viscosity  n2/s 

vj  Disturbance  kinematic  viscosity  m-  's 
C  =  (xs-xo)/U«(t-t;l  (xo  *  - 0 . 1  ■ m'  non- 
dimensional  longitudinal  co-ordinate 
t  Velocity  potential  m2/s 

Subscripts 

t  Laminar 

o  Evaluated  at  virtual  origin 

t  Turbulent 

w  Evaluated  at  wall 

Evaluated  in  free  stream 

Averaging  Symbols 

Ensemble  average 
~  Conventional  average 

t  Ensemble  average  relative  to  lardnar  value  ic.g. 

U  =  <U>  -  U;  and  T  =  <T>  -  T;l. 

INTRODUCTION 

In  recent  investigations  [Van  Atta  8  Holland  i :  > : 
Antonia  ct  at  (2)]  use  was  made  of  a  passive  tempera¬ 
ture-tagging  technique  to  provide  some  insight  into 
the  structure  and  mixing  processes  within  a  turbulent 
spot.  The  spot  was  artificially  generated  in  a  laminar 
boundary  layer  which  developed  over  a  heated  flat  plan . 
Temperature  measurements  obtained  in  these  investiga¬ 
tions  complemented  previous  velocity  measurements  of 
Wygnanski  ct  ai  (3)  and  Cantwell  ct  a'.  (4).  Contours 
of  the  ensemble -averaged  temperature  disturbance  meas¬ 
ured  relative  to  the  laminar  undisturbed  (Pohlhausen’ 
profile  T^fyl  were  found  to  be  strongly  anti -correlated 
with  corresponding  contours  of  the  longitudinal  velo¬ 
city  disturbance,  measured  relative  to  the  Blasius  pro¬ 
file  Ufcfy).  Using  the  conical  similarity  co-ordinates 
introduced  by  Cantwell  ct  (4),  Van  Atta  8  Holland 
(l)  observed  a  striking  coincidence  of  the  maxima  and 
minima  in  the  temperature  disturbance  contours  meas- 


ured  on  the  centreline  of  the  spot  with  the  two  stable 
foci  or  points  of  accumulation  in  the  particle  paths 
calculated  by  Cantwell  t (4) .  The  positions  of 
the  temperature  maxima  could  not  howeier  be  satisfac¬ 
torily  explained  in  terms  of  the  centreline  particle 
paths.  In  the  present  paper,  ensemble  averaged  velo¬ 
city  and  temperature  fields  are  compared  in  a  manner 
similar  to  that  used  in  considering  the  analogy  be¬ 
tween  momentum  and  heat  transfer  in  a  fully  turbulent 
boundary  layer  over  a  heated  flat  plate.  Equations 
for  ensemble  averaged  temperatures  and  longitudinal 
velocities  are  first  examined  and  measured  values  of 
disturbance  diffusivities  for  momentum  and  heat  are 
subsequently  presented  and  discussed. 

EXPERIMENTAL  ARRANGEMENT  .AM)  CONDITIONS 

A  detailed  description  of  the  experimental 
arrangement  is  given  in  Van  Atta  5  Helland  (1)  and 
.Antonia  cz  (2).  It  is  sufficient  to  indicate  here 
that  the  spot  was  generated  by  discharging  a  spark 
between  the  tips  of  two  sewing  needles,  separated  by 
about  2  mm  in  the  ;  direction  and  protruding  about 
1  mm  in  the  y  direction,  mounted  in  an  insulated  plug 
0.20  m  from  the  leading  edge  of  an  aluminium  plate. 

This  1.2'  cm  thick  plate,  heated  by  0.1  mm  thick  heat¬ 
ing  pads  bonded  to  its  bottom  surface  was  mounted 
horizontally  in  the  working  section  of  the  low  turbu¬ 
lence  wind  tunnel  in  the  Department  of  Applied  Mechan¬ 
ics  5  Engineering  Sciences  at  U.C.S.D.  The  turbulent 
spot  developed  along  the  plate  under  a  small  favour¬ 
able  pressure  gradient.  .All  measurements  were  made  at 
a  nominal  free-stream  velocity  !!„  of  11  ms"1  and  a 
nominal  value  of  10  C  for  the  difference  aT.  U  and  V 
were  measured  at  distances  xs  from  the  spark  of  0.54, 
0.S4  and  1.12  m  with  a  miniature  DISA  X-wire  while  T 
was  measured  with  a  O.b  am  dia  Wollaston  wire.  A 
series  of  U-T  measurements  was  also  made  at  xs  =  1.06  rr, 
using  a  single  horizontal  hot  wire  with  a  cold  wire 
mounted  parallel  to  and  1  mm  below  the  hot  wire.  Mean 
velocity  and  mean  tenperature  profiles  were  in  good 
agreement  with  the  Blasius  and  Pohlhausen  profiles. 

Hot  and  cold  wire  signals  and  the  square-wave  spark 
generator  signal  were  recorded  on  a  four-track  FM  tape 
recorder.  These  signals  were  later  played  back  and 
digitized  using  a  12  bit  analogue  to  digital  converter, 
at  a  sampling  frequency  of  3200  Hz  into  a  digital 
computer.  The  frequency  of  the  square-wave  used  to 
trigger  the  spark  discharge  was  1.5  Hz.  .Approximately 
500  spots  were  recorded  for  each  value  of  v  but,  in 
the  final  analysis  of  the  data,  only  200  spots  were 
used. 


Conical  similarity  co-ordinates  £,  n,  c  were 
introduced  (Cantwell  et  al  (4)}  in  an  attempt  to  des¬ 
cribe  the  unsteady  velocity  field  associated  with  the 
spot  in  terms  of  £,  n,  and  c  only.  Although  conical 
co-ordinates  are  used  to  present  data  in  a  later  sec¬ 
tion,  it  should  be  noted  that  the  modified  similarity 
co-ordinates  proposed  by  Sokolov  et  al  (5)  leads  to  a 
better  representation  of  the  velocity  and  temperature 
fields  than  the  conical  similarity  transformation. 

For  the  present  experiments,  the  virtual  origins  (xo, 
yj,  2o»  to)  “ere  found  [Antonia  et  al  12)]  to  be 
approximately  given  by  (-0.10  m,  0,  0,  -0.02  s). 

EQUATIONS  FOR  ENSENBLE  AVERAGED  VELOCITY  §  TEMPERATURE 

In  the  presence  of  the  quasi -periodic  disturbance 
due  to  the  spot,  U,  V  and  temperature  T  are  written 

'J  *  <U>  ♦  u 


V  =  <V>  +  v 
T  =  <T>  +  e 


where  u,  v,  6  can  be  identified  with  the  background 
(random)  turbulent  fluctuations.  Experimental  estim¬ 
ates  of  <U>,  <V>  and  <T>  were  obtained  by  first  deter¬ 
mining  the  leading  edge  of  the  spot  and  then  applying 
the  ensemble  averaging  operation  after  aligning  indi¬ 
vidual  realizations  of  U,  V  and  T  with  respect  to  the 
leading  edge.  Using  the  above  decomposition,  the  mo¬ 
mentum  and  temperature  equations  for  the  disturbance 
(organized)  field  can  be  written,  at  least  on  the  plane 
of  symmetry  (where  <W>  is  assumed  to  be  zero)  of  the 
spot 
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Note  that,  although  the  laminar  boundarv  layer  develops 
with  zero  strearnwise  pressure  gradient,  the  (kinematic- 
pressure  gradient  appears  in  (1)  as  a  result  of  the 
organized  pressure  field  produced  by  the  spot.  The 
quantities  <uv>  and  <vS>  may  be  interpreted  as  the 
shear  stress  and  heat  flux  that  arise  from  the  back¬ 
ground  fluctuations  which  rise  on  the  disturbance.  If 
disturbance  diffusivities  for  momentum  and  heat,  denot¬ 
ed  by  vd  and  aj  respectively,  are  introduced  such  that 


<v8> 
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3<U> 

..(3 

ay 

a<T> 
l  av 

..(J 

the  ratio  vj/cy  may  be  identified  with  a  Prandtl  number 
for  the  disturbance  in  analogy  to  the  conponlv  used 
turbulent  Prandtl  number  Prt  -  £uv/v8) (3T/3y)/( 5U/3y) . 

An  exact  analogy  between  U  and  T  in  a  zero  pressure 
gradient  turbulent  boundary  layer,  with  identical 
origins  for  the  momentum  and  thermal  fields,  would 
require  that  both  Pr  and  Prt  are  equal  to  unity. 
Similarly  (1)  and  (2),  with  assumptions  (3)  and  (4), 
suggest  that  an  exact  analogy  between  <U>  and  <T> 
requires  that  3<P>/3x  is  zero,  v  ■  j  or  Pr  »  1,  vd  =  3d 
and  that  the  momentum  and  thermal  fields  associated 
with  the  disturbance  have  identical  origins.  This  last 
requirement  is  approximately  satisfied  in  the  present 
case  since  the  laminar  momentum  and  thermal  layers  have 
the  same  physical  origin. 

EXPERIMENTAL  RESULTS  AND  DISCUSSION 

The  general  similarity  between  velocity  and  temp¬ 
erature  disturbances,  relative  to  the  laminar  profiles, 
is  in  evidence  in  Fig.  1  which  shows  contours  of  U/U„> 
and  T/AT  obtained  at  xs  *  1.06  m.  The  height  of  the 
spot  is  taken,  somewhat  arbitrarily,  as  Jhe  maximun 
height  («  2.25  cm)  of  the  II  contour  of  T/AT.  Time 
t*  ■  0  corresponds  to  the  arrival  of  the  spot's  leading 
edge  at  the  wall  while  At*  is  the  time  taken  for  the 
spot  to  travel  past  the  measurement  station  at  the  wall. 
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Fig.  1  Contours  of  0  and  T  at  xs  =  1.06  j, 

Solid  and  broken  curves  refer  to  U  and  T  res¬ 
pectively.  (t*  -  0  corresponds  to  an  elapsed 
period  of  ISO  ms  after  the  spark  is  fired, 
at*  =  76  ms) . 

The  approximate  correspondence  between  the  locations 
of  the  minimum  value  of  U/U„  and  maximum  value  of  T/aT 
is  in  agreement  with  the  conclusion  of  Van  Atta  §  Hel- 
land  (1)  who  compared  their  T  contours  with  the  U  con¬ 
tours  of  Cilberman  et  uC  (6).  A  quantitative  measure 
of  the  (negative)  correlation  between  U  and  T  can  be 
obtained  by  making  the  rather  crude  supposition  that  a 
fluid  particle  is  displaced,  due  to  the  spot  disturb¬ 
ance,  from  one  height  to  another  with  no  change  in  its 
temperature  or  st Teamwise  momentum.  If  the  particle 
is  displaced  from  height  >’j  to  height  y2,  disturbances 
relative  to  the  laminar  values  at  y2  may  be  written  as 

T 

IT 

and 

U_ 

U. 

when  Pohlhausen's  solution  (Tj-T«)/aT  «  1  -  Uj/U„  is 
assumed  (for  Pr  »  1)  and  U{/U«,  =__f  (y ) .  Present  meas¬ 
urements  (Fig.  2)  indicate  that  T/AT  ~  -P.6  0/U«,. 

The  ratio  (Tw- <T>)/AT  is  plotted  against  <U>/U« 
in  Fig.  3  for  different  values  of  £  at  xs  ■  1.06  m. 
.Although  these  data  were  obtained  at  a  particular  value 
of  Xc  but  different  values  of  time  from  the  spark,  it 
should  be  noted  that  conical  similarity  was  found 
[.Antonia  et  s.1  (2)  ]  to  provide  an  approximate  descrip¬ 
tion,  in  terms  of  i  and  n  only,  of  u  and  T  contours  on 
the  plane  of  symmetry  of  the  spot.  The  Reynolds  number 
R*  is  relatively  small  (Fig.  3)  at  the  leading  and 
trailing  edges  of  the  spot  and  is  largest  at  a  value 
of  t  which  corresponds  roughly  to  the  maximum  height 
of  the  spot.  The  distribution  at  R*  «  1910  appears  to 
show  the  largest  positive  deviation  from  the  line  of 
unity  slope.  The  distribution  at  R*  =  1910  is  compared 
in  Fig.  4  with  distributions  obtained  in  a  laminar 
boundary  layer  and  a  turbulent  boundary  layer.  The 
laminar  results  were  obtained  using  the  present  experi¬ 
mental  arrangement  while  the  measurements  in  the 
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Fig.  3  Ensemble  averaged  temperature  vs  velocity  at 
xs  =  1 .06  m,  t  =  0. 

v‘,  c  =  0.53,  R*  =  '20;  •,  0.59,  1240,  +,  0.6 

1660;  A,  0.67,  1910;  I,  0.71,  1230;  o,  0.'6 
670.  Broken  line  has  a  slope  of  unity. 

slightly  heated  turbulent  boundary  layer?  with  :ero 

^The  momentum  and  thermal  layers  has  approxinatclv  the 
same  origin. 
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pressure  gradient  were  obtained  at  the  University  of 
Newcastle  [Subramanian  u  .Antonia  (7)}.  Distributions 
l Fig.  41  for  both  the  laninar  and  turbulent  boundary 
layers  are  in  reasonable  agreement  with  the  line  of 
unity  slope.  (Note  that  the  unity  slope  in  Figs.  2 
or  3  is  not  related  to  the  slope  of  -1  given  by  the 
equation  fi/U«,  =  -T/iT) .  As  the  distributions  in  the 
turbulent  boundary  layer  were  found  to  be  insensitive 
to  the  particular  value  of  momentum  thickness  Reynolds 
number  (values  in  the  range  990- ’100  were  examined), 
the  departure  of  the  spot  distribution  in  Fig.  4  from 
the  other  distributions  is  more  likely  to  be  due  to  an 
insufficient  relaxation  time  required  for  the  estab- 


<P>  -  P. 

,  1.2 

1  uoo 


<l-£jf' 


where  the  prime  represents  differentiation  with  respect 
to  £  and  <U>/Uoo  =  1  ♦  f'f£).  By  integrating  experi¬ 
mental  values  of  <U>  measured  outside  the  spot,  Cant¬ 
well  et  aZ  (41  obtained  an  experimental  variation  of 
Cp  with  £,  shown  in  Fig.  5.  The  potential  flow  distur¬ 
bance  produced  by  the  spot  was  measured  by  Van  Atta 
al  (81  at  different  distances  above  the  spot.  The 
measurements  indicated  that  <U>  was  a  function-  of  v 


Fig.  4  Comparison  of  ensemble  averaged  temperature  vs 
velocity  in  different  flows. 

+  ,  laminar  boundary  layer  (v  i  T. ,  x  e  Uj)a. 

R*  =  650 ;  Z,  turbulent  boundary  layer  (v  e  T, 
x  5  II),  R*  ■  3100;  4,  turbulent  spot  (v  s  <T>, 
x  =  <U>),  £  =  0.6",  R*  «  1910.  Broken  line 
has  a  slope  of  unity. 

.An  estimate  of  the  magnitude  of  3<P>/3x,  the  pres¬ 
sure  gradient  associated  with  the  spot,  can  be  obtain¬ 
ed  in  a  manner  analogous  to  that  used  by  Cantwell  et 
al  (4).  The  free  stream  flow  is  assumed  to  be  des¬ 
cribed  by  the  linearized  unsteady  Bernoulli  equation 

P“  ’  <P>  »  |f  ♦  U„(<U>  -  U„)  ..(5) 

where  P«,  and  U»  are  the  undisturbed  free  stream  pres¬ 
sure  and  velocity  while  *  is  the  velocity  potential 
(<U>  *  3$/3x).  With  the  assumption  of  conical  simi¬ 
larity,  Cantwell  et  al  (4)  show  that 


Ui(t-t<,) 


C  ♦  f(«) 


present  calculation.  At  this  value  of  y  the  positive 
and  negative  potential  flow  disturbances  for  the  long¬ 
itudinal  velocity  are  largest.  This  disturbance  co¬ 
responds  to  the  distribution  of  f'(£)  in  Fig.  5,  to 
obtain  an  appropriate  estimate  of  3<P>/:-x  for  the  pur¬ 
pose  of  comparing  terms  in  (1).  .After  numerically 
integrating  f',  Cp  was  calculated  using  (“1.  The  res¬ 
ulting  Cp  distribution  (Fig.  5)  exhibits  a  snail  maxi¬ 
mum  ( £  =  O."^)  near  the  leading  edge  of  the  spot  fol¬ 
lowed  by  a  larger  minimum  and  a  second  maximum,  these 
latter  two  extrema  being  roughly  equal  in  magnitude. 

This  Cp  distribution  is  in  qualitative  agreement  with 
the  measured  wall  pressure  distributions  (the  validity 
of  the  conparison  requires  that  3<P>/3y  is  negligible! 
by  Coles  6  Savas  (9)  and  Mautner  &  Van  Atta  no). 
Cantwell  et  al  (4)  had  concluded,  on  the  basis  of  their 
calculated  distribution  of  Cp  (Fig.  5),  that  "streanwise 
pressure  gradients  within  the  spot  are  probably  not  im¬ 
portant  for  the  dynamics”.  It  was  later  suggested  by- 
Coles  6  Savas  (9)  that  3<P>/3x  is  appreciably  smaller 
than  3<P>/3y.  The  maximum  value  of  3Cp/3£,  inferred 
from  Fig.  5  is  about  0.14  while  the  magnitude  of 
| 3(<uv>/U»)/3n|  in  the  outer  part  (n  >  2.5  «  10' 3)  of 
the  spot,  as  inferred  from  the  results  at  t  «  0  at  Fig. 
6,  is  approximately  constant  and  equal  to  0.30.  This 
observation  seems  to  suggest  that  the  pressure 


*The  amplitude  of  (<U>-U„)  decreased  with  increasing  y. 


10.4 


H«103 


Fig.  6  Ensemble  averages  of  product  uv  for  £  =  0.S8 
(xs  =  0.84  mj . 

□,  ;  «  +3.2  x  10‘2;  o,  -3.2  x  10'2 ;  A,  0. 

gradient's  influence  on  the  flow  need  not  be  neglig¬ 
ible  since  the  first  and  third  terms  on  the  right  of 
(.1)  can  be  of  similar  magnitude. 

Ensemble  averaged  distributions  (Fig.  6)  of 
-<uv>/l£  at  ;  =  ±3.2  *  10"2  are  almost  identical3  but 
different  from  the  distribution  at  5  *  0.  The  experi¬ 
mental  uncertainty  in  <v6>  is  larger  than  for  <uv>  and 
the  distributions  of  <ve>  (Fig.  7)  at  5  =  ±3.2  x  10*2, 
while  in  reasonable  qualitative  agreement  with  each 
other  do  not  exhibit  the  quantitative  agreement  of  the 
<uv>  distributions.  Values  of  vj/oy,  estimated  from 
the  ratio  (<uv>/<vS>)/(3<T>/e<U>l  using  the  distribu¬ 
tions  of  Figs.  t> ,  "  and  the  measured  values  of  3<T>/ 
3<U>  are  shown  in  Fig.  8  as  a  function  of  r,.  The  mag¬ 
nitude  of  vjj/aj  for  ;  in  the  range  ±3.2  «  10‘2  de¬ 
creases  from  about  S  in  the  "hot"  region  of  the  spot 


1)»103 


Fig.  -  Ensemble  averages  of  product  v6  for  £  -  0.58 
(xs  =  0.84  m) . 

Symbols  as  for  Fig.  6. 

(the  position  of  maximum  T  occurs  at  n  *  3.2  »  10'3) 
to  approximately  3  in  the  outer  part  of  the  spot.  It 
is  unlikely  that  the  relatively  large  values  of 
reflect  a  genuine  lack  of  similarity  between  <U>  and 
<T>.  It  is  more  likely  that  they  reflect  the  inad¬ 
equacy  of  assumptions  (3)  and  (4). 

Recent  flow  visualization  results  by  Matsui  (11), 

^Distributions  of  <U>  and  <T>  at  ;  »  +3.2  x  10‘2  are 
in  excellent  agreement  with  corresponding  distribu¬ 
tions  at  t  *  -3.2  x  10'2. 


Fig.  8  Ratio  of  momentum  and  thermal  d:ffus:\ 1:  ft: 

the  disturbance  for  C,  *  0.5s  x^  =  . v2  •• 

Symbols  as  for  Fig.  b. 

Gad-El-Hak  ,-r  s'.  (12)  and  Pern  -  1'  succe-t  that 
a  spot  consists  of  several  vortices  rather  tha:  ~r.-. 
large  vortex  structure  as  suggested  by  doles  •:  i-arke r 
(14).  Temperature  and  velocity  traces  obtained  ■ 

taneouslv  [.Antonia  «t  s’.  (2) ;  Ivygnar.sk:  ■- 
at  several  values  of  y  also  support  the  existence  :f 
several  coherent  structures  within  each  spot.  These 
structures  bear  considerable  similarity  to  these  • 
served  in  a  fully  turbulent  boundary  layer  and  it 
therefore  seems  likely  that  a  study  of  these  structures 
in  the  spot  may  provide  a  more  meaningful  basis  : 
comparison  of  transfer  mechanisms  for  moment x  and.  heat 
between  the  spot  and  the  turbulent  boundary  layer. 
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ABSTRACT 

The  method  of  quadrant  analysis  of  velocity 
signal  obtained  near  the  wall  (  >  30  J  has  been 

applied  to  a  transpired  turbulent  boundary  layer,  and 
the  effect  of  transpiration  on  the  statistical  fea¬ 
tures  of  turbulence  has  been  reexamined  from  the 
structural  view  point. 

Near  the  wall,  the  contribution  from  ejection 
to  the  mean  Reynolds  shear  stress  -uv  becomes  smaller 
than  that  from  sweep  when  the  injection  rate  is  in¬ 
creased.  Another  result  as  to  the  contribution  from 
ejection  to  uv  suggests  that  the  region  responsible 
for  the  burst  moves  outward  from  the  wall  as  the 
injection  rate  is  increased.  These  results  explain 
why  the  magnitude  of  second-order  correlations  of 
velocity  fluctuation  reduces  in  this  region  with  in¬ 
creasing  the  injection  rate. 

At  positions  not  so  near  the  wall,  on  the  other 
hand,  the  contributions  both  from  ejection  and  sweep 
become  larger  with  transpiration.  Thus,  the  increase 
of  the  second-order  correlations  of  velocity  fluctu¬ 
ation  found  »n  this  region  can  also  be  explained. 
Additionally,  the  mean  bursting  period  and  the  mean 
duration  of  ejection  and  sweep  events  are  also  dis¬ 
cussed,  in  connection  with  the  average  strength  of 
one  ejection  or  sweep  event. 


NOMENCLATURE 


/; 


-  € 
Ts 
LTc 
ATs 
it  i 

-'<2 


=  Injection  rate 

=  Hole  si:e 

=  Hole  site  defined  by  Eq.I 

=  Number  of  samples  of  the  instantaneous 
product  uv{ 

-  Number  of  occurrences  of  the  event  specified 
to  i-th  quadrant 

=  Total  number  of  samples  of  the  instantaneous 
product  uv 

-  Mean  period  of  ejection 

=  Mean  period  of  sweep 

=  Mean  duration  of  eje'tion 

=  Mean  duration  of  sweep 

=  Duration  of  one  event  specified  to  i-th 
quadrant 

=  Freestream  velocity 
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Friction  velocity 

Fluctuating  velocity  components  in  the 
streamwise  and  normal  directions 
Root  mean  square  values  of  u  and 
Mean  Reynolds  shear  stre.-s 
Instantaneous  Reynolds  shear  stress 

specified  to  :-th  quadrant  _ 

Fractional  contribution  to  w:  from  :'-th 
quadrant 

Average  strength  of  the  events  specified 
to  f-th  quadrant,  defined  by  LM.d 
Normal  distance  from  the  wall 
Nondimensional  distance  from  the  wall, 
vu  * 

Boundary  layer  thickness 
kinematic  viscosity 


Subscripts 


i  -  Quadrant  number  (  f  =  1  J  i 

0  =  Value  with  F  -  0  or  H  -  0 


INTRODUCTION 

Statistical  studies  have  been  made  or.  a  tran¬ 
spired  turbulent  boundary  layer  b\  Fulachier  !_1  . 
Andersen  et  al.idj,  Timenta  et  al.(3'  and  the  present 
authors  ( J_,3j  .  One  of  the  well-known  facts  of  tins 
boundary  layer  is  that  the  wall  shear  stress  and  the 
wall  heat  flux  can  he  reduced  by  transpiration,  and 
the  transpiration  cooling  is  an  effective  method  t: 
protect  the  surface  from  the  hot  stream  ibi__  Related 
with  this  fact,  the  Reynolds  shear  stress  -.x.'  and 
the  intensities  of  streamwise  and  normal  fluctuating 
velocity  components,  and  ,  decrease  near  the 
wall  as  the  injection  rate  is  increased.  On  the 
other  hand,  however,  the  opposite  occurs  in  the  outer 
layer;  -uv ,  a'  and  v'  increase  in  the  outer  layer 
with  increasing  the  injection  rate  (.£)  . 

The  above  mentioned  change  in  the  statistical 
features  of  turbulence  quantities  with  transpiration 
should  have  a  relation  with  the  mechanism  cf  turbu¬ 
lence  production.  In  the  non-transpired  turbulent 
boundary  layer,  the  bursting  phenomenon  related  to 
the  production  of  turbulence  has  been  intensively 
investigated  by  many  researchers,  for  example,  Wallace 
et  al.(7,8j,  Lu  and  Killmarth  (9),  Sabot  and  Comtc- 
Bellot  (Kj) ,  Blackwelder  and  Kaplan  (.  1_1_)  ,  Nakagawa 
and  Neru  (l_d)  ,  Brown  and  Thomas  (£3)  and  Chen  and 
Blackwelder  1  .  However,  there  have  been  rarely 
found  the  structural  studies  in  the  transpired  turbu¬ 
lent  boundary  layer. 
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In  an  usual  turbulent  boundary  layer  without 
transpiration,  tor  example,  the  bursting  event  re¬ 
sponsible  tor  the  production  of  turbulence  kinetic 
energy  occurs  most  severely  in  the  region  very  close 
to  the  wall ,  i.e.  j*  15  11_3,  U^l  .  A  quest  ion  may, 
thus,  arise  if  the  same  occurs  in  the  transpired 
turbulent  boundary  layer.  If  th  -  characteristics  of 
the  bursting  phenomenon  in  the  transpired  turbulent 
boundary  layer  are  the  same  as  that  in  the  non- 
transpired  case,  the  above  mentioned  change  in  magni¬ 
tude  of  the  statistical  quantities  of  turbulence  with 
transpiration  is  difficult  to  understand. 

To  get  better  understanding  of  a  transpired 
turbulent  boundary  layer,  some  structural  studies 
have  been  initiated.  lhe  present  study  shows  the 
results  of  the  quadrant  analysis  of  fluctuating 
velocity  signals  near  the  wall,  and  presents  some 
probable  explanation  for  the  above  mentioned  features 
of  the  statistical  turbulent  quantities. 


LM’LIUML  TAL  PKOtiiil'L'KI. 

The  experimental  apparatus  used  in  this  study 
is  the  same  as  that  previously  used  (4),  except  that 
the  temperature  field  is  homogeneous  in  the  present 
case.  Therefore,  only  a  brief  description  is  given 
on  it  below. 


A  turbulent  boundary  layer  is  formed  or.  a  bottom 
flat  plate  in  a  low  speed  wind  tunnel,  whose  cross 
section  is  300  mm  =  300  mm.  I'orous  part  of  the  plate- 
starts  1200  mm  downstream  from  its  leading  edge  and 
covers  the  length  of  9(>U  mm  further  downstream. 
Through  this  porous  plate,  air  is  blown  uniformly 
into  the  developed  turbulent  boundary  layer.  The 
upper  wall  of  the  wind  tunnel  is  movable  and,  i  nor 
to  the  experiments,  the  upper  wall  is  carefully 
adjusted  so  as  to  remove  the  pressure  gradient  in  the 
streamwise  direction. 

The  injection  rate  .r  is  defined  as  the  mass  flow 
rate  ratio  of  the  injection  gas  to  the  mam  flow: 
r  -  (p"ly/(c-Jt  >  where  and  are  the  mean  velocity 
components  in  the  streamwise  and  normal  directions, 
respectively,  and  b  the  density  of  the  fluid.  The 
subscripts  a;  and  e  denote  the  values  at  the  »all  ar.c 
at  the  freestream.  The  injection  rate  distributing 
uniformly  over  the  porous  plate  is  varied  in  three 
steps;  0.0,  u.0021  and  0.004".  The  freestream  veluci 
tv  is  always  kept  constant  equal  to  6.0  ms.  The 
measurements  are  carried  out  at  the  station  hS a  mm 
JowTistream  from  the  starting  position  of  injection 
where  the  transpired  turbulent  boundary  layer  is  ir. 
a  state  of  fully  developed  condition.  At  this 
station,  the  Reynolds  number  based  on  the  momentum 
thickness  is  in  the  range  between  2500  and  4000  , 
depending  on  the  injection  rate. 


4 

6 

e  h  o 

2 

Fig.l  Fractional  contribution  to 
uv  from  different  events 
(  F  =0.0  ) 


Fig. 2  Fractional  contribution  to 
uv  from  different  ei e. 

(  F  =  0.0021  ) 


Fig. 3  Fractional  contribution  to 
In’  from  different  events 
(  F  =  0.0047  ) 
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The  measurements  of  fluctuating  velocity  signal 
are  made  with  the  hot  wires  (  X-type  probe  )  operated 
at  an  constant  temperature  of  overheat  ratio  of  0.40. 
Each  hot  wire  consisted  of  Sum  diameter  tungsten  wire 
with  copper  plated  ends  has  an  effective  length  of 
1.0  mm.  The  spanwise  separation  of  two  wires  is  1.0 
mm.  Velocity  fluctuating  signals  both  in  the  stream- 
wise  and  normal  directions,  u  and  v,  respectively, 
are  recorded  on  a  digital-magnetic  tape  recorder  by 
using  an  A-D  converter.  Each  signal  is  sampled  at  a 
rate  of  10  kHz  over  60  seconds,  and  the  digitized 
data  are  processed  with  a  computer  FAC0M  M-200  at 
Data  Processing  Center  of  Kyoto  University. 

Following  Wallace  et  al  .  (7_)  and  Lu  and  Willmarth 
(.9J  ,  u-v  plane  quadrant  analysis  is  applied  in  the 
present  study  to  the  transpired  turbulent  boundary 
layer.  Every  in  tantaneous  product  uv  is  classified 
into  one  of  the  four  quadrants  in  the  u-v  plane 
according  to  the  four  combinations  of  the  signs  of 
:<  and  v.  Fluid  motion  specified  by  each  quadrant 
may  be  called  as  follows. 

Quadrant  1  (  a  >  0  and  '  0  )  Outward  interaction 

Quadrant  2  (  .<  <  0  and  :•  >  0  1  Ejection-like  motion 

Quadrant  3  t  .<<0  and  <  0  )  Wallward  interaction 

Quadrant  4  ;  a  >  0  and  <  0  )  Sweep-like  motion 

At  the  same  time,  a  threshold  parameter  H  is 
introduced  to  classify  the  magnitude  of  the  instan¬ 
taneous  Reynolds  shear  stress  into  two  parts;  inside 
a  hole  <•  Hu'v'  and  outside  the  hole  >Hu'v’. 
Here,  ^ 1  and  are  the  root  mean  square  values  of 
local  velocity  fluctuation  signals  a  and  v.  Signals 
of  small  amplitude  (.  <r.*'v'  )  are  stored  in  the 

hole,  while  the  remaining  signals  of  large  amplitude 
l  )  are  classified  and  stored  in  one  of 

the  four  quadrants  in  a  way  mentioned  above.  Analy¬ 
sis  is  carried  out  at  various  values  of  h . 

In  the  present  stud)-,  attention  is  paid  mainly 
on  Quadrant  2  and  Quadrant  4.  The  former  corresponds 
to  such  a  fluid  motion  that  the  low  momentum  fluid 
ejects  outward  from  the  region  near  the  wall,  and  the 
latter  such  a  fluid  motion  that  the  high  momentum 
fluid  sweeps  out  the  wall  region,  respectively. 

These  events  will  be  found  to  produce  almost  all  of 
the  Reynolds  shear  stress  during  bursting  in  the 
present  case  as  in  the  non-transpired  turbulent  boun¬ 
dary  layer. 


RESULTS  AND  DISCUSSION 

figures  1  through  3  show  some  results  of  the 
present  quadrant  analysis.  These  figures  for  differ¬ 
ent  injection  rate  include  the  results  obtained  at 
three  positions  from  the  wall.  The  coordinate  of  the 
figures,  urja/b-' ,  is  the  fractional  contribution  to 
the  local_  statistical  value  of  the  Reynolds  shear 
stress  uv  from  the  signal  specified  to  the  quadrant  i 
and  exceeding  a  hole  sice  of  the  threshold  parameter 
H  which  corresponds  to  the  abscissa.  One  of  the 
curves  (  dotted  line  )  shows  the  time  fraction  occu¬ 
pied  by  the  signal  inside  the  hole,  and  the  other 
(  sol^id  line  J  shows  the  contribution  from  such  signal 
to  uv . 

Each  figure  shows  that  about  a  half  portion  of 
the  time  is  spent  with  such  weak  signal  as  contri¬ 
buting  almost  nothing  to  uv.  On  the  other  hand,  such 
fluid  motions  as  specified  to  the  quadrants  2  and  4 
are  found  to  produce  larger  instantaneous  Reynolds 
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Fig. 4  Ratio  uv-/uv_,  with  H-0 

shear  stress  than  those  specified  to  other  quadrant  s 

1  and  3.  For  example,  about  50  percent  of  result 
from  such  ej ect ion- 1  ike  motion  (  Quadrant  2  and 
sweep-like  motion  (  Quadrant  4  )  as  exceeding  a 
threshold,  above  which  there  is  no  contribution  from 
the  quadrants  1  and  3  to  uv .  Similar  features  have 
been  pointed  out  by  Lu  and  Willmarth  for  a  turbulent 
boundary  layer  without  transpiration  ,  which 
corresponds  to  the  case  of  3  =  0.0  (  Fig.l  )  of  tnt 
present  study.  Figures  1  through  5,  therefore, 
demonstrate  that  these  features  are  not  altered  b> 
transpiration  of  a  fluid  through  the  permeable  wall. 

Studying  each  figure  more  carefully,  however, 
a  few  interesting  points  can  be  pointed  out  concern¬ 
ing  with  the  effect  of  transpiration  on  structural 
features  of  turbulence.  In  Figure  4  is  plotted  tr.e 
ratio  iib-'/urg;  between  the  contribution  to  from 
the  ejection-like  motion  and  that  from  the  sweep-ilk 
motion  obtained  with  3  =  0.  In  the  figure,  . 

where  u  is  the  normal  distance  from  the  wail,  the 

friction  velocity  and  v  the  kinematic  viscosity. 

For  comparison,  the  values  of  this  ratio  for  a  non- 
transpired  case  obtained  by  Lu  and  Willmarth  art  ais 
plotted.  The  present  results  for  a  case  of  3  =  0.-1 
are  in  fairly  good  agreement  with  their  results. 

With  increasing  the  injection  rate,  the  ratio  :•  y; 

is  found  to  decrease,  especially  near  the  wall, 
and  in  the  case  of  3  =  0.004"  the  contribution  from 
the  sweep-like  motion  is  larger  than  that  from  the 
ejection-like  motion.  In  the  region  of  large 
on  the  other  hand,  the  ratio  is  nearly  equal  to  1.0 
independent  of  the  injection  rate,  which  indicates 
that  the  contributions  from  eiection-like  and  sweep- 
like  motions  are  almost  the  same  at  any  injection 
rate . 

As  seen  easily  from  the  fractional  contribution 
from  the  different  events  to  shown  in  Figures  1. 

2  and  3,  the  small  amp] itude  events  contributing 
almost  nothing  to  uv  occupy  a  large  fraction  of  time 
In  order  to  eliminate  such  signals  and  discriminate 
the  ejection  and  the  sweep  more  clearly,  here  is 
tentatively  introduced  a  threshold  level  3.'  defined 
as  follows; 


where  ‘ '  the  number  of  the  samples  of  instantane¬ 
ous  product  specified  to  the  quadrant  i  with 

cere  threshold. 

In  figure  5  are  shown  the  ratios  ui'^p/u:'  and 
Corresponding  to  the  values  of 
found  to  be  almost  unity  at  large  j*  position  at  any 
injection  rate  in  figure  4,  first  of  ail,  uZ'i~/uv 
and  :«;•  are  found  in  this  figure  to  take  almost 

constant  value  of  D.4"  at  such  positions  at  any 
injection  rate.  In  the  non-transpi red  case,  the 
ejection  specified  to  the  quadrant  2  is  found  to 
contribute  much  more  to  ur  than  the  sweep  does  in  the 
region  of  small  „•*.  ft  the  injection  rate  of  F  - 
D.DM21,  the  contribution  from  the  ejection  is  still 
larger  than  that  from  the  sweep  in  the  region  of 
small  „•*  ,  but  the  difference  between  them  is  smaller 
compared  to  the  difference  found  in  the  case  of 
F  =  P.i'.  The  contribution  to  from  the  ejection 
still  decreases  when  the  injection  rate  is  increased 
further.  At  si’.iHM",  the  ratio  distributes 

almost  uniformly  over  the  entire  .•*  region  presently 
studied  and  takes  a  value  around  0.4'.  On  the  other 
hand,  at  F  =  0.004",  the  contribution  from  the  sweep 
looks  to  be  larger  than  ci.4"  at  smaller  position. 
The  combined  effect  of  the  reduced  contribution  from 
the  ejection  and  the  augmented  contribution  from  the 
sweep  is  a  cause  of  such  a  f.-ct  found  in  Figure  4 
that  the  ratio  7? ; ;  .?*•  ■ ;  is  smaller  than  unity  in  the 
region  <  50  at  the  highest  injection  rate  of  the 
present  study.  Turning  back  to  Figures  1  through  5, 
another  features  is  found  on  the  magnitude  of  TT-  :/ 
and  7r  jy. .  These  contribute  a  little  to  :r  in  the 
non-transpired  ^ase  and  much  less  in  the  transpired 
case.  These  features  discussed  above  suggest  that 
the  coherent  fluid  motion  near  the  wall  can  no  longer 
remain  the  same  in  nature  as  that  of  the  non-tran¬ 
spired  boundary  layer  when  F  is  raised  above  zero. 

The  most  interesting  result  can  be  drawn  from 
Figure  b,  where  the  value  of  uv-TT  (  i  -  2  and  4  )  is 
plotted  for  three  cases  of  F_*  0.6, _0. 0021  and  0.004", 
in  the  form  normalized  with  uz’j.  uvy  is  the  statis¬ 
tical  value  of  obtained  in  the  impermeable  case, 
and  it  distributes  almost  uniformly  over  the  entire 
position  studied  in  the  present  experiment.  In 
the  region  of  y*  larger  than  30,  the  values  of 
and  upg?  become  larger  as  the  injection  rate  F  is 
increased .  This  corresponds  well  to  the  increase  of 
-up ,  u'  and  y'  with  increasing  F  in  this  and  further 
outer  regions.  Additionally,  at  F-  0.0047,  both  uV2H 
and  urge  decrease  toward  the  wall  ih  the  region 
j*  50.  This  matches  the  fact  that  -uv ,  u'  and  y' 
decrease  in  such  a  region  close  to  the  wall  when  F 
is  increased. 

The  tendency  of  ur ZH  and  decreasing  toward 

the  wall  found  at  F  = 0.0047  suggests  a  possibility 
that  the  region  responsible  fc  the  bursting  event 
moves  outward  from  the  wall  as  F  is  increased.  In 
low  Reynolds  number  oil  channel  flow  without  tran¬ 
spiration,  Wallace  et  al.(8)  found  that  the  ejection 
is  not  so  significant  as  the  sweep  at  a  position  much 
closer  to  the  wall  than  the  position  where  the  inten¬ 
sive  burst  principally  originates  and  that  the  sweep 
is  the  only  event  occurring  in  such  a  region.  At  two 
positions  of  y*  smaller  than  40,  uyj^r  is  f°und  to  be 
smaller  than  Sjqfi  in  the  present  case  of  F  =  0.0047. 
This  agrees  with  the  finding  by  Wallace  et  al.,  if 
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!  ig.S  Distributions  of  GT jj)  u\  and  TC'jJJ.  y. 
as  a  function  of  y* 
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Fig. 6  Distributions  of  uvjtf/uvp  and  uvjp!  uvp 
as  a  function  of  v* 


actually  the  position  responsible  lor  the  bursting 
event  has  moved  outward  to  the  region  of  y*  larger 
than  SO  in  the  case  of  F  =  0.004". 

The  mean  periods  of  the  ejection  Fc  and  the 
sweep  Ts,  and  the  mean  duration  of  these  events,  iTc 
and  ATS,  are  shown  in  Figures  7  and  8.  The  mean 
period  and  the  mean  duration  are  obtained  as  follows 
A  portion  of  such  data  as  continuously  specified  to 
the  quadrant  2  or  4  with  a  threshold  a {  is  taken  as 
one  ejection  or  sweep  event.  The  mean  duration  of 
such  sequence  is  examined  and  is  denoted  as  the  mean 
duration  of  the  ejection  A Te  or  the  sweep  AFs .  The 
mean  period  of  the  ejection  Te  or  the  sweep  Ts  is 
defined  as  the  ratio  between  the  total  time  observed 
and  the  number  of  occurrences  of  each  event  detected 
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g."  Mean  period  Te  and  mean  duration  ATe 
of  the  ejection 


g.S  Mean  period  Ts  and  mean  duration  ATS 
of  the  sweep 
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ig.9  Distributions  of  the  strength  for  tjie  ejection 
<uv> n /uvq  and  for  the  sweep  <uv>4/uvp  as  a 
function  of  y* 


The  results  are  normalized  with  the  parameters 
of  the  outer  layer;  the  freestream  velocity  l'c  and 
the  boundary  layer  thickness  6.  This  kind  of  normal¬ 
ization  is  effective,  because  the  normalized  results 
are  found  to  be  independent  of  the  injection  rate. 

The  same  was  found  also  for  the  bursting  period 
measured  wit.i  the  correlation  function  method  [17J. 

It  was  pointed  out  there  that  the  bursting  period 
normalized  with  the  time  scale  of  the  outer  layer 
6/i/e  is  independent  of  both  the  Reynolds  number  and 
the  injection  rate.  These  results  indicate  again 
that  the  large  scale  motion  in  the  outer  layer  re¬ 
lates  to  the  triggering  of  bursting  phenomenon  near 
the  wall  CIS).  The  results  distribute  almost  uni¬ 
formly  in  the  boundary  layer  both  for  the  ejection 
and  the  sweep,  but  Te'-'e/i  (  or  Lie  l'c  /  i  J  for  the 
ejection  is  a  little  larger  than  Zsi'e/ c  (  or  LZc'-c.'. 
for  the  sweep.  This  result  would  probably  depend  on 
the  threshold  used  in  the  present  study,  which  dif¬ 
fers  between  for  the  ejection  and  for  the  sweep. 

Since  6  does  not  vary  so  mucl.  within  the  range 
of  F  presently  studied,  these  figures  show  that  the 
bursting  period  and  its  duration  are  not  affected  -o 
remarkably  by  transpiration.  The  present  authors 
have  studied  the  turbulent  length  scales  in  the  same 
boundary  layer,  among  others  the  longitudinal  and 
transverse  integral  scales  and  the  differential  scale 
of  streamwise  velocity  fluctuation  (5) .  In  the 
reference,  it  is  found  that  the  large  scale  motion  of 
turbulence  in  the  outer  layer  is  not  affected  by 
transpiration.  The  results  between  the  bursting 
period  and  the  structure  of  large  scale  motion  may, 
therefore,  be  consistent  with  each  other. 

Keeping  in  mind  that  the  bursting  period  and  its 
duration  vary  little  with  transpiration  and  reminding 
that  ut'ZH  and  50 4%  become  larger  at  large  ;•*  position 
with  increasing  F,  it  is  easily  inferred  that  the 
strength  of  one  ejection  event  or  one  sweep  event 
increases  at  a* >  SO  as  the  injection  rate  is  in¬ 
creased.  Figure  9  confi.ms  the  above  conjecture, 
where  the  average  strength  of  one  event  is  plotted 
for  the  ejection  and  the  sweep.  The  strength  is 
defined  as  follow; 

Si  “tik 

<uv-'i  =  TT  I  oTT  J  UVi»dt 

i«l  0 

where  Arf;:  is  the  duration  of  one  event  corresponding 
to  the  quadrant  :  and  ,V;  the  number  of  occurrence.-  of 
the  event . 


CONCLUDING  REMARKS 

The  results  obtained  from  the  quadrant  analysis 
of  velocity  signal  applied  to  a  transpired  turbulent 
boundary  layer  have  been  discussed. 

Some  qualitative  features  about  the  fractional 
contribution  from  each  quadrant  are  found  not  to  be 
altered  by  transpiration,  and  the  mean  frequency  and 
duration  of  the  ejection  and  the  sweep  normalized 
with  the  time  scale  of  the  outer  lay.r  arc  found  being 
almost  the  same  independent  of  the  injection  rate. 
However,  the  remarkable  features  suggesting  the  change 
in  nature  of  the  coherent  motion  of  the  fluid  near 
the  wall  with  transpiration  have  been  pointed  out. 

A  well-known  characteristic  of  turbulence  in  the 
transpired  boundary  layer  that  -uv,  a’  and  increase 
with  transpiration  at  large  position,  hut  decrease 
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near  the  wall  has  been  related  to  the  change  in 
nature  of  the  coherent  fluid  motion. 

In  the  region  close  to  the  wall,  the  contribu¬ 
tion  from  the  ejection  becomes  smaller  than  that 
from  the  sweep  with  increasing  the  injection  rate. 

In  the  non -t ranspired  case^the  fractional  contribu¬ 
tion  from  the  ejection  to  uv  decreases  monotonously 
with  increasing  distance  from  the  wall.  Against  this, 
in  the  highest  case  of  the  injection  rate  studied, 
it  decreases  as  the  wall  is  approached.  This  result 
suggests  that  the  region  responsible  for  the  burst 
moves  outward  from  the  wall  as  the  injection  rate  is 
increased.  These  are  guessed  to  be  the  causes  of  the 
fact  that  the  Reynolds  shear  stress  and  the  intensi¬ 
ties  of  velocity  fluctuation  decrease  with  transpi¬ 
ration  in  this  region. 

Except  near  the  wall,  on  the  other  hand,  the 
contributions  both  from  the  ejection  and  the  sweep 
increase  with  increasing  the  injection  rate.  The 
average  strengthes  of  these  events  also  increase  in 
this  region.  Therefore,  the  increase  of  the  Reynolds 
shear  stress  and  the  intensities  of  velocity  fluctu¬ 
ation  in  this  region  is  due  to  the  intensification 
of  the  bursting  with  transpiration. 
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The  fluctuating  concentrat ion  field  is  calculat¬ 
ed  from  the  mass  balance  equation  using  measured 
values  of  the  fluctuating  velocity  field.  It  is 
found  that  the  concentration  boundary-layer  acts  as 
a  filter  in  that  only  velocity  fluctuations  of  much 
lover  frequency  than  the  most  energetic  velocity 
fluctuations  are  effective  in  transporting  mass  at 
large  Schmidt  numbers.  Two  parameters  characteriz¬ 
ing  the  velocity  field  emerge  as  being  quite  impor¬ 
tant.  These  are  the  limiting  behavior  of  che  spec¬ 
tral  density  function  of  the  normal  velocity  fluct¬ 
uations  for  frequency  approaching  zero  and  a  scale 
characterizing  the  spanvise  mixing. 


NOMENCLATURE 

3 

C  Concentration  of  transported  species,  mole/m 

C  Bulk  concentrat ion  of  transported  species, 
mole/m^ 


y  Normal  coordinate,  m 

z  Transverse  coordinate,  m 

Creek  Symbols 

'j  Velocity  gradient  at  the  wall  in  x-cirec t icr. , 

1/s 

f  Velocity  gradient  at  the  wall  in  v-direction, 

1  /ms 

Velocity  gradient  at  the  wall  in  2-direction, 
l's 

Thickness  of  Nernst  diffusion  layer,  m 
Later ial  dimension  of  coherent  structure,  r. 
Kinematic  viscosity,  m“/s 


Molecular  Diffusion  Coefficient,  m^/s 


Superscripts 


k  Fluctuating  part  cf  mass  transfer  coefficient, 

m/s 

K  Mass  transfer  coefficient,  m/s 

N  Mass  transfer  rate,  nole/m"s 

n  Frequency,  1/s 

Re  Reynolds  number  *  — - — 

S  Schmidt  number  -  — 


+  Denotes  variable  made  dimensionless  with  u*  and 
BACKGROUND 

In  1904,  Nernst  suggested  a  modi  1  for  relating 
turbulent  mass  transfer  at  a  boundar-  tc  the  convectiv 
flow.  He  pictured  a  stagnant  layer  of  thickness 
existing  near  a  boundary  and  a  well  mixed  region  out¬ 
side  this  layer.  If  the  concentrat ion  of  diffusing 
species  is  Cp  in  this  veil  mixed  regicr. ,  and  is  ztro 
at  the  wall  then  the  the  rate  of  mass  transfer  per  uni 

area,  N,  is  given  as  q 

v  _  t\  n  /  \ 


T„  Period  of  coherent  structure,  s 

a 

u  Fluctuating  part  of  velocity  in  x-direction, 
m/s 

u*  Friction  velocity,  m/s 
v  Normal  velocity,  m/s 

v  Transverse  velocity,  m/s 

2 

V»k  Frequency  spectrum  of  k,  m  /s 

2 

V  Frequencv  spectrum  of  1/m  s 


where  D  is  the  molecular  diffusion  coefficitnt. 
Hydrodynamics  controls  the  mass  transfer  rate  by 
controlling  the  thickness  d. 

A  number  of  attempts  have  been  mad*,  to  offer 
alternates  to  the  Nernst  diffusion  laver  concept  which 
recognize  that  the  flow  close  to  the  wall  is  not 
stagnant.  These  include  surface  renewal  models,  the 
assumption  that  the  eddy  diffusion  coefficient  is  pro 
portional  to  the  eddy  viscosity  and  various  pseudo- 
steadv  state  eddy  models.  All  of  these  theories  are 
inconsistent  with  recently  obtained  measurements  of 
flow  close  to  a  wall  and  of  the  fluctuations  in  the 
local  mass  transfer  rate  to  a  wall. 

Studies  of  the  velocity  field  have  revealed  the 
existence  of  coherent  structures  close  tc  the  wall 
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whii-h  arc  approximately  homogeneous  in  the  flow 
direction,  and  which  have  a  lateral  dimension  of 
•  =  100  and  a  period  of  T£  =  100  [4].  Studies  of 

r‘.i-  fluctuations  in  mass  transfer  rate  reveal  fluct¬ 
uations  of  very  large  amplitude  which  have  a  period 
>  r  at  least  an  order  of  magnitude  larger  than  T+  at 
a  Schmidt  number  of  1000  (6,7,9].  This  period  in¬ 
creases  with  increasing  Schmidt  number.  As  with  the 
fluctuating  velocity  field  close  to  a  wall,  the 
fluctuations  in  the  rate  of  mass  transfer  reveal  an 
elongated  structure. 

At  the  Second  Symposium  on  Turbulent  Shear  Flows 
[1]  a  model  for  the  mass  transfer  process  was  ex- 
rlorei  which  used  structural  information  on  the 
velocity  field  obtained  in  recent  experiments  to 
relate  mass  transfer  rates  to  the  flow.  The  time 
dependent  mass  balance  equation  was  solved  for  a 
regular  periodic  flow  field  with  period  T^  =  100  and 
with  a  lateral  wavelength  of  *+  *  100.  The  implica¬ 
tion  of  this  analysis  is  that  the  observed  low  fre- 
quenev  concentrat ion  fluctuations  close  to  the  wall 
ire  not  contributing  to  the  transport  of  mass.  The 
Reynolds  transport  coefficient  is  assumed  to  be 
associated  with  concentration  fluctuations  of  period 
Tg  which  would  exist  a  distance  away  from  the  wall. 

This  calculation  was  not  successful  in  explain¬ 
ing  available  measurements.  Consequently  we  have 
explored  a  different  approach.  The  results  of  this 
new  work  are  reported  in  this  paper.  The  chief 
difference  is  that  the  assumption  of  a  velocity  field 
periodic  in  time  is  abandoned.  Rather,  the  mass 
balance  equations  are  solved  using  actual  measure¬ 
ments  of  the  fluctuating  velocity  field  close  to  the 
wall.  Of  particular  interest  is  the  solution  using 
filtered  velocity  signals  since  this  reveals  whether 
high  frequency  velocity  fluctuations  are  playing  any 
role  in  controlling  the  mass  transfer  rate.  New 
measurements  of  the  structure  of  the  fluctuating  mass 
transfer  field  and  of  the  structure  of  the  low 
frequency  velocity  fluctuations  close  to  the  wall  are 
also  presented. 

EXPERIMENTS 

The  experiments  were  conducted  in  a  vertical 
five  level  flow  system  which  provides  a  straight 
entrance  length  of  15  m  for  a  20  cm  circular  test 
section  [7],  The  test  fluid  consists  of  an  aqueous 
solution  of  potassium  iodide  and  iodine. 

The  velocity  gradients  at  the  wall  were  measured 
in  a  Plexiglas  test  section  which  had  an  array  of  20 
pairs  of  rectangular  electrodes  mounted  flush  with 
the  wall  around  the  circumference  of  the  pipe.  Each 
pair  was  in  a  chevron  arrangement  with  the  two  elec¬ 
trode  making  an  angle  of  15°  to  each  other.  The 
electrodes  formed  the  cathodes  of  an  electrolysis 
cell  at  which  the  following  reaction  occurred: 

l“  +  2e~-  31”  .  (2) 

At  large  enough  cathode  voltages  the  measured  current 
can  be  related  to  the  velocity  gradient  at  the  wall. 
The  sum  of  the  signals  from  two  of  these  electrodes 
gave  the  component  of  the  velocity  gradient  in  the 
direction  of  mean  flow,  a,  and  the  difference  gave 
the  component  in  the  spanwise  direction,  y  [4,5,7]. 

At  Re  *  20,000  the  group  of  electrode  pairs  covered 
a  distance  of  Az+  *  100  and  the  distance  between  two 
pairs  was  Lz+  *  5. 

In  the  mass  transfer  studies,  the  test  section 
was  a  nickel  pipe  plated  with  platinum.  This  consti¬ 
tuted  the  cathode  of  an  electrolysis  cell.  At  large 


enough  voltages  the  current  flowing  in  the  electro¬ 
lysis  circuit  is  proportional  to  the  mass  transfer 
to  the  test  section.  A  series  of  circular  wires  0. 4 
mm  in  diameter  were  mounted  flush  with  the  wall  of 
the  test  section  in  an  array  in  the  circumferential 
direction.  These  were  insulated  from  the  test  section 
by  a  thin  layer  of  epoxy.  By  measuring  the  current 
flowing  to  one  of  these  electrodes  the  local  fluctua¬ 
tions  in  the  mass  transfer  rate  could  be  determined. 

ANALYSIS 

From  an  order  of  magnitude  analysis,  Sirkar  and 
Hanratty  [8]  have  argued  that  molecular  diffusion  is 
important  only  in  the  y-direction  and  that  the  con¬ 
centration  field  is  approximately  homogeneous  in  the 
flow  direction.  The  time  dependent  mass  balance 
equation  can  therefore  he  written  as 


For  large  Schmidt  numbers  the  concentrat  ion  .>oundary- 
layer  is  so  thin  that  w  and  v  may  be  approximated  bv 
a  Taylor  series  expansion  so  that 


w  -  i  ( z  , 

.  t)  y 

(4) 

and 

v  *  ( z  , 

>  t )  y  *  . 

(5) 

From  the  continuity  equation  the  following  relation 
between  .  (z,t)  and  .-(z,t)  is  obtained  if  the  flow  is 
assumed  approximately  homogeneous  in  the  flow 
direction : 

—  +  2  f  =  0  (6) 

-  z 

Consequently  the  mass  transfer  rate  is  related  to  the 
velocity  field  either  through  the  specification  of 
>  (z,  t)  or  of  • (z, t) . 

As  a  first  approximation  the  influence  of  span- 
wise  mixing  and  of  the  variation  of  the  flow  field 
in  the  z-direction  were  ignored.  The  equation 

+  v(t)  =  D  — |  (7) 

iyfc 

C  =  0  v  *  0 

c  •  CB  large  y 

was  solved  using  actual  measurements  of  :(t).  These 
were  obtained  from  the  determination  of  "z  using 
two  pairs  of  flush  mounted  mass  transfer  probes  in 
chevron  configurations.  The  calculated  variation  of 
the  mass  transfer  rate,  N,  with  time  was  found  to  be 
similar  at  Schmidt  number  *  1000  for  an  unfiltered 
6(t)  and  for  a  S(t)  for  which  -90'.  of  the  energy  was 
removed  by  using  a  low  pass  filter  (see  Figures  1  and 
2).  This  suggests  (1)  that  the  fluctuations  in  the 
mass  transfer  rate  are  being  caused  by  low  frequency 
velocity  fluctuations  and  (2)  that  the  rate  of  mass 
transfer  is  being  controlled  by  velocity  fluctuations 
of  much  lower  frequency  than  the  elongated  flow 
structures  that  dominate  the  wall  region.  Similar 
conclusions  have  recently  been  reached  by  Campbell 
[2)  who  presented  solutions  to  a  simplified  version 
of  (3)  which  is  linear  in  the  fluctuating  quantities. 

Solutions  of  (7)  give  approximately  the  same 
dependency  with  Schmidt  number  as  found  in  measure¬ 
ments  of  the  average  mass  transfer  coefficient, 

K,  and  the  mean-squared  value  of  the  f luctuat ions_in 
K,  V7.  However,  the  calculated  values  of  and  K 
are  of  incorrect  magnitude.  This  suggests  that 
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Fig.  1  Dimensionless  mass  transfer  coefficient, 
K/u*,  and  dimensionless  velocity,  v  u*, 
versus  dimensionless  time,  tu*-/.,  for 
t  *  =  10,150,  as  Sc  »  1000 


Fig.  2  K/u*  versus  tu*^/  frr  velocity  lowpass 
filtered  with  ncJ  =  .  tt+  -  10,150, 

at  Sc  *  1000 

spanvise  mixing  must  be  taken  into  account.  The 
influence  cf  spanwise  mixing  was  assessed  by  measur¬ 
ing  the  fluctuations  in  K  simultaneously  at  multiple 
wall  locations.  These  revealed  a  slowly  varying 
pattern  with  a  wavelength  approximately  equal  to 
' *  *  100.  (See  Figure  3.)  In  order  to  see  whether 
this  result  is  consistent  with  the  finding  that  the 
mass  transfer  is  being  controlled  by  low  frequency 
velocity  fluctuations,  measurements  were  made  of  sz 
at  multiple  wall  locations.  These  were  treated  with 
a  low  pass  filter  so  that  -  90  percent  of  the  energy 
was  removed.  Variations  of  the  filtered  signals  in 
the  spanvise  direction  had  a  characteristic  wave¬ 


length  on  the  same  order  as  that  observed  for  the 
mass  transfer  fluctuations.  (See  Figure  4.) 
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Fig.  3  Instantaneous  values  of  the  local  fluctuate 
component  of  the  mass  transfer  coefficient 
versus  spanvise  distance  at  several 
consecutive  times 
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Fig.  4  Instantaneous  values  of  the  lovpass  filtere 
spanwise  component  of  the  vail  velocit*. 
gradient  versus  spanvise  direction  for 
several  consecutive  times 

In  order  to  include  the  effect  of  spanvise 
variation  of  the  flow,  equation  (2)  was  solved  with 
2"  z  o 

v  *  ?(t)  cos  — j—  v-.  The  calculation  is  net  verv 

sensitive  to  the  selection  of  if  f(t)  is  normal¬ 
ized  so  as  to  give  a  value  of  v  that  agrees  with 
measurements .  A  comparison  of  calculated  values  of 
K  and  of  k‘  with  experiment  showed  showed  good 
agreement.  (See  Figures  5  and  h.) 
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Fig.  5  Comparison  of  experimental  data  and  results 
of  2D  model  for  the  Schmidt  number  variation 
of  the  average  mass  transfer  coefficient 


Fig.  6  Comparison  of  experimental  data  and  results 
of  2D  model  for  the  Schmidt  number  variation 
of  the  relative  intensity  of  the  mass  transfer 
coefficient 

METHOD  OF  CALCULATION 

The  spectral  density  function  for  8  is  represent¬ 
ed  by  Wj  and  is  defined  as 


Solutions  of  (7)  have  revealed  good 
between  the  calculated  spectral  function 
large  frequencies  and  predictions  based 
solution  to  the  linear  equation  presente 
and  Hanratty  [8].  __ 


agreement 
for  k  at 
on  the 
d  bv  Sirkar 


4K 


(0) 


Kk (n) 


+,  3 


(2-n  ) 


(9) 


n  -*  * 

Therefore,  a  comparison  of  the  measurements  of 
U'k(n)  by  Shaw  and  Hanratty  [81  with  (9)  allowed  the 
evaluation  of  W.:(0)  as 

W+(0)  -  .010  .  (10) 

The  measured  1 t »  used  to  solve  (1 )  and  (7)  had 
a  W-(0)  smaller  chan  given  hv  (10).  This  suggests 
that  the  measurements  are  in  error  because  of  the 
averaging  of  small  scale  m. tions  and  because  of  the 
neglect  of  -u/ -x  in  (w).  This  was  corrected  by 
multiplying  the  measured  /  ( t )  with  a  constant  factor 
selected  to  give  a  value  of  W./u)  in  agreement  with 
(10).  Equations  (3)  and  (7)  were  solved  using  finite 
difference  techniques  which  employed  upvinding  of  the 
advection  terms.  The  one  dimensional  equation  used 
an  implicit  method.  The  two  dimensional  study  used 
an  alternat ing-d irec t ion-imp  lie : t  method.  The  cal¬ 
culation  was  carried  out  or.  the  University  of 
Illinois  Cyber  CDC  170/173  Computer.  The  average 
computation  time  for  (i)  with  10,000  times  steps 
and  20  grid  points  in  the  normal  direction  was  12 
seconds.  The  consistency  of  the  finite  difference- 
schemes  was  tested  by  varying  the  number  of  grid 
points  in  time  and  space  and  by  varying  the  initial 
conditions.  Both  numerical  schemes  have  been  shewn 
to  be  unconditionally  stable  [1). 

CONCLUSIONS 

The  goal  of  a  theory  for  mass  transfer  between  a 
turbulent  fluid  and  a  solid  is  to  identify  properties 
of  the  fluctuating  velocity  field  which  are  important 
and  to  develop  a  relation  between  K  and  these  prop¬ 
erties.  The  results  of  the  calculations  and  experi¬ 
ments  summarized  in  this  paper  present  a  picture  of 
the  process  quite  different  from  classical  theory. 

It  is  found  that  at  large  Schmidt  numbers,  the 
concentration  boundary-layer  close  to  the  surface 
acts  as  a  filter  so  that  velocity  f luctucations  of 
much  lower  frequency  than  the  most  energetic  velocitv 
fluctuations  are  causing  turbulent  transport.  As  the 
Schmidt  number  increases,  smaller  and  smaller  fractions 
of  the  turbulence_energy  are  effective  in  determining 
the  magnitude  of  K. 

The  filtering  of  measurements  of  >(z,t)  made  at 
multiple  locations  on  the  wall  reveal  no  difference 
in  the  lateral  scale  of  the  low  frequency  components 
of  y(z,t)  and  the  unfiltered  signal. 

We  therefore  find  that  the  mass  transfer  process 
is  related  to  the  velocity  field  through  Wg(0)  and 
a  length  characterizing  the  lateral  mixing. 
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where  all  quantities  have  been  made  dimensionless 
using  wall  parameters.  It  is  found  that  for  large 
Schmidt  numbers  only  the  low  frequency  portion 
of  Wt  (n+)  for  which  it  is  constant,  W$(0),  is 
important. 
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ABSTRACT 

Results  obtained  with  a  calculation  method  that 
includes  a  two-equation  model  for  the  turbulence  and 
a  turbulent  heat  flax  equation  model  are  compared  with 
the  experimental  results  of  a  sudden  change  in  surface 
heat  flax  or  wall  temperature.  Temperature  profiles, 
heat  flux  distributions  and  temperature  fluctuation 
distributions  are  in  reasonable  agreement  in  the  case 
of  a  sudden  decrease  in  wall  heat  flux,  but  the  agree¬ 
ment  is  only  qualitative  in  the  case  of  a  sudden 
decrease  in  wall  temperature.  The  calculation  method 
yields  practically  the  same  results  when  a  constant 
turbulent  Prandtl  number  is  used  instead  of  the 
turbulent  heat  flax  equation  model. 

INTRODUCTION 

When  the  temperature  difference  across  a  turbu¬ 
lent  boundary  layer  is  sufficiently  small  the  tenper- 
ature  may  be  treated  as  a  passive  marker  of  the  layer 
and  hence  a  useful  aid  to  the  study  of  transport 
mechanisms  in  the  layer.  Several  experimental  results 
have  been  reported  on  the  response  of  a  turbulent 
boundary  la..er  to  sudden  changes  in  the  surface  temp¬ 
erature  or  heat  flux  and  where  the  temperature  is  such 
a  marker.  Antonia  ei  at  (1)  considered  a  sudden  in¬ 
crease  in  wall  heat  flux  while  Fulachier  (2),  Blom  (3) 
and  Perry  and  Hoffmann  f 4 )  carried  out  experiments  with 
a  sudden  increase  in  wall  temperature.  Subramanian 
and  .Antonia  (5)  examined  a  sudden  decrease  in  wall 
heat  flux  while  Chamav  et  at  (6)  considered  a  sudden 
decrease  in  wall  temperature.  In  all  these  investiga¬ 
tions,  the  momentum  boundary  layer  developed  with 
nominally  zero  pressure  gradient  and  was  approximately 
self -preserving  iirmediatelv  upstream  of  the  change  in" 
surface  condition.  For  the  experiments  of  Subramanian 
and  Antonia  (5)  and  Chamay  et  al  (6)  the  flow  upstream 
of  the  change  was  slightly  heated,  as  illustrated  in 
Fig.  1.  Origins  for  the  momentum  and  thermal  layers 
were  approximately  coincident  and  the  layers  were 
approximately  self -preserving  intnediately  upstream  of 
the  change  in  surface  condition. 


Browne  and  Antonia  (">  four..!  that  their  calcul 
mean  temperature  Tlyi  and  heat  flax  vf « y  profiles 
downstream  of  a  sudden  increase  in  wall  temperature 
were  in  reasonable  agreement  with  the  available  meas¬ 
urements  when  the  distance  xP,  measured  Jowr.strea-  of 
the  change,  exceeded  about  2n  i:  t;:  is  the  beur.dar. 
layer  thickness  at  the  position  of  the  charge  . 
Antonia  and  Danh  (81  found  that  a  distance  of  ..bout 
10  ij  was  required  before  reasonable  agreement  wa.- 
obtained  between  the  calculation  of  Bradshaw  and 
Unsworth  (9|,  based  on  assuming  a  constant  turbulent 
Prandtl  number  Tr^  (*  0.91  i,  and  the  measurements  I 
of  T(y)  and  v6(yl  downstream  of  a  sudden  increase  in 
wall  heat  flax.  For  this  experimental  situation,  t:.-. 
calculation  of  Launder  and  Samaraweera  :l'v, ,  which 
used  a  transport  equation  for  vf,  was  in  good  agree¬ 
ment  with  the  measured  vf  profiles  for  xP  •»  1  '  -  nut 
indicated  poor  agreement  with  the  measured  mean  temp¬ 
erature  profiles  at  all  values  of  xs '  1 ;  ;the  last 
measurement  station  was  at  42. pi. 

In  this  paper,  attention  is  focused  on  the  caicu 
lation  of  the  flow  downstream  of  a  sudden  decrease  in 
surface  heat  flax  and  a  sudden  decrease  in  wall  tempo 
ature.  The  results  from  the  calculations  arc  compare 
with  the  experimental  values  reported  by  Subramanian 
and  .Antonia  (5)  and  Chamay  it  al  (b).  The  particu’a 
calculation  method  used  here  is  the  two-equation  mode 
of  Wilcox  and  others  (11,_12,  13)  which  also  includes 
a  transport  equation  for  vc. 

EXPERIMENTAL  CONDITIONS 

These  are  shown  in  schematic  form,  in  Fig.  1.  1 

all  cases  the  streamwise  pressure  gradient  was  neglig 
ible. 

COMPARISON  BETWEEN  CALCULATIONS  AND  THE  RESULTS  OF 
SUBRAMANIAN  .AND  ANTONIA  (51 

Figures  2  to  5  compare  calculations  with  the 
experimental  results  of  Subramanian  and  .Antonia  is1. 
For  the  mean  temperature  profiles.  Fig.  2,  two  points 
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;Fig.  1  Schematic  layout  of  experimental  arrangements. 

- ,  representation  of  velocity  boundary  layer 

— ,  representation  of  temperature  boundary 
layer. 

need  to  be  made.  Firstly,  it  is  difficult  for  the  cal¬ 
culation  method  to  simultaneously  match  the  boundary- 
layer  thickness,  wall  heat  flux  and  wall  temperature 
upstream  of  the  surface  change,  bearing  in  mind  the 
fact  that  the  effect  of  the  trip  used  in  the  experi¬ 
ments  could  not  be  satisfactorily  included  in  the  cal¬ 
culations.  Secondly,  it  is  possible  that  the  experi¬ 
mental  wall  heat  flux  at  the  surface  downstream  of  i..e 
change  was  not  quite  zero.  Mean  temperature  profiles 
very  near  the  wall  were  not  made  but  the  mean  enthalpy 
flux,  obtained  from  the  measured  lf(y)  and  T(y)  profiles 
seemed  consistent  with  =  0.  In  the  calculation,  it 
is  of  course  straightforward  to  equate  Q^,  to  zero 
downstream  of  the  change, 
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fig.  2  Comparison  between  calculate.!  near,  temperature- 
profiles  and  measurements  of  Suhramar.ian  and 
Antonia  i$i. 

o,  experiment  xs/i;  =  -0.63;  L,  experiment 
Xs/f  t  ■  <’.54 ;  • ,  experiment  z  *  3."; 

7,  experiment  xs/ f -  =  dO.d;  — ,  calculation. 


r 
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Fig.  3  Comparison  between  calculated  heat  flux  dis¬ 
tributions  and  measurements  of  Subrananian 
and  .Antonia  (5). 

A,  experiment  xs/ £ q  =  1.0;  o,  experiment 
xs/6o  =  18.6;  - ,  calculation. 

tions  are  still  discemable  and  qualitatively  similar 
to  those  closer  to  the  step.  The  few  measurements 
indicate  that  the  profile  merge  points  coincide  with 
those  obtained  by  the  calculation. 

The  agreement  between  calculated  and  experimental 
growth  rates  of  the  internal  layer  is  shown  in  Fig.  4. 
Here  6^  is  the  thickness  of  the  internal  layer  and  is 
inferred  in  the  calculation  as  the  point  where  the 
local  ve  profile  merges  with  the  ve  profile  as  Xg/60  x 
0,  while  the  experimental  4  x  was  inferred  from  the 
merge  points  of  the  e?  profiles.  In  both  cases,  the 
streamline  displacement  is  taken  into  account  in  an 
approximate  way  by  normalising  y  with  the  local 
boundary  layer  thickness  6. 


The  ve  calculations,  Fig.  3,  highlight  the  growth  Calculated  and  experimental  values  of  9‘^Fig.  5, 
of  the  internal  layer  downstream  of  the  change.  At  are  in  reasonable  agreement.  The  calculated  9*-  values 
large  distances  downstream  (xs/5o  *  310)  the  distribu-  were  estimated  using  the  equation  suggested  by 
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the  constant  1.3  value. 


Fig.  4  Growth  rate  of  internal  layer  downstream  from 
a  sudden  Jeorease  in  heat  flux. 

— ,  best  fit  line  t:  experimental  data  of 
Subramanian  and  .Antonia  1 5  i ;  o,  calculated 
values . 


fig.  5  Comparison  between  calculated  e2  distributions 
and  measurements  of  Subrananian  and  .Antonia 
1 5 ' . 

o,  experiment  xs/{5  =  -0.63;  I,  experiment 
xs/if  ■  2.9-,  x,  experiment  xs/40  =  8.8; 

Z,  experiment  xs/£;  »  12.8;  v\  experiment 
x5/-j  «  20.2;  - ,  calculation. 

Fulachier  12) 


where  iq:  -  'j(u2  +  v2  ♦  w2J  and  B  is  a  coefficient. 

For  a  fully  developed  temperature  profile,  Fulachier 
found  experimentally  that  B  remained  remarkably  con¬ 
stant,  equal  to  1.5,  for  a  major  part  (0.04  <  y/5  < 

O.B)  of  the  layer.  Calculations  corresponding  to 
Fulachier' s  case  (cf.  Fig.  1)  using  a  B  of  1.5  gave  e7 
profiles  in  close  agreement  with  his  experimental 
results.  For  the  calculation  curves  of  Fig.  5,  a  B 
value  of  1.3  was  used.  By  increasing  B  from  1.0  at 
sma'l  \alues  of  y/t  to  1.5  at  large  values  of  y/£  it 
was  possible  to  obtain  much  better  agreement  than  using 


The  streamwise  decay  (not  shown  here)  of  the  max¬ 
imum  value  of  (e7) tends  to  be  exponential  while  the 
maximum  value  of  vs  decreases  a  little  more  rapidly. 

A  comparison  of  these  decay  rates  with  the  growth  rate.- 
corresponding  to  a  sudden  increase  in  heat  flux,  see 
Browne  and  Antonia  ("),  suggests  that  the  relaxation 
distance  of  the  flow  may  be  larger  in  the  case  of  the 
sudden  decrease  in  heat  flux. 

COMPARISON  BETWEEN  CALCULATIONS  AND  THE  RESULTS  OF 
CHARNAY  et  aZ  (6) 

_  Chamay  e~.  u2  present  mean  temperature,  v?  and 
s-  distributions  downstream  of  a  sudden  decrease  in 
wall  temperature  and  a  comparison  with  calculations 
in  a  manner  similar  tc  that  for  the  sudden  decrease  in 
heat  flux  was  carried  out.  Unfortunately  the  quanti¬ 
tative  agreement  was  poor,  although  qualitatively 
similar  trends  were  obtained  for  distributions  of  T, 
vc  and  ?2  across  the  internal  layer.  The  mean  temper¬ 
ature  results  are  shown  in  Fig.  o.  The  main  pro: ie" 


Tig.  6  Comparison  between  calculated  mean  temperature 
profiles  and  measurements  of  Chamay  ■  r*  c 
--7--,  experiment  xs/£;  «  0;  --2--,  exocrine;. 

xs/fj  =  2.04;  - -o- - ,  experiment  xs/i;  *  2. 

--  --,  experiment  Xj/f;  «  _.1J;  exper; 

ment  x?/So  =  14.3;  - ,  calculation. 

seems  to  be  the  difficult)'  of  reproducing  the  initial 
conditions,  i.e.  the  temperature  profile  upstream 
of  the  change.  The  Chamay  c:  a."  profile  at  this 
point  is  not  in  agreement  with  the  general  shape  ob¬ 
tained  in  apparently  similar  experiments  by  others, 
for  example  the  experiment  (Fig.  1)  of  Fulachier  ;i  1 . 
The  calculation  method  reproduces  the  Fulachier  profile 
reasonably  well. 

EFFECT  Or  USING  CONSTANT  TURBULENT  rRANPTL  NUMBER  IN 
THF  CALCULATIONS 


The  calculation  method  normally  uses  a  diffusion 
type  of  equation  for  ve  to  obtain  estimates  of  vs  fov 
input  into  the  energy  equation.  .An  option  is  to  use 
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a  constant  turbulent  Prandtl  nunher,  I'rt,  and  obtain 
vv  t'ror.  -  it  :•!  '  -v,  j,  being  the  eddy  diffusivity  of 
heat  ,tTrt.  The  eddy  Jiffusivity  of  momentum  -t  is 
ohtaineJ  from  the  two-equation  model  of  the  calcula- 
t ion  method. 

\n  interesting  result  was  that  the  mean  tempera¬ 
ture  profiles,  the  v?  distributions  and  the  e7  distri¬ 
butions  were  practically  identical  whether  the  equa¬ 
tion  for  vs  was  used  or  whether  a  constant  turbulent 
Prandtl  number,  0.89  in  this  case,  was  used.  This  is 
best  illustrated  he  considering  the  results  obtained 
from  calculating  the  boundary  layer  downstream  of  a 
sudden  increase  ui  heat  flux  case,  since  Antonia  or 
; '  ill  measured  v6  profiles  at  several  stations  down¬ 
stream  from  the  change.  Hie  experimental  set-up  of 
Antonia  v*  u.‘  is  shown  in  fig.  1.  The  results  are 
shown  in  fig.  "  and  good  agreement  is  observed  between 


Fig.  "  Comparison  between  calculated  heat  flux  dis¬ 
tributions  and  measurements  of  .Antonia  et  si 
U). 

a:  xs/40  *  42.9,  A,  experimental;  o,  calcu¬ 
lation  using  heat  flux  model;  - ,  calcula¬ 

tion  using  constant  Prt; 
b:  xs/ 6 o  =  5.7,  x,  experimental;  o,  calcu¬ 
lation  using  heat  flux  model;  - ,  calcula¬ 

tion  using  constant  Prt; 
c:  xs/4q  *  2.3,  ♦,  experimental;  o,  calcu¬ 
lation  using  heat  flux  model;  - ,  calcula¬ 

tion  using  constant  Prt. 

calculations,  using  either  the  v9  equation  or  a_con- 
stant  Prt  (*  0.89),  and  experiments.  When  the  ve 
equation  is  used,  Prt  can  be  calculated.  Resulting 
distributions  of  Prt,  obtained  downstream  of  the  sudden 
increase  in  heat  flux,  are  shown  in  Fig.  8. 

Experimental  distributions  of  Pr»,  available  in 
(1),  at  xs/Jo  *  2.3  and  42.9  are  slightly  larger  than 
unity  in  the  inner  region  and  increase  with  increasing 
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Fig.  S  Turbulent  Trandtl  number  distributions  obtained 
when  using  a  heat  flux  model  to  calculate  the 
.Antonia  ei  (1)  flow. 

y/j  in  the  outer  region.  However,  measured  distribu¬ 
tions  of  Prt  obtained  in  the  range  2.3  <  xs/f3  <  42.9 
could  be  considered  to  be  in  better  qualitative  agree¬ 
ment  with  the  distributions  of  Fig.  S.  It  would  appear 
that  the  relatively  large  uncertainty  in  experimental 
values  of  Prt  would  make  it  difficult  to  prescribe  the 
variation  of  Prt  across  the  themal  layer  .a  constant 
Prt  does  not  seem  unreasonable!).  The  good  agreement 
between  the  calculations  and  experiment  (Fig.  "1  for 
small  values  of  xs/£3  is  surprising  in  view  of  the  non- 
equi librium  nature  of  the  flow  in  this  region.  The 
budget  of  vs,  measured  by  Danh  (14)  indicates  that  the 
diffusion  term  nay  become  significant  in  comparison 
with  the  production  and  destruction  terms.  More  work 
is  required  with  regard  to  both  experiments  and_models 
to  determine  the  magnitude  of  each  term  in  the  ve  equa¬ 
tion  ,  ’especial ly  for  small  values  of  xs'f3. 
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Krzhizhanovsky  Power  Institute,  Moscow,  USSR 


ABSTRACT 

Reaulta  from  both  the  experimental  and 
theoretical  study  of  turbulent  boundary  lay¬ 
ers  on  porous  and  perforated  surfaces  with 
angled  injection  and  suction  are  presented. 
Effects  of  the  velocity  ratio  and  injection 
(suction)  direction  on  mean  and  turbulent 
flow  behaviour  are  shown 

NOMENCLATURE 

^  ■  injection(suction)  parameter  2F/Cj0 
*  critical  injection  parameter 
Cj  *  flow  friction  factor  2'tw/peU.* 

£  «■  turbulence  energy 

f  *  dissipation  rate 

F  *  velocity  ratio  Vur/LLC 

Ht,H2  „  boundary  layer  formfactors 

K  *  pressure  gradient  factor 'J/aze  (dlLe/di) 

L  *  length  scale 

11,17=  streamwise  and  crosswise  mean  velocity 
components 
P  «  pressure 

Ret«  turbulent  Reynolds  number  EL 

streamwise  and  crosswise  coordinates 
■  hole  axis  inclination  angle  relative 
to  the  surface 

6  *  boundary  layer  thickness 

displacement,  momentum  and  energy 
thicknesses  correspondingly 
£  =  turbulence  intensity 
£d  *  turbulent  diffusion  coefficient  0.2E^*L 
'J  ■  kinematic  viscosity 
0*  =  turbulent  shear  stress 
'Ewa  wall  friction 

V  ■  relative  flow  friction  factor  Cj/C$# 


SUBSCRIPTS 
0  ■  zero  injection 

e  ■  outer  edge  of  the  boundary  layer 
U  *  wall 

1.  Introduction 

Injection  or  suction  through  permeable  con¬ 
struction  elements  is  considered  to  be  ore 
of  the  most  effective  means  of  controling 
flow  structure  and  heat-  and  mass  transfer 
in  turbulent  boundary  layers.  The  most  of 
studies  on  this  topic  deals  with  flow  and 
heat-  and  msBa  transfer  behaviour  for  the 
case  of  the  normal  Injection  (auction). 

The  questions  of  the  injection(suction) 
with  angles  other  than  90°  have  been  studied 
puch  less  and  relate  generally  to  laminar 
boundary  layers.  Results  for  turbulent  flows 
with  c<  4  90°  have  been  obtained  for  the  down 
stream  injection  through  perforated  surfaces 
only  [1,2]. 

The  experiments  were  conducted  in  the  wind 
tunnel.  The  test  section  was  a  square  chan¬ 
nel  of  40  *  40  mm  with  the  movable  upper 
wall  which  allowed  to  control  the  stream- 
wise  pressure  gradients  [3].  The  porous 
and  perforated  plates  with  the  uniform  per¬ 
meability  of  135*40  were  used  with  hole 
axis  inclination  angles  relative  to  the  sur¬ 
face  c*  -  15°, 20°,  25®, 45°, 75°  and  90°.  The  per¬ 
forated  plates  had  holes  of  0.40  mm  stag¬ 
gered  with  the  streamwise  and  lateral  spa- 
cings  equal  nearly  to  the  hole  diameter. The 
porous  plates  were  fabricated  by  the  rolling 
procedure  using  packages  of  stainless  steel 
wire  nets. 

The  isothermal  fully  developed  turbulent 
boundary  layer  (the  Reynolds  number  based  on 


the  permeable  plate  length  waa  2.1CK)  was 
measured  in  the  range  of  velocity  ratio 
F  =(-4.7  ?  6.5)* 10“2  under  the  adverse 
and  accelerating  pressure  gradients  with 
K  =  (-2.2  t  4.8)*10"6. 

The  velocity  field  and  turbulent  fluc¬ 
tuations  were  measured  using  the  thermo- 
anemometer  "DIS4  55  D"  in  5-7  sections  of 
permeable  plates. 

2  Experimental  results  for  the 
injection 

The  experiments  withdP^ix=  0  showed 
that  for  a  weak  injection  (^/&c<  0.2),  as 
the  velocity  ratio  increases  the  mean  velo¬ 
city  profiles  tend  to  be  less  filled  (Pig. 
1,a),  the  turbulent  fluctuation  velocities 
near  the  wall  decrease  and  their  maximum 
shifts  into  the  outer  region  (Pig.I.b)  for 
all  angles  o L  and  for  both  cases  of  the 
porous  and  perforated  plates. The  comparison 
of  the  mean  velocity  profiles  showed  that 
the  effects  of  the  weak  injection  with  the 
angle  o(  4  90°  on  the  mean  flow  differ  a  lit¬ 
tle  from  those  for  the  normal  injection  with 
the  same  F  .This  finding  can  be  explained 
by  the  fact  that  the  lnjectant  momentum  is 
small  as  compared  to  that  of  the  free  flow. 
Hence, only  the  injection  flow  rate  has  a 
crucial  effect  on  the  boundary  layer  irres¬ 
pective  of  the  angle  and  supply  way  (pores, 
perforations). 

Por  a  moderate  injection  (0.2 ) , 
the  change  of  the  velocity  profile  filling 
up  with  F  tends  to  depend  on  the  injection 
angle  at  •  the  profiles  are  more  filled  at 
o(  <  90°  and  less  filled  at  o(  >  90°  as 
compared  to  the  normal  injection,  this  trend 
does  not  depend  on  the  injection  way. 

Por  a  strong  injection  (  8  >  Sc  ),  with 
o(< 90°  the  character  of  the  velocity  pro¬ 
file  deformation  with  F  in  the  inner  region 
over  the  porous  and  perforated  plates  rever¬ 
ses  as  compared  to  the  normal  caae,i.e.  the 
filling  up  of  the  profiles  increases,  tub 
effect  is  higher  ’or  smaller  injection  ang¬ 
les.  This  result  can  be  explained  by  the 
fact  that  the  lnjectant  has  here  a  cons i- 


ties  for  the  porous  angled  inject¬ 
ion  with  dP/d  be  =  0 

derable  tangential  momentum  and,  in  addition 
to  the  flow  deceleration  due  to  the  normal 
component  of  the  injection  momentum,  the 
acceleration  of  the  flow  near  the  wall  is 
induced.  (Pig.  2,c). 

Under  the  conditions  of  the  Btrong  in¬ 
jection  with  oC>  90°  the  mean  velocity  pro¬ 
files  take  the  S-ehape  as  for  the  normal 
injection,  i.e.  they  have  a  flex  poirt  in 
the  outer  region.  However,  in  contrast  to 
the  normal  case,  a  reverse  flow  in  the  up¬ 
stream  direction  is  induced  near  the  wall 
(Pig.  2,8 ).  The  presense  of  the  reverse  flow 
on  the  permeable  wall  for  the  strong  injec¬ 
tion  fe  >  &c  evidences  the  change  of  the 
wall  friction  sign,  i.e.  the  realization  of 
the  critical  injection  condition  ('Evr»0). 
Thus, an  intensive  circulation  near  the  wall 
appears, inside  of  which  the  streamline 
U.  •  0  is  located. 

The  measurements  showed  that  the  boun¬ 
dary  layer  both  on  the  porous  and  perforat¬ 
ed  surfaces  grows  along  the  plate  with  the 
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Pig. 2  The  flow  development 
along  the  porous  plate  for 
the  injection  with  dP/dx  «0 

1  -  streamline  U.  *  0, 

2  circulation  zone  edge  Z: 

(  OtidU  =0,  rl>  . 

3  -  dividing  streamline  Zr 1  ?U/(Ju)e'Fx 


Pig. 3  The  effects  of  the  angled  injection 
and  suction  on  the  relative  flow  friction 


factor 
K0  -  0; 
90°;  4,8 
7  -  K 


1,9  -  <*  ■  165 

-  15°;  6  -  tc  .4.10' 

-  -1.9  .  10"°,  <* 


2.-  155  ; 
_6.  0  «* 
90° 


rate  depending  on  the  injection  angle:  the 
layer  thickness  slower  at  d,  <  90°and  faster 
ato£>90°  as  compared  to  the  normal  inject¬ 
ion  with  the  same  F  •  The  displacement 
thickness  S \  and  the  momentum  thickness  5^ 
show  the  similar  behaviour. 

The  wall  friction  <CW on  the  porous  and 
perforated  surfaces  was  estimated  from  the 
momentum  equation.  It  was  found  that  the  de¬ 
pendence  of  the  flow  friction  factor  SP  on 


the  injection  parameter  &  is  different 
for  various  angles:tbe  value  of  decreases 
slower  at  oi  <  90°  and  faster  at  o(  >  90° 
as  compared  to  the  normal  inje.:tion(Pig.3). 

A  general  for  all  c*  correlation  of 
the  wall  friction  with  the  injection  para¬ 
meter  la  found  in  the  paper. The  correlation 
can  be  fitted  by  the  well-lcnown  Kutateladze- 
-Leontiev  equation  £43  f°*  the  normal  in¬ 
jection  with  a  correction  of  the  critical 
parameters  on  the  Injection  angle: 

o) 

where 


=  15-05-^,  fox  d,  &  90° 


and 


6c(°0 

6cC9o*) 

Tj$k  =  ,0T  cU9° 


(2) 


Pig. 4  shows  distributions  of  the  mean 
and  turbulent  fluctuation  velocities  in  the 
flow  with  the  reverse  and  accelerating  pres¬ 
sure  gradients. The  effect  of  the  adverse 
pressure  gradient  results  in  more  intensive 


Pig. 4.  The  profiles  of  the  mean  and  turbu¬ 
lent  fluctuation  velocities  for  the  porous 
angeled  injection  with  pressure  gradients 
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velocity  profile  deformation. The  aeparatlon 
of  the  boundary  layer  and  the  appearance  of 
the  reverse  flow  region  are  observed  for  the 
lower  velocity  ratios  than  in  the  nongradi¬ 
ent  flow, especially  in  conditions  of  the 
upstream  injection. 

In  the  case  of  the  downstream  injecti¬ 
on,  S-ahaped  velocity  profiles  do  not  form. 
As  the  velocity  ratio  increases  the  mean 
velocity  profiles  tend  to  be  less  filled, 
the  fluctuation  maximum  rises  and  shifts 
from  the  wall. For  velocity  ratios  F  > 

1.7»10  the  profile  filling  up  increases 
across  the  whole  boundary  layer  in  the  pre¬ 
sence  of  the  adverse  pressure  gradient  and 
in  the  inner  region  only  if  the  pressure 
gredient  is  absent. The  injection  into  the 
flow  with  the  adverse  pressure  gradient 
causes  the  appearing  of  the  second  mean 
velocity  maximum  at  V S  *0.015.  (Fig. 5). 

The  flow  under  the  accelerating  pres¬ 
sure  gradient  with  moderate  velocity  ratios 
is  characterized  by  decreasing  velocity  pro¬ 
file  filling  up  for  all  injection  angles. 

For  a  strong  injection,  the  profiles  tend  to 
be  more  filled  in  the  outer  region  of  the 
boundary  layer.  The  mean  velocity  profiles 
for  the  downstream  Injection  differ  from 
those  for  the  normal  caBe  in  the  vicinity 
of  the  wall  only  (Fig. 4):  their  filling  up 
is  higher  and  the  rate  of  fluctuation  decay 
is  much  more  intensive. For  the  upstream  in¬ 
jection, the  velocity  profile  filling  up 
decreases  more  rapidly  than  for  o<  *  90° 
and  o<  *  15°  and  the  fluctuation  velocity 
distribution  becomes  more  filled.  The  boun¬ 
dary  layer  separation, however ,was  not  obser¬ 
ved  for  all  velocity  ratios  studied. 


3  Experimental  results  for  the  suction 


Pig. 6  shows  mean  and  turbulent  fluctua¬ 
tion  velocities  profiles  on  the  pesforated 
plates  for  the  auction  with  o<*90°  for  the 
nongradient  flow.  The  measurements  showed 
effects  of  the  suction  angle  on  the  boundary 
layer  growth. As  ©4  -  20°  (the  upstream 
suction)  the  velocity  profiles  are  less 


Fig. 5  The  prof ilea  of  the  mean 
velocities  near  the  wall  fordP/dx>0 

filled  than  for  =  90°.  It  can  be  explai¬ 
ned  by  the  contribution  of  the  streamwise 
suction  velocity  component  which  is  direct¬ 
ed  up  the  main  flow.As  e*  *  l60°(the 
downstream  suction)  the  velocity  profiles 
become  more  filled  than  for  c*  ■  20° 
which  is  due  to  the  streamwise  suction  com¬ 
ponent  down  the  flow.  For  the  normal  suc¬ 
tion  (  ot  =  90°)  the  velocity  ratio  inc¬ 
rease  results  in  the  moat  considerable  de¬ 
cay  of  the  turbulent  f luctuation.The  fluc¬ 
tuation  maximum  shifts  towards  the  wall  at 
c<  ?  90°  and  from  the  wall  at  o(  <  90°. 
The  level  of  turbulent  fluctuations  for  the 
upstream  suction  increases  in  the  outer  re¬ 
gion  of  the  boundary  layer. Both  for  the 
downstream  and  upstream  suction,  the  mean 
velocity  profiles  are  less  filled  than 
for  -  90°. 

The  measurements  on  tne  porous  plates 
with  c*  -  15°, 75°,  90°, 105°  and  i65°  did 
not  show  considerable  differences  for  all 
cases  mentioned.lt  is  explained  by  the  fact 
that  the  pores  are  so  small  that  the  sucked 
fluid  jets  can  not  turn  at  the  corresponding 
angle. 

The  comparison  of  data  for  the  porous 
and  perforated  plates  shows  that  for  equal 
velocity  ratios, the  mean  velocity  profiles 
on  the  perforsted  plates  proved  to  be  more 
fllled,i.e.the  suction  through  a  perforated 
piste  is  more  effective  as  compared  to  the 
porous  suction. 
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Fig. 7  shows  Bean  and  turbulent  fluctu¬ 
ation  velocity  profilea  for  the  auction 
through  the  poroua  plate  in  flowa  with  ad- 
verae  and  accelerating  pressure  gradienta. 
The  atrongeat  effecta  of  the  auction  on  the 
boundary  layer  ia  in  evidence  in  the  very 
vicinity  of  the  wall.  The  magnitudes  of  the 
fluctuation  maximum  both  under  the  adverae 
and  accelerating  preaaure  gradienta  for  the 
aame  velocity  ratioa  differ  a  little  from 


Fig. 6. The  profilea  of  the  mean  and  tur¬ 
bulent  fluctuation  velocitiea  for  the 
perforated  angled  auction 

each  other.  However,  in  the  outer  region  of 
the  boundary  layer,  the  level  of  velocity 
fluctuation  in  the  preaence  of  the  accele¬ 
rating  preaaure  gradient  decreaaea  with 
velocity  ratio  atronger  than  in  the  caae  of 
the  adverae  preaaure  gradient. 

Fig. 3  ahowa  the  meaaured  flow  friction 
factors  for  the  porous  plates  in  the  flows 
with  dP/doc  >  0,  c/P/dx  <  0  and  dP/dl  =  0. 
Although  Cj  depends  on  the  pressure  gra¬ 
dient  the  relative  flow  friction  factor  'V 
depends  only  on  6  :for  |  6!  >  4  V  ■  -  fe 
and  f  or  |  fe  |  <  4  S'  s  (l  ♦  &/4 


Fig. 7  The  profiles  of  the  mean 
(a)  and  turbulent  fluctuation 
velocities  (b)  for  porous  normal 
suction  under  pressure  gradienta 

0u* 


0,06 


0  0.25  0,50  075  i/S 

Fig.B  The  profiles  of  turbulence 
energy  in  the  parallel  plate  channel 


The  report  presents  also  the  prediction 
of  the  flow  behaviour  in  the  entrance  region 
of  the  parallel  plate  channel  with  the  nor¬ 
mal  (C<*  90°)  injection  and  auction  for 
the  conditions  corresponding  to  the  experi¬ 
ments  described.  An  accelerating  pressure 
gradient  is  induced  in  the  channel  by  the 
injection  and  adverse  one  -  by  the  suction. 

A  three-parametric  turbulence  model  is  used 
for  the  turbulent  transfer  description.  The 
model  is  based  on  the  transport  equations 
for  turbulent  energy .Reynolds  shear  stresses 
and  dissipation  rate.  Using  the  boundary 
layer  approximation  one  governing  equation 
set  can  be  written  as  follows: 


..  3U.  .  i»9U  _  <  dP  9  /^3ll  ,  r\ 

M.au.,0 

dx  3y 

9x  ay  dy  L  Ll 


kevV  c,r>)<r  a  rp  c  \a<fT 


The  constants  in  the  equations  above 
are:  a  -  0.2;  C  -  0.13;  C1t-  C„  -  0.32; 

Ci6  -  1.92;  K<«  0.2;  f  .  0.06;  K  ■  0.35; 

The  calculated  mean  velocity  and  tur¬ 
bulent  energy  profiles  agree  satisfactorily 
with  the  experimental  data. Pig. 8  shown  that 
the  turbulent  fluctuation  maximum  lncreaaas 
with  the  injection  velocity .tends  to  flatten 
and  shifts  from  the  wall. In  the  suction  case 
the  turbulence  intensity  decreases  and  two 
maxima  in  the  turbulence  energy  profiles  ap¬ 


pear  for  some  suction  velocities  which  is 
typical  for  the  flow  with  the  suction  under 
the  adverse  pressure  gradient  (fig. 7). 

The  subsequent  increase  of  the  suction 
velocity  results  in  the  disappearance  of  the 
turbulent  energy  maximum  near  the  wall. 

Pig. 9  shows  the  experimental  values 
of  the  formfactor  H  for  the  nongradient 
boundary  layer  in  the  contracted  and  expan¬ 
ded  channels  for  oi  =  90°  as  well  as  a 
predicted  correlation  (the  curve  1)  for  the 
parallel  plate  channel.  It  is  seen  that  the 
formfactor  H  depends  strongly  on  the  pres¬ 
sure  gradient  in  the  injection  case  and 
weakly  in  the  suction  case. 


Pig. 9  The  correlation  between  the 
formfactor  and  velocity  ratio 
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ABSTRACT 

The  paper  presents  the  data  on  expe¬ 
rimental  investigation  of  the  structure  and 
integral  characteristics  of  a  subsonic  tur¬ 
bulent  boundary  layer  in  the  region  of  a 
gas  screen  downstream  of  a  permeable  sec  - 
tion  over  a  wide  range  of  injection  inten¬ 
sities,  j,  from  0.003  to  0.04.  The  data 
have  been  obtained  ondistribution  of  local 
friction  coefficients,  averaged  velocities, 
their  pulsation  components  and  turbulent 
shear  stresses  over  the  entire  range  of  the 
injection  intensities  investigated. 

NOMENCLATURE 

x.y  -  longitudinal  and  trans¬ 

verse  coordinates; 

-  permeable  plate  length; 

S  -  dynamic  boundary  layer 

thickness; 

yt  -  dimensionless  coordi¬ 

nate; 

u,  /  -  averaged  velocity  pro¬ 

jection  on  the  axes  X 
and  y  ,  respectively; 

u+  -  dimensionless  velocity; 

cul?  ,<v’>  -  longitudinal  and  trans¬ 

verse  pulsations  of  the 


averaged  velocity,  ; 
S**  -  momentum  loss  thick¬ 

ness; 

t>  -  cinematic  viscosity; 

/  -fj)V  )y  /<pu)o  -  injection  intensity; 

r  -  tangential  stress; 

^  -  friction  coefficient; 

Re^x,  ”  Reynolds  numbers  cal¬ 

culated  using  longitu¬ 
dinal  coordinate  and 
momentum  loss  thickness ; 
6f  -  friction  efficiency  pa¬ 

rameter  in  the  region 
of  a  gas  screen 

Indices: 

0  -  undisturbed  flow  parameters; 
w  -  wall; 

1  -  end  of  the  permeable  section; 

0  -  standard  conditions; 
t  -  turbulent 

Porous  cooling  is  currently  one  of  the 
most  promising  methods  of  thermal  protection. 

Some  attempts  have  been  made  to  use  this 
method  for  decreasing  the  temperature  of  gas 
turbune  vane  surfaces,  MHL  generator  channel 
walls  etc.,  where  it  is  difficult  to  create 
continuous  permeable  surfaces.  Hence  the  in¬ 
terest  in  realization  of  protecting  proper  - 
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ties  of  a  "cold"  boundary  layer  downstream 
of  the  permeable  section,  i.e.  in  the  re¬ 
gion  of  a  gas  screen. 

As  a  rule,  a  turbulent  boundary  layer 
is  developed  downstream  of  the  permeable 
surface  in  the  region  of  a  gas  screen. 

It  is  known  that  the  turbulent  boun¬ 
dary  layer  equations  in  the  general  case 
are  not  closed,  while  for  solution  of  spe¬ 
cific  problems  one  of  the  techniques  of  ap¬ 
proximate  closing  of  equations  is  used. 
Closing  is  usually  based  on  information  on 
integral  characteristics  and  structure  of 
the  turbulent  boundary  layer.  The  lower- 
order  moments  are  of  greater  interest,  sin¬ 
ce  their  values  define  the  turbulent  boun  - 
dary  layer  properties  having  an  explicit 
physical  sense. 

Moments  of  the  first  order  are  repre¬ 
sented  by  the  values  of  velocity,  pressure 
and  other  quantities,  one-point  central  mo¬ 
ments  of  the  second  order  determine  the 
turbulence  energy  and  the  transfer  of  amo¬ 
unt  of  motion,  heat  and  impurities,  while 
two-point  moments  of  the  second  ore ;r  make 
it  possible  to  Judge  about  the  correlat  in. 
of  different-value  pulsations  at  the  uneven¬ 
ly-spaced  points,  thus  determining  the  tur¬ 
bulence  spectrum. 

This  paper  presents  the  results  of 
experimental  investigation  of  the  structure 
and  Integral  characteristics  of  a  dynamic 
boundary  layer  downstream  of  the  permeable 
section  over  the  wide  injection  Intensity 
range,  J*  0.003-0.04. 

The  experiments  were  conducted  on  a 
small  continuous-operation  subsonic  wind 
tunnel  (Institute  of  Mechanics  of  the  Mos¬ 
cow  State  University),  the  working  section 
of  which  consisted  of  a  rectangular  channel 
with  the  cross-section  dimensions  0.07  x 
0.075m  and  the  length  0.6  m.  The  upper 
wall  was  a  model,  and  the  lower  one  was 
flexible  and  allowed  variation,  depending 
on  the  injection  intensity,  of  the  working 
part  height  and  profile,  while  maintain¬ 
ing  a  constant  static  pressure  along  the 
entire  length  of  the  working  part.  The  flow 
parameters  were  constant  and  equalled:  ve¬ 


locity,  50  m/sec;  Reynolds  number  per  1  m, 

з. 6  *10^;  temperature,  290*  300  K;  turbu¬ 
lence  degree,  0.2*  0.3%.  The  measurement 
model  consisted  of  a  permeable  section  0.16 
m  long,  and  an  impermeable  plate  with  the 
length  0.22m,  erected  immediately  downstre¬ 
am  of  the  injection  section.  Description  of 
the  experimental  set-up  of  a  similar  model, 
supply  end  injected  air  control  system  is 
given  in  more  detail  in  / 1-2/. 

Por  measurements,  the  DISA  thermoane¬ 
mometer  55  MO I  with  the  high-speed  bridge 
55  MOI  and  auxiliary  devices  were  used.  The 
distance  from  the  wall  to  the  probe  thread 
was  determined  using  the  cathetometer  rX-6. 

Before  and  efter  conducting  the  expe¬ 
riments,  the  thermoanemometer  indicator  was 
calibrated  in  the  working  position  in  the 
wind  tunnel.  Careful  clearing  of  the  flow 
/2/  made  it  possible  to  maintain  stable  ca¬ 
librating  dependencies  during  several  hours 
of  the  set-up  operation.  When  taking  measu¬ 
rements,  special  attention  was  given  to  the 
equality  of  temperature  of  the  injected  air 
and  that  of  the  main  flow,  in  order  to  avoid 
a  possible  effect  of  temperature  nonunifor- 
mity  over  the  boundary  layer  cros-  section 
on  the  measurement  results  /3/. 

Calibration  experiments  without  injec¬ 
tion  have  shown  that  a  developed  turbulent 
boundary  layer  with  a  universal  profile  of 
the  averaged  velocity  in  a  viscous  sublayer 
and  the  wall  law,  flows  onto  the  measure¬ 
ment  section. 

Figure  1  displays  the  measured  profiles 
of  aversged  velocities  in  the  region  of  a 
gas  screen.  It  is  clear  that  in  the  absence 
of  injection  the  velocityprofile  is  satis¬ 
factorily  defined  by  the  universal  profile 
in  a  viscous  sublayer  /4/: 
y+=u*,  u*=u/uT  ,  ut  =  (t ) 

and  the  wall  law  /4/: 

и. + =  5,75 1$  ->  5.5  (2) 

Accordingly,  the  local  friction  coefficients 
calculated  from  the  measured  gradients  of 
averaged  velocity  in  a  viscous  sublayer 
(Pig. 2)  are  well  described  by  the  friction 

law  /5/.  With  an  increase  of  injection  in- 
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tensity,  velocity  profiles  deviate  from  the 
wall  law,  while  maintaining  universal  dist¬ 
ribution  in  a  viscous  sublayer.  The  larger 
the  injection  intensity,  the  larger  the  dif¬ 
ference  between  the  experimental  and  univer¬ 
sal  profiles  end  the  greater  the  effect  of 
jet  turbulence. 

Measurements  of  intensity  distributi¬ 
ons  of  turbulent  pulsations  of  averaged  ve¬ 
locity  demonstrate  (Pig.  3)  that  with  an  in¬ 
crease  of  injection  intensity  an  increase 
of  pulsation  components  is  observed,  with 
their  intensity  maxima  forced  back  from  the 
wall.  In  the  absence  of  injection,  longitu¬ 
dinal  pulsations  have  a  pronounced  maximum 
near  the  wall,  while  the  transverse  pulsa¬ 
tions  maximum  is  diffuse  and  displaced  fur¬ 
ther  from  the  wall  with  respect  to  longitu¬ 
dinal  pulsations.  Under  the  injection  con  - 
dltions,  a  similarity  is  observed  in  the 
character  of  longitudinal  and  transverse 
pulsations  and  coincidence  of  their  maxima, 
which  proves  that  the  turbulence  near  the 
wall  is  isotropic  during  injection  and  that 
there  are  no  elongated  vortex  structures  as 
is  the  case  in  the  absence  of  injection.  Ge¬ 
neration  zone  of  turbulent  pulsations  is 
considerably  expanded  in  the  external  part 
of  the  turbulent  boundary  layer  which  is  a 
transient  region  between  the  pulsation  ge¬ 
neration  zone  and  free  flow,  the  turbulence 
structure  is  universal,  which  is  proved  by 
measurements  of  averaged  velocities. 

In  Kef  /  6  /  it  is  shown  that  introdu¬ 
cing  of  the  parameter  of  friction  efficien¬ 
cy  in  the  region  of  a  gas  screen,  characte¬ 
rizing  momentum  transfer  in  the  boundary 


layer 


makes  it  possible  to  generalize  the  experi¬ 
mental  data  on  friction  by  a  common  depen  - 
dence  similar  to  the  calculation  of  the  gas 
screen  efficiency  /  6  /; 

Qf  =  (l*  0, 1A)~°8 

*=  Beix/Re*1*5  /  Retx  =  “0 
Re*  =  UcS?*  / 1>0  ,  tx=x-xf 


Measurements  of  turbulent  shear  stres¬ 
ses  have  shown  (Pig.  4)  that  in  the  absence 
of  injection  the  stress  maximum  is  located 
on  the  wall  and  coincides  with  the  local 
coefficient.  With  an  increase  of  injection 
intensity,  the  friction  stress  on  the  wall 
noticeably  decreases,  while  in  the  bounda¬ 
ry  layer  it  is  considerably  increased,  re¬ 
aching  the  maximum  displaced  from  the  wall. 
In  this  case,  the  effect  of  injections  es¬ 
sentially  decreases  in  direct  proportion  to 
the  distance  from  the  permeeble  section 
(Pig.  5). 

On  the  whole,  the  experimental  data 
obtained  demonsrate  a  strong  effect  of  in¬ 
jection  on  the  averaged  and  pulsation  cha¬ 
racteristics  of  a  turbulent  boundary  lever 
in  the  region  of  a  gas  screen.  Analysis  of 
these  data  makes  it  possible  to  define  more 
accurately  the  local  and  integral  properti¬ 
es  of  the  flow  downstream  of  a  permeable 
surface . 
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Pig. 5.  Distribution  of  turbulent  shear 
stresses  downstream  of  a  perme¬ 
able  section  (j  *  0.02). 

1-  Rex  =  0.828.106; 
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3-  Re^  x  1.04- 106; 
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ABSTRACT 

The  strongest  indication  of  an  ordered  structure 
In  the  similarity  of  plane  jet  flows  Is  the  well- 
documented  (but  controversial)  apparent  "flapping" 
behavior.  Previously,  the  negative  correlation 
between  probes  placed  on  opposite  sides  of  the  jet 
centerline  has  been  attributed  to  the  periodic  dis¬ 
placement  of  the  mean  velocity  profile  centerline 
about  Its  average  position, 'i.e. ,  a  flapping  motion. 

The  present  Investigation  is  directed  at  evaluating 
the  premise  of  an  essentially  two-dimensional  von 
(Carman  vortex  street  as  being  responsible  for  the 
apparent  "flapping"  behavior. 

NOMENCLATURE 

b  -  velocity  halfwldth,  m 

Cf  -  dimensionless  structural  frequency  coefficient 

Ct  «  dimensionless  structural  wavelength  coefficient 

Cu  -  dimensionless  structural  convection  velocity 

coefficient 

D  ■  jet  exit  slot  width,  m 

fy  »  interface  crossing  frequency,  sec-* 

fym  -  maximum  Interface  crossing  frequency,  sec"* 

fs  «  structural  passage  frequency,  see"* 

I  ■  Intermlttency 

ts  »  structural  pattern  wavelength,  ra 

ns  -  vortex  density,  ra"* 

Re  “  U0D/v  ■  Jet  Reynolds  number 

Rj  *  correlation  coefficient  based  on  intermlttency 
function 

Ru  »  correlation  coefficient  based  on  velocity 
fluctuations 

us  *  structural  convection  velocity,  m/sec 

UA>UB  ■  velocity  fluctuation,  m/sec 

1'^,1'g  *  velocity  fluctuation  Intensity,  m/sec 

V0  «  jet  exit  velocity,  ra/sec 

Ua  *  mean  longitudinal  centerline  velocity,  m/sec 
x  -  streamwise  coordinate,  m 

xg  •  streamwise  vortex  coordinate,  m 

y  «  lateral  coordinate,  m 

ym  ■  lateral  position  of  maximum  interface  crossing 
frequency,  m 

z  -  spanwise  or  homogeneous  coordinate,  m 
y  ■  intermlttency  fraction 

6  *  separation  distance,  m 

A  *  integral  lengh  scale,  m 

v  *  kinematic  viscosity,  m^/sec 

INTRODUCTION 

In  recent  years,  there  has  been  a  gradual  shift 
In  the  approach  to  turbulent  fluid  mechanics  research. 
It  is  becoming  Increasingly  clear  that  much  of  what 


has  been  traditionally  considered  as  random  phenomena 
actually  is  much  more  deterministic.  Tn  particular,  a 
growing  body  of  experimental  evidence  Is  accumulating 
which  demonstrates  that  much  of  the  physics  of  turbu¬ 
lent  shear  flow  may  be  controlled  by  a  finite  set  of 
coherent  large-scale  eddying  motions.  The  relative 
importance  of  these  large  scales  has  been  emphasized 
In  several  recent  review  articles  (e.g. ,  References  1, 
2,  3,  4,  and  5).  While  the  acceptance  of  the  non- 
random  aspects  of  turbulence  is  common,  it  is  by  no 
means  universal  (see  References  6,  7,  and  8).  How¬ 
ever,  the  presence  of  the  large-scale  structures  and 
to  some  extent  their  Importance  have  become  experi¬ 
mentally  established  facts. 

The  goal  of  the  research  described  herein  has 
been  to  examine  the  fully-developed  plane  turbulent 
jet  for  evidence  of  the  effects  of  the  large-scale 
structures  characteristic  of  that  flow.  During  the 
course  of  those  measurements,  the  apparent  presence  of 
an  antisymmetric  and  periodic  vortical  structure  was 
noted.  Its  features  suggest  an  ordered,  two- 
dimensional  vortex  street  pattern  similar  to  that 
found  in  two-dimensional  mixing  layers  and  wakes  (see 
References  9  and  10)  as  Illustrated  In  Figure  1. 

If,  in  fact,  the  vortex  street  structure  does 
exist  in  plane  jet  flows,  there  are  several  of  its 
features  which  should  be  evident  from  experimental 
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-neasurement s .  In  particular,  measurements  related  to 
the  large-scale  structure  should  contain  indications 
of  (a)  structural  similarity,  (b)  spatial  coherence 
and  periodicity,  and  (c)  two-dimensionality,  The 
discussion  of  the  experimental  results  that  follows  is 
centered  upon  the  extent  to  which  these  structural 
features  are  indicated. 

EXPERIMENTAL  APPARATUS 


It  is  assumed  that  the  geometry  of  the  interface 
is  controlled  by  the  underlying  turbulent  structure. 
Hence,  similarity  in  that  structure  should  also  be 
evident  in  the  interface  characteristics  such  as 
intermittency  and  crossing  frequency.  Transverse 
distributions  of  the  intermittency  fraction  and  nor¬ 
malized  interface  crossing  frequency  at  x/D  *  15,  20, 
30,  40,  50,  and  60  were  shown  in  Reference  11.  They 
closely  follow  the  relationships: 


Ail  measurements  for  the  presently  reported 
investigation  were  made  In  the  two-dimensional  jet 
apparatus  depicted  in  Figure  2.  The  test  section  con¬ 
sists  of  a  1.27  x  30.4  cm  vertical  slot  in  a  91.4  x 
30.4  cm  wall.  The  flow  is  bounded  above  and  below  by 
parallel  horizontal  surfaces  extending  120  cm  in  the 
downstream  direction.  For  all  measurements,  the  jet 
was  operated  at  a  constant  Re  -  1.74  x  10^  based  upon 
the  exit  slot  width.  The  apparatus  has  the  capability 
for  heating  the  jet  flow  to  a  temperature  in  excess  of 
the  ambient.  This  feature  was  utilized  for  making 
intermittency  measurements  where  heat  served  as  a 
passive  contaminant  in  the  turbulent  flow  (see 
Reference  11).  A  constant  overheat  of  12  C  was  used 
for  measurements  involving  the  intermittency  function. 
Otherwise,  the  overheat  was  zero. 

Fluctuating  velocity  3nd  temperature  signals  were 
derived  from  the  outputs  of  TSI  1050  series  anemo¬ 
meters  operated  in  the  constant  temperature  and 
constant  current  modes.  The  temperature  signals  were 
used  with  an  original  microcomputer  based  circuit  to 
formulate  continuous,  real-time  intermittency  func¬ 
tions.  Cross  correlations  of  velocity  fluctuation 
signals  were  made  using  a  TSI  analog  correlator  and 
true  rms  voltmeter.  Correlations  of  the  intermittency 
function  were  determined  with  the  aid  of  an  original 
digital  circuit.  Detailed  descriptions  of  the  Inter¬ 
mittency  formulation  and  correlation  techniques  are 
given  in  References  12  and  13. 

EXPERIMENTAL  RESULTS 
Structural  Similarity 

Structural  similarity  is  a  requirement  if  the 
large  structures  are  to  play  a  consistent  role  in  the 
energy  transport  dynamics  throughout  the  fully- 
developed  or  self-preserving  region  of  a  plane  jet. 
Experimentally,  this  characteristic  Is  Indicated  when 
the  streamwlse  variations  of  length,  velocity,  and 
frequency  scales  of  the  largest  structures  are  com¬ 
patible  with  global  mean  flow  scales.  In  particular, 
for  plane  jet  flows,  length  scales  should  vary  as  x, 
velocity  scales  as  x-^/^  an(j  frequency  scales  as 
x-3/2. 
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where  for  x/D  >  10  In  this  jet: 
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These  distributions  exhibit  similarity  in  that  the 
curves  from  various  longitudinal  positions  collapse  on 
the  y/b  coordinate. 

The  mean  interface  position  is  given  by  the  noint 
of  maximum  crossing  frequency.  At  that  location,  the 
intermittency  fraction  is  noted  to  be  0.6  rather  than 
0.5  as  would  be  required  by  a  symmetric  distribution 
function.  Similar  observations  have  been  made  by 
other  investigators  (e.g. ,  References  14,  15,  and  16) 
with  the  explanation  being  that  the  interface  is  more 
sharply  folded  in  Its  troughs  than  on  Its  crests.  In 
the  present  Investigation,  this  feature  Is  addition¬ 
ally  taken  as  an  indication  that  the  Interface  and 
underlying  large  eddy  structure  maintain  qualitatively 
similar  shapes  at  all  streamwise  positions  in  the 
fully-developed  region  since  the  y  *  0.6  value  at 
f^ra  is  maintained. 

The  streamwlse  variation  of  the  maximum  interface 
crossing  frequency  was  given  in  Reference  11  as 
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Furthermore,  it  was  demonstrated  in  Reference  13  that 
the  dimensionless  maximum  crossing  frequency  coincides 
with  the  apparent  flapping  frequencies  of  Cervantes 
[17],  Strong  support  for  the  assumption  of  related¬ 
ness  between  the  interface  geometry  and  the  underlying 
structure  is  given  by  that  comparison.  Rather  than 
"flapping"  frequency  or  interface  crossing  frequency, 
the  term  structural  passage  frequency  or  simply, 
structural  frequency  will  be  used  throughout  the 
remainder  of  this  report. 

From  similarity  arguments  for  the  plane  jet,  glo¬ 
bal  frequency  scales  should  vary  as  x-2'2.  This  beha¬ 
vior  is  verified  by  the  structural  frequency  data  and 
(5).  If  a  dimensionless  frequency  Is  formed  from  the 
structural  frequency,  velocity  halfwidth  and  mean 
center  velocity,  a  flow  constant,  Ss  •  fsb/Um, 
results.  Values  of  this  constant  for  the  present 
investigation  and  those  deduced  from  other  reported 
measurements  of  "flapping"  frequency  are  given  in 
Table  1.  The  relatively  close  agreement  suggests  a 
universal  i.stability  mechanism  which  drives  the 
large-scale  structure. 

From  similarity  arguments,  the  convection  velo¬ 
city  should  decrease  in  proportion  to  x"1/2,  i.e.. 
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or  the  ratio  of  the  structural  velocity  to  the  mean 
centerline  velocity  should  be  a  clearly  defined 
constant.  The  classical  technique  for  the  determin¬ 
ation  of  convective  velocities  Is  to  determine  the 
space-time  correlation  function  for  velocity  probes 
separated  In  the  mean  flow  direction.  By  noting  the 
separation  distance  and  the  corresponding  time  delay 
which  yields  the  peak  correlation  coefficient,  the 
convection  velocity  may  be  determined  from  their 
ratio.  A  variation  of  the  basic  technique  is  to  low 
pass  filter  the  velocity  signals  prior  to  forming  the 
correlation  function.  In  this  way,  only  the  largest 
scales  contribute  to  the  correlation.  It  is  expected, 
therefore,  that  the  indicated  convective  velocity  is 
more  closely  tied  to  the  velocity  of  the  large-scale 
structure.  Measurements  utilizing  both  techniques 
have  been  made  by  Ott  and  Young  with  the  results 
summarized  In  Reference  21  and  Table  2.  The  dif¬ 
ficulty  with  the  results  of  both  techniques  Is  that 
the  Indicated  convective  velocities  decrease  monotoni- 
cally  away  from  the  jet  centerline.  There  is  no  clear 
choice  for  a  single  velocity  that  may  be  associated 
with  the  underlying  structural  pattern. 

Cervantes  [17]  measured  a  convective  velocity  of 
the  "flapping"  motion.  In  addition  to  the  equal 
spacing  of  the  probes  on  the  opposite  sides  of  the  jet 
centerline,  he  also  Introduced  a  streamwise  separa¬ 
tion.  By  observing  the  shift  of  the  negative  peak 
correlation,  the  convective  velocity  was  estimated  In 
a  manner  analogous  to  that  of  Young  and  Ott.  The 
experiment  was  repeated  for  two  values  of  the  lateral 
spacing  with  the  results  given  in  Table  2.  Again,  the 
convective  velocities  are  noted  to  be  nonconstant. 

For  the  present  Investigation  (in  collaboration 
with  Moallemi  (22]),  the  convective  velocity  of  the 
large  eddy  structure  was  determined  through  a  combin¬ 
ation  of  flow  visualization  and  calculations  based 
upon  similarity  scaling  relationships. 

Considering  the  vortex  street  model  of  the  large 
eddy  structure,  the  structural  convective  velocity, 
wavelength,  and  frequency  are  related  by  us  «  4sfs  or 

Table  1.  Sunrurv  of  Reported  Structural  Frequencies 
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Comparison  of  (6)  and  (7)  reveals  that  Cy  *  C^Cf.  If 
the  constants,  Cj  and  Cf,  are  determined  experimen¬ 
tally,  then  Cu  may  be  deduced  and  should  have  a 
constant  value  in  the  similarity  region  of  a  plane 
Jet.  From  table  1,  it  was  noted  that  fsb/U0  a  0.1. 
For  the  plane  jet  flow  utilized  in  the  present  lnves- 

ti8atl°n  f  D  f  b  n  U 
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-  2.36(x/D) 

or  Cf  •  2*36. 

The  pattern  wavelength  coefficient,  C* ,  is 
derived  from  knowledge  of  the  Instantaneous  locations 
of  selected  vortices  in  the  fully-developed  region  of 
a  plane  jet.  This  coordinate  data  was  provided  by 
Moallemi  [22]  who  used  a  smoke-wire  flow  visualization 
technique  to  silhouette  the  vortices  and  allow  their 
Instantaneous  locations  to  be'  determined  from  photo¬ 
graphs.  In  calculating  the  corresponding  wavelengths, 
provision  must  be  made  for  the  fact  that  the  pattern 
is  growing  and  decelerating  across  the  photographic 
frames. 

If  a  dimensionless  vortex  pattern  wavelength  is 
written  as  is/ D  ■  Cf(x/D),  then  a  corresponding  vortex 
density  may  be  defined  as 

nsD  “  C^x/D)  ■  (9) 

The  factor  of  2  Is  a  consequence  of  there  being  two 
vortices  in  each  wavelength  of  the  pattern.  Consider 
a  vortex  instantaneously  located  at  the  streamwise 
station  XQ.  The  next  downstream  vortex  location 
should  be  at  xj,  such  that 


T«bl«  2.  Sv«r.»ry  of  Structural  Related  Convective  Velocities 
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l  X0 

If  the  locations,  xq  and  xj ,  of  the  two  adjacent  vor¬ 
tices  have  been  determined  from  flow  visualization, 
Chen  (10)  may  be  used  to  determine  the  wavelength 
coefficient,  l.e., 

C,  -  2  2n(-h  .  (11) 

4  X0 

If  the  locations  of  N  vortices  can  be  determined  from 
a  single  photographic  frame,  then  N-l  estimates  of 
Ct  may  be  made  using 

k  =>  f  ^  ngdx  (12) 

x0 

and 

2  \ 

C„  =  r  2n(— ) ,  k*l,2 . N-l.  (13) 

c  k  xQ 

The  above  procedufe  W3a  followed  with  the 
results  given  in  Figure  3.  It  was  found  that  due 
to  the  finite  downstream  length  required  for  self- 
preservation  to  be  established,  the  wavelength 
coefficient  is  a  function  of  x  that  approaches  its 
similarity  value  asymptotically.  The  asymptotic 
value  found  is  Cg  ■  0.5. 

With  and  Cf  thus  determined,  the  convection 
velocity  of  the  large  vortices  is 

u  -1/2 

^  =  1.18(f)  (W) 

and 

^J0.5.  (15) 
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Spatial  Coherence  and  Periodicity 

A  vortex  street  structure  in  a  fully-developed  jet 
flow  should  exhibit  specific  spatial  relationships  for 
the  instantaneous  velocity  field.  In  particular, 
counter  rotating  vortices  positioned  on  opposite  sides 
of  the  centerline  would  produce  antisymmetric  trans¬ 
verse  distributions  of  longitudinal  velocity.  Addi¬ 
tionally,  there  would  be  a  periodically  repeated 
pattern  in  the  velocity  ’eld. 

The  existence  of  the  spatial  relationships 
described  above  nay  be  tested  experimentally  through 
measurements  of  cross-correlations  between  longitudi¬ 
nal  velocity  fluctuations  at  separated  points  in  the 
flow.  These  correlation  coefficients  are  defined  as 
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for  points  A  and  B  separated  by  4X,  6y,  and  <SZ. 

The  instantaneous  asymmetry  of  the  longitudinal 
velocity  distribution  is  evidence  by  the  distributions 
of  Ru(0,6y,0)  given  in  Figure  4#  The  most  obvious 
feature  of  the  distributions  are  the  strong  negative 
correlations  between  the  velocity  fluctuations  on 
opposite  sides  of  the  centerline  and  extending  well 
into  the  intermittent  regions.  Similar  results  have 
been  reported  in  References  14,  16,  17,  and  19. 

The  correlation  measurements  which  result  from 
both  longitudinal  and  lateral  separation  of  the  velo¬ 
city  probes  are  presented  in  Figure  5  in  the  form  of 
an  isocorrela* ton  contour  map.  The  map  provides  a 
graphic  illustration  of  the  Instantaneously  antisym¬ 
metric  velocity  and  periodically  repeatable  structural 
pattern.  The  actual  distance  over  which  the  measure- 
able  flow  organization  exists  (x/D  S  20  to  45)  is 
quite  remarkable  and  strongly  supports  the  possibility 
of  a  vortex  street  eddy  pattern. 


Two-Dimensionality 


The  vortex  street  structure  of  a  fully-developed 
plane  jet  flow  should  exhibit  a  certain  degree  of  two- 
dimensionality  In  the  turbulent  velocity  field,  as 
well  as  in  the  interface  geometry.  Quantification  of 
the  degree  of  two-dimensionality  is  accomplished 
experimentally  by  comparing  characteristic  streanwise 
and  spanwise  integral  length  scales.  These  length 
scales  are  derived  from  correlations  of  velocity  and 
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The  velocity  correlation  coefficient  Is  as  given  In 
(16)  and  the  lntermittency  correlation  Is  similarly 
defined  as 
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Figure  6  Illustrates  typical  correlations  of  the 
lntermittency  function  at  x/D  •  30  and  y  “0.5. 

Similar  measurements  were  taken  for  10  x/D  60. 

The  corresponding  Integral  length  scales  and  their 
variation  with  streamwise  position  are  given  In  Figure 
7.  Once  again,  the  self-preserving  variation  of  all 
lntermittency  length  scales  Is  evident.  From  Figure 
7,  It  Is  apparent  that  the  longitudinal  and  vertical 
length  scales  are  approximately  equal,  i.e..  A*  -  Ajf  “ 
A|  and  A^/b  2  .5.  The  near  equivalency  of  Integral 
length  scales  in  the  intermittent  region  has  also  been 
noted  by  Mourn,  et  al.,  (15]. 

The  Integral  length  scales  within  the  turbulent 
jet  core  were  determined  at  x/D  -  30,  y/b  »  0.0,  0.25, 
and  0.5.  In  this  case,  the  Integrations  with  respect 
to  ox  and  6Z  were  limited  to  the  Intervals  over  which 
the  correlations  were  positive.  A  typical  result  is 
plotted  in  Figure  8.  The  average  length  scales  deter¬ 
mined  from  the  correlation  curves  AJj/b  2  .65  and  A]j/b 
3  .28,  thereby  indicating  A£/A!J  h  2,  which  is 

surprising  considering  the  measurements  In  the  inter¬ 
mittent  region.  However,  the  results  are  consistent 
with  those  reported  by  Everltt  and  Robins  [16],  i.e., 
A$/b  “  .47  and  »  b  «  .23,  which  clsu  gives  ASJ/AIJ 
2  2. 

Another  unexpected  feature  of  Figure  11  is  the 
negative  lobe  in  the  d(0,  J,6z)  •  '.•rit  lation.  Three 
possible  explanations  are  offered. 

1)  A  combination  of  streamwise  tilting  of  the 
large  vortices  and  the  str»amwisr  periodicity  of  the 
velocity  field  results  in  a  negative  R(0,0,6Z)  corre¬ 
lation. 

2)  The  vortices  undulate  periodically  along  their 
length  and  the  negative  lobe  in  the  correlation  Is  an 
indication  of  the  first  half  wavelength. 

3)  There  is  a  lack  of  coherence  of  the  vortices 
in  the  vertical  direction  so  that  the  correlation  is 
dominated  by  the  near  isotropic  smaller  scales.  Tl.e 
negative  lobe  is  then  the  result  of  continuity 
requirements. 

Based  on  the  comparison  of  integral  scales  alone, 
the  degree  of  two-dimensionality  characteristic  of  the 
large  structures  is  quite  limited.  However,  three 
points  must  be  noted.  First,  the  flow  visualization 
experiments  by  Moalleral  [22],  as  well  as  the  correla¬ 
tion  contours  of  Figure  5,  strongly  suggest  a  flow 
structure  with  significant  coherence  in  the  z- 
direction.  Secondly,  there  is  a  real  possibility  that 
the  parallel  bounding  surfaces  Intended  to  maintain 
che  two-dlraensionallty  of  the  mean  flow  may  actually 
Inhibit  the  two-dimenslonallty  of  the  flow  structure. 
Even  at  an  x/D  as  small  as  45,  the  streamwise  wave¬ 
length  of  a  vortex  street  pattern  would  approach  the 
separation  between  the  surfaces  used.  And  finally,  a 
similar  contradiction  exists  between  visualization 
results  and  inferences  from  integral  scales  concerning 


the  degree  of  structural  two-dimensionality  charac¬ 
teristic  of  the  plane  mixing  layer,  (e.g..  References 

6,  7,  and  23). 

CONCLUSIONS 

From  the  experimental  tests  of  the  validity  of  a 
vortex  street  model  for  the  large  scale  structure  of 
turbulent  plane  jets,  the  following  conclusions  are 
found: 

1)  The  global  variation  of  length,  velocity,  and 
frequency  scales  are  compatible  with  similarity 
requirements. 

2)  The  large,  vortex-like  motion  Is  periodic. 

3)  The  coherent,  vortex-llke  motion  extends 
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across  the  entire  width  of  the  flow  and  for  consider¬ 
able  up-  and  downstream  distances. 

4)  The  structural  organization  Inferred  from  the 
measurements  has  the  Instantaneously  antisymmetric 
characteristic  expected  of  a  vortex  street  structure. 

5)  Only  a  limited  degree  of  two-dimenslonallty 
may  be  Inferred  from  the  measurements. 

The  presence  of  these  large  coherent  structures, 
aligned  as  In  a  vortex  street  arrangeme' ,  suggest  the 
need  for  a  re-evaluat Ion  of  the  classical  descriptive 
models  which  exclude  any  deterministic  aspects  of  the 
Instantaneous  flow. 
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■ABSTRACT 

In  an  attempt  to  educe  the  preferred  mode  cohe¬ 
rent  structure  of  the  unexcited  axisymmetric  jet, 
criteria  for  conditional  measurements  are  examined. 

It  is  found  that  the  structures  are  best  educed  by 
triggering  on  the  positive  peaks  of  a  reference  signal 
obtained  from  the  high-speed  edge  of  the  mixing  layer. 
Positive  u-peaks  are  superior  to  negative  u-peaks  for 
trigger,  because  the  separation  between  the  trigger 
probe  and  the  structure  is  larger  in  the  latter  case. 
The  improvement  in  the  eduction  achieved  by  threshold 
levels  higher  than  twice  the  standard  deviation  of 
u  is  offset  by  increased  experiment  time.  Above  this 
level,  use  of  a  window  in  the  threshold  is  also  of 
marginal  utility.  The  signals  from  the  high-  and  the 
low-speed  sides  are  poorly  correlated.  Consequently, 
a  criterion  based  on  the  simultaneous  occurrence  of 
peaks  and  troughs  of  two  reference  signals  obtained 
fron  the  two  sides  failed  to  educe  the  structures  in 
the  axisymmetric  mixing  layer.  Tearing  and  fractional 
pairing,  augmented  by  the  axisymmetric  configuration, 
apnear  to  be  responsible  for  a  significantly  poorer 
eduction  of  the  structures  from  the  low-speed  side. 

INTRODUCTION 

Large-scale  coherent  structures  are  the  focus  of 
many  contemporary  studies  in  turbulence.  This  em¬ 
phasis  stems  from  the  expectation  that  these  struc¬ 
tures  can  serve  as  the  building  blocks  in  newer 
theories  of  shear  flow  turbulence. 

Many  of  the  large-scale  structure  studies  have 
been  carried  out  in  the  circular  jet  near  field  where 
the  structures  are  found  to  be  quasi-periodic  [t-51. 
One  of  the  techniques  frequency  employed  in  these 
studies  has  been  controlled  excitaton,  which  helps  the 
formation  of  the  sturctures  at  controlled  phases  and 
thus  permits  their  investigation  through  phase-locked 
measurements  [1,2,61.  This  technique  was  also  employ¬ 
ed  by  us  to  study  the  'preferred-mode'  structure 
evolution  as  well  as  its  dependence  on  the  Reynolds 
number  and  initial  condition.  The  'preferred-mode' 
structure  was  induced  by  controlled  excitation  at 


StQ  “  0.3  and  educed  via  phase-locked  hot-wire  mea¬ 
surements  [7] .  The  detailed  measures  of  this  struc¬ 
ture  showed  essentially  no  dependence  on  the  initial 
condition  but  a  mild  dependence  on  the  Reynolds 
number.  However,  the  question  remained  as  to  whether 
or  not  these  structures,  'enhanced'  by  the  excitation, 
truly  represented  the  ones  in  the  unexcited  mixing 
layer.  This  motivated  the  present  work  where  eduction 
of  the  large-scale  structures  in  the  natural  axisym¬ 
metric  layer  is  attempted  via  conditional  sampling. 

In  this  paper,  we  will  primarily  focus  on  the 
considerations  given  to  the  criteria  for  eduction. 

The  objective  was  to  arrive  at  a  simple  eduction 
scheme  for  educing  the  preferred-mode  structures  in 
the  axisymmetric  mixing  layer. 

EXPERIMENTAL  PROCEDURES 

The  experiments  were  carried  out  in  a  7.6  cm  cir¬ 
cular  jet;  the  nozzle  boundary  layer  was  tripped 
with  a  sand-paper  ring  located  at  4  cm  upstream  from 
the  exit  plane.  The  efflux  boundary  layer  was  fully 
turbulent  as  confirmed  by  the  profiles  of  the  longi¬ 
tudinal  mean  velocity  and  turbulence  intensity  and 
the  u-spectrum.  The  jet  exited  with  an  axisymmetric 
top-hat  mean  velocity  profile.  Most  of  the  data  pre¬ 
sented  in  this  paper  pertain  to  a  jet  Reynolds  number 
of  Rep  «  110,000  and  to  the  downstream  station  of 
x/D  «  3.  Data  were  ob.  lined  from  standard  linearized 
constant-temperature  hot-wire  (DISA)  anemometers. 

Data  acquisition  and  analysis  were  performed  by  the 
laboratory  mini-computer  (HP2100S)  together  with  a 
magnetic  tape  and  automated  probe  traversing  mecha- 
ilisms.  For  further  details  of  the  procedures,  see 
ref.  !8). 

RESULTS 

Figure  1  shows  the  variation  of  the  centerline 
longitudinal  turbulence  intensity  Uc/Ue  for  different 
Strouhal  numbers  (Stp)  of  excitation;  the  excitation 
amplitude  (Ug/Ue)  measured  at  the  center  of  the  jet 
exit  plane  was  2Z.  The  data  show  that  the  maximum 
growth  of  the  imparted  disturbance  occurs  at  Stp*0.30, 
and  the  trends  with  different  Stp  are  in  qualitative 
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agreement  with  the  data  of  Crow  and  Champagne  [1).  axlsymmetrlc  jet  [1,61.  The  following  points  should 

The  insert  in  Figure  1  shows  variations  of  the  rms  clarify  this  apparent  anomaly.  First,  the  'preferred 

amplitude  of  the  fundamental  (u{/Ue)  along  the  jet  mode'  has  been  defined  from  excitation  studies, 

centerline  for  three  StD  and  confirms  that  the  maxi-  which  mostly  used  relatively  large  (nonlinear)  ampli- 

mum  growth  of  the  fundamental  occurs  at  SCp  *  0.30.  tudes  of  excitation.  Second,  the  dominant  frequency 

This  value  of  the  Stj)  at  which  the  fundamental  re-  component  in  the  natural  jet  clearly  depends  on  the 

ceives  the  maximum  amplification  is  accordingly  axial  station  of  measurement  (e.g.,  StD  “  0.45  ob- 

called  the  'preferred  mode'  of  the  axisymmetric  jet  served  at  x/D  -  3  in  [8]  and  [111).  Thus,  the  'pre- 

[1,61.  The  Stp  value  that  produces  the  maximum  dis-  ferred  mode'  determined  from  the  artificial  excita- 

turbance  amplification  depends  on  whether  the  total  tion  corresponds  to  the  'terminal  Strouhal  number* 

or  the  fundamental  of  the  fluctuation  is  considered.  in  the  natural  jet;  this  is  the  structure  with  the 

For  example,  excitation  inducing  stable  pairing  (at  Stp  receiving  maximum  amplification  at  the  end  of 

StD  =  0.85)  can  produce  total  fluctuation  levels  con-  the  potential  core.  In  other  words,  the  'preferred 

siderably  higher  than  that  at  Stp  *  0.3.  Thus,  even  mode'  corresponds  to  the  dominant  structure  in  the 

though  Crow  6  Champagne  defined  the  'preferred  mode'  natural  jet  before  its  breakdown  near  the  end  of  the 

on  the  basis  of  the  total  fluctuation  intensity  mea-  potential  core,  beyond  which  the  velocity  signal 

sured  on  the  jet  centerline,  Stp  “  0.3  is  still  the  ceases  to  indicate  any  quasi-periodicity.  Third, 

preferred  mode  when  it  is  redefined  on  the  basis  of  a  slight  Rep  dependence  of  the  preferred  mode  Stp 

the  fundamental  amplitude  [6] .  has  been  observed  even  in  excitation  studies.  Es- 

The  spectral  evolution  on  the  centerline  of  the  pecially  at  lower  ReD  and  in  jets  with  initially 

unexcited  jet  is  shown  in  Fig.  2  for  0  <  x/D  <  8.  laminar  boundary  layers,  the  preferred  mode  Stp 

The  quasi-periodic  passage  of  the  large-scale  struc-  increases  with  decreasing  Rep.  This  should  account 

tures  is  'felt'  on  the  jet  axis  downstream  of  for  at  least  some  of  the  higher  values  of  the  pre- 

x/D  -  1.5.  The  quasi-periodicity  in  the  structure  ferred  mode  found  in  the  literature  12,7,12). 

passage,  as  evident  from  a  clear  but  broadband  peak  There  is,  of  course,  a  difference  between  the 

in  the  u-spectra,  is  lost  beyond  x/D  *  8.  The  fre-  natural  jet  and  the  jet  under  artificial  excitation, 

quency  of  the  spectral  peak  shows  a  gradual  decrease  While  artificial  excitation  induces  one  single 

from  about  Stp  ■  0.55  at  x/D  =  1.5  to  about  0.30  at  large-scale  structure  (corresponding  to  the  frequency 

x/D  =  5.  Similar  data  at  a  few  other  Rep  over  the  of  excitation),  an  assortment  of  structures  randomly 

range  5  x  104  to  106,  all  having  Initially  turbulent  occur  in  the  natural  jet.  The  attractiveness  of  the 

efflux  boundary  layers  and  top-hat  mean  velocity  pro-  excitation  in  large-scale  structures  studies  is  the 

files,  showed  essentially  similar  variations  as  in  precipitation  of  a  single  structure  at  controlled 

Fig.  2.  The  mechanism  for  the  'roll-up'  of  an  ini-  phases  and  elimination  of  the  other  structures, 

tially  fully  turbulent  shear  layer  remains  to  be  ex-  which  permits  application  of  relatively  simpler 

plained.  Since  the  peak  in  the  spectrum  on  the  cen-  techniques  like  phase-averaging  to  derive  the  details 

terline  occurs  at  the  same  Stp  (-  0.55)  at  all  Rep,  of  the  structure.  If  the  'enhanced'  structure  under 

this  roll-up  should  not  be  viewed  as  an  instability  excitation  represented  the  corresponding  structure 

of  the  initially  turbulent  shear  layer,  but  rather  in  the  natural  jet,  then  structure  properties 

the  formation  of  the  'jet  column  mode'  structures  corresponding  to  different  frequencies  could  be  ob- 

inherent  to  the  axisymmetric  configuration.  tained  via  controlled  excitation,  and  then  a  suitable 

The  frequency  of  the  spectral  peak  gradually  de-  distribution  of  these  structures  could  be  used  as  a 

creases  with  increasing  downstream  distances.  Such  model  for  the  flow. 

frequency  decreases  were  also  observed  by  others  in  However,  it  is  possible  that  there  may  remain 

circular  jets  [2,9],  as  well  as  in  a  plane  mixing  some  differences  between  the  artificially  induced 

layer  [10]  .  In  turbulent  plane  mixing  layers  and  in  structure  and  the  corresponding  structure  in  the 

the  initial  region  of  axisymmetric  jets  with  laminar  natural  jet.  Especially,  if  a  high  level  of  exci- 

boundary  layers,  the  role  of  vortex  pairing  in  pro-  tation  1b  used  to  induce  the  structure  of  interest, 

ducing  a  gradual  decrease  in  the  frequency  has  been  it  may  produce  noticeable  differences.  These  moti- 

clearly  demonstrated.  However,  in  the  present  case  vated  the  present  study  where  we  attempt  to  educe 

of  an  initially  turbulent  axisymmetric  mixing  layer,  the  naturally-occurring  structures  via  conditionally 

since  the  shift  in  the  spt  “.ral  peak  frequency  from  sampled  measurements.  These  measurements  are 

x/D  -  2  to  5  is  not  even  by  a  factor  of  two  and  the  carried  out  in  the  jet  with  fully  turbulent  initial 

shift  is  gradual  and  not  in  any  discernible  step  boundary  layer  at  Rep  -  110,000.  The  axial  station 

(Fig.  2),  whether  vortex  pairing  is  the  mechanism  chosen  for  the  measurements  is  x/D  »  3  where  the 

for  the  apparent  frequency  decrease  remains  to  be  spectral  footprint  is  relatively  the  most  clear 

established.  An  alternative  mechanism  is  more  like-  (see  Fig.  2). 

ly.  Noting  that  the  quasi-periodicity  under  consid-  The  measurement  technique  is  schematically  shown 

eration  scales  on  the  jet  diameter  and  the  initial  in  Fig.  3.  Four  'simultaneous'  velocity  signals 

roll-up  occurs  at  Stp  ■  0.55,  let  us  assume  that  fre-  from  a  reference  probe  on  the  high-speed  side 

quencles  in  the  range  0.1  <  Stp  <  1.0  are  all  ampli-  (y/D  -  0.25;  U/Ue’0.99),  a  reference  probe  on  the 

fied  by  the  jet  column.  Different  frequency  com-  low-speed  side  (y/D  «  0.85;  U/Ue  *  0.10),  and  u  and 

ponents  (and  corresponding  large-scale  structures)  v  signals  from  a  measurement  X-wire  probe,  are 

occur  in  the  flow  at  different  instants.  A  lower  recorded  by  the  computer  onto  the  digital  magnetic 

frequency  component  receives  maximum  amplification  tape.  The  reference  signals  from  the  high-  and 

at  a  larger  axial  location  [1,61.  Thus,  in  a  low-speed  sides  will  be  denoted  by  uri  and  ur2,  re- 

tlme-average  measure  like  the  u-spectrum,  the  dominant  spectively.  Keeping  the  two  reference  probes  fixed, 

frequency  must  decrease  with  increasing  x  and  the  the  measuremeit  probe  was  traversed  at  15  y-statlons 

peak  in  the  spectrum  at  a  given  x  is  determined  by  under  remote  computer  control,  and  similar  velocity 

the  disturbance  that  receives  maximum  amplification  traces  were  recorded  at  all  stations.  These  data 

at  that  x.  were  later  analyzed  for  eduction  of  the  structures. 

The  observed  initial  'roll-up'  at  Stp  *  0.55  may  The  peaks  of  url  were  first  used  as  triggers  for 

appear  to  be  in  conflict  with  previous  results  which  accepting  sample  functions  of  u(t)  and  9(t).  Each 

showed  that  Stp  *  0.3  was  the  'preferred  mode'  of  the  accepted  record  of  0(t)  and  9(t)  consisted  of  64 


data  points  with  31  points  preceding  and  32  points 
following  the  trigger.  Ensemble  averages  <u>  and 
<v>  obtained  from  the  accepted  realizations  were 
further  processed  to  obtain  the  coherent  azimuthal 
vorticity  fl2  t»(l/(0.5Ue))3<v>/3t  -  3<v>/3x)  distri¬ 
bution  in  a  (t,y)  plane;  t  denotes  time  with  respect 
to  the  trigger.  The  f!z  data  are  nondimenslonallzed 
by  the  frequency  fB  such  that  fnD/Ue  “  0.45.  The 
time  axis  is  nondimenslonallzed  by  the  corresponding 
period  Tm  (*l/fm)-  Note  that  in  the  computation  of 
s!z,  Taylor  hypothesis  has  been  invoked  using  a  con¬ 
vection  velocity  of  0.5Ue  [131.  Because  of  the  close 
resemblance  of  tlz  contours  with  the  streaklines  and 
the  sensitivity  of  these  contours  to  the  detection 
criteria,  we  have  used  0Z  contours  as  the  primary 
measure  of  the  educed  structure  as  well  as  the  bases 
for  evaluation  of  Che  conditional  sampling  technique. 

0Z  distribution  obtained  by  using  the  urt-peaks 
discriminated  by  the  threshold  level  of  2<J  (i.e., 
url  >  2o  criterion)  is  shown  in  Fig.  4;  (a  denotes 
the  standard  deviation).  The  corresponding  distri¬ 
bution  obtained  by  triggering  on  the  negative  peaks 
in  url  below  a  threshold  level  of  -2o  is  shown  in 
Fig.  5.  The  relative  locations  of  the  triggering 
points  are  shown  by  the  +  signs.  The  longitudinal 
spacing  of  the  structures  and  their  transverse  extents 
in  Fig.  5  agree  quite  well  with  the  streamline 
pattern  obtained  by  Yule  [4)  who  used  a  similar  nega¬ 
tive  peak  criterion  in  a  5.08  cm  diameter  jet  at 
Reo  •  43000.  However,  the  positive  peak  criterion 
clearly  results  in  eduction  of  the  structure  having  a 
higher  peak  vorticity  and  consequently,  larger  number 
of  closed  contours  (Fig.  4).  Since  a  larger  core 
cross-section  and  a  higher  peak  vorticity  represent 
better  approximation  of  the  most  energetic  structure, 
the  url  >  2 o  criterion  is  clearly  superior  to  the 
ur[  <  -2o  criterion. 

Lesser  smearing  occurs  with  the  positive  peak 
criterion  because  the  educed  structure  center  at  the 
instant  of  trigger  is  physically  located  at  the  same 
x  as  the  reference  probe.  On  the  other  hand,  when 
triggering  on  the  negative  peak  of  url.  the  reference 
probe  is  located  half-way  between  two  structures. 

Thus,  in  Che  latter  case,  the  structure  is  educed 
when  centered  away  from  the  trigger.  The  farther 
away  are  the  measurements  from  the  trigger,  the  more 
is  the  phase  jitter,  resulting  in  smeared  out  educed 
structures.  In  spatial  measurements,  this  effect 
would  be  equivalent  to  ir.  Teasing  loss  of  phase  re¬ 
ference  with  increasing  separation  between  the  refer¬ 
ence  probe  and  the  measurement  probe.  This  is  why  the 
positive  peak  criterion  produces  less  smearing. 

In  using  an  amplitude-dependent  trigger  crite¬ 
rion,  one  must  consider  the  selection  of  the  optimum 
threshold  level.  If  the  threshold  is  too  high,  most 
of  the  peaks  (or  troughs)  and  thus  most  of  the  struc¬ 
tures  will  be  rejected.  Thus,  for  a  given  data 
volume,  threshold  levels  above  a  certain  value  will 
result  in  the  acceptance  of  too  few  realizations  and 
thus  produce  a  lot  of  scatter  in  the  ensemble  aver¬ 
ages.  In  order  to  obtain  convergent  ensemble  aver¬ 
ages,  a  prohibitively  large  experiment  time  may  be 
required  at  higher  threshold  levels.  On  the  other 
hand,  if  the  threshold  is  too  low,  the  acceptance  of 
dissimilar  structures  of  different  scales  and 
strengths  will  result  in  unacceptable  amounts  of 
smearing.  Furthermore,  different  levels  of  the  peaks 
in  uri  suggest  that  either  structurts  of  different 
strengths  move  past  the  probe,  or  the  structures 
might  be  of  the  same  strength  but  are  at  different 
transverse  locations  as  they  move  past  the  probe. 

For  either  reason,  only  structures  corresponding  to 


reference  signal  peaks  falling  in  a  narrow  window 
level  should  be  ensemble  averaged. 

Figure  6  shows  ftz  contours  obtained  by  using  dif¬ 
ferent  threshold  levels  (A  )  discriminating  the 
url-peaks.  Values  of  A  in  Figures  6(a)-(f)  are  0.5, 
1,  1.5,  2,  2.5,  and  3,  respectively.  The  window 
criterion  has  been  used  for  Figs.  6(a)— (d)  such 
that  the  url-peaks  were  above  Ao  but  below  1.2Ac. 

For  the  levels  2.5o  and  3o  in  Figs.  6(e)  and  (f), 
use  of  the  window  criterion  does  not  produce  any 
noticeable  difference  from  the  contours  shown  which 
are  obtained  by  the  simple  url  >  Ao  criterion. 

There  is  a  significant  smearing  at  the  lower 
threshold  levels.  Thus,  the  structures  which  cause 
the  larger  peaks  in  uri  are  clearly  educed  only  when 
peaks  above  a  certain  level  (say  url  >1.5o)  are  used 
for  trigger.  Comparison  of  the  peak  vorticity  shows 
that  the  smearing  effect  is  less  at  higher  threshold 
levels,  as  to  be  expected.  Thus,  the  area  enclosed 
by  the  f2z/fm  «  7  contour  increases  as  the  threshold 
level  is  increased.  A  higher  threshold  level,  there¬ 
fore,  yields  better  eduction.  However,  improvements 
at  threshold  levels  above  uri  *  2a  do  not  appear 
significant.  Furthermore,  to  obtain  smooth  contours 
with  large  threshold  levels  one  requires  excessively 
large  experiment  times.  For  a  threshold  level  of  2o 
or  higher,  the  window  criterion  also  produces  mar¬ 
ginal  improvements  (for  example,  compare  Figs.  6(a) 
and  4),  and  thus  is  not  warranted,  considering  the 
additional  computation  time.  As  a  compromise,  we 
conclude  that  the  url  >  2o  threshold  criterion  yields 
the  optimum  result. 

While  the  structure  educed  with  the  reference 
probe  at  y/D  *  0.25  was  shown  in  Fig.  4,  those  educed 
with  the  reference  probe  at  y/D  =>  0.1  and  0.33  are 
shown  in  Fig.  7(a)  and  (b) ,  respectively;  the  thres¬ 
hold  criterion  of  url  >  2o  is  used  in  all  three 
cases.  Note  that,  although  the  structure  center 
occurs  closest  to  the  trigger  location  in  Fig.  7(b), 
the  peak  vorticity  level  is  less  than  that  in  Fig.  4. 
This  is  because  the  reference  probe  is  inside  the 
shear  layer  (U/Ue  =  0.95)  in  the  former  case,  and 
turbulent  fluctuation  in  the  refemece  signal  intro¬ 
duces  some  randomness  in  trigger  and  thus  smear  the 
educed  structures.  On  the  other  hand,  for  y/D  =  0.1, 
the  structure  center  is  farther  away  from  the  trigger 
location  in  y  and  as  a  result  the  educed  contours 
are  also  smeared  out.  Thus,  while  the  reference 
probe  needs  to  be  as  close  to  the  structure  as 
possible  so  that  a  sharp  footprint  Is  sensed,  it  can¬ 
not  be  within  the  structure  itself  since  small-scale 
fluctuations  will  introduce  smearing  in  the  eduction. 

Efforts  to  educe  the  large-scale  structure  using 
the  low-speed  side  signal  ur2  as  trigger  failed. 

On  the  low-speed  side,' the  potential  footprint 
being  extremely  weak  due  to  the  axisvmmetric  config¬ 
uration,  the  ur2  signal  Is  dominated  by  random  tur¬ 
bulence;  this  would  suggest  unavoidable  smearing 
associated  with  triggering  from  the  low-speed  side  of 
the  axisymmetric  mixing  layer.  The  large  peaks  and 
troughs  in  hrl  and  ur2  were  found  not  to  bear  any 
discernible  phase  relationship.  This  was  observed 
visually  from  a  large  number  of  simultaneous  traces 
of  url  and  Dr2  as  well  as  by  a  joint  probability 
computation  of  the  occurrence  of  a  uz2  peak  relative 
to  a  uri~peak.  The  lack  of  correlation  between  url 
and  ur2  is  clearly  demonstrated  in  Fig.  8.  The 
(time-average)  correlation  co-efficient  of  the  two 
signals  is  shown  for  -24  <  r  <  24  ms.  The  magnitude 
of  the  co-efficient  is  everywhere  below  0.05.  The 
small  oscillation  in  the  middle  are  within  measure¬ 
ment  uncertainty  and  are  not  repeatable. 
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These  data  thus  indicate  that,  unlike  in  the 
plane  shear  layer  at  a  low  Reynolds  number  studied  by 
Browand  and  Wiedman  [14]  ,  any  conditional  sampling 
measurement  based  on  a  joint  criterion  on  uTi  and  ur2 
in  the  axisymmetric  mixing  layer  will  not  succeed. 
Note  that  Browand  and  Uiedman  not  only  found  definite 
phase  relationship  between  the  peaks  in  the  high-  and 
low-speed  side  signals  but  even  used  the  phase  rela¬ 
tionship  to  educe  different  stages  of  the  structure 
evolution.  The  present  data  clearly  indicate  that 
the  dominant  structures  in  the  axisymmetric  jets, 
which  scale  on  the  jet  diameter  and  are  independent 
of  the  initial  shear  layer  state,  are  very  much 
characteristic  of  the  high-speed  or  the  potential 
core  side  only.  Presumably,  because  of  the  axisym- 
metric  configuration,  the  structure  signatures  are 
dilated  on  the  low-speed  side  and  thus  are  not  de¬ 
tectable. 

CONCLUSIONS 
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It  is  shown  that  the  quasi-periodic  large-scale 
structures  in  the  near-field  of  a  high  Reynolds 
number  axisymmetric  jet  with  fully  turbulent  initial 
condition  can  be  educed  successfully  using  a  simple 
criterion  of  triggering  on  the  extrema  of  a  single 
wire  reference  signal.  Best  eduction  is  achieved 
when  the  reference  probe  is  placed  on  the  high-speed 
edge  of  the  mixing  layer  (where  U/Ue  =  0.99).  Educ¬ 

tion  on  the  positive  peaks  of  Qrl  is  clearly  more 
successful  than  when  triggered  on  the  negative  peaks. 
Between  the  two,  the  structure  center  occurs 
closest  to  the  positive  peaks  but  is  time-shifted 
relative  to  the  negative  peaks,  and  thus  are  smeared 
when  the  latter  is  used  for  trigger.  Smearing  is 
larger  with  increasing  separation  between  the  trigger 
location  and  the  structure  center  awing  to  the  in¬ 
creasing  loss  of  phase  reference  (or  jitter).  Pro¬ 
gressively  higher  thresholds  produce  sharper  contours 
of  the  structure  properties,  and  hence  less  smearing, 
but  threshold  levels  higher  than  twice  the  standard 
deviation  of  the  signal  are  not  worthwhile  because 
the  improvement  is  marginal  at  the  cos'"  of  prohibi¬ 
tively  increased  experiment  time.  There  is  no 
significant  correlation  between  the  high-  and 
low-speed  side  reference  signals  Qrl  and  Qr2-  Thus, 
ust  if  a  joint  criterion  based  on  Qrl  and  QT2,  or  use 
o'  ur2  alone,  are  not  effective  in  educing  the 
la-ge-scale  structures.  This  is  due  to  a  significant¬ 
ly  weaker  organization  of  the  structures  on  the  low- 
speed  side  believed  to  be  due  to  processes  like  tear¬ 
ing  and  fractional  pairing  [15]  augmented  by  the 
axisymmetric  configuration. 
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Fig.  1  Variation  of  u£  with  x  for  different 

Stp  in  the  7.62  cm  (tripped)  jet.  For 
Stp  »  0.25,  Ren  •  5.0  x  104;  for 
Stp  ”  0.85,  Rep  •  3.2  x  104 :  for  all 
other  StD's,  Rep  *  4.2  x  104 .  Insert 
shows  variation  of  uf(x)  for  three 
Sto  cases. 
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ABSTRACT 

Wake  flows  are  divided  into  two  categories; 
those  of  class  1  are  produced  by  bluff  bodies  and  in 
these  the  large  scale  motions  in  the  wide  near  wake 
are  the  result  of  interaction  of  the  separated 
boundary  layers;  class  2  wakes  are  without  large 
scale  motions  in  the  near  wake  as  in  the  wake  of  a 
slender  streamlined  body  with  turbulent  boundary 
layers . 

Principally  by  flow  visualisation  results  the 
transition  to  turbulence  in  a  two-dimensional  class  1 
flow  is  discussed  as  also  is  the  development  of  the 
wake  far  downstream.  A  parallel  is  drawn  between 
the  developments  of  oscillating  laminar  and 
turbulent  wakes. 

Wakes  of  class  2  are  discussed  and  the  conclu¬ 
sion  reached  that  the  necessary  experiments,  as  far 
as  large  scale  motions  are  concerned,  have  yet  to  be 
performed. 

In  two-dimensional  class  1  wakes  the  persistence 
of  large  scale  motions  is  demonstrated.  It  is  con¬ 
cluded  chat  it  is  not  yet  proved  whether  large  scale 
motions  are  spontaneously  produced  far  downstream  in 
wakes  of  class  2. 

INTRODUCTION 

Townsend  (1)  recognised  that  the  large  eddies  in 
turbulent  shear  flow  were  responsible  for  the  lateral 
spreading  of  Che  turbulence.  At  that  time  it  was  not 
suspected  that  the  large  eddies  may  possess  an 
ordered  motion.  The  methods  of  investigation  were  by 
hot  wire  probes  and  statistical  methods.  In  that 
measurement  environment  low  frequency  motions  which 
are  developing  at  a  slow  rate  and  which  contain  only 
one  fifth  of  the  energy  of  the  fluctuations  are 
easily  smoothed  out  or  lost  altogether.  This 
Townsend  (2)  recognises  in  his  1979  paper.  Turbulent 
self-preservation  was  found  by  Reynolds  (3)  and 
Keffer  (4)  to  be  destroyed  by  straining  the  wakes  of 
circular  cylinders,  because,  they  said,  though  the 
turbulent  energy  containing  eddies  responded  to  the 
applied  strains  and  reached  equilibrium  relatively 
quickly,  the  large  scale  motions  acted  independently 
of  the  small  scale  motions  and  did  not  so  respond. 

It  has  long  been  recognised  that  to  understand 
turbulent  shear  flows  visualisation  of  the  flow  is 
required  in  order  to  discover  what  has  to  be  measured. 
As  with  other  types  of  investigation  time  was  needed 
to  see  how  to  use  the  technique  most  advantageously 
and  there  have  been  retrogressions  as  well  as 
advances.  The  succession  may  be  traced  from  1958  to 
1981  through  the  works  of  Grant  (5),  Kline  and 
Rundstadler  (6),  Keffer  (4),  Brown  and  Roshko  (7), 


Wynant  and  Browand  (8),  Dimotakis  and  Brown  (9),  Yule 
(10),  Hussain  and  Zaman  (11)  and  Hussain  and  Clark 
(12).  Through  this  work  order  was  gradually 
discovered  amongst  the  chaos  of  the  turbulent  shear 
flow.  The  resultant  situation  is  that  there  are 
doubts  about  the  possibility  of  self  preservation  in 
turbulent  shear  flow.  The  intrinsic  nature  of 
turbulent  large  scale  motions  is  in  doubt,  that  is, 
do  they  appear  as  a  natural  consequence  of  the  inter¬ 
actions  of  turbulence  of  smaller  scale  with  each 
other  and  with  the  mean  shear  or  are  they  the 
remnants  of  the  transition  process?  This  leads  to 
the  question  of  when  large  eddies  are  expected  to  be 
present  and  when  not.  In  the  last  ten  years  there 
have  been  many  investigations  addressed  to  this 
problem.  Measurements  have  ranged  over  various  flow 
"types",  two-and  three-dimensional  jets,  wakes  and 
mixing  layers.  In  terms  of  self  preservation  the 
flow  type  determines  the  range  of  turbulence  Reynolds 
number,  Ry,  but  it  became  apparent  that  self  preserv¬ 
ing  shear  flows  are  not  so  simple  that  a  broad  class¬ 
ification  in  terms  of  only  Ry  is  possible.  Bevila>.ua 
and  Lykoudis  (13)  suggest  a  hierarchy  of  self  preser¬ 
vation  starting  from  self  preserving  mean  flow 
profiles  and  eventually  including  higher  and  higher 
order  moments  until  asymptotically  one  attains 
equilibrium  fully  developed  flow  with  all  moments 
self  preserving.  Knowing,  a  priori,  which  order  of 
self  preservation  a  particular  flow  will  possess 
cannot  yet  be  determined.  It  is  clear  that  there  are 
fundamental  differences  between  the  various  flow  types 
and  turbulent  shear  flows  is  a  class  which  has  sub¬ 
divisions.  Axisymmetric  flows  are  more  complex  than 
two-dimensional  ones.  This  is  so  even  at  low  Reynolds 
numbers.  There  has  been  controversy  regarding  helical 
and  loop  vortices  in  sphere  wakes.  There  are  two 
classes  of  turbulent  wake  flows,  (i)  those  in  which 
turbulence  is  principally  produced  by  mixing  down¬ 
stream  of  the  body  and  (ii)  those  in  which  the  turbu¬ 
lence  results  principally  from  boundary  shear  and  the 
quasi-regular  vortex  shedding  is  absent. 

We  will  concentrate  on  flows  of  class  (i).  In 
particular  we  will  consider  turbulent  wakes  far  down¬ 
stream  and  their  large  scale  motions.  Bevilaqua  and 
Lykoudis  have  investigated  the  wakes  of  a  sphere  and 
a  porous  disc  of  the  same  drag.  They  find  that  it  is 
some  distance  (20  diameters)  behind  the  disc  before 
large  scale  motions  appeared  and  these  had  smaller 
transverse  spacing  than  the  ones  behind  the  sphere. 
They  attributed  the  large  scales  in  the  disc  wake  to 
an  active  instability  of  the  shear  layer.  One 
wonders  whether  this  could  be  the  same  as  Townsend's 
suggested  mechanism.  This  work  is  the  closest 
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approach  to  a  definitive  experiment  to  determine 
whether  Large  scale  motions  are  spontaneously 
produced  by  straining  fully  turbulent  flows.  That 
there  are  doubts  about  the  interpretation  of  their 
results  we  will  see  later. 

Hussain  and  Clark  (12)  describe  the  types  of 
interaction  of  large  scale  structures  in  turbulent 
wakes.  These  include  pairing,  partial  and  fractional 
pairing,  slippage,  tearing  and  breakdown  or  decay. 

Ue  will  find  these  descriptions  useful  later. 

What  1  intend  to  do  now  is  to  draw  comparisons 
and  recognise  similarities  between  low  Reynolds 
number  laminar  oscillating  wake  flows  and  their 
higher  Reynolds  number  turbulent  counterparts.  The 
development  will  be  more  clear  if  I  admit  that  my 
feeling  is  Chat  we  can  make  more  than  a  little 
progress  by  viewing  the  smaller  scale  turbulent  part 
of  wakes  with  large  scale  motions  as  purely  random 
and  having  the  effect  of  an  eddy  viscosity. 

We  will  concentrate  on  the  two-dimensional  wake 
of  a  bluff  body  and  describe  the  several  transitions 
to  the  various  scales  of  turbulence  which  occupy  the 
whole  Reynolds  number  range  from  about  40  to  greater 
than  105.  The  circular  cylinder  wake  is  the  most 
fully  investigated  flow  with  large  scale  oscillatory 
motions.  We  will  also  describe  what  happens  far 
downstream  in  laminar  and  turbulent  wakes.  Event¬ 
ually  there  will  be  suggestions  for  further  work. 

THE  PRODUCTION  OF  TURBULENCE  IN  WAKES  OF  THE  FIRST 
CLASS 

The  mechanics  of  the  transition  to  turbulence 
and  the  resulting  length  scales  produced  depend 
upon  the  diameter  based  Reynolds  number.  Re,  of  the 
flow  past  the  body.  Transition  will  be  described 
and  discussed  for  the  ranges  of  Reynolds  number 
which  are  listed  below.  This  will  be  illustrated 
with  flow  visualisation  photographs  mostly  taken 
from  Gerrard  (14)  and  with  some  hot-wire  oscillograms. 

Re  <  180 

In  this  range  there  is  only  one  mechanism  for 
Che  production  of  turbulence.  The  mechanism  persists 
at  higher  Re  but  it  is  more  clearly  in  evidence  at 
low  Re.  Rarely  are  the  vortices  shed  from  a  cylind¬ 
rical  bluff  body  straight  and  parallel  to  the  body 
axis.  End  effects,  which  can  be  minimised  only  in 
certain  circumstances,  produce  screamwise  vorticity 
at  the  ends  and  along  the  span  of  the  wake.  Spatial 
nonuniformity  of  the  flow  or  of  the  body  inter¬ 
mittently  produces  what  we  have  called  "knots"  which 
are  localised  regions  of  streamwise  vorticity. 


Figure  1  Knots  produced  by  spatial  nonuniformity. 


Departure  from  linear  vortex  lines  produces  a 
velocity  field  which  is  self-contorting.  The  vortex 
lines  become  mixed  up  and  tu.bulence  of  a  scale  which 
is  large  compared  with  th~  initial  vortex  spacing  is 
produced.  A  sketch  illes* • ating  the  knot  is  shown  in 
figure  1.  "Tow  visua' ; sation  is  produced  by  dye 
warhed  off  the  re'r  of  the  body.  This  dye  mostly 
accumulates  n'ar  the  v&.  ev  centres. 

140  <  Re  y  500 

In  this  range  turbulent  fl  -l  is  produced  by  two 
additional  mechanisms.  An  instHDility  in  the  process 
of  vortex  .ormation  is  triggered  >y  uisturbances  in 
the  free  stream  or  by  feedback  from  the  wake  irregu¬ 
larities.  This  results  in  periods  of  irregularity  in 
the  rolling  up  process  which  lead  to  the  intermittent 
occurrence  of  streamwise  vorticity  at  all  points 
along  the  span.  Flow  visualisation  leads  us  to 
describe  "fingers"  of  visualised  vorticity  pointing 
back  towards  the  cylinder  from  the  near  wake  vortex 
formation  region.  These  lead  to  turbulence  of  a 
scale  commensurate  with  the  vortex  spacing.  This 
production  of  irregularity  in  the  wake  is  special  to 
this  Re  range. 


At  the  upper  end  of  this  Re  range  turbulence  of 
smaller  scale  is  produced  by  mixing  of  the  fluid  from 
outside  the  wake  into  the  vortex  street.  This  mixing 
of  outside  fluid  into  the  wake  takes  place  at  all 
Reynolds  numbers  but  results  in  transition  only  at  Re 
within  this  range  and  above.  The  induction  of  out¬ 
side  fluid  in  a  transverse  flow  is  attended  by  a 
reduction  of  the  vortex  spacing  ratio  and  the  transi¬ 
tion  to  turbulence  within  the  vortices.  Flow  visual¬ 
isation  shows  that  this  approaches  the  cylinder  as  Re 
increases  and  occurs  close  behind  the  body  at 
Re  >  350.  The  turbulent  scale  is  less  than  the 
vortex  sizes.  The  mechanism  of  the  production  of 
turbulence  from  mixing  of  fluid  from  the  two  sides  of 
the  wake  has  not  been  fully  explained.  Figures  2  and 
3  show  the  filament  lines  which  indicate  the  mixing. 
At  these  low  Re  the  vorticity  will  have  diffused 
over  larger  areas  than  occupied  by  the  filament  lines 
so  that  fluid  of  oppositely  signed  vorticity  comes 
into  close  proximity  in  the  mixing  process  as 
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indicated  in  figure  3.  This  represents  a  seed  of 
instability  which  at  high  enough  Re  results  in 
turbulence  production. 


Figure  3.  Filament  lines  and  entrainment  paths 
for  a  vortex  in  the  wake. 

Re  >  330 

The  smallest  turbulent  scales  are  produced  in 
the  transition  to  turbulence  which  takes  place  in  the 
free  shear  layers  before  they  roll  up  into  vortices. 
The  precursors  of  this  transition  are  the  transition 
waves  observed  by  Bloor  (15)  .  Flow  visualisation 
shows  that  the  mechanism  of  turbulence  production  in 
the  transition  wave  vortices  is  similar  to  chat  at 
lower  Re  in  the  main  vortices  in  the  wake. 

The  transition  waves  at  Re  of  1000  to  2000  are 
seen  to  interfere  with  the  vortex  shedding.  In  this 
range  the  region  of  vortex  formation  is  long.  It  is 
sometimes  followed  by  a  turbulent  oscillating  wake 
and  sometimes  by  a  turbulent  wake  which  does  not 
execute  large  oscillations  until  further  downstream. 
The  transition  in  this  near  wake  region  is  from  a 
diffuse  in-line  arrangement  of  vortices  to  the 
staggered  arrangement  of  discrete  vortices.  The 
results  of  Bevilaqua  and  Lykoudis  (13)  on  the  wakes 
of  a  sphere  and  a  porous  disc  show  a  similar 
transition  in  the  appearance  of  the  envelope  of  the 
wake.  It  would  be  interesting  to  repeat  their 
experiment  in  two  dimensions.  In  this  case  flow 
visualisation  is  easier  Co  interpret.  The  work  of 
3rown  and  Roshko  (7)  shows  chat  the  two-dimensional 
turbulent  mixing  layer  is  unstable  in  the  same  sort 
of  way  as  a  laminar  mixing  layer.  If  the  axisy- 
mmetric  turbulent  wake  is  similarly  unstable  this 
could  account  for  Che  appearance  of  the  wake  boundary 
with  its  delayed  waviness  in  Che  work  of  Bevilaqua 
and  Lykoudis  (13). 

The  wake  of  a  circular  cylinder  is  steady  at  Re 
less  chan  about  40.  Complete  transition  to 
turbulence  does  not  occur  until  the  transcritical 
range  of  Re  at  about  3  106  where  the  boundary  layers 
are  turbulent  before  separation  (a  class  (ii)  wake 
flow).  This  whole  range  of  Re  may  be  regarded  as  a 
range  of  transition  to  turbulence.  Even  the 
turbulent  wake,  at  higher  Re  still,  begins  to  be 
organised  again  and  vortex  shedding  reappears. 

There  remains  a  further  cause  of  irregularity 
which  can  produce  large  scales  at  all  Re  and  this 
serves  as  an  introduction  to  Che  next  section.  The 
irregularities  are  associated  with  the  imprecise 
nature  of  the  frequency  determining  mechanism  of  the 


vortex  shedding.  Vortex  shedding  is  due  to  the 
interaction  between  the  separated  shear  layers  and 
depends  on  their  precise  position  and  strength:  it  is 
thus  sensitive  to  small  disturbances.  The  strength 
and  position  of  the  shed  vortices  varies  from  cycle 
to  cycle  and  with  position  along  the  span. 

DOWNSTREAM  DEVELOPMENT  INTO  THE  FAR  WAKE 

Most  experiments  on  turbulent  wakes  far  down¬ 
stream  of  the  body  have  been  performed  on  wakes  of 
the  first  class  which  have  become  turbulent  by  the 
processes  described  above.  We  will  consider  the 
downstream  development  of  large  eddies  at  both  low 
and  intermediate  Reynolds  numbers  and  show  that  the 
development  is  essentially  the  same  at  different  Re. 
The  work  involves  flow  visualisation  in  a  towing  tank 
and  follows  the  observations  first  made  by  Taneda  (16) 
The  towing  tank  is  an  appropriate  facility  in  which 
to  study  wakes  far  downstream  because  the  wake  n^ves 
slowly  (at  ca.  152  of  the  body  speed)  and  so  remains 
observable  in  the  tank  long  after  the  body  has  made 
its  traverse.  In  fact  one  may  observe  the  wake  until 
it  comes  to  rest  provided  the  background  motions  are 
minimised.  The  wake  is  constrained  by  the  walls  of 
the  tank  and  lateral  growth  continues  until  inhibited 
by  the  side  walls.  Observations  of  the  wake  made 
visible  by  dye  washed  off  the  towed  body  will  be 
presented  at  Re  at  which  the  wake  is  essentially 
laminar,  but  oscillating,  and  at  which  the  near  wake 
appears  turbulent.  Our  first  observations  were 
reported  in  an  M.Sc.  thesis  by  E.  Anagnostopoulos  in 
1975  . 

The  vortex  street  can  be  seen  to  grow  in  scale 
by  processes  in  which  the  mechanisms  described  by 
Hussain  and  Clark  (12)  can  be  recognised.  In  chis 
way  the  vortices  are  rejuvenated.  As  the  vortex 
increases  in  age  its  vorticity  becomes  more  spread  by 
viscous  or  turbulent  diffusion.  Wb  .  .,-ie  vorticity 
fields  of  adjacent  vortices  overlap  interaction 
ensues.  When  pairing  takes  place  the  combined  vortex 
seems  to  occupy  no  greater  area  than  the  individuals 
which  combined.  The  resultant  vortex  is  thus 
effectively  younger.  It  will  be  shown  that  these 
large  scale  motions  outlive  the  smaller  scale 
turbulence  so  that  the  final  state  of  the  wake  appears 
similar . 

If  the  laminar  large  scale  motion  is  represented 
by  an  Oseen  vortex  of  strength  K  with  velocity 
distribution  (1  -  exp(-  r2 /4vt ) )K/2*r  one  finds  that 
722  of  the  vorticity  is  contained  within  the  radius 
of  the  maximum  velocity  which  is  equal  to 
2.2418  (vt)-*  where  t  is  the  vortex  age.  Significant 
interaction  will  take  place  at  25  wavelengths  of  the 
vortex  street  spacing  (ca.  125  diameters)  down  the 
wake  at  Re  ■  100.  At  higher  Re  eddy  diffusivity 
takes  over  from  molecular  diffusion  and  its  magnitude 
increases  with  Re.  Approximately,  therefore,  we 
expect  a  similar  interaction  distance  at  all  Re.  As 
the  vortex  street  scale  grows  it  appears  to  remain  to 
a  first  approximation  in  a  vortex  street  configuration 
We  infer  therefore  that  there  are  only  small 
variations  in  the  strength  and  position  of  the 
vortices  in  the  near  wake.  It  is  clear  that  the 
large  scale  structures  resulting  from  the  downstream 
development  of  a  vortex  street  are  not  coupled  to  the 
energy  cascade  of  the  other  turbulent  eddies. 

Previous  measurements  reported  as  an  incidental 
part  of  a  paper  on  the  three-dimensional  structure  of 
the  wake  (Gerrard,  17)  show  the  same  effect  in  a  wind 
tunnel  of  the  decay  of  high  frequency  and  persistence 
of  low  frequency  when  the  two  scales  are  uncoupled. 
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The  wind  tunnel  flow  had  an  oscillation  at  the  very 
low  speeds  of  these  experiments.  The  resulting 
oscillogram  from  a  hoc-wire  in  the  near  wake  showed 
a  shedding  frequency  of  6  kHz  with  a  200  Hz 
sinusoidal  modulation.  At  450  diameters  downstream 
a  vortex  street  at  200  Hz  was  observed:  The  6  kHz 
primary  vortex  street  oscillation  had  decayed  to 
immeasurable  size. 

To  conclude  our  discussion  of  wake  flows  of  the 
first  class  in  which  we  see  a  certain  amount  of 
parallelism  between  oscillating  laminar  wakes  and 
turbulent  wakes  at  higher  Re  we  mention  the  same 
similarity  in  another  flow.  Photographs  of  the 
spread  of  a  jet  from  a  slit  in  the  two  conditions 
above  show  that  the  low  Re  motions  still  present  in 
the  high  Re  flow  could  account  for  the  similarity  in 
the  rate  of  spreading. 

WAKE  FLOWS  OF  THE  SECOND  CLASS 

There  have  been  many  experiments  on  the  wake  of 
a  thin  flat  plate  which  is  one  wake  of  the  second 
class.  The  turbulent  wake  produced  by  the  separating 
turbulent  boundary  layers  is  reported  to  tend  towards 
a  sel f-preserving  turbulent  state.  No  measurements 
seem  to  have  been  continued  far  downstream  in  this 
flow.  Self-preservation  is  expected  when  the  scales 
of  che  wake  motions  are  all  coupled  and  there  is  a 
continuous  transfer  of  energy  down  the  cascade  of 
energy  scales  from  large  to  small.  If  the  large 
scale  motions  are  decoupled  from  the  smaller  an 
equilibrium  fully  developed  turbulent  flow  is  not 
expected. 

In  the  wake  of  a  circular  cylinder  at 
transcritical  Re  (3  to  6  106)  the  wake  is  relatively 
narrow  at  its  start  and  is  the  result  of  the 
coalescence  of  separating  turbulent  boundary  layers. 
The  turbulent  structure  of  this  wake  has  not  been 
investigated.  There  is  a  parallel  with  the  wake  of 
the  same  body  at  Reynolds  numbers  of  less  than  40. 

In  both  cases  the  near  wake  is  dominated  by 
diffusion,  viscous  diffusion  at  low  Re,  small  eddy 
diffusion  in  the  turbulent  wake.  (There  are  also 
larger  scale  three  dimensional  motions  in  the  high 
Re  case).  Though  the  laminar  wake  can  be  made  to 
oscillate  by  disturbances,  if  it  does  not  oscillate 
at  the  body  it  doesn't  start  to  oscillate  further 
downstream.  Is  this  the  case  with  the  turbulent 
wake  or  may  it  develop  the  oscillations  associated 
with  large  turbulent  eddies? 

In  hypersonic  wakes  large  scale  motions  have 
been  found  to  be  absent  when  turbulent  boundary 
layers  produce  a  turbulent  wake  but  they  do  appear  to 
possess  large  scale  motions  far  downstream 
(Finson,  18) .  On  the  other  hand  Behrens  (19)  found 
the  appearance  of  a  vortex-street-like  array  of  large 
eddies  far  downstream  in  a  hypersonic  wake  at  high  Re 
which  he  could  attribute  to  an  instability  of  the 
wake  of  the  bow  shock  wave. 

At  low  Re  Taneda  (1978)  has  produced  a  circular 
cylinder  wake  which  is  free  from  oscillations.  This 
was  achieved  by  a  rotational  oscillation  of  the 
cylinder  about  its  axis  at  a  frequency  much  higher 
than  che  normal  shedding  frequency.  If  the  same 
(unexplained)  effect  is  present  at  higher  Re  a 
turbulent  wake  free  from  large  scale  motions  could 
perhaps  be  produced. 

It  appears  that  there  remain  some  two- 
dimensional  wake  flows  which  are  free  from  uncoupled 
large  scale  motions  upon  which  experiments  could  yet 
be  made. 


The  study  of  turbulent  shear  flows  has  in  some 
respects  suffered  from  having  been  first  approached 
with  the  ideas  and  techniques  developed  in 
homogeneous  isotropic  turbulence.  The  whole  subject 
of  turbulence  research  has  given  the  impression  of 
struggling  for  a  brea!  hrough  which  hasn't  been 
forthcoming.  It  wasn't  surprising  that  the  Boundary 
Layers  and  Turbulence  meeting  in  Kyoto  in  1966  sent 
a  message  to  G.l.  Taylor  noting  that  the  subject  of 
turbulence  was  essentially  still  where  he  had  left  it 
in  1938. 

In  the  particular  field  of  large  scale  motions 
in  turbulent  shear  flow  there  has  over  the  years 
seemed  to  emerge  from  the  chaos  of  turbulence  the 
view  that  there  are  more  regular  deterministic 
structures.  The  question  of  whether  the  large  scale 
motions  can  appear  spontaneously  from  an  equilibrium 
fully  developed  turbulent  shear  flow  has  still  to  be 
answered.  They  have  not  been  unequivocally  observed 
to  do  so.  It  has  seemed  that  the  practical  and 
theoretical  tools  appropriate  for  the  investigation 
of  grid  turbulence  have  not  been  well  suited,  at 
least  by  themselves,  to  the  study  of  large  scale 
coherent  structures. 

We  have  concentrated  here  on  two-dimensional 
wakes  which,  over  the  whole  Reynolds  number  range, 
are  the  most  fully  investigated  flows.  Bluff  body 
wakes  are  peculiar  in  that  they  possess  a  series  of 
transitions  to  turbulence  of  different  scales  over  a 
vast  Reynolds  number  range.  There  are  some 
similarities  between  large  scale  motions  in  a 
turbulent  wake  and  the  oscillatory  motions  observed 
at  much  lower  Reynolds  numbers.  An  understanding  of 
the  turbulent  wake  is  to  be  expected  from  a  study  of 
the  unsteady  laminar  wake  because  in  many  wakes  the 
large  scale  motions  appear  to  be  decoupled  from  the 
smaller  scale  motions.  There  are  cases  where  the 
relationship  between  the  fluid  motion  and  molecular 
diffusivity  is  similar  to  that  between  the  large 
scale  motions  and  eddy  diffusivity. 

Equilibrium  fully-developed  self-preserving 
turbulent  flow  is  only  possible  if  the  full  range  of 
eddy  sizes  are  present  and  interacting.  If  large 
scale  motions  are  decoupled  from  the  cascade  of  eddy 
sizes  at  smaller  scales  self-preservation  is  not 
possible  unless  one  admits  the  possibility  of 
separate  self-preservation  of  two  uncoupled  ranges  of 
scales.  This  is  only  possible  if  the  large  scale 
motions  are  part  of  a  fully  turbulent  range  of  scales 
and  can  pass  on  mean  flow  energy  to  the  smallest 
scales  which  is  an  apparent  non  sequitur. 

In  an  oscillating  wake  in  which  "turbulence"  of 
a  scale  larger  than  the  vortex  street  spacing 
certainly  exists  in  the  near  wake  it  appears  that  the 
interaction  between  these  scales  and  the  vortex 
street  results  in  a  more  or  less  ordered  large  scale 
structure.  The  low  frequency  disturbances  contain  a 
small  percentage  of  the  energy  at  the  shedding 
frequency  and  determine  the  scale  but  not  the  nature 
of  the  downstream  development.  As  far  as  the  large 
scale  motions,  into  which  the  vortex  shedding 
develops,  are  concerned  the  turbulent  smaller  scales 
have  a  similar  effect  to  that  of  viscous  diffusion  at 
lower  Reynolds  number. 

It  is  concluded  that  an  experimental  investi¬ 
gation  of  the  far  wake  flows  of  the  second  class 
formed  by  the  coalescence  of  two  turbulent  boundary 
layers  yet  remains  to  be  performed.  In  such  flows 
large  scale  motions  appear  to  be  absent  in  the  near 


wake.  It  is  possible  chat  the  large  scale  motions 
produced  in  the  manner  suggested  by  Townsend  take  a 
long  time  to  develop  in  a  turbulent  wake  initially 
free  from  large  scales.  There  is  only  a  finite 
time  before  the  small  scale  motions  in  a  wake  decay 
and  so  a  spontaneous  development  of  larger  scales 
that  is  conceptually  possible  may  never  occur  in 
practice.  A  crucial  point  in  the  possible 
production  of  large  scale  motions  would  appear  to  be 
whether  a  turbulent  flow  is  unstable  in  the  same 
manner  as  the  corresponding  laminar  shear  flow. 

Ir.  a  two-dimensional  wake  there  are  various 
turbulence  production  mechanisms  the  effects  of 
which  it  would  be  difficult  to  separate  experi¬ 
mentally.  Whilst  it  would  be  possible  to  model  the 
downstream  development  of  the  vortex  street  on  a 
computer  and  thus  demonstrate  the  effects  of 
disturbances  of  different  sorts,  a  numerical  model  of 
a  fully  turbulent  flow  which  would  form  a  clean 
model  in  which  to  look  for  large  scale  motions  does 
not  at  present  seem  feasible. 
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abstradt 


A  method  f:  r  t 


near 


cf  the  coherent 
wake  of  a  circular 


cylinder  is  discussed.  A  comparison  is  mace  between 
the  results  :f  ar.  experir.er.tal  study  at  a  Reynolds 
number  of  5D311  ar. d  t:.:se  attained  by  the  numerical 
solving  of  the  phase  average:  tv  -dimensional  Xavier 
Stokes  equations.  The  pr-pert:*:  :f  the  velocity  and 

are  fcur.i  to  be  o  or.  t  r:  -  :  by  a  vertex  patter:,  zimi- 


a 

*  ] 


Reference  time  station 
Vortex  shedding  period 

Cartesian  instantaneous  velocity  components 
Upstream  mean  velocity 

1  own  stream  location  ( X  =  1  back  of  tr.e  cylinder) 
Transverse  1: cat  ion  (X  =  D  on  the  axis) 

Intermit ten cy  factor 
CrzssLr.c  frequency  of  turbulent  events 
Instantaneous  signal  v 

'•  <•:.».!>  ;  F ;  T ;  *  <?  ;  B.'t)  ’  <T  t  i> 

Time  relay  'for  phase  angle  2*1^2 
Kinematic  viscosity  (air  :  1,5  10  5m2/s' 

Vert: city 
Phase  average 
Reyn: Ids  average 


Numerous  research  works  have  been  devoted  to  the 
study  of  coherent  structures  in  free  turbulent  shear 
flows.  A  first  step  is  the  description  of  these  struc¬ 
tures  that  are  often  hidden  in  the  turbulent  back¬ 
ground  but  more  complex  is  the  theoretical  prediction 
cf  their  dynamical  benavicur.  As  a  matter  of  fact, 
this  second  appro acr.  can  provide  a  better  quantitative 
determination  of  their  contribution  to  the  overall 


motion  and  to  some 


z  f  *~C-  ~  »  - 


uoaparea  v:cn  tr.ose  ::  ,;*-*.  :.:v:  **r  r.ar.v  m./org 
layers,  the  coherent  structures  :  f  tr.e  near  v  l.*:-  r.av-.- 
been  investigated  cnly  in  few  experimental  : t . :  1 e : . 
This  is  probably  tr.e  conseq-er.ce  :f  :  1  tr.e  romtl-xi 

ty  cf  tr.e  interactions  near  the  solid  body  and  i:  t:. 
difficulty  of  measuring  correctly  the  velocity  : : m: _ - 
ner.ts  ana  the  corresponding  Reynolds  stresses  or.  tr.ir 
zone.  DAVIES  'J_;  r.as  studied  tr.e  near  wake  :  f  a  1.  ::.a- 
pe  cylinder  but  he  has  deduced  tr.e  spatial  s*r-:t  -r- 
fr:m  only  one  cross  section  using  tr.e  Taylir  r.yp :  t:.e- 
sis  which  is  probably  net  verified  in  s-ch  a  fltw  as 
pointed  out  ty  HU  I  SAIN  and  DAMAN  '  2.'  .  A  more  complete 
study  on  the  coherent  structures  cf  the  wake  of  t re- 


circular  ha 


been  performed  by  CAN.aELL  3. 


original  hot  wire  technique  for  me as -ring  tie  vel;:; 
ty  ar. d  a  phase  locked  locp  to  detect  the  per::::' 
structure. 

Numerical  simulation  converse' y  may  be  a  suita; 
way  tc  obtain  a  precise  information  or.  tr.e  by  r.  am.  :: 
the  flow.  Unfortunately  it  is  well  kr.rvr.  to  at  s:_ 
the  three  dimensional  equation  for  =-cr.  a  random 
with  a  suit ab-e  mesr.  size  would  ha---:  leo  to  -r.r-t 
tic  computational  times.  The  met-.o-  :f  s:m..ia*o*r 
large  eddies  based  on  tr.e  filtering  t-or.r.iq-e  of 
LEONARD  ( 1  '  cr  a  subgrid  scale  model  as  proposed  :y 
SCHUMANN  (2.)  have  not  yet  beer,  applied  t:  tr.ir  pr::  1-s¬ 
owing  to  difficulties  ir.  their  practical  setting  -t . 

Of  a  more  current  use  are  tr.e  me  the  do  based  upon  p*ir.t 
vortices  in  two  dimensional  potent: a.  flows  ^  ‘  , 

but  though  some  interesting  features  have  seer.  derive: 
in  this  case,  an  arbitrary  treatment  is  still  necessa¬ 
ry  near  the  separation  point  cr  at  tr.e  wall  ar. c  the 
results  are  not  always  consistent  for  all  tr.e  parame¬ 
ters.  An  alternative  mezr.od  consists  cf  the  ur.stea  :y 
simulation  cf  the  coherer.*  structures  ir.  «rr.i  cr.  t  * 
equations  are  obtained  by  pr.ase  averager..;  the  instan¬ 
taneous  Navier  Stokes  equations  as  suggested  by  HVD- 
SAIN  and  REYNOLDS  [  p) .  Then  geometrical  cor.si  oera*.  i  ".ns 
are  used  to  obtain  tvo-dimer.si or.al  equations  for  tr.e 
coherent  structures.  KNIGHT  and  MURRAY  for  instan¬ 
ce  have  used  this  method  successfully  for  the  numeri¬ 
cal  simulation  of  a  pi are  mixing  layer. 

Ir.  the  first  part  of  this  paper  the  fluctuating 
parameters  cf  the  flow  behind  a  circular  cylinder  at  a 
Reynolds  number  cf  are  analyzed  experimentally 

by  using  of  a  phase  average  technique,  special  atten¬ 
tion  being  paid  to  the  time  analysis  of  turbulent 
events.  Ir.  the  second  cr.e  tr.e  comparison  is  made  viv. 
the  numerical  solution  of  the  unsteady  Navier  Stoker 
equations  for  the  viscous  flow  wr.ioh  car.  be  considera¬ 
te!  as  the  basis  for  the  etuatior.  of  the  coherer.* 
structures  arid  some  practical  inferences  cf  the  fur:-- 
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::ect  are  p : m^ea  o+z. 

:iz  :  EXFEiOE.TTAL  JT-'2Y 

r.e:. tal  ret  up  and  _  iata  processing 

3z.octr„  rirc’^lar  cylinder  of  diameter  0=U2mm) 
vert i rally  trie  test  section  IbC  cm  x  70  on)  of 
onic  ?i  se  i  vir.i  tunnel.  For  ail  the  measure-* 

tne  apstream  velocity  profile  vas  -on i form 
,7  m/s)  and  the  free  stream  turbulence  intensi- 
s  than  ',132.  The  blockage  ratio  and  aspect  ra- 
o  respectively  equal  to  3,17  and  16,7  which 
ions  do  no  cause  excessive  distorsion  of  the 
c cording  t-_  WEST  and  APELT  (10) 


the  cyl 
analyse 

igr.als  l 
tr.;  .sly 

r.yy  :f  ’■ 

c  syr.chr 
:r.is'  ir 


POWER  SPECTRUM 
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ar.t  temperature  ar.e2cn-.eter  ;  L  :  Lir.eari- 
Ccr.ii.ticr.ing  system  ;  SHD  :  Sample  and  cold 
:C  :  Analog  to  digital  converter  ;  MC  :  "ini 
urimat  -33  -,  IS  :  Magnetic  disk. 

matic  diagram  of  the  experimental  set  up 

ot r  umen tat  ion  is  sketched  on  fig.l.  DISA 
.scant  temperature  anemometers  and  DISA 
gle  wire  probes  operate  with  sensor  par&L- 
cylir.ier.  The  signal  from  a  movable  probe 
.ycei  according  to  a  phase  reference  given 
censor  ’A)  located  at  X/D  =  2  and  y/T  =  2. 8. 
,s  ire  identically  processed  and  sampled 
ly  by  -j.se  of  a  sample  and  hold  device  at  a 
f  ’C  KHz,  aliasing  being  prevented  by  use 
cw  pass  filter  at  5  HKz  (12  iB/Octave). 
.chrcr.cus  samples  of  123  x  2C-3  points  (or 
are  stored  or.  the  magnetic  disk  of  a  mir.i- 
.TRIMAT-S  and  all  further  treatments  are 
■umerically.  Spectral  analysis  operations 
:ei  by  use  of  a  microprogrammed  Fast  Fourier 
•c.tir.e  operating  on  21-5  points. 


Tel:  city  signal  ar.l  vortex  crossing  detection. 

The  region  v.-.ich  is  investigated  (X/D  =  2  and  -)  cor¬ 
responds  t :  the  very  near  wake  of  the  cylinder.  The 
flow  in  both  sections  is  highly  turbulent  and  accurate 
velocity  measurements  require  either  Laser  Doppler 
Anemometer  or  flying  hot  wire  as  used  by  CANTWELL  (3). 
Such  an  apparatus  was  not  available  here.  However, 
the  effective  cooling  velocity  of  the  wire  normal  to 
the  plane  of  the  wake  is,  if  the  eff-  t  of  spanwise 
velocity  fluctuations  is  neglected,  approximately 
representative  of  the  modulus  of  the  velocity  vector 
and  is  poorly  sensitive  to  its  angular  variations, 
fh.e  signal  of  such  a  probe  is  referred  to  hereafter 
as  the  velocity  signal. 

Since  1951*,  using  a  similar  probe,  ROSHKO  (11) 
oas  described  some  properties  of  the  wake  that  are 
confirmed  by  our  measurements .  The  spectra  of  the  ve¬ 
locity  fluctuations  displayed  on  figure  2  are  domina- 
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Fig. 2.  rower  spectra  of  the  -.'elocity  or.  the  secticn 
X/D  =1. 

teu  ry  a  principal  peak  at  a  Strcuhal  .number  £-.*1.1.0' 
wr.iie  on  the  axis  of  the  wake  the  first  harmonic  is 
observed.  The  spectral  characteristics  are  interpreted 
as  the  footprint  of  the  regular  vortex  streets  ocs-ed 
from  the  cylinder.  But  the  spectra  also  contain  a  con¬ 
tinuous  p'wer  distribution  due  to  the  presence  of  tur¬ 
bulence  superimposed  to  the  regular  vertices.  V.noer 
the  effect  of  the  turbulent  viscosity  the  peaks  are 
found  to  disappear  ir.  .  ur  measurements  at  a  ievr. stream 
distance  of  about  15  diameters  or.  the  axis  ar.i  lo  iia- 
meters  everywhere  ir.  the  wake. 

Outside  tne  turbulent  wake,  the  crossing  of  vor¬ 
tices  induces  an  oscillation  of  the  potential  flow  sc 
that  the  peak  still  exists  but  the  high  frecuer.cy  ccr.- 
tent  of  the  spectrum  is  .negligible.  Thus  this  s.a..al 
is  choosen  as  a  reference  for  detecting  the  organized 
vortices.  Random  low  frequency  modulations  cf  the  sig¬ 
nal  are  observed.  Discarding  a  filtering  operaticr. 
that  would  probably  introduce  a.n  artificial  disttrsicr. 
cf  the  signal,  the  occ-j-ren.ee  cf  a  maximum  of  the  ve¬ 
locity  is  choosen  as  a  criterion  tc  detect  the  cros¬ 
sing  of  a  vortex.  Although  this  criteritr.  ices  r.ct 
seem  to  be  the  best  one,  its  physical  meaning  is  ob¬ 
vious  as  changes  of  sign  ir.  the  acceleration  are 
olearly  linked  to  the  direct  influence  of  the  vortex. 
The  histogram  of  the  intervals  between  two  reference 
time  stations,  displayed  on  figure  3,  is  tier,  iiffe- 

mest  probable  value  corresponds  to  the  vortex  shed¬ 
ding  period. 


[■  Fig.  3.  Histogram  of  the  pe- 

J  ||  riods  of  the  crossing  of  a 

rfiillllllll  i _  vortex. 

5.  10-  IV  m  *  . 

Phase  average  technique.  A  practice  which  becomes 
more  and  more  usual  (8),  M) ,  (_12)  is  to  obtain  the 
averaged  parameters  of  the  coherent  structures  by  en¬ 
semble  averaging  each  individual  signal  cor.ditionned 
to  the  crossing  of  the  vortex  and  referenced  tc  a  pha¬ 
se  origin  (f*  0).  This  phase  average  operation,  analogous 


* 


m 


to  that  of  the  periodic  case,  is  denoted  : 

N 

^  5"  $(t  ♦  t)  function  of  T  (1) 

N  ‘  ,  R 
n=  1 

For  satisfying  the  double  condition  of  statisti¬ 
cal  stability  and  time  resolution  the  values  of  the 
phase  averages  are  calculated  over  a  number  N  of  ap¬ 
proximately  2300  periods  and  are  displayed  on  512 
discrete  points  around  the  phase  reference  (t  =  C  -*■ 
point  256}  at  a  sampling  frequency  of  10  KHz.  Each 
period  of  vortex  shedding  represents  113  points.  As 
the  averaging  interval  is  larger  than  a  period,  the 
same  point  of  the  signal  is  averaged  several  times 
but  at  different  phase  angles. 

Turbulent  time  intervals  analyris.  Boundary  in- 
termittency  is  very  marked  ir.  the  whole  near  wake  and 
it  is  necessary  to  take  accc—nt  of  this  aspect  in  the 
dynamics  of  the  coherent  strict -res. 

The  intermit tency  function  is  calculated  from  the 
second  derivative  of  the  velocity  signal  using  a  cen¬ 
tered  difference  scheme.  Or.  the  trace  of  the  signal, 
figure  *,  a  large  contrast  is  apparent  between  turbu¬ 
lent  sequences,  that  is  enhanced  i..  tr.e  second  time 
derivative.  A  given  threshold  "L"  can  be  defined  to 
separate  smooth  parts  from  turbulent  ones. 
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Fig.-.  An  example  cf  the  derivation  of  the  irterr.it- 
ter.cy  signal 

"L"  have  been  selected  ■‘Yen  the  values  ir.  the  poten¬ 
tial  flow  and  the  results  are  found  to  be  consistent 
all  ever  a  cress  section,  keeping  "L”  constant.  Howe¬ 
ver  the  rough  intermit tency  function  obtained  from 
this  direct  treatment  needs  to  be  smoothed  in  order 
tc  obtain  continuous  portions  of  signal  corresponding 
to  the  actual  state  of  the  flow.  Discarding  all  direct 
filtering,  a  validation  technique  is  set  up  based  upon 
a  careful  inspection  of  time  intervals  -  for  details 
see  (J.3)  -.  In  this  technique  minimum  time  intervals 
are  prescribed  for  turbulent  intervals  (C.2  ms)  ana 
for  non  turbulent  intervals  (1.5  ms). 

Conventional  mean  values  of  the  intermittency 
factor  y  and  the  crossing  frequency  f^  are  presented. 
Phase  averages  of  £he  intermittency  signal  or  its 
front  indicators  [P(t)  and  p{ t )J describe  the  distri¬ 
bution  of  turbulence  at  a  given  stage  cf  the  develop¬ 
ment  cf  the  average  structure. 


Tr.e  following  fur.cticiE  :  f  the  phase  angle  are  de¬ 
fined  : 

r ( t )  =  < 1 ( t )  >  ;  f ; t  )  «  <?  t ;  >  ;  b ' t  )  «  <i  t )  > 

Fit)  is  the  probability  for  the  flew  to  be  turbulent. 
F(t)  and  B(t)  are  respectively  the  probabilities  for 
a  front  or  a  back  edge  of  &  turbulent  2one  tc  be  ob¬ 
served. 


The  results 

Velocity  field.  The  phase  average  of 
fluctuation  is  giver,  in  figure  5.  Witnir.  t 
range  of  the  experimental  procedure,  it  ca 
dered  as  nearly  periodic  with  respect  tc  t 
gle  as  far  as  the  first  periods  surrcur.dir. 
reference  are  concerned.  This  periodicity 
rageu  signals  seems  tc  show  tnat  0 c c a s i : r. 0 
have  weak  effects  as  cr.e  would  nave  expert 
reduce  drastically  the  correlation  for  p r.s 
greater  than  a  peri;d. 
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Fig. 5.  Prase  average  cf  tr.e  velocity. 

At  the  external  part  cf  tr.e  wake  a  nearly  r 
sinus: "dal  signal  is  observed  that  is  distrrtei  v: 
reeving  through  the  axis.  Ir.  figure  t  the  spectral 
wer  deduce;  by  Fourier  analysis  :f  the  phase  aver: 
signal  is  compared  tc  the  Peyr.rlds  average  i  val-e: 
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/  -V.  \ 


Fig. 6.  Total  ar.d  periodic  velocity  fluctuations 

(1)  total  power  uVV,2  ;  1?)  spectral  power  at  fc 
Fourier  analysis  cf  the  phase  average  :  (3!  fur.  da: 
tal  ;  (t)  1st  hanr.cr.ic. 

The  Fourier  ocir.pcner.ts  are  feurd  the  vary  ir. 
same  way  in  both  apprrach.es.  It  is  worthwhile  net: 
that  on  the  axis  the  fundamental  mode  has  r.c  cor.t: 
tion  and  the  first  harmonic  is  observed  as  a  ccr.s< 


V-er.-e  of  tr.e  symmetry  of  the  vortex  street  with  res¬ 
ted  t  to  the  ix i 3. 

T^rtuler.t  title  intervals  analysis.  Reynolds  ave¬ 
rse!  parameters  ieduoed  from  the  intermittency  func- 
t  i  ;r.  are  to  behave  differently  from  those  la 

tr.e  far  wake.  It  is  obvious  from  figure  7  that  the 
error  function  law  found  by  LA  RUE  and  LIBBY  ( J_U )  or 
FA3RI3  (_1_5)  is  no  longer  valid  in  the  near  wake.  The 
values  of  intermittent  on  the  axis  are  substancially 
different  from  unity  and  seems  to  fall  down  abruptly 
at  the  external  edge  of  the  wake.  Similarly  the  cros¬ 
sing  frequency  l'y  -fig. 8-  is  not  gauss ian,  it  takes  a 
r.  ;n  zero  value  at  the  axis  and  reaches  its  maximum 
value  in  the  wake,  a  value  which  if  of  the  order  of 
the  vortex  shedding  frequency.  ( -  1.2  fQ) 
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The  phase  averaged  values  of  the  ir.tenr.ittency 
function  are  displayed  on  figure  3  and  the  first  con¬ 
clusion  to  emerge  is  that  the  distributions  are  also 
periodic  shoving  a  severe  control  of  the  vortex  shed¬ 
ding  mechanism  cn  the  presence  of  turbulence.  In  the 
external  parts  of  the  wake  the  value  of  intermittency 
is  found  to  be  very  low  ever  a  large  part  of  the  pe¬ 
riod  and  in  this  region  only  localized  turbulent  ed¬ 
ges  of  the  vortex  cress  the  otherwise  'inperturbed 
potential  flow,  ’(ear  the  axis  a  double  distribution 
is  observed  that  is  due  to  the  deep  engulfment  of  po¬ 
tential  flow  between  the  turbulent  vortices  beyond 
the  axis.  The  zone  where  the  opposite  vortex  row  ef¬ 
fect  is  observed  can  attain  transverse  stations  of 
1/2  •  0.67  or  1.1U  for  sections  X/D  *  2  and  U  respec¬ 
tively.  Conversely  in  this  central  zone  the  intermit- 


tency  distribution  dees  not  fall  .cider  a  minimum  va¬ 
lue  i_e  to  losses  in  phase  lock  ar.d  to  larger  turbu¬ 
lent  time  intervals. 
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Fig. 3.  Phase  average  of  the  intermitter.cy . 

More  insight  in  the  organized  pattern  of  tr.e  tur¬ 
bulent  flow  can  be  obtained  by  inspection  of  figures 
1C  and  11.  The  probability  cf  occurence  of  the  front 
of  a  turbulent  event  is  well  localized  with  respect  to 
the  phase  angle  and  it  is  deduced  that  the  front  edge 
of  a  turbulent  vortex  must  be  a  regular  sharp  edged 
surface.  But  for  the  back  of  the  vortices  tr.e  sit.a- 
tion  is  not  the  sane  as  a  more  spreaded  distribution 
is  observed.  For  both  functions,  similar  features  to 
the  phase  average  of  ir.termittency  are  found  concer¬ 
ning  the  double  distributions  due  to  the  alternate 
influence  of  the  vortex  rows. 

Concerning  the  spatial  evolution  of  these  parame¬ 
ters,  phase  lags  due  tc  convection  cf  the  structures _ 

are  used  to  deduce  the  ccnvecticn  velocity  of  1.02  ”0 
and  wavelength  of  U.2  D  which  agrees  well  with  ether 
similar  results  (2),  (3). 
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Fig. 10.  Phase  average  of  the  positive  fronts. 

Comparing  the  results  for  the  velocity  field  to 
those  of  the  time  of  presence  of  turbulence,  it  fol¬ 
lows  that  the  phases  of  the  development  of  the  struc¬ 
ture  where  the  intermittency  level  is  low  corresponds 
to  the  accelerations  of  the  phase  averaged  velocity 
and  that  the  fronts  of  turbulent  events  are  mainly 
localized  near  the  maximum  of  the  velocity.  This  is 
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due  to  the  fact  that  the  accelerations  derive  from  the 
crossing  of  the  high  speed  potential  flow  and  the 
turbulent  breakdown  occurs  when  the  influence  of  the 
low  speed  internal  part  of  the  wake  is  sensible. 


Conclusion  to  the  experimental  part 


like  HUSSAIN  and  ZAMAN  (2).  the  vorticity  vector  : 
by  taking  the  curl  of  **)  it  is  possible  to  obtain 
the  transport  equation  for  this  quantity. 


It  <ni>+<uk>  <£*i> 


3 

3x. 


dxt.dxu  ’‘i 


3xk  *  *  1 


Thus,  the  ’unsteady  turbulent  flow  is  governed  by 
the  same  equation  as  the  laminar  case,  except  for  an 
added  term  (*)  standing  for  the  turbulent  effects. 

Assuming  that  the  fine  scale  turbulent  Reynolds 
can  be  connected  tc  tne  strain  rate  tenser 


<Sij> 
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concept  : 


ty  a  simple  easy 
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equation  (5)  car.  be  rewritten  a?  : 


The  averaged  structure  of  the  turbulent  vertices 
emerges  from  the  experimental  analysis  performed  here. 
It  is  found  that  the  phase  average  is  nearly  periodic 
with  respect  to  the  phase  angle  for  both  the  velocity 
field  and  the  presence  of  turbulence.  It  exists  evi¬ 
dences  for  the  entrainment  mechanism  of  large  sice 
pockets  cf  potential  flow  to  which  the  turbulence 
seems  tc  be  transferred  from  the  internal  organized 
vortices.  The  transfer  must  te  more  important  near 
the  axis  where  the  interaction  is  stronger  and  in 
this  process'  the  back  edges  cf  the  vortices  seem  to 
be  mere  amenable  to  diffuse  their  turbulent  character. 

RAPT  TWO  :  THEORETICAL  APPROACH 


Based  o.n  the  aforementioned  experimental  analysis 
the  instantaneous  motion  could  be  viewed  as  a  combina¬ 
tion  cf  "phase  coherent"  pattern  and  "phase  incohe¬ 
rent"  random  fluctuations.  Generally,  the  first  struc¬ 
tures  are  associated  to  large-scale  determistic  cha¬ 
racters  and  the  last  ones  to  the  fir.e-scale  turbulent 
motion.  Then,  an  instantaneous  flow  parameter  <*’ixj,t) 
can  be  decomposed  according  tc  i£),(5)  : 


♦  !xi,t)  =  <$(xi,t>  +  $(xj,t) 


(2) 


where  <$(xi,t)>  is  the  phase  averaged  value  of  $(xp,t) 
and  $'xj,t)  is  the  random  contribution.  While  it  is 
possible  to  assume  ir.  some  circumstances  that  the 
phase  coherent  motion  is  unsteady  and  spatially  two- 
dimensional,  it  is  clear  by  contrast  that  the  random 
contribution  $(x^,t)  is  essentially  three  dimensional. 

Using  this  decomposition  (Z)  the  equations  for 
unsteady  flows  are  : 


3<Ui  > 

at 


+ 
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p  3xj  Bx^Sxj, 
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It  is  nevertheless  more  convenient  to  introduce, 


where  S-  is  a  source  term  containing  derive-.;' 
the  turbulent  viscosity 

In  a  previous  work  ~  ~  I  .  it  was  shown  ir. 
of  steady  flews  that  the  source  term  S.-  has  a 
importance . 

Furthermore,  if  we  assume  that  ir.  a  turb 
flew  the  eddy  viscosity  is  cf  a  higher  order  < 
tuae  than  the  molecular  one,  it  is  perfectly  . 
te  to  consider  that  t.-.e  actual  Reynolds  r. _-.ee 
is  in  a  low  range. 

Since  for  viscous  flows  the  Reynolds  nut. 
only  governing  parameter,  it  may  te  inferred  ' 
turbulent 'flew  behaves  in  a  similar  way.  It  i: 
possible  tc  r.ctice  that  the  constant  value  of 
Strcuhai  number  (n-  observed  experiment: 
due  tc  some  "universal"  effective  Reynolds  r.u- 
depender.t  cf  the  classical  one. 

Thus,  although  significant  differences  b' 
laminar  and  turbulent  flews  may  be  net  r.eglig 
since  the  eddy  viscosity  is  net  constant  ir.  s; 
ir.  time,  it  is  ye‘  interesting  tc  e impute  the 
case  for  a  Reynolds  number  corresponding  tc  t: 
Strouhal  number,  before  introducing  a  ctr.ver.i' 
buler.ee  model  allowing  the  computation  of  *:.e 
turbulent  viscosity  in  the  flow  field. 

For  this  p-rpese,  equation  '7)  .where  v* 
tant  and  S0  *  C )  is  simultaneously  solved  wit: 
Poisson  equation  for  the  stream  function  (Hel 
formulation)  : 


.lent 


ct  -  g-  t.  «- 


-  <f,_>  t ' 

for  a  two  dimensional  flow. 

The  initial  oonditior.s  correspond  to  a  flow  at 
rest  and  the  boundary  conditions  are  those  cf  r.c  slip 
on  the  wall  and  a  mixed  Neumar.-Iiri chlet  condition  at 
infinity,  allowing  vertices  tc  go  freely  cut  of  the 
downstream  boundary  { J_-  '■  • 

A  passive  scalar  transport  equation  car.  be  ad¬ 
joined, the  temperature  for  instance,  being  cf  some 
interest  here  for  a  slighty  heated  cylinder. 


Numerical  code 

Equations  an:  ,6)  transformed  in  a  Icgarith- 
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cslor  ::oriir.i'.e  system,  are  approximated  by  cen- 
“erei  space  finite  difference  scnemes.  An  Alternating 
lirecti-r.  Implicit  'A.C.I.)  method  is  used  for  the 
trar.spsrt  equations  and  the  Poisson  equation  is  solved 
it  each  time  step  by  an  A. 3. I.  optimized  method.  De¬ 
tailed  ue:  cripzi.cn  of  the  procedure  is  given  by 


The  res'dts 


The  results  are  giver,  for  a  Reynolds  number  of 
11?  since  the  corresponding  Strouhal  number  (0.19)  is 
quite  closed  to  those  of  the  turbulent  case . (Fig.  12) 


Tig.'?.  V: rticity  contours  ar.d  streamlines. 


Tr.e  vortex  shedding  mechanism  is  clearly  appa¬ 
rent  ar.c  the  vavelenght  \  calculated  from  the  instan- 
tar.et.s  flow  is  given  on  table  1  together  with  the 
ctr.-es bonding  conveotion  velocity. 


Thus  tr.e  examination  of  these  results  shows  that 
tr.e  differences  between  two  first  laminar  cases  are 
greater  than  tr.cse  :f  the  two  last  flows  (laminar 
?o  =  111  ar.d  turbulent  Re  =  52300). 

The  deep  penetration  of  potential  flow  inside  the 
waits  is  sovious  frtm  figure  12.  However  the  temperatu¬ 
re  variations  'fig. 12)  are  more  suitable  for  picturing 
the  coherent  vortices.  Temperature,  as  a  passive  sca- 
iar,  r.as  beer,  currently  used  for  the  evaluation  ofthe 
ir.termitten cy  function  and  is  considered  as  a  marker 
cf  the  flow.  It  car.  be  observed  that  the  flow  pattern 
exhibits  the  same  unsteady  features  that  have  been 
measured  previously  in  the  turbulent  wake. 


Tig. 13.  r  ^thermal  curves 


CONCLUSION 

On  a  qualitative  basis  the  comparis  n  proves  that 
the  approach  of  the  organized  modition  bj  unsteady 
two  dimensional  method  is  valuable  for  the  Reynolds 
number  under  study.  The  measured  phase  averaged  para¬ 
meters  reflect  the  periodic  structure  predicted  by  a 
constant  viscosity  model.  However,  it  seems  that  such 
a  model  would  probably  be  ’unsuitable  for  predicting 
the  coherent  structures  of  the  turbulent  flow  everywhere . 
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A  THEORETICAL  MODEL  OF  THE  COHERENT  STRUCTURE  OF  THE  TURBULENT  BOUNDARY  LAYER  IN  ZERO  PRESSURE  CRADIENT 

Z.  Zhang  and  G.M.  Lilley 
University  of  Southampton,  England 


SUMMARY 

A  self-generating  deterministic  coherent  struc¬ 
ture  is  shown  to  arise  in  calculations  on  a  model  of 
a  turbulent  boundary  layer.  The  solution  commences 
with  the  evaluation  of  the  linear  dasped  periodic 
eigen  mode  for  the  vertical  velocity  perturbation 
which  leads  to  an  initial  growth  in  the  vorticity 
perturbations.  These  lead  to  changes  in  the  Reynolds 
stresses  and  hence  to  a  distortion  of  the  time 
dependent  mean  velocity  distribution.  Our  analysis 
in  this  respect  is  somewhat  similar  to  the  Benny-Lin 
investigation  of  the  non-linear  interaction  of  two 
symmetric  oblique  waves  in  unstable  laminar  boundary 
layers.  The  distorted  mean  velocity  profile  leads  to 
a  strong  growth  in  the  Reynolds  shear  stress,  provid¬ 
ed  the  initial  disturbance  exceeds  a  certain  amplitude 
of  the  order  of  5Z  of  the  freestream  velocity.  The 
numerical  results  display  a  spanwise  periodic 
structure  with  a  spacing  of  the  order  of  100  wall 
units  and  have  Che  form  of  side  by  side  ejections  and 
sweeps.  The  maximum  distortion  in  the  mean  velocity 
occurs  near  y*  *  20  over  a  wide  range  of  Reynolds 
numbers.  It  is  concluded  that  the  distorting  mean 
velocity  profile  in  the  inner  region  of  the  boundary 
layer  is  grossly  unstable  and  vill  lead  to  a  cata¬ 
strophic  breakdown  of  the  flow  into  smaller  scales, 


which  therefore  represents  the  high  production  of 
turbulent  energy  and  its  dissipation.  This  process 
is  self-generating  and  occurs  randomly  throughout  the 
turbulent  boundary  layer. 

INTRODUCTION 

During  the  past  25  years  experimental  studies 
of  the  incompressible  turbulent  boundary  layer  have 
shown  that  over  a  wide  range  of  Reynolds  numbers  the 
seemingly  random  structure  of  convecting,  distorting 
eddies  is  nevertheless  controlled  by  repeating, 
coherent  large  scale  structures  which  occur  naturally 
and  at  random. 

Many  theoretical  attempts  have  been  made,  based 
on  quasi-laminar  linear  perturbation  theory,  to 
uncover  the  production  and  subsequent  development  of 
these  coherent  structures.  These  have  met  with  only 
limited  success.  Some  non-linear  approaches  have 
been  attempted  such  as  in  Landahl  (1973),  Walker  (197® 
and  Hanratty  (1979).  A  detailed  cosmentary  on  these 
methods  is  described  elsewhere,  Zhang  (1981). 

In  this  work  we  describe  a  new  approach  which 
is  based  on  the  full  equations  of  fluid  flow  in  which 
the  small  scale  turbulence  is  modelled  using  an  eddy 
viscosity.  Although  it  is  shown  that  the  first  order 
mode  is  damped,  nevertheless  there  is  an  initial  linear 
growth  in  part  of  the  flow  structure  leading  to  a 
strong  non-linear  interaction  and  consequent  distortion 
to  the  mean  flow.  The  distorted  mean  profile  suffers 
a  secondary  instability  and  subsequent  breakdown  of 
the  flow  within  a  streamwise  length  scale  of  the  order 
3  to  5  boundary  layer  thicknesses  and  which  is  a  weak 
function  of  Reynolds  nimiber.  Our  work  also  describes 
the  formation  of  streamwise  vortices  vhich  suffer  the 
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secondary  instability  and  breakdown  referred  to  above. 

The  srcdel  is  incomplete  in  that  the  breakdown  of 
the  flow  arising  from  the  secondary  instability  is 
only  described  qualitatively.  In  addition,  no 
attempt  is  made  to  model  the  mean  growth  of  the 
boundary  layer  and  the  necessary  entrainment  of 
irrotational  fluid  from  the  freestream.  Since  our 
model  describes  the  self-generation  of  unstable  and 
repeatable  flow  structures  as  a  result  of  instabil¬ 
ities  that  arise  within  the  inner  region  of  the 
boundary  layer,  the  neglect  of  such  features  as 
boundary  layer  growth  and  entrainment  are,  we  believe, 
not  of  prime  importance  in  the  determination  of  tur¬ 
bulent  boundary  layer  flow  structure.  However,  these 
features  and  those  relating  to  the  break-up  of  the 
secondary  instability  are  subjects  for  further  work. 

The  preliminary  work  leading  to  this  model  was 
completed  when  one  of  us  (GML)  was  a  Visiting 
Professor  in  the  Department  of  Aeronautics  and 
Astrouautics  at  Stanford  University  (1977-1978). 

DESCRIPTION  OF  MODEL 

In  order  to  model  the  self-generated  cell-like 
structure,  which  we  refer  to  as  a  coherent  structure, 
in  a  turbulent  boundary  layer,  as  described  in  Fig.l 


Fig  1  Development  of  streomwije  vortices  and  the 
lift-up  of  wall  streaks  and  their  subsequent 
break-up.  (  After  Kline  and  Runstadler)  (1959) 

we  have  to  make  several  assumptions.  These  are  as 
follows:  (a)  the  large  scale  features  of  the  cc'serent 
structures  are  treated  as  an  ensemble  average  cf 
perturbations  to  the  turbulent  flow,  (b)  three- 
dimensional  linear  perturbations  are  introduced  which 
are  composed  of  a  series  of  eigen  functions  of  a 
modified  Orr-Sommerfeld  equation,  (c)  distortions 
to  the  mean  flow  arise  from  non-linear  interactions 
between  the  linear  perturbations,  (d)  the  distorted 
mean  profile,  which  is  time  dependent,  suffers  a 
secondary  instability  resulting  in  a  flow  breakdown, 
(e)  non-linear  distortion  and  energy  considerations 
will  lead  to  a  finite  maximum  amplitude  for  the 
secondary  instability.  All  the  characteristics 
of  our  model,  except  (e) ,  have  been  treated  in  the 
following  sections.  An  important  aspect  of  our  model 
is  the  use  of  an  eddy  viscosity  to  model  the  small 
scale  rendom  disturbances  in  the  flow  as  well  as  the 
non-linear  interactions.  Several  forma  of  eddy 
viscosity  have  been  used  in  predictions  of  unsteady 


turbulent  flow  (Reynolds  (1972);  Smith  and  Cebeci 
(1974)).  We  have  used  the  Smith  and  Cebeci  model 
for  both  the  steady  and  unsteady  mean  flow.  Although 
other  models  may  have  certain  advantages,  including 
that  of  a  time  dependent  eddy  viscosity,  we  believe 
that  the  model  we  have  used  is  plausible  and  reflects 
moat  of  the  observed  features  of  turbulent  flows. 

Finally,  we  note  that  the  non-linear  interaction 
arising  from  the  linear  growing  modes  and  the  sub¬ 
sequent  development  of  the  secondary  perturbations 
and  mean  flow  distortion  have  a  related  form  to  the 
Benney-Lin  analysis  (Benney  and  Lin  (1960);  Benney 
(1964))  of  non-linear  interactions  of  a  pair  of 
sytanetrical  oblique  linear  waves  in  unstable  laminar 
shear  flows. 

ANALYSIS 

Mean  flow 

The  turbulent  flow  in  the  boundary  layer  is 
assumed  to  be  incompressible  (density  equal  to  unity) 
and  Newtonian  so  that  at  all  (jc ,  t)  the  basic  equations 
for  the  unsteady  flow  are:- 

[k  "  v’2)vi  +  a!j(p{ij  *  W)  '  0  *  ££  ‘  0 

The  ensemble  average  taken  over  an  infinite  number  of 
realisations  of  the  flow  reduces  these  equations  to:- 

^-(P6ij  ♦  UiUj  ♦  ^?)-  v9*Ui  ;  -  0  (2) 

where  <vi>  ^  U£  ;  <p>  •  P  and  with  vj  ■  U^  ♦  u.', 

<vivj>  ■  _UjUj  +  uTuT,  We  assume  the  mean  flow1 
velocity  U£  is  governed  by  Prandtl’s  boundary  layer 
approximations  for  a  two-dimensional  mean  flow  so  that 

U  =  (Ui,  U2 ,  0)  with  Uj  >>  U2  and  .  The 

flow  outside  the  boundary  layer  is  constant  and  equal 
to  U„. 

For  the  purpose  of  evaluating  we  introduce  an 
empirically  derived  eddy  viscosity  vr  for  which  Cebecci 
and  Smith  (1974)  suggested  the  following  formula: 

^  '  K2y+2  ly+  (*  _  exp(_  2^)  Otytyc.  0> 

-  Ki  Re  h  ycSyfS 

where  K  is  von  Karmen's  constant 

Kj  -  0.016 [l  -  0.355  exp(-  0.243Z*  -  0.298z)]_1 
with  r  -  -  1 

*25  fir  1 

and  Rg,  H  are  the  Reynolds  number  MM  based  on  the 
momentum  thickness ,  6  and  the  form''  ^  ‘  factor 
respectively.  In  equation  (3)  u+  •  Uj/uT  and 
where  uT  “  /tw/p  ie  the  shear  velocity.  The 
same  formula  for  vr  will  be  used  below  for  the 
determination  of  the  Reynolds  stress  when  the  mean  flow 
suffers  a  distortion.  In  the  present  case: 


The  unsteady  flow  model 

We  next  assume  that  the  turbulent  boundary  layer 
develops  at  each  position  a  repeatable  coherent 
structure  which  is  self-generating.  These  structures 
occur  randomly  in  space  and  time.  The  coherent 
structure  is  of  finite  amplitude  and  during  its 
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developmant  a  measurable  distortion  of  the  mean  flow 
occura.  At  any  given  station  within  the  boundary 
layer  we  therefore  take  a  conditionally  sampled 
ensemble  average  of  the  flow  field  such  that  its 
trigger  it  associated  with  the  cosmen cement  of  a  new 
coherent  or  cell-like  structure.  At  the  commence¬ 
ment  of  the  coherent  structure  the  flow  it  such  that 
its  ensemble  average  velocity  is  and  its  Reynolds 
stress  is  u{ Ju;J.  During  the  development  of  the 
coherent  structure  the  conditionally  sampled 
ensemble  average  (written  f  0  shows  a  slow  variation 
in  velocity  in  space  and  time  given  by  {  vy  f  ■ 
Ui(x,t)  and  a  fast  fluctuation  ui'(x,t)  where 
vj  -  Uj(x.t)  ♦  ui'(x,t)  and  {  vivj  f  •  UiUj 
ui®uj'(x,  t).  We  assuoe  that  Reynolds  stress  uj'uj' 
can  be  modelled  by  the  use  of  the  same  eddy  viscosity 
vj,  at  was  used  foir  the  mean  flow  analysis  leading  to 
Che  evaluation  of  (?£.  Thus  we  write 


where  Si j  ■  ♦  -jj?  is  the  conditionally  sampled 

ensemble  averaged  rate  of  strain  tensor.  This 
assumption  that  vy  is  governed  by  the  mean  flow  is 
not  critical  to  the  remainder  of  the  analysis  and 
although  other  approximations  may  be  used,  that 
above  is  the  simplest  and  most  plausible.  Hence  in 
terms  of  these  conditionally  sampled  ensemble 
averages,  equation  (1)  becomes 

W  +  3xj‘(paij  *  UiUi)  ’  8^j-(v+^)Sij  <6) 

with  -|Hl  “0  (7) 

3xj 

The  mean  flow  distortion  dUi  *  Ui  -  Ui  is  governed 
both  by  large  scale  disturbances  of  order  of  the  cell 
sire  and  the  more  rapid  fluctuations  which  generate 
the  Reynolds  stress  uT’uj  which  itself  is  governed 
by  the  large  scale  distortion. 

So  far  our  model  is  completely  general  but 
being  non-linear  is  incapable  of  solution.  We 
therefore  simplify  our  model  b>  the  introduction  of 
a  perturbation  scheme  taken  up  to  second  order.  A 
higher  order  analysis  may  have  certain  advantages 
over  that  adopted  here.  Nevertheless,  we  have  no 
evidence  that  a  third  order  analysis  vill  lead  to 
improved  results.  Thus,  the  conditionally  sampled 
ensemble  averaged  velocity  and  pressure  are  vritten:- 

Ui  -  Ui(x)  ♦  £  Ui(1)(x,t)  +  e2  Ui<2)(x,t)  (8) 

P  -  PCx)  ♦  e  P(1)(x,t)  ♦  c2  P(2)(x,c)  (9) 

where  c  is_a  small  parameter.  In  our  flow  model 
?  »  0  and  Ui  —  "u i  ( X2 )  * i  1 .  When  substituted  into 
equation  (6)  we  find  the  zeroth,  first  snd  second 
order  approximations  give  respectively  the  mean  flow, 
the  linear  perturbation  and  the  secondary  perturb¬ 
ation  to  the  mean  flow. 

Linear  perturbation 

The  equation  for  Ui^  becomes 

(&  •  ♦  Up 


3U(1) 

with  -t— J  »  0  (11) 

3Xj 

We  next  find  the  Fourier  Transformation  of  these 
equations  with  respect  to  the  spatial  coordinates 
xi,  x 3  where 

Ui^  »  ||  6i(a,B;X2,t)exp  i(ax}+Sx3)dad6  (12) 

and  a  similar  relation  for  P^ . 

The  equations  for  Ui  are  given  by:- 

ffil]  uiu2]  fiapl  2 

[|£  +  i0“l]  '  “2  ’  +  •  0  •  +  ■  P'  ’  “  (v+Vy)  "k2] 

(U3J  0  (iBPj  2 

N  fUi  ♦  iaU2) 


U2)  ♦  "  2U2 

U3J  IU3  +  iSU2 


with  i(aUi  +  6U3)  +  •  0  (14) 

where  k2  «  a2  +  B2  and  primes  denote  differentiation 
with  respect  to  x2 . 

If  we  introduce  the  vertical  component  of  the 
vorticity 

.  (1)  3Ul(1)  3U3(1)  no 

tthere  11  *  1J3  -  Uj  (15) 

00 

and  //«*•  B;x2,t)exp  i  (axi  +  Bx3)dadB  (16) 

“00 

it  can  be  shown  that  since  we  are  dealing  with  oblique 
waves,  our  set  of  equationsfor  Uy,  U2,  U3  and  P 
reduce  to  two  equations  in  U2  and  n  only.  These 
equations  are 

{ji+  ioiilj  [4 2  -  k2)°2  '  iaV'U2  -  (v+vy)  (4V  k2) 

02  ♦  -  k2)l>2  ♦  vT"[-|^2-  k2)fi2  (17) 


|4  +  ioUijn  -  (v+vy)  -k2|n  -  vy'^  ■  -  iBUy'Uy  (18) 
In  addition  Uy  «  ^io~^U2  -  iSnj /k2  (19) 


63  •  i&|^  ♦  ian  /V2 


sij<v*vr)  Sija) 


Our  method  of  solving  these  equations  is  as 
follows.  We  assume  that  at  time  t-0  an  initial 
diaturbance  (Ui^)(x2))i»  prescribed.  The  stability 
and  ultimate  growth  of  that  diaturbance  ia  then 
investigated.  Nov  the  generel  propertiee  of 
equatione  (13)  with  constant  viscosity  snd  with 
appropriste  boundary  conditions  have  been  investi¬ 
gated  by  several  authors.  It  has  been  shown  by 
Murdock  and  Stewerteon  (1977)  and  Mark  (1976)  that 
the  linear  operator  of  these  equations  has  a  finite 
discrete  set  of  eigen  modes  as  well  as  a  continuoua 
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spectrum  and  moreover  the  continuous  spectrum  has 
higher  damping  coefficients.  We  have  found  similar 
properties  for  our  equations,  with  the  terms  in  the 
eddy  viscosity  included  by  direct  numerical 
calculation.  Hence  ve  deduce  that  for  any  small 
finite  initial  disturbance,  it  is  only  the  least 
damping  mode  that  can  dominate  the  later  development 
of  the  disturbance.  Thus  we  choose 

£'2  *  $(a,6;x2)exp(-iwt)  (21) 

where  p(a,8;x2)  is  the  least  damped  eigen  function 
of  the  modified  Orr-Sonnerfeld  equation  derived  from 
equation  (17)  above.  The  eigen  value  is  w  and  we 
write 

c  -  u/a  (22) 

for  real  a.  The  real  part  of  w  is  the  frequency  and 
ci  <  0  denotes  a  damped  mode.  The  ^east  damped  mode 
is  denoted  by  ci*(a,8;R)  where  R  «  U«,S/v. 

Unlike  the  equation  (17)  above  for  O2  the 
vorticity  equation  (18)  is  inhomogeneous  with  the 
forcing  term  -  i8Up'U2(a,B;x2t) .  It  has  also  been 
shown  by  Murdock  et  al  that  the  spectrum  of  the 
linear  operator  of  equation  (18)  has  a  similar 
spectrum  to  that  of  the  Orr-Sommerfeld  equation 
and  thus  chere  are  a  finite  number  of  discrete  eigen 
modes  plus  a  continuous  spectrum.  Furthermore,  we 
have  found  numerically  that  the  least  damping  mode 
of  the  vorticity  equation  usually  has  a  larger  damping 
coefficient  than  that  of  the  Orr-Sommerfeld  equation. 
Hence,  only  the  particular  solution  from  the  forcing 
term  can  play  an  important  role  in  the  later  devel¬ 
opment  of  the  disturbance  which  we  will  show  involves 
a  non-linear  interaction.  The  particular  solution 
of  equation  (18)  is  in  the  form: 

n  *  H(x2 , t)exp(-iwt)  (23) 

where  the  amplitude  function  H  satisfies  the  equation 

ia(Up-c)H-(v+vT)  ^2  -k2]n-  vT  §2-  i8U][*U2>^ 

with  the  initial  and  boundary  conditions 
H(0,t)  -  H(-,t)  •  0  ;  H(x2.0)  -  0 

The  inviscid  approximation  to  equation  (2b)  shows 
that  at  the  critical  layer  where  Ui  ■  cr  we  find 

H(x2.t)  ||^t<«*p(-a<:i*t)-l)  (25) 

showing  that  for  small  time  n  “v  t. 

This  linear  growth  in  the  amplitude  of  n  has 
also  been  found  in  a  related  problem  investigated  by 
Gustavsson  (1980),  We  find  moreover  from  the  numer¬ 
ical  solution  of  equation  (24),  when  viscous  terms 
are  included,  a  similar  growth  in  the  vertical 
component  of  vorticity  during  the  initial  period  and 
that  such  linear  growth  makes  an  important  contrib¬ 
ution  to  the  developing  non-linear  interaction.  Our 
solution  for  the  three  componente  of  velocity  can 
therefore  be  written: 

Ui  •  (ia$  -  i8H)exp(-  iwt) 

U2  “  *  exp(-  iwt)  (26) 

U3  ■  (i8$  ♦  iaH)exp(-  iwt) 

It  ie  easy  to  show  from  the  Orr-Sonnirfeld  equation 
that 

♦(x2,t;o,-S)  -  ♦(x2,t;n,B) 

and  from  equation  (24) 


H(x2,t;a,-8)  *  -  H(x2,tja,B) 

Thus 

Ui(a,-B)  -  Up(a,B)  U2(a,-B)  • 

U3(a,-B)  -  -0j(a,6) 

showing  that  Up,  U2  are  even  functions  of  B  whereqs 
U3  is  an  odd  fraction  of  8.  These  properties  of  Uj , 
U2,  U3  will  be  used  in  our  consideration  of  the  non¬ 
linear  interaction  which  is  treated  in  section  3.4 
below. 

Second  order  perturbation  and  mean  flow  distortion 

The  equation  for  the  secondary  perturbations  is 
derived  from  equation  (6)  above,  and  is 

(A.i,  y  It®- 

-  aTT  V'V1’*  <!I> 


where  (Up  ^Uj^)  has  been  derived  from  section  3.3 
for  the  least  damped  eigen  mode.  When  we  make  use  of 
the  symmetrical  properties  found  for  Upland  U2(2) 
and  the  anti  symmetrical  properties  for  U3O}  vith 
respect  to  B,  we  find  the  following  average  properties 
for  the  Reynolds  stress  Up(l)Uj  (Dproduced  by 
symmetrical  oblique  waves  with  given  spanwise  wave 
number  i  B  and  streamwise  wave  number  a 

aij  -Ui(1)Uj(1)  -  A(a,B)(UiU*  +  G*C j )  cos2Bx3;  i.j  «  1  or  2 
033  -  U3(1)U3(1)  -  A(o,8)2U3U3  Bin2Bx3  (29) 

0fc3"  A(o,B)  (UfcU**  UfcU3)6iuBx3co8ex3;k«lor2 

where  A(a,B)  is  related  to  the  amplitude  of  the 
initial  disturbance.  These  values  of  *•’  e  first  order 
Reynolds  stresses  are  all  independent  0.  xp.  With 
these  Reynolds  stress  properties  the  solution  of 
equation  (27)  has  the  form 

“  A(o,B)  (upo  +  upp  cos  26x3) 

U2V  ■  A(a,8)(  U2p  cos  2Bx3) 

U3(2)  “  A(a,B)(  U3P  sin  26x3) 

■  A(a,B)(p0  +  pp  cos  26x3) 

when  we  substitute  these  values^into^equation  (27) 
above  we  find  writing  ffpj  *  UjUj  +  Upl'j  that 

[“lo|  0  fupo 

upp  •  •  •  0  1  +  (v+vp)'  up"  -  46Jup 

u2p  -p'  u2p "  -  4Bzu2p * 2BU3P ' 

U31  28'pp  (U3i"  -  8B2ujp  -  2Bu2p' 


“10  ' 

012 '/2 

“11 ' 

<712^/2  ♦  8033 

2u2i  ' 

022^/2  ♦  6023 

l“3l'-  2Bu21 

032^/2  ♦  6oj3 

with  p0  «  c22/2  (31)  and  “2i"*2®“31  “  0  (32) 

where  primes  denote  differentiation  vith  respect  to  x2 
The  initial  and  boundary  conditions  are 


11.27 


Ui<2)(*2.0)  -  0  ;  Oi<2\c,t)  •  Ui(2)(-,t>  -  0 

Of  particular  interact  are  the  aquation  for  tba 
growth  of  the  streamvise  consonant  of  vorticity 
j(2)»  3U3(2>/3*2  -  3U2<2)/3x3  which  can  be  found 
from  equation  (30)  above,  and  the  time  dependent 
dietortion  of  the  etreaawiae  component  of  velocity 
given  by  e2Ui(2), 

Secondary  inatability  aaaociated  with  the  mean  flow 
dietortion 

The  atability  of  the  'a lowly'  varying  time 
dependent  conditionally  sangled  ensemble  averaged 
mean  velocity  distribution  Ul^u  ♦  e2  U^(2)  (x2,t) 
can  be  determined  for  different  values  of  the  initial 
disturbance  amplitude.  The  equation  we  use  ia  the 
modified  Orr-Sosmerfeld  equation  (17),  including 
the  terms  in  the  eddy  viscosity  \>f,  as  used  above  in 
the  determination  of  the  eigen  modes  for  the  linear 
perturbation.  The  only  difference  is  that  U]_  and 
l'l"  are  to  be  replaced  by  Uj  +  c2  Uj^2)  and  its 
second  derivative  with  respect  to  X2. 

NUMERICAL  METHOD 

All  the  numerical  calculations  were  performed 
on  the  ICL  2970  at  Southampton  University. 

We  use  an  orchogonalized  Runge-Kutta  integration 
scheme  to  evaluate  the  eigen  values  and  eigen 
functions  of  the  modified  Orr-Sommerfeld  equation 
for  the  least  damped  mode  of  the  mean  flow  and  for 
the  most  unstable  mode  of  the  distorted  flow 
velocity  profile. 

An  explicit  finite  difference  scheme  was  used  to 
solve  the  parabolic  partial  differential  equation  for 
the  vertical  vorticity  component.  The  same 
integration  scheme  was  used  to  solve  for  the  velocity 
distribution. 


RESULTS 

Stability  characteristics  of  the  mean  velocity  prof ile 

It  was  found  that  the  mean  velocity  profile  (a 
typical  profile  is  shown  in  Fig. 2  for  R*40.000)  was 


stable,  in  agreement  with  the  results  of  several 
authors,  over  a  wide  range  of  Reynolds  number,  R  • 

U »6/v,  from  6000  to  400,000.  However,  our  results 
are,  we  believe,  new  in  that  the  terms  involving  a 
variable  eddy  viscosity  are  included  in  the  modified 
Orr-Sommerfeld  equation.  We  found  that  the  least 
damping  modes  have  phase  (wave)  speeds  ranging  from 
0.66  to  0.75  TL  for  wave  numbers  ad*  up  to  2  and  Bd* 
up  to  3.5.  These  results,  as  shown  in  Fig. 3,  are  in 
fair  agreerent  with  the  corresponding  wavs  speeds 
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derived  from  the  experiments  of  Willmarth  and 
Wooldridge  (1962)  and  others. 

Mean  flow  distortion 

The  distorted  mean  velocity  profile  during  the 
initial  development  of  a  coherent  structure  is 
shown  in  Fig. 4  for  two  initial  disturbance  anq>litude<i 


whilst  in  Fig. 5  the  distortion  and  its  second 
derivative  are  shown  for  an  initial  disturbance  of  52 
of  the  freestream  velocity.  It  has  been  shown  that 
these  distortions  are  qualitatively  in  agreement  with 
the  experimental  results  of  Blackwelder  et  al  (1972) 
and  others  where  results  of  conditionally  sazipled  flow 
velocity  profiles  have  been  obtained  throughout  the 
complete  development  and  decay  cycle  of  coherent 
structures.  It  is  shown  that  the  distortions  are 
quite  merited  for  initial  disturbance  amplitudes  as  low 
as  52  of  Us.  When  the  initial  disturbance  amplitude 
exceeds  102  of  U„  the  calculations  show  a  tendency  to 
flow  reversal  in  the  region  close  to  the  wall  'thin 
the  complete  cycle  of  the  coherent  structure foi~ *tion. 
Since  experimental  results  do  not  show  flow  reversal 
we  can  only  assume  that  our  results  for  102  initial 
disturbance  or  less  are  of  significance  in  forming  a 
composite  picture  of  the  development  of  the  coherent 
structure. 

Fig. 5  shows  that  the  maximum  distortion  occurs 
near  the  wall  and  for  the  case  shown  is  at  y*  «  16. 
This  result  is  typical  for  a  large  range  of  Reynolds 
numbers. 

Secondary  instability  arising  from  mean  flow  distortion 

In  Fig. 6  we  show  the  results  of  phase  speed  and 
damping  coefficient  for  R  «  40,000  and  for  various 
values  of  ad*.  Our  numerical  results  show  that  when 
the  initial  disturbance  amplitude  is  of  the  order  of 
52  or  less,  the  distorted  profile  is  always  stable 
throughout  the  cycle  of  a  coherent  structure.  However, 
when  the  initial  disturbance  amplitude  is  of  order  102 
when  R  *  6000  changing  to  52  when  R  is  greater  than 
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40,000  the  distorted  profile  becomes  unstable  within 
the  time  to  reach  a  maximum  distortion.  This  time  is 
shorter  as  the  Reynolds  nusfcer  is  increased. 

In  Fig. 7a  we  show  typical  results  for  the  decay 
of  the  least  stable  (linear)  mode  from  an  initial 
disturbance  of  10Z  of  U»,  together  with  the  initially 
linear  growth  of  H.  In  Fig. 7b  we  show  typical  values 
of  the  mean  flow  distortion  as  functions  of  h|UT/v  on 
the  assumption  that  the  spatial  growth  can  be  deter¬ 
mined  approximately  from  the  calculated  temporal 
growth  and  assuming  the  convection  speed  is  equal  to 
the  group  velocity,  which  in  our  case  is  nearly  equal 
to  the  phase  velocity.  In  Fig. 7c  the  secondary 
instability  is  shown  to  lead  rapidly  to  a  breakdown 
of  the  flow  and  occurs  within  a  distance  of  about 
xju./v  •  2000  following  the  conaencement  of  the 
coherent  structure. 

The  development  of  strong  streamwise  vorticity 

For  a  given  initial  disturbance  amplitude  we 
fowd  that  a  strong  streetwise  vorticity  is  generated 
as  a  second  order  effect.  A  typical  result  is  shown 
in  Fig.  8  in  which  the  calculated  streamlines  are 
shown  in  plana  perpendicular  to  the  freestream 
direction.  The  non-dimensional  spanwise  wave  length, 
XuT/v,  of  a  cell  ia  shown  to  be  of  order  100  over  a 
wide  range  of  Reynolds  numbers .  We  note  that  the 
flow  in  transverse  planea  superimposed  on  the 
strcaafise  cotgtonent  of  the  distorted  mean  flow  has 
the  appearance  of  eide-by-side  ejection  events 
41Ui<0,AU2>0)  with  sweep  evente  (iU^>0,4U2<0)  and  ara 
similar  to  the  'finger*  structure  observed  by  Brodkey 
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ABSTRACT 

A  subsonic  axisymmetric  jet  with  time-varying 
velocity  profile  has  been  experimentally  investigated 
to  determine  the  influence  of  pulsations  on  jet 
growth  and  entrainment.  The  kinematics  of  the  en¬ 
trained  flow  were  studied  by  marking  the  fluid  with  a 
sheet  of  CO?  gas  at  approximately  the  jet  spreading 
angle.  The  influence  of  the  frequency  and  amplitude 
of  pulsation  on  the  jet  flow  was  inferred  by  measur¬ 
ing  the  mean  and  fluctuating  velocities  by  constant 
temperature  hot-wire  anemometry.  The  enhanced  grc.  ' 
of  the  pulsatile  jet  as  compared  to  the  steady  jet 
was  accompanied  by  a  circumferential  bulk  transport 
of  the  fluid  entrained  by  the  organized  vortices. 

NOMENCLATURE 

b  width  of  the  jet 

d  primary  nozzle  diameter 

f  frequency  of  pulsations 

M  nozzle  exit  flow  Mach  number 
e 

p  static  pressure 

px  ambient  pressure 

Pq  stagnation  pressure 

Q  volumetric  jet  flow 


S  — ,  non-dimensional  frequency 

u'  longitudinal  velocity  fluctuation 

U  longitudinal  mean  velocity 

U  nozzle  exit  flow  velocity 

X  longitudinal  distance  from  nozzle  exit  plane 

spacing  between  the  vortices 
o  gas  density 

u  gas  viscosity 


INTRODUCTION 

Recent  investigations ^ )  have  revealed  that  aug¬ 
mentation  in  the  thrust  of  an  ejector  can  be  improved 
by  pulsating  the  primary  jet.  It  was  further  observed 
that  over  a  wide  range  of  primary  jet  Mach  numbers, 
this  improvement  in  ejector  performance  was  indepen¬ 
dent  of  the  frequency  of  pulsations  but  was  directly 
proportional  to  their  amplitude.  To  enhance  the 
understanding  of  the  relationship  of  pulsations  to 
ejector  performance,  preliminary  experiments  were  per¬ 
formed  on  entrainment  and  mixing  in  pulsatile  jets  and 
are  reported  in  this  paper. 

Experimental  investigations  by  Binder  and  a 
Favre-Marinet,^  Bremhorst  and  March^,  Crow  and 
Champagne4*,  LeisterS,  Platzer,  et  al .  ^  and  Wvgnanski  et 
al.^  have  demonstrated  without  doubt  the  importance  of 
organizing  the  jet  with  large-scale  vortices  in  order 
to  achieve  an  increased  rate  of  jet  growth  and  hence 
increased  entrainment  of  ambient  fluid.  In  the  follow¬ 
ing  section,  the  influence  of  pulsations  (time-varying 
complete  flow)  on  the  jet  growth  and  entrainment  is 
further  investigated.  The  kinematics  of  the  fluid 
entrained  by  the  pulsatile  jet  was  also  studied  and  is 
reported  below. 


EXPERLMENTAL  FACILITIES  AND  INSTRUMENTATION 

Subsonic  jet  flow  was  generated  by  expanding  air 
at  room  stagnation  temperature  through  an  axisymmetric 
convergent  nozzle  which  has  an  exit  diameter  d  of 
2.54  cm.  The  flow  before  entering  the  plenum  chamber 
could  be  modulated  from  20  Hz  to  1500  Hz  by  first 
passing  the  flow  through  a  pneumatic  transducer.  The 
time-varying  primary  jet  velocity  profile  (complete 
jet  flow)  was  achieved  by  utilizing  this  pneumatic 
transducer.  To  avoid  any  changes  in  the  mean  mass 
flow  rate  which  may  result  by  the  introduction  of 
these  modulations,  a  choked  flow  condition  was  main¬ 
tained  in  the  air  supply  line  upstream  of  the  pneuma¬ 
tic  transducer.  Constant  temperature  hot-wire  anom- 
ometry  was  utilized  to  determine  the  mean  and  the 
fluctuating  velocity  components  of  the  pulsating  jet. 
The  data  was  plotted  on  x-y  plotters  and  subsequently 
digitized  and  processed  on  the  mini-computer  dat-  ac¬ 
quisition  facility. 


The  jet  flow  was  visualized  by  injecting  COo  gas 
into  the  plenum  chamber  of  the  nozzle  air  supply. 

Still  shadowgraphs  were  taken  with  a  spark  source  that 
had  a  time  duration  of  approximately  1.0  us.  Visuali¬ 
zation  of  the  entrained  fluid  alone  was  also  made  by 
taking  spark  shadowgraphs  of  a  sheet  of  fluid  marked 
with  Ct»2  gas.  The  results  of  this  flow  visualization 
work  are  discussed  in  the  following  section. 

EXPERIMENTAL  RESULTS  AND  DISCUSSION 

Flow  Visualization 

Spark  shadowgraphs  showing  the  jet  growth  with¬ 
out  and  with  upstream  pulsations  are  shown  in  Fig¬ 
ures  1  and  2  respectively.  The  Reynolds  number  based 
on  the  nozzle  exit  diameter  and  mean  velocity  was 
Re  =  0.9  x  IQ^.  In  Figures  4  and  5  in  which  the  mean 
mass  flow  rates  were  equal,  the  spreading  angle  of  the 
jet  is  significantly  enhanced  by  the  flow  pulsations. 
By  the  nozzle  design  and  its  contraction  ratio  of  25, 
the  flow  was  kept  laminar  at  the  nozzle  exit.  As  is 
evident  from  Figure  1,  the  roll-up  of  the  shear  layer 
into  discrete  ring  vortices  is  evident  with  the  flow 
rapidly  becoming  turbulent  within  less  than  a  diam¬ 
eter  downstream  of  the  nozzle  exit.  The  spanwise 
coherency  of  the  initial  laminar  instability  waves  is 
evident  in  Figure  1.  Organization  of  the  jet  with 
upstream  pulsations  is  quite  evident  in  Figure  2.  The 
non-dimensional  frequency,  fd/lTe  was  0.3.  It  is  clear 
from  Figure  2  that  the  organization  was  axisvmmetr ic . 
Observation  of  vortex  spacing  in  Figure  2  leads  to  the 
conclusion  that  the  vortices  convected  approximately 
at  the  mean  velocity  with  spacing  X/d  -  1.1  where  X 
is  the  spacing  between  the  vortices.  Figure  2  also 
shows  that  the  wavelength  remains  constant  up  to 
X/d  =  5. 

The  changes  in  entrainment  of  the  jet  with  and 
without  primary  jet  pulsations  were  observed  by 
visualizing  the  entrained  fluid  marked  by  CO2  gas.  A 
slit  of  CO2  gas  was  introduced  at  the  jet  spreading 
angle  all  along  the  jet.  Typical  results  showing  the 
instantaneous  behavior  of  the  entrained  fluid  without 
pulsation  are  shown  in  Figure  3  and  with  pulsations 
in  Figures  4  and  5.  Figures  4  and  5  indicate  a  sharp 
interface  between  the  entrained  fluid  and  the  orga¬ 
nized  vortex  structure  in  the  jet.  From  a  close  look, 
at  the  entrained  fluid  in  Figures  4  and  5  as  compared 
to  Figure  3  it  is  inferred  that  the  bulk  of  the  en¬ 
trainment  occurs  at  localized  regions  within  the  jet 
and  shear  layer  for  pulsatile  jets  as  compared  to 
non-pulsatile  jets. 

Influence  of  Pulsations  on  Free-Jet  Growth 

Typical  results  from  hot-wire  anemometry  of  the 
longitudinal  velocity  fluctuations  are  shown  in  Fig¬ 
ure  6.  The  results  obtained  by  traversing  two  hot¬ 
wires  relative  to  each  other  at  a  fixed  distance  from 
the  nozzle  and  by  looking  at  the  phase  of  the  v'ilocjty 
f luctuat ions,  showed  that  the  pulsations  were  axisym- 
metric  in  nature. 

To  determine  the  influence  of  pulsations  of  the 
jet  on  its  growth  extensive  mean  velocity  profile  mea¬ 
surements  were  made  at  various  axial  locations  down¬ 
stream  of  the  nozzle  exit.  These  measurements  were 
made  at  a  fixed  nozzle  exit  Mach  number,  M^j^  -  0.2, 
and  over  a  range  of  pulsation  frequencies  from  0  to 
1500  Hz.  Two  linearized  constant  temperature  hot¬ 
wires  were  employed  to  measure  the  mean  and  the  fluc¬ 


tuating  velocity  components  in  the  jet.  One  wire  was 
fixed  and  located  in  the  jet  at  X/d  =0.5  and  was 
utilized  to  control  the  amplitude  of  free-jet  pulsa¬ 
tions.  The  second  wire  was  traversed  across  the  jet 
at  various  axial  locations  to  measure  the  mean  velo¬ 
city,  U,  and  the  velocity  fluctuations,  u’,  normal  to 
the  wire. 

The  influence  on  the  free-jet  growth  rate  of  the 
pulsation  frequency  is  shown  in  Figure  7  for  various 
values  of  the  non-dimensional  frequency,  fd/U6.  These 
results  were  obtained  for  a  series  of  mean  velocity 
profiles  taken  at  various  axial  locations,  X/d,  at  a 
fixed  Mach  number,  Mexic  =  0.2.  Throughout  these  ex¬ 
periments,  the  rms  value  of  the  longitudinal  velocity 
fluctuations,  *^7*2 /  U  e  were  kept  at  10%  at  the  nozzle 
exit.  This  entrainment  is  associated  with  the  engulf¬ 
ing  action  of  the  large  scale  vortices.  As  can  be 
seen  in  Figure  4  at  */dn5  an  interaction  between  the 
ring  vortices  occurs  which  results  in  an  increase 
vortex  spacing. 

The  decay  of  center-line  velocity  in  the  present 
experiments  at  low  non-dimensional  frequency  of  exci¬ 
tation,  fd/Ue  <  0.05,  does  not  seem  to  influence  the 
growth  of  the  free  jet.  For  fd/Ue  >  0.05,  the  in¬ 

fluence  of  excitation  is  to  increase  the  decay  of  the 
centerline  velocity.  Present  results  further  showed 
this  enhanced  decay  to  be  independent  of  the  pulsation 
frequency  at  least  within  the  accuracy  of  the  present 
experimental  results.  The  above  results  were  further 
supported  when  the  influence  of  various  pulsation 
frequencies  on  mean  velocity  profile  growth  and  jet 
entrainment  were  determined  as  shown  in  Figures  8  and 
9.  Up  to  X/d  =  14,  as  discussed  above,  the  growth  of 
the  jet  and  its  entrainment  at  low  pulsation  frequency 
were  not  influenced  by  the  pulsations. 

The  entrainment  with  pulsations  is  significantly 
larger  even  at  the  lowest  values  of  x/d  explored.  The 
results  presented  in  Figure  9  indicate  that  the  pulsa¬ 
tile  flow  yields  a  constant  increase  in  entrained  mass 
flow  up  to  x/d  ^  5  where  it  experiences  an  additional 
increase  presumably  associated  with  the  vertex  inter¬ 
action  observed  in  Figure  4. 

The  relative  large  amplitude  of  forcing  used  in 
this  investigation  results  in  significant  changes  in 
the  evolution  of  the  vortices.  The  formation  process 
is  dominated  by  the  forcing  with  the  Kelvin- 
Helmholtz  free  shear  layer  instability  appearing  as  a 
ripple  on  the  interface  between  the  jet  and  the  sur¬ 
rounding  fluid.  The  interaction  process  apparent  in 
Figure  4  was  not  observed  in  a  previous  investigation 
with  lower  forcing  amplitude.^ 
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ABSTRACT 

New  experiments  on  the  entrainment  rate  of  a 
turbulent  mixed  layer  that  is  stirred  by  a  surface 
shear  stress  (u,‘)  permit  a  new  interpretation  of 
annulus  experiments  for  either  the  two-layer  system 
(2LS)  or  the  system  with  a  stratified  outer  layer 
(SOL) .  The  new  experiments  included  measurements  of 
the  velocity  jump  (Au)  across  the  interfacial  or 
entrainment  layer,  and  the  entrainment  rate  was 
found  to  depend  on  both  Au  and  u.  in  a  product  form. 
The  greater  entrainment  rate  for  the  2LS  than  for 
the  SOL  is  found  to  be  associated  with  greater  Au 
with  the  2LS,  for  given  values  of  density  jump,  Ac, 
and  u,.  This  paper  attempts  to  explain  why,  in  the 
two  different  types  of  experiment,  greater  Au  values 
occur  for  the  2LS  for  given  values  of  Ac  and  u, . 

NOMENCLATURE 

English 

B  stabilizing  buoyancy  parameter 

g  gravitational  acceleration 

h  depth  of  well  mixed  layer  (does  not  include 

mean  interfacial  layer) 

R  overall  Richardson  number  based  on  surface 
shear  stress 

Ry  overall  Richardson  number  based  on  interfacial 
velocity  jump 
t  time 

t’  dummy  time  variable 

u  tangential  flow  speed 

u.  friction  velocity 

we  entrainment  rate 

z  height  (distance  from  rotating  screen) 

Greek  or  other  symbol 

A  change  in  property  across  the  edge  of  the  mixed 
layer  (except  Ar) 

Ar  annulus  gap  width 

p  density 

z0  reference  density 

(  mean  value 

INTRODUCTION 

In  the  past  12  years  there  have  been  several 
experiments  on  the  rate  at  which  a  turbulent  mixed 
layer,  stirred  by  the  action  of  a  surface  shear 
stress,  entrains  an  adjacent  non-turbulent  outer 
fluid  layer  of  contrasting  density.  This  topic  is 
most  conveniently  studied  within  an  annulus  equipped 
with  a  rotating  screen  to  provide  the  shear  stress 


and  fluid  velocity  of  the  turbulent  layer.  There 
are  then  no  tangential  end  effects,  the  flow  is 
fully  developed,  and  the  tangential  mean  pressure 
gradient  is  zero.  The  various  investigators  hope 
that  centrifugal  effects  are  minimal  and  that  the 
entrainment  interface  is  nearly  horizontal  in  the 
mean.  In  order  that  centrifugal  effects  not  be  too 
severe,  rather  small  screen  rotation  rates  are  used. 

The  first  such  experiment  by  Kato  5  Phillips 
(1,  abbreviated  KP)  employed  a  linearly  stratified 
outer  layer  (abbreviated  SOL)  .  The  approximate  rela¬ 
tion  they  found  is 

we/u.  =  2.SR,’1  (1) 

where  we  is  the  vertical  entrainment  rate,  u»  is  the 
friction  velocity  at  the  rotating  screen  surface, 
and  Rt  is  an  overall  Richardson  number  defined  by 

R-t  '  B/u, 2  (2) 

where  B  is  the  overall  buoyancy  parameter: 

B  =  ghAp/t0 

with  p0  being  a  reference  density  of  one  of  the 
layers,  Ap  the  magnitude  of  the  density  jump  between 
the  turbulent  and  non-turbulent  layers,  g  the  gravi¬ 
tational  acceleration,  and  h  the  mixed-layer  depth. 

Using  the  same  annulus,  Kantha  et_  al_.  (2, 
abbreviated  KPA)  explored  the  two-layer  system  (abbre 
viated  2LS)  wherein  the  non-turbulent  layer  is  homo¬ 
geneous  and  not  stratified.  (In  both  the  2LS  and 
SOL  configurations  a  density  jump,  Ap ,  exists  or 
develops.)  They  found  that  the  normalized  entrain¬ 
ment  is  considerably  larger  (roughly  by  a  factor  of 
2)  for  the  2LS  than  that  given  by  (1)  for  the  SOL. 

The  discrepancy  was  disturbing  and  unexplained;  it 
was  speculated  that  internal  gravity  waves  in  the 
SOL  may  sap  enough  turbulence  energy  from  the  mixed 
layer  to  reduce  significantly  the  entrainment  rate. 
They  also  noticed  that,  for  a  given  R1 ,  we/u.  was 
reduced  when  h/Ar  is  greater,  where  Ar  is  the  annulus 
gap  width,  due  to  the  influence  of  sidewall  friction. 
They  therefore  attempted  to  extrapolate  their  results 
to  the  limiting  case  of  no  sidewall  friction. 

Using  an  annulus  only  half  as  latge,  Kantha  (3) 
also  explored  the  entrainment  rate  in  the  2LS.  He 
found  w-/u.  values  significantly  smaller  than  those 
of  KPA  for  the  same  system  but  otherwise  following 
roughly  the  same  R,  dependence.  Confusingly,  his 
we/u.  values  lay  closer  to  those  of  KP  than  KPA. 
Relatively  strong  sidewall  friction  could  be  invoked 
as  the  cause  of  the  reduced  entrainment  rates. 

An  explanation  fot  the  discrepancy  between  the 


SOL  and  2LS  results  was  provided  by  Price  (4)  and 
Thompson  (5).  They  assumed  that  the  inverse  Froude 
number,  R y,  was  constant  (of  order  0.6)  during  most 
of  the  entrainment  period,  where 

Ry  *  B/(au)2  (3) 

and  au  is  the  magnitude  of  the  velocity  jump  across 
the  entrainment  interface.  The  Rv  *  const  explana¬ 
tion  involved  the  mixed-layer  momentum  and  salt  mass 
budgets,  and  predicted  a  factor  of  two  greater  values 
for  we/u,  for  the  2LS  than  for  the  SOL  at  a  given  R  . 
In  Price's  words,  "The  factor  of  2  arises  because  T 
half  the  available  momentum  supply  (screen  stress 
minus  sidewall  drag)  must  be  used  to  accelerate  the 
mixed  layer  in  the  linearly  stratified  case  in  order 
to  maintain  Rv  constant  as  B  increases  with  h.  All 
of  the  available  momentum  supply  is  used  to  acceler¬ 
ate  entrained  fluid  in  the  two-layer  case,  where  B 
is  constant."  In  the  absence  of  sidewall  friction, 
Price  and  Thompson  also  r  edicted  an  R  dependence 
for  Re/u,  in  the  laboratory. 

In  recent  annulus  experiments  by  Deardorff  and 
Willis  (6)  Rv  values  were  measured  for  the  first 
time.  They  were  found  to  vary  from  about  0.7,  the 
smallest  value  they  could  achieve  in  their  apparatus, 
to  over  10,  depending  largely  on  how  great  h/Ar  was. 
That  is,  with  relatively  large  sidewall  damping  Au 
was  kept  small,  forcing  Rv  to  be  large.  Rather  than 
reject  all  data  for  which  Ry  was  greater  than  about 
0.6,  they  found  that  their  observed  entrainment  rates 
could  be  fit  by  the  relationship 

we/u,  =  O^R^Ry’1-4  (4) 

This  RT dependence  was  derived  solely  from  the 
arguments  of  Price  and  Thompson,  but  the  circumstance 
of  Rv  =  const  is  considered  to  be  only  a  special  case. 
The  exponent  in  the  Rv  dependence,  determined  from 
their  2LS  data  using  turbulent  salt  water  underneath 
non-turbulent  fresh  water,  is  not  yet  known  to  an 
accuracy  better  than  *_  10%. 

Eq.  (4)  is  based  on  the  use  of  the  depth,  h,  of 
the  well  mixed  layer  as  length  scale.  It  was  found 
that,  typically,  h  =  0.8h2,  where  h,  is  the  outer¬ 
most  depth  reached  by  mixed-layer  fluid  at  any  given 
time.  Thus,  h  =  O.ilh^  can  be  considered  a  more 
representative  mean  mixed-layer  depth.  Then  (4)  con¬ 
verts  to 

we/u.  *  0. 47R_ "^Ry~^  * 4  (based  on  h)  (5) 

Details  of  their  experiments  and  findings  are 
presented  in  Deardorff  and  Willis.  Here  the  emphasis 
is  on  explaining  why  Ry  should  tend  to  be  larger  in 
laboratory  SOL  experiments,  with  consequently  reduced 
w  /u,  values,  than  for  the  2LS,  assuming  that  in  both 
cases  the  entrainment  obeys  (4)  or  (5) . 

THE  MODEL  FOR  TESTING  (5) 

A  time  dependent  numerical_model  was  constructed 
which  obeyed  (5)  and  predicted  h  from 

K(t)  »  K(0)  ♦  /  we(t')dt'. 

'  o 

The  mean  mixed-layer  momentum,  u,  was  obtained  from 
the  momentum  budget  taking  entrainment  and  sidewall 
drag  into  account. 

For  the  2LS  B  was  taken  constant,  equal  to  its 
initial  value,  such  as  to  yield  constant  R  values 
(in  5  different  runs)  of  36.2,  70.3,  150,  z92  and 


523.  For  the  SOL,  B  was  diagnosed  from 
B  =  b(g/P0)|3p/3z!h2 

where  1 3p / 3 z [  is  the  constant  linear  stratification 
of  the  outer  layer. 

In  all  cases,  initial  conditions  included  u(0)  = 
0,  and  at  all  times  u,  =  1.41  cm  s“*  and  Ar  *  22.8  cm. 
For  the  2LS,  1T(0)  =  5.4  cm;  for  the  SOL  Tv ( 0)  =  0.5  cm 
and  (1/p.) 1 3p/ 3 z [  =  7.67  x  10‘3  cm"1.  Only  one  SOL 
numerical  run  was  necessary  because  Rt  increased  with 
time  and  covered  the  range  of  RT  values  from  the  five 
2LS  runs. 

MODEL  RESULTS 

The  numerical  results  are  displayed  in  Fig.  1  on 
a  we/u„  versus  RT  diagram.  Included  are  the  data 
from  the  actual  kP  and  KPA  experiments  simulated. 

The  model,  using  (5),  does  predict  substantially 
greater  entrainment  rates  for  the  2LS,  indicating 
that  Rv  was  smaller  for  the  2LS  at  the  same  RT  value. 
In  addition,  the  agreement  with  different  experimental 
results  than  those  from  which  (4)  was  derived  is 
probably  as  close  as  can  be  expected.  However,  the 
use  of  (5)  did  not  produce  quite  as  large  an  entrain¬ 
ment  advantage  for  the  2LS  as  that  observed. 


Figure  1.  Entrainment  rate  normalized  by  friction 

velocity  versus  RT  calculated  numerically 
from  a  model  obey-ng  (5)  for  the  case  of 
the  stratified  outer  layer  (SOL,  solid 
curve)  and  for  5  two-layer  systems  (2LS, 
solid  circles).  The  corresponding  experi¬ 
mental  data  from  KP  (♦)  and  from  KPA  (c) 
are  also  shown. 

Fig.  2(a)  shows  the  main  dimensionless  time- 
dependent  results  for  the  case  (Ry) 2LS  *  36.2.  In 
this  case  we  S£e  that  sidewall  friction  has  had  little 
effect  on  the  u/u,  values  at  the  small  times  at  which 
the  simulated  KP  and  KPA  runs  are  compared.  Here,  u 
is  the  mixed-layer  mean  velocity  which  is  slightly 
larger  than  | Au ! ,  due  to  some  viscous  propagation  of 
momentum  beyond  the  mixed-layer  interface^  Both 
results  follow  the  expected  1:1  line  of  u/u,  «  (u./h)t 
for  no  sidewall  friction  at  small  time.  However,  when 
(Rt) SOL  reaches  36.2  (it  grows  with  time)  a  smaller 
dimensionless  time  has  elapsed  for  the  SOL  than  for 
the  2LS  when  the  latter's  Ry  has  reached  a  minimum 
value.  This  appears  to  be  the  appropriate  time  to 
evaluate  the  2LS  entrainment  rate,  since  2LS  data 
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occurring  before  this  minimum  Rv  is  reached  are 
usually  rejected  because  the  we  values  are  then  so 
saall.  Thus,  u/u.  is  greater,  at  saall  times,  for 
the  2LS  than  for  the  SOL,  for  the  same  RT,  because 
of  a  somewhat  gteater  dimensionless  period  of  accel¬ 
eration  experienced  by  the  2LS  Hence,  by  (5)  and 
(3)  this  difference  is  amplified  into  a  substantially 
greater  entrainment  rate  relative  to  u„ . 

At  larger  times  sidewall  drag  is  an  important 
factor  because  h/Ar  is,  and  had  recently  been,  larger 
for  the  SOL.  Fig.  2(b)  shows  the  model  results  at 
that  stage,  for  the  case  (Rt)2LS  =  292.  The  dimen¬ 
sionless  times  at  which  (RT)soL  reaches  292  and 
(R^SOL  dips  to  its  minimum  value  are  then  roughly 
the  same,  but  (E/Ar)soL  is  substantially  larger 
because  of  its  earlier  history  of  faster  entrainment. 
Thus,  wall  friction  by  this  later  time  has  reduced 
(u/u.Jsql  i>ei°w  that  of  the  2LS,  thereby  again 
increasing  (RyJgOL  an<*  decreasing  (we/u,)goL  relative 
to  the  2LS.  This  second  explanation  takes  over  well 
before  the  first  leaves  off. 

In  a  recent  study  by  Kitaigorodskii  (7),  it  has 
also  been  concluded  that  we/u,  should  depend  on  both 
Rv  and  Rt,  and  that  |3p/3z|  should  not  affect  the 
entrainment  rate  if  the  latter  is  expressed  as  a 
function  of  both  RT  and  Ry.  However,  at  and  before 
the  time  of  that  study  there  was  no  experimental 
guidance  on  the  Rv  dependence  of  we/u„ . 

SUMMARY 

The  entrainment  rate  in  rotating-screen  annulus 
experiments  was  found  to  depend  on  the  velocity-jump 
scale,  Au,  as  well  as  upon  u„.  By  treating  the 
inverse  Froude  number  Rv  as  a  variable,  the  influ¬ 
ence  of  sidewall  drag  was  taken  implicitly  into 
account  by  its  influence  on  Rv.  The  dependence 
found  is  we/u,  *  0.33RT*!5RV"1 -4. 

This  relationship  was  used  to  predict  relative 
entrainment  in  simulation  of  some  KP  and  KPA  experi¬ 
ments.  In  the  two-layer-system  (2LS)  smaller  Ry 
values  are  predicted  to  occur  than  in  stratified- 
outer-layer  (SOL)  experiments,  under  the  different 
conditions  at  which  RT  is  the  same.  Hence,  the 
entrainment  rate  is  greater  for  the  2LS  at  the  time 
at  which  the  comparison  is  made.  The  distinction 
disappears  when  both  velocity  scales  are  utilized, 
as  in  (5),  to  diagnose  the  entrainment  rate. 
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ABSTRACT 

A  one-dimensional  mathematical  model  of  the 
stratified  ocean  surface  layer  is  presented.  The 
model  is  verified  against  laboratory  measurements  of 
the  entrainment  rate  across  a  density  interface.  The 
reduction  of  the  entrainment  rate  by  the  earth's 
rotation  is  predicted  and  a  comparison  with  earlier 
models  of  this  problem  is  made.  Field  measurements 
are  used  for  testing  the  performance  of  the  model  in 
more  complex  situations. 

The  study  indicates  that  the  mathematical  model, 
and  in  particular  the  turbulence  model  used,  is 
capable  of  predicting  all  the  essential  features  of 
the  flow  situations  studied.  It  is  the  author's  view 
that  improved  results  could  not  be  obtained  by 
empl eying  a  more  advanced  turbulence  model. 

NOMENCLATURE 


B 

D 

f 

g 

k 

N 

Ri 

S  ° 

u,v 

u,v,w 

U* 

x,y,z 

a 

€ 


•  buoyancy  parameter 

•  depth 

■  Coriolis  parameter 

■  gravitational  acceleration 

•  turbulent  kinetic  energy 

•  buoyancy  frequency 

•  Richardson  number 

•  salinity 

-  components  of  mean  velocity 

•  components  of  fluctuating  velocity 

•  friction  velocity 

•  coordinates 

•  coefficient  in  density-salinity  relation 

•  dissipation  rate  of  k 


V*VVeff 

P 

°k.  °e 
0,0T’°eff 


-  laminar,  turbulent  and  effective  viscosity 
“  fluid  density 

*  constants  in  turbulence  model 

*  laminar,  turbulent  and  effective  Schmidt 
number 

*  shear  stresses. 


INTRODUCTION 


The  present  paper  deals  with  the  structure  and 
dynamics  of  the  stably  stratified  ocean  surface  layer. 
It  is  a  continuation  of  a  study  of  the  homogeneous 
Ekman  layer,  Svensson  (^3) ;  henceforth  to  be  referred 
to  as  paper  I.  In  paper  I  a  mathematical  model  was 
formulated  and  verified  against  laboratory  measure¬ 
ments.  Different  turbulence  models  were  discussed  as 
well  as  predictions  of  the  homogeneous  Ekman  layer. 

The  present  study  extends  that  mathematical  model  to 
stably  stratified  situations. 

Earlier  models  of  the  surface  layer  may  be 
divided  into  two  groups:  1)  Integral  models,  Kraus 
and  Turner  (j!) ;  Pollard  et  al.  (_1_9);  Garwood  ^2)  and 
2)  Models  that  use  turbulent  transport  coefficients 
Mellor  and  Durbin  (14) ;  Marchuk  et  al .  (13);  Kundu  (9L 
Integral  theories  are  simpler  to  use  but,  as  pointed 
out  by  Mellor  and  Durbin  (14),  disconnected  from 
available  information  on  other  turbulent  boundary 
layer  flows  including  neutral  flows.  The  present 
model  belongs  to  the  second  group  but  differs  from 
earlier  models  both  in  formulation  and,  particularly, 
the  extent  to  which  it  is  verified. 

The  mathematical  formulation  of  the  problem  is 
outlined  in  Section  2  together  with  some  basic 
assumptions  and  a  discussion  of  the  way  to  include 
terms  due  to  buoyancy.  Results  are  presented  in 
Section  3  starting  with  a  verification  study  of  the 
shear-induced  entrainment  experiment  by  Kantha, 
Phillips  and  Azad  (6).  Thereafter  the  much  studied 
problem  of  the  deepening  of  a  linearly  stratified 
layer  under  the  influence  of  the  earth's  rotation  is 
considered.  Finally  in  Section  3,  field  measurements 
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(6) 


are  used  for  testing  the  performance  of  the  model  in 
more  complex  situations.  Section  A  finishes  the  paper 
with  a  discussion  and  some  conclusions. 


MODEL  FORMULATION 
Basic  Assumptions 

Toe  study  will  restrict  attention  to  horizon¬ 
tally  homogeneous  flows,  which  means  that  terms  con¬ 
taining  gradients  in  the  horizontal  plane  are 
neglected.  Boussinesq's  approximation  is  employed  and 
it  will  also  be  assumed  that  no  mean  vertical  velo¬ 
city  is  present.  The  effect  of  the  earth's  rotation 
is  described  by  the  Coriolis  parameter,  f  .  These 
assumptions  are  in  geophysical  fluid  dynamics  well 
known  as  characterizing  the  planetary  boundary  layer 
equations. 

Momentum  Equations 

Within  the  assumptions  made  the  momentum 
equations  take  the  following  form: 


3U  3  ,  —  _  3U  . 

w+v_)+  £v 


3V  3  ,  —  ^  3V  . 

-E  -U  <-  wv-^l-fu 


(1) 

(2) 


where  z  is  the  vertical  space  coordinate,  positive 
upward,  t  the  time  coordinate,  f  the  Coriolis 
parameter,  II  and  V  mean  velocities  in  the  x 
and  y  direction,  respectively,  uw  and  vw  the 
Reynolds  stresses  and  v  the  molecular  kinematic 
viscosity. 

The  surface  wind  stress,  t  ,  specifies  the 
momentum  flux  at  the  surface,  thus: 


(  —  +  3U  ,  Tx(t) 

(-  UW  +  V  -r-  )  «  - 

32  z-0  0 


-... a*.  _ vt} 


-  O  V  , 

—  vw  +  v  —  ) 
32 


z*0 


(3) 

(A) 


where  p  is  the  density  of  water.  The  present 
analysis  assumes  an  infinitely  deep  ocean,  with  zero 
velocities  at  the  lower  boundary.  To  be  able  to  apply 
a  numerical  model  it  is,  however,  necessary  to 
specify  a  depth,  D  ,  where  zero  velocities  are 
prescribed.  Thus: 

(U(t))z--D  "  (V(t))z--D  *  0  (5) 

The  depth  of  vanishing  motion  must  of  course  be 
chosen  large  enough  not  to  influence  the  predicted 
results  in  the  region  of  interest. 

Turbulence  Model 


The  turbulence  model  used  is,  except  for  the 
buoyancy  terms,  the  same  as  in  paper  I  and  will 
therefore  be  only  briefly  described  'in  the  present 
paper. 

The  kinematic  eddy  viscosity,  v^  ,  is  calcu¬ 
lated  from  the  turbulent  kinetic  energy,  k  ,  and 
its  dissipation  rate,  €  ,  according  to: 


where  Cy  is  an  empirical  constant.  Transport  equa¬ 
tions  for  k  and  €  may  be  derived  in  exact  form 
from  Navier-Stokes  equations  and  thereafter  "modeled” 
to  the  following  form: 


,  ,3U  ‘ 
VT  t(3l) 


3S 


3z 


(7) 


3  e 

3t 


3z 


eff  K 
a,  3  z 


c„v„  £  M  .  c  e' 


3  T  k 


3z 


2  k 


(6) 


°£  1 
and 


where  veff  is  the  effective  viscosity  (v_  ♦  v)  , 

S  salinity,  g  gravitational  acceleration, 
a  coefficient  in  density-salinity  relation,  o^  , 
and  o^,  Prandtl/Schmidt  numbers,  and 
C,  empirical  constants. 

The  terms  on  the  right-hand  side  of  (7)  and  (8) 
describe  diffusion,  production  due  to  shear,  produc¬ 
tion  or  dissipation  due  to  buoyancy  and  dissipation 
due  to  viscous  action,  respectively.  While  the  k-C 
model  for  homogeneous  conditions  can  be  claimed  to 
be  well  established,  there  are  a  few  different  lines 
of  development  when  it  comes  to  buoyancy  affected 
flows.  Gibson  and  Launder  (3)  neglected  the  buoyancy 
term  in  the  £-equation  but  derived  an  extension  of 
(6)  which  includes  buoyancy  effects.  Hossain  and 
Rodi  (4)  found  that  the  buoyancy  term  in  the  c- 
equation  was  needed  for  the  vertical  buoyant  jet, 
while  the  horizontal  one  was  predicted  satisfactory 
by  putting  *  0.  For  a  further  discussion  of  the 
buoyance  term  in  the  £-equation,  see  Rodi  (2J.)  •  The 
inclusion  of  buoyancy  effects  in  the  k-C  model  is 
clearly  still  a  matter  for  basic  research.  For  geo¬ 
physical  flows  there  is,  however,  a  common  situation 
which  demands  that  C  >  0.  The  situation  in  mind 
is  the  unstably  stratified  boundary  layer  without 
any  significant  mean  shear.  In  this  situation  the 
C-equation  would  otherwise  lack  a  production  term 
which  of  course  is  unrealistic.  The  buoyancy  term  in 
the  C-equation  thus  seems  to  be  essential  in  geo¬ 
physical  flows  and  a  nonzero  value  of  is  there¬ 

fore  required.  The  actual  value  of  C,  used  is  0.8 
which  was  found  to  ensure  maximum  agreement  when 
predicting  the  experimental  results  given  by  Kantha 
et  al.  (6).  Also  the  unstably  stratified  boundary 
layer  experiment  by  Deardorff  et  al.  (J_)  was  used 
when  the  value  of  C.  was  optimized.  For  details 
see  Svensson  (22) .  Rodi  (21)  has  optimized  for 

horizontal  buoyant  flows  and  found  that  C,  *  1.0 
ensures  maximum  agreement  with  available  experimental 
data  on  entrainment  velocities.  The  difference  between 
the  values  adopted  is  of  no  practical  significance. 

The  reason  for  not  making  use  of  the  extension  of  (6) 
given  by  Gibson  and  Launder  (2)  is  simply  that  (6) 
should  not  be  replaced  until  it  proves  to  be  in¬ 
sufficient.  The  predictions  to  be  presented  in  this 
paper  did  not  call  for  this  extension.  For  further 
details  about  the  k-E  model,  see  Launder  and  Spal¬ 
ding  (11,  12) . 
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Fig.  t  Entrainment  generated  by  a  surface  stress. 

Development  of  mixed  layer  depth  as  a  function 
of  time  for  different  Ri-numbers,  o-measure- 
ments,  -calculations. 


Fig.  2  Entrainment  generated  by  a  surface  stress. 

Velocity,  dens i ty  ar.d  eddy  viscosity  profiles 
for  Ri  *  146.4  ,  t  *  150  S  . 


Salinity 

For  the  predictions  to  be  presented  it  will  be 
assumed  that  density  variations  are  caused  solely  by 
changes  in  salinity.  The  inclusion  of  other  buoyancy 
affecting  variables  into  the  model  is  of  course 
possible . 


will  provide  a  way  of  calculating  ceff  *  ^ut  ^ 
emphasised  that  further  studies  of  hor  r_.  is 
affected  by  buoyancy  are  needed. 

RESULTS 

A  Laboratory  Experiment 


Within  the  assumptions  made  the  transport  equa¬ 
tion  for  salt,  S  ,  reads: 

where  o  ,,  is  the  effective  Prandtl /Schmidt  number 
for  salt?  The  value  of  aeff  is  not  well  established 
and  some  rather  ad  hoc  assumptions  are  needed  for  its 
determination.  One  such  assumption  is  that  laminar  and 
turbulent  contributions  to  the  effective  exchange 
coefficient  are  additive,  see  Patankar  and  Spalding 
(17).  Thus: 


An  experiment  which  closely  simulates  the  shear 
induced  entrainment  in  the  atmosphere  and  the  ocean 
has  been  reported  by  Kantha ,  Phillips  and  Azad  (£1, 
see  also  Kantha  (5).  The  salient  features  of  the 
experiment  may  be  described  as  follows.  At  time  t  =  0 
a  shear  stress  is  applied  at  the  top  of  a  homogeneous 
layer  of  depth  D.  ,  resting  over  a  quiescent  denser 
layer.  The  development  of  the  mixed  layer  depth,  D(t), 
is  studied  for  different  initial  and  boundarv  condi¬ 
tions  in  order  to  determine  the  dimensionless 
entrainment  velocity  ,  l'  /l’„  ,  as  a  function  o:  an 
overall  Richardson  number?  The  formulation  of  the 
Richardson  number  reads: 


Vef  f  v 
°ef f  ‘  a 


(10) 
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D.  gis 


e  U 
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where  0  is  the  laminar  and  the  turbulent 

Prandtl/Schmidt  number.  The  value  of  a  is  well 
known,  but  needs  further  consideration.  Launder 

(10)  has,  starting  from  the  exact  transport  equations 
for  Reynolds  stresses  and  turbulent  heat  flux,  derived 
an  expression  for  o  .  With  the  constants  used  in 
modeling  of  the  exact  equations  the  formula  reads: 


oT  -  0.63  (1  +  0.2  B) / ( 1  +  0.06  B) 


(11) 


where 


k^  3S 
08  £2  3z 


(12) 


is  a  buoyancy  parameter.  The  expression  will  thus  give 
oT  *  0.63  for  nonbuoyant  flows  and  have  a  limit  of 
o_  ■  2.1  for  strongly  stratified  flows.  Launder  shoved 
that  this  variation  is  in  accordance  with  available 
experimental  data.  The  expressions  (10),  (11)  and  (12) 


where  Ap  is  the  initial  density  jump  between  t'  -. 
two  layers.  For  a  description  of  the  experimental  set¬ 
up,  see  Kato  and  Phillips  (_?) . 

In  all  calculations  the  shear  stress,  t  ,  was 
0.1C9  N/m  and  the  initial  depth,  D.  ,  0.054  ra. 

These  conditions  are  the  same  as  in  hne  of  the  experi¬ 
mental  series.  The  predicted  mixed  layer  deepening 
for  different  Ri-numbers  are  displayed  in  Fig.  1, 
together  with  the  experimental  data.  The  mixed  layer 
depth  has  to  be  defined  in  some  way,  especially  since 
the  model  predicts  the  continuous  vertical  variation 
of  different  variables.  Two  different  definitions 
were  tried:  1)  the  depth  where  the  laminar  viscosity 
exceeds  the  calculated  eddy  viscosity,  and  2)  the 
depth  of  maximum  density  gradient.  The  two  definitions 
gave  essentially  the  same  depth  for  Ri  up  to  150, 
while  definition  2  gave  a  somewhat  lower  U  /L'„  for 
higher  Ri  -numbers.  The  choice  of  definition  is  of 
course  a  matter  of  taste,  but  judging  from  the  pro¬ 
files  of  velocity,  density,  and  eddy  viscosity  shown 
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Fig.  3  Entrainment  generated  by  a  surface  stress. 
Entrainment  velocities  versus  an  overall 
Richardson  number.  The  shaded  area  represents 
the  results  by  Kantha  et  al.  (6),  the  dashed 
line  is  Price's  analysis  and  the  solid  line 
present  predictions. 

in  Fig.  2  it  is  clear  that  the  "turbulence-alterna¬ 
tive"  offers  a  more  precise  definition.  So,  this  is 
the  definition  used  in  Fig.  1  and  also  in  Fig.  3, 
where  the  entrainment  velocity  versus  the  Richardson 
number  is  displayed.  The  dashed  line  in  this  figure 
represents  Price's  (^0)  interpretation  of  the  experi¬ 
mental  data.  He  considered  in  detail  the  frictional 
influence  of  the  sidewalls  in  the  experiment  and  con¬ 
cluded  that  the  sidewall  correction  made  by  Kantha  et 
al.  was  too  small.  The  present  predictions  are  seen 
to  be  in  close  agreement  with  Price's  analysis  and  it 
is  concluded  that  the  model  predicts  the  entrainment 
process  in  a  satisfactory  way.  As  a  part  of  the  cal¬ 
culations,  the  energy  balance  was  studied.  The 
partitioning  between  the  different  components  is  of 
special  interest  in  integral  theories  of  the  mixed 
layer  dynamics.  The  energy  balance  for  the  present 
case  is  shown  in  Fig.  4.  It  is  interesting  to  note 
that  more  energy  is  spent  in  creating  the  velocity 
field  than  to  change  the  potential  energy  of  the 
system.  Only  a  small  amount  is  stored  as  turbulent 
kinetic  energy,  while  the  bulk  of  energy  supplied  is 
dissipated.  The  supplied  energy  was  calculated  as: 

t 

supplied  energy  «  /  x  •  l:  dt  (14) 


where  U  is  the  surface  velocity, 
s 

The  deepening  of  a  rotating  boundary  layer 

In  paper  I  it  was  shown  that  the  depth  of 
vanishing  motion  is  about  U^/f  for  the  homogeneous 
steady  Ekman  layer.  This  depth  is  thus  an  upper  limit 
for  the  deepening  of  the  linearly  stratified  boundary 
layer  to  be  investigated  in  this  section.  In  fact, 
one  would  expect  the  depth  to  be  significantly  smaller 
if  a  local  Richardson  number  criterion  is  the  relevant 
parameter  for  the  deepening. 
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Fig.  A  Entrainment  generated  by  a  surface  stress. 

The  different  components  in  the  energy  balance. 

Mathematical  models  describing  the  response  of  a 
linearly  stratified  layer  to  a  suddenly  imposed  sur¬ 
face  stress  under  the  influence  of  rotation  have  beer, 
presented,  among  others,  by  Pollard  et  al.  (19), 

Niiler  (16),  and  Phillips  (_1_6) .  As  these  models  pro¬ 
duce  rather  consistent  results  within  themselves,  they 
will  be  used  for  a  comparison  with  the  present  model. 

The  parameters  characterizing  the  case  are  tjhe 
Coriolis  parameter,  f  ,  the  surface  friction  velo¬ 
city,  U*  ,  and  the  initial  buoyancy  frequency,  N  , 
defined  by: 


Earlier  investigators  found  that,  due  to  rotation, 
the  deepening  will  slow  down  when  t  is  greater  tha 
7r/f  .  In  table  1  the  layer  depths  at  t  =  ^/f  ,  as 
predicted  by  different  models,  are  given  for 
U*  «  0.0173  m/s,  N  »  5M0‘3s''  and  f  «  1.2*  10  s~ 
As  can  be  seen  the  estimates  are  quite  consistent. 
The  present  model  does  not  a  priori  assume  the  exi¬ 
stence  of  a  completely  mixed  layer  and  the  definitio 
of  the  layer  depth  is,  as  discussed  earlier,  therefo 
somewhat  arbitrary.  The  two  definitions  mentioned 
earlier  gave  however  for  this  case  the  same  result 
and  the  well  mixed  layer  was  therefore  easily  identi 
fied.  From  Fig.  5  it  is  found  that  the  predicted  dep 
at  t  =  it / f  is  about  A2  m,  which  certainly  is  in  go 
agreement  with  other  models. 

The  mixed  layer  depth  as  a  function  of  tine  is 
displayed  in  Fig.  6.  The  solid  line  is  the  formula: 


TW73 


[2-3  cos  (fp)  +  cos3  (mp)  J '  ^lie- 


given  by  Phillips  (18)  and  the  dashed  line  represents 
present  calculations.  The  agreement  is  almost  perfect 
and  it  can  be  concluded  that  the  model  presented  pre¬ 
dicts  the  same  behavior  of  the  wind  mixed  layer  as 
other  more  established  models.  Phillips  model  is 
restricted  to  t  <  2  r/f  ,  but  the  behavior  after 
this  time  is  of  course  also  of  interest.  Predictions 
were  therefore  extended  to  4  ti  / f .  As  car.  be  expec¬ 
ted  by  considering  the  inertial  oscillations,  the 
depth  increases  after  2  r/f  and  is  once  again 
haltered  at  3  ti/ f ,  see  Fig.  6. 

Also  for  this  case  the  components  in  the  energy 
balance  were  estimated.  The  energy  supplied  was  cal¬ 
culated  according  to  (14).  This  indicates  that  the 
energy  input  is  sensitive  to  the  surface  roughness, 
since  a  logarithmic  law  is  known  to  be  valid  close  to 
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Fig.  5  Deepening  of  the  wind-mixed  layer.  Density  Fig.  6  Deepening  of  the  wind-mixed  layer.  Mixed 

profile  (a)  and  eddy  viscosity  profile  (b)  layer  depth  versus  time 

after  r/f  seconds 


Fig.  7  Measured  and  predicted  mean  flow  velocities. 

Shaded  area  represents  measurements,  dashed 
line  predictions  with  density  profile  "fro¬ 
zen"  and  solid  line  predictions  with  salinity 
as  a  prognostic  variable 


Table  1.  Mixed  layer  depth  after  ir/f  seconds 


Investigator 

Formula 

h  or  h 

max 

after  t  - 

TT/f 

Pollard  et  al. 

<J»>  hmax~23/"-  “*'<«>  ’/2 

37.5 

Niiler  (1_6) 

h  =1.9(u*/Nf),/2 
max 

42.5 

Phillips  (18) 

h  -0.9  2,/6  u./(f2N)'/3 
max  * 

41.9 

the  surface.  Assuming  a  hydrodynamically  smooth  sur¬ 
face,  which  is  an  idealization,  it  was  found  from  the 
predictions  that  roughly  2  %  of  the  energy  supplied 
up  to  t  =  2  tr/f  was  spent  on  increasing  the  poten¬ 
tial  energy. 


Comparison  With  Field  Measurements 


A  most  impressive  series  of  measurements  of  the 
turbulent  boundary  layer  under  pack  ice  has  been  re¬ 
ported  by  McPhee  and  Smith  (15).  Mean  current,  densi¬ 
ty  and  turbulence  quantities  were  measured  simul¬ 
taneously  throughout  the  entire  boundary  layer.  A 
strong  pycnocline  bounded  the  mixed  layer  at  a  depth 
of  about  33  m.  Friction  velocities  were  calculated 
from  the  measurements^of  the  Reynolds  stresses  and 
found  to  be  about  10  m/s. 

McPhee  and  Smith  also  analysed  their  data  and 
compared  the  results  with  recent  planetary  boundary 
layer  models.  They  found  that  the  measured  lateral 
velocity  component  deviated  both  from  theoretical 
models  and  from  what  could  be  expected  from  a  consi¬ 
deration  of  the  magnitude  of  the  terms  in  the  momentum 


Fig.  8  Measured  and  predicted  distribution  of 

Reynold  stresses.  For  meaning  of  symbols,  see 
legend  to  Fig.  7 

equation.  Also  the  predictions  by  the  present  model 
will  show  this  discrepancy,  which  McPhee  and  Smith 
attribute  to  form  drag.  Another  unwanted  effect  in  the 
measurements  was  indicated  by  a  weak  stable  strati¬ 
fication  throughout  the  boundary  layer.  The  authors 
suggest  that  convective  effects  can  be  the  cause  of 
this.  In  order  to  investigate  the  importance  of  this 
stratification  the  predictions  to  be  presented  were 
carried  out  both  with  salinity  as  a  prognostic  variable 
and  with  the  density  profile  frozen  at  the  shape  given 
by  the  measurements,  see  Fig.  4  in  the  paper  by  McPhee 
and  Smith. 

Nondimensional  profiles  of  velocity  are  compared 
in  Fig.  7.  The  poor  agreement  for  the  lateral  velocity 
component,  discussed  earlier,  is  discouraging  even  if 
it  may  be  attributed  to  the  measurements.  It  is  inte¬ 
resting  to  note  how  the  small  stable  stratification 
(Ac  ns  0.1  over  the  layer)  has  a  clearly  recognizable 
influence  on  the  velocity  profiles.  Reynolds  stress 
profiles  are  in  satisfactory  agreement  as  can  be  seen 
in  Fig.  8.  The  predicted  stresses  do  however  cease 
somewhat  faster  than  the  measured  ones.  The  same  dis¬ 
crepancy  is  even  clearer  in  the  comparison  of  turbu¬ 
lent  kinetic  energy  profiles,  see  Fig.  9.  A  possible 
explanation  may  be  that  internal  waves  contribute  to 
the  measured  fluctuations  in  the  deeper  parts,  while 
this  effect  is  not  represented  in  the  model.  The 
effect  of  a  mild  stratification  is  also  clearly  demon¬ 
strated  in  Fig.  10,  where  eddy  viscosity  profiles  are 
displayed.  The  predicted  maximum  eddy  viscosity  is 
seen  to  be  reduced  by  60  Z  when  the  density  profile  is 
frozen.  McPhee  and  Smith  calculated  th,.  eddy  viscosity- 
values  from  the  peaks  in  the  measured  spectra  of  the 
vertical  velocity  fluctuations  and  considered  the  ob¬ 
tained  values  as  rough  estimates.  The  agreement  with 
the  present  predictions  is  therefore  as  good  as  can 
be  expected. 
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Fig.  9  Measured  and  predicted  turbulent  kinetic 

energy  distribution.  For  meaning  of  symbols, 
se  legend  to  Fig.  7 

DISCUSSION  AND  CONCLUSIONS 

Stratification  is  known  to  add  a  number  of  com¬ 
plicated  phenomena  to  turbulence,  i.e.  energy  radia¬ 
tion,  strong  anisotropy,  step-like  density  profiles 
etc.  These  effects  are  not  taken  into  account  in  the 
mathematical  model  and  the  predictions  are  therefore 
surprisingly  good.  A  possible  explanation  is  that  the 
gross  features  of  the  mixed  layer  are  governed  by  the 
momentum  balance  and  the  conversion  of  mechanical 
energy  to  heat  and  potential  energy.  This  conversion 
is  described  by  the  turbulent  energy  equation  and 
thus  represented  in  the  model.  It  is,  however,  too 
early  to  regard  the  above  mentioned  phenomena  as  un¬ 
important  and  further  investigations  are  thus  needed. 

The  conclusions  emerging  from  this  study  can  be 
summarized  in  the  following  points: 

•  An  extension  of  the  k-£  model  to  stably  stratified 
flows  has  been  tested  and  found  to  reproduce  the 
observed  dampening  of  turbulence  in  a  realistic  way, 

«  Entrainment  velocities  across  a  density  interface 
were  predicted  and  regarded  to  be  in  satisfactory 
agreement  with  the  experimental  results  by  Kantha 
et  al.  (6). 

•  Rotation  was  found  to  decrease  the  entrainment  rate. 
Maximum  mixed  layer  depths  and  transient  development 
were  predicted  and  found  to  be  in  agreement  with 
models  particularly  designed  for  this  problem. 

•  Field  measurements  reported  by  McPhee  and  Smith  05) 
were  used  for  a  final  test  of  the  model.  All  the 
essential  features  of  the  boundary  layer  were  pre¬ 
dicted  accurately  by  the  model.  It  is  the  author's 
view  that  improved  results  could  not  be  obtained  by 
employing  a  more  advanced  turbulence  model. 
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ABSTRACT 

A  mathematical  model  of  sediment  laden,  density 
affected  turbulent  flows  is  presented.  The  finite  element 
technique  is  used  in  conjunction  with  the  Newton  iterative 
method  to  solve  the  resulting  partial  differential  equations. 
The  model  satisfactorily  predicts  velocity  and 
concentration  profiles  for,  unidirectional  open  channel 
flows.  It  is  concluded  that  the  model  can  justifiably  be 
extended  to  multi-dimensional  flows. 

NOMENCLATURE 

a  Distance  from  Wall  to  Edge  of  Computational  Grid 

A  Surface  Area 

c  Constants  for  k-e  Model 

d  Free  Surface  Height  Above  Bed 

e  Characteristic  Roughness  Height 

E  Turbulent  Dispersion  Coefficient 

f  Volume  Fraction  of  Sediment 

F  Finite  Element  Residual 

g  Gravitational  Acceleration 

G  Buoyant  Production  of  k 

k  Turbulence  Kinetic  Energy 

K  Constant  in  Law  of  the  Wall 

8.  Outer  Unit  Normal 

N  Basis  Function 

P  Pressure 

Pr  Production  of  k  by  Bulk  Fluid  Motion 

p  Turbulent  Pressure  Fluctuation 

q  Vector  of  Nodal  Unknowns 

r  Relaxation  Factor 

s  Surface  Force 

5  Channel  Slope 

t  Time 

U  Bulk  Fluid  Horizontal  Velocity 

u  Bulk  Fluid  Horizontal  Velocity  Fluctuation 

V  Velocity 

v  Velocity  Fluctuation 

vq  Point  Velocity,  a  Phase 

v  Point  Velocity,  B  Phase 

D 

V  Volume 

W  Bulk  Fluid  Vertical  Velocity 

w  Bulk  Fluid  Vertical  Velocity  Fluctuation 

x  Streamwise  Coordinate 

y  Transverse  Coordinate 

z  Vertical  Coordinate 

y  Turbulent  Dispersion  Constant 

T  Finite  Element  Domain  Boundary 

6  Kronecker  Delta 

e  Dissipation  Rate  for  k 

n  Density  Difference  Ratio 

<  von  Karman  Constant 

X  Sediment  Volume  Fraction  Fluctuation 


A  Mean  Sediment  Volume  Fraction 

v  Fluid  Kinematic  Viscosity 

p  Fluid  Density 

a  Density  Ratio 

t  Shear  Stress 

4>  Surface  Volume  Fluctuation  Correlation 

i(i  Intrinsic  Property  Tensor 

£i  Finite  Element  Domain 

Subscripts  and  Superscripts 
b  Bulk  Fluid 

e  At  Element  Level 

1  Frictional 

i  Summation  Subscript 

j  Summation  Subscript 

n  Latest  Iteration  Value 

o  Previous  Iteration  Value 

s  Sediment 

T  Turbulence  (subscript) 

T  Transpose  (superscript) 

a  Fluid  Phase 

B  Solid  Phase 

U  Viscosity 

INTRODUCTION 

An  accurate  description  of  many  environmental  ana 
industrial  processes  depends  upon  a  good  prediction  of 
sediment  transport  behavior  in  fluids.  Often  sediment 
concentration  gradients  create  density  gradients  in  the  bulk 
fluid  which  give  rise  to  density  currents  or  stratified  flow. 
Since  many  problems  of  practical  interest  can  not  be 
represented  as  unidirectional  flows,  a  transport  mode) 
which  can  be  applied  to  multidimensional  flow  problems 
is  needed.  It  is  the  writers'  goal  to  use  the  present  model 
for  prediction  of  these  more  complicated  flows.  These 
preliminary  results  are  restricted  to  the  prediction  of 
concentration  and  flow  properties  for  a  unidirectional  case 
for  three  reasons:  the  nonlinear  equation  set  is  relatively 
simpler  to  solve  for  this  case;  the  interplay  and  effects 
of  individual  physical  processes  are  simpler  to  identify  and 
examine;  data  from  controlled  laboratory  experiments  are 
available  for  such  flows,  and  are  not  available  for  more 
complex  flows. 

MODEL  THEORY 

Sediment  transport  is  a  two-phase  flow  phenomenon, 
and  a  proper  mathematical  description  of  it  must  include 
the  motion  of  particles  as  well  as  fluid  parcels.  Following 
each  sediment  particle  through  a  flow  domain  is 
conceptually  possible  but  is  totally  impractical,  so  some 
sort  of  statistical  description  or  averaging  is  required. 
Statistical  descriptions  such  as  those  proposed  by  Buyevich 
and  Shchelchkova  (2)  are  proper  and  somewhat  more 
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computationally  realistic,  but  they  require  correlations 
which  are  very  difficult  if  not  impossible  to  obtain  for  a 
general  problem.  The  writers  have  found  the  volume 
averaging  technique  proposed  by  Whitaker  (1_2)  and 
corrected  by  Gray  (5)  to  be  preferable  in  a  sediment 
transport  description. - 

If  an  averaging  volume  is  chosen,  Figure  1 ,  which 
includes  moving  fluid  and  particles,  the  equations  describing 
the  fluid  motion  are 


sr'fcrVi*-0 


(mass  conservation),  and 


01  3  ,  . 

pa  3t  *  pa  3xj  vaivaj 


3x  Pa  +  pa®i  *  3x,  Ti  j 


(momentum  conservation).  Although  the  Einstein 
summation  convention  is  employed,  the  subscript  a  is  not 
summed  but  is  used  to  denote  a  property  defined  only  in 
the  a  phase. 


Here  the  last  term  is  the  volume-averaging  equivalent  of 
the  turbulent  stress  term  in  the  time-averaged  Navier- 
Stokes  equations.  The  other  terms  are 


»i  '  W(Tii 


v° 


and  t.  =  i  J  v  .1  dA 
ij  V  J  ai  ai 


v° 

which  are  surface  momentum  exchange  terms. 

When  the  mass  conservation  equation  for  the  fluid 
is  volume  averaged  and  incompressibility  is  assumed,  then 

I—  (f  <v  >“)  =  0  (S) 

3xj  a  ai 

If  the  phase  average  velocity  of  the  solid  particles  is 
defined  as  the  £  phase  momentum  divided  b>  its  mass  arc 
the  particles  are  also  assumed  to  form  a  continuum,  then 
for  the  6  phase  one  obtains 

hr  (Vvbi>8)  = 0  <9) 


I 


'  ,  * 

4  '•  T 


Fig.  1  Schematic  of  volume  averaging  region 

The  volume  averaging  theorem  of  Slattery  (1_2)  is 

vjSrVVllrW<’adV  +  v/V«i"  •  (3) 

1  1  V> 

where  tpa  is  an  intrinsic  a-phase  tensor  property  of 

indefinite  order;  the  last  term  is  a  surface  boundary 
integral  computed  only  on  the  a-B  interfacial  area,  and 

1  is  the  unit  normal  from  the  a  phase.  The  volume 
ai  r 

average  of  the  property  in  the  a  region  is 


=  V  J  *0  ' 

VI  hen  the  averaging  theorem  and  this  definition  are  applied 
to  the  momentum  conservation  equation,  the  result  is 

C  f-  (f  <v  >°)  *  p  I—  (f  <v  >°<v  .>“)  = 
a3l  a  ai  a3x  a  ai  aj 


I -  <P  >“  ♦  P  g  ♦  JL  <T  >a 

3x-  a  a5 i  3x7  ij 


23xj  ®ij  *  saBi  *  (fa<vaivaj>  1 


The  volume  averaged  momentum  conservation  equation  for 
the  particles  is 

pb  It  (fe<vei>6)  *  pb  hrt  (fB<ve.>e<vBj>S)  = 

-  fr  <PB>8  +  fBpBg.  ■  SaB.  *  j  (1G) 

The  phase  average  pressure  in  the  B  phase  is  the  result 
of  the  continuum  assumption. 

The  motion  of  the  bulk  fluid  may  now  be  describee 
if  equations  (8)  and  (9),  and  (5)  and  (10)  are  combined. 
Considerable  algebraic  manipulation  and  order-of- 
magnitude  analyses  leads  to  this  relation  for  conservation 
of  bulk  fluid  volume: 


<v.  >  r  0 
3x  j  bi 

For  conservation  of  momentum  the  result  is 


I-  (bu<v.  >)  *  I —  (p.  <v.  xv.  >)  = 
3t  b  bi  3x;  Kb  bi  bj 


3<P>  3  / V*  ~  VVs  \ 

3x]  *  pb6i  "  pa°£  Sx?  y  ob  / 

-poIt:  va)>]  +  ir  (Tbij>  (12) 

where  the  subscript  b  denotes  bulk  fluid  properties,  and 
the  bulk  velocity  vector  is 

<vbi>  =  t  [(1-fB)pa  <vai>Q  *  fBe£<vBi>B]  (13) 

D 

with  pb  =  Pa(l-fg)  *  JgOg  (14) 

Here  it  is  assumed  that  the  B  phase  velocity  and  the 
a-phase  velocity  differ  only  by  v^,  or 
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<V„  >®  s  <v  >° 

81  ai 


-  v  6  , 
s  i  3 


where  vs  is  the  suspension  settling  velocity,  which  is  a 
measured  function  of  concentration,  with  the  x^-direction 

being  vertical.  This  relation  should  be  valid  when  particle 
relaxation  times  are  small.  A  third  equation  for 
conservation  of  particle  mass 

lr(f8<vb.>)-l^[1B(1-'8)vs]  =  0  (U) 

is  obtained  by  considering  the  volume  fraction  dependence 
in  equations  (8)  and  (9). 

Equations  (11),  (12),  and  (16)  are  quite  similar  to 
an  equation  set  proposed  by  Barenbiatt  (1).  These  three 
equations  are  valid  for  a  suspension  in  any  flu.-'  for  which 
momentum  exchange  due  to  particle  collision  is 
insignificant  and  a  constitutive  relationship  is  known. 
However,  when  turbulent  flow  is  considered,  these 
equations  are  totally  impractical  to  use.  By  defining  the 
time  averages  of  volume  averaged  quantities  as 


right  to  be  negligible,  and  the  first  term  on  the  right  is 
modeled  by  the  gradient  transport  relation 

^  -  -  Es  !r  (23> 

where  E  is  a  mass  dispersivity  coefficient  to  be  discussed 
later. 

A  two-equation  turbulence  model,  the  k-e  model, 
has  been  proposed  and  tested  by  Rodi  (7)  for  density- 
affected  flows;  the  primary  dependent  variables  are  the 
turbulence  kinetic  energy  k  and  its  dissipation  rate  e.  This 
model  is  used  herein.  The  steady  state  transport  equations 
for  k  and  e  respectively  are 


,  3k  3  /  VT  3k  \ 

i  3Xj  -  3x.  \ok  3 x  j 

i 

„  .  i_  /!l  Ic_\ 

1  3xi  '  3x.  \°c  3x/ 


V  cEl  £  [Pr-(l-ce3)G] 


V  r  <v,  >  ,  P  =  <F>  ,  and  A  =  77  , 

i  b  i  8 

the  Reynolds  decomposition  can  be  expressed  as 


<vbi>  =  V1*v1  >  <P>=P-fP  >  and  fg  =  A»A.  (18) 


vT  =  c  — 
T  he 


Pr  =  -v . v .  t — 
i  )  3x 


The  time-averaged  equations  for  steady  flow  then  become 


§—  V  =  C 
3x  i 
i 


hr,  «A,i 


(volume 

conservation) 


V,af  -  [A(l-A)vs]  =  -  |_  (XV.) 


(sediment 

conservation) 


C  =  (Pg-Pa)v3^/Pb  =  n  v3X  (28) 

Here  is  the  kinematic  eddy  viscosity,  Pr  is  the  shear- 

induced  production  of  k,  and  G  is  the  buoyancy-induced 
production.  The  turbulence  kinetic  energy  k  is  defined  as 

k  =  ~  (vT)  (29) 

and  the  turbulent  kinetic  energy  dissipation  rate  is 


k-(viV  s  -  +  (1+nA)g.  -  hr  <viv,) 


-  Sr  [(1-fe)<vav<;>J 

i  ‘  i 


(momentum 

conservation) 


The  usual  closure  problem  is  visible  in  the  overbarred 
terms  in  equations  (20)  and  (21).  Because  no  data  exist 
for  the  correlation  in  the  last  term  of  equation  (21)  and 
measurement  is  not  feasible,  it  is  currently  assumed  that 
it  may  be  lumped  with  the  turbulent  shear  to  form  an 

effective  v.v  which  can  be  determined  by  a  k-e  model 
i  1 

for  density-affected  turbulent  flow.  The  direct  effect  of 
buoyancy  in  the  momentum  eouation  is  seen  in  the  term 
nAgf,  where 

h  =  Pg/Pa  -  1  <22 ) 

The  Boussinesq  approximation  of  neglecting  density 
gradients  except  in  buoyancy  terms  is  used,  as  well  as  the 
approximation  that  the  pure-fluid  density  is  approximately 
that  of  the  bulk  fluid. 

The  sediment  conservation  equation  (20)  has  two 
terms  which  must  be  modelled  to  close  the  equation  set. 
An  order-of-magnitude  analysis  shows  the  last  term  on  the 


aXj  3x, 


Values  for  the  empirically  determined  coefficients  c  ,  c^j , 

c  ,,  c  ,,  o.  and  a  will  be  given  later  in  Table  1. 
e2  e3  k  e  ° 

In  the  k-c  model  the  turbulent  viscosity  concept  is 
introduced  to  model  the  velocity  fluctuation  terms  as 


(3V.  3V  \ 

ki.j 


The  turbulent  viscosity  is  also  used  in  modelling  the  mass 
dispersivity  factor  as 

Es  =  yvT  (32) 

As  noted  by  Graf  (*),  it  is  not  clear  whether  y  is  a  true 
constant  or  even  if  The  relation  defined  by  the  combination 
of  equations  (23)  and  (32)  is  valid.  This  form  of  modelling 
the  turbulent  dispersion  term  has  been  chosen,  however, 
because  some  experimental  values  do  exist  for  y,  and  the 
inclusion  of  a  transport  equation  for  Av^  would  increase 

the  complexity  of  the  model  to  a  point  where 
multidimensional  flow-  computations  would  not  be  practical. 
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MODEL  APPLICATION  TO  UNIDIRECTIONAL  FLOW 


(40) 


Governing  Equations  and  Boundary  Conditions 

Steady,  inidirectional,  open  channel  flow  containing 
suspended  sediment  can  be  modelled  with  the  stated 
equations  when  the  following  assumptions  are  made:  (a) 
for  the  purpose  of  determining  the  stream  wise  pressure 
gradient,  pressure  can  be  assumed  to  be  hydrostatic,  and 
so  the  streamwise  gradient  can  be  approximated  as  the 
product  of  gravitational  acceleration  and  the  slope  S,  (b) 
flow  is  in  the  x  direction  and  there  is  no  gradient  of  any 
variable  in  the  x  or  y  direction,  and  (c)  the  free  surface 
can  be  modelled  as  a  plane  of  symmetry.  These 
assumptions  reduce  the  relevant  equations  to  a  set  of  four 
scalar  equations  in  four  unknowns: 

0  r  gS  -  (x-momentum)  (33) 


e|a  =  u3/(*a) 


Fits  Surface 


8U 
8  z 


8«_  _  8k_ 

8 1  "  8z 


0 


0  *  C,1  f  tpr-<‘-ce3)G]  -  ce2  £ 

3_  (  jj  k^  3c  \ 

*  3t  ^  e  3 z  J 

0  "  h  [A(1-A)vs]  *  h  (yvT 


(k  transport) 


(c  transport) 
( A  transport) 


(34) 


(33) 

(36) 


Fig.  2  Schematic  of  flow  domain 

These  equations  arise  from  the  assumption  that  a  is  in  the 
constant-stress  layer  so  that  the  kinetic  energy  production 
Pr  is  balanced  by  the  dissipation  e.  At  the  near-wall 
boundary  A  is  set  to  a  prescribed  value  A  .  Since  the 

free  surface  is  modelled  as  a  plane  of  symmetry,  there 
can  be  no  flux  of  k,  e,  or  A  across  the  boundary.  Nor 
can  there  be  a  momentum  flux  across  this  boundary;  hence 
uw  is  zero  here.  The  vertical  bulk  velocity  W  is  zero 
throughout  the  flow. 


The  horizontal  velocity  U  does  not  appear  in  equation  (33) 
as  written,  but  it  is  included  in  the  turbulent  stress  term 

S  =  *  VT  Tz  (37) 


Numerical  Solution  Methods 

The  nonlinear  partial  differential  equation  set  is 
solved  by  Newton  iteration  as  applied  to  the  Galerkin  finite 
element  method  by  Schamber  and  Larock  (9).  The  element 
residuals  for  this  problem  are 


The  values  of  the  constants  in  this  equation  set  are  those 
suggested  by  Rodi  (7)  and  listed  in  Table  I.  Vanoni  noted 
GO  that  other  researchers  have  determined  values  for  y 
from  unity  to  1.5,  so  the  writers  have  arbitrarily  set  y  at 
1.2. 

Table  I.  k-e  model  constants 

c  c.  c-  c  ,  o.  o 
P  el  e2  e3  k  e 

0.09  1.44  1.92  0.8  1.0  1.3 


3N 


FU  =  l  (-Ni«STT  vT  !)d"  ‘  l  Ni  *z 


dr 


(41  ) 


Fk  =  ^N,<Pr^-e)dr:-/^§^d, 

,JN,  dr 

J.  1  0|<  e  3z  z 


(42) 


A  proper  set  of  boundary  conditions  will  complete 
the  problem  description.  In  wall-bounded  turbulent  flows 
the  computational  region  can  not  extend  all  the  way  to 
the  wall  (see  Figure  2),  so  a  law-of-the-wall  boundary 
condition  is  applied  at  a  distance  a  from  the  physical 
boundary.  This  boundary  condition  is 


—  =  -  In  (K  -) 
u  ic  e 


(38) 


where  ic  is  the  von  Karman  constant,  e  is  the  characteristic 
roughness  height,  and  u,  is  the  friction  velocity  defined 
as  the  square  root  of  the  bed  shear  stress  over  the  bulk 
density.  The  constant  K  is  determined  from  Nikuradse's 
(6)  experiments  with  sand  roughened  pipes  (the  channel 
bed  is  assumed  to  be  sand  roughened).  Rodi  (7)  suggests 
that  the  near-wall  boundary  conditions  on  k"and  e  be 

k|a  .  u*/cj  (39) 


and 


Fe^N.{-Ce1  ^‘VG(1-':e3>!*Ce2F> 
e 

c  i2  ^  3N.  c  .2  a 

*  /  -u  If  dn  -  !  N.  -K  If  I  dr  (43) 

Q  c  «  3z  J,  1  oe  G  3z  z 

e  e 


and 


3N- 


fa  =  -^3F  [{A(.-A)vs}  *  YCu^g]  dr. 

e 

(Ni  [AO-AJVs-YC^Ml  lz  dr 


(44) 


In  these  integrals  is  the  element  domain;  the  boundary 

terms  are  only  integrated  over  the  portion  of  the  element 
boundary  T  which  coincides  with  part  of  the  global  domain 

boundary  T.  The  Galerkin  weighting  functions  are  chosen 


T 


to  be  the  8-node  basis  functions  N-,  and  lz  is  the  vertical 

boundary  unit  normal.  The  element  discretization  of  the 
flow  domain  is  shown  in  Figure  2.  Since  the  values  rather 
than  the  derivatives  of  k,  c,  and  A  are  prescribed  at  the 
near-wall  boundary,  boundary  integrals  need  not  be 
calculated  there.  Boundary  contributions  at  the  vertical 
boundaries  are  zero  because  l  is  zero,  and  the  free 

surface  boundary  integrals  are  all  zero  due  to  the  no-flux 
conditions  there.  Thus  the  only  nonzero  boundary  integral 
appears  in  equation  (41),  and  it  is  nonzero  only  at  the 
lower  boundary.  The  law  of  the  wall  is  then  applied, 
following  Schamber  (8): 

J  N;  uw  lz  dr  =  -J  NT  ct  U2  lz  dr  (45) 


where  U  is  obtained  from  equation  (41 )  with 

c,  =  -  In  (K  §)  "2  (46) 

i  <  e 


Newton's  method  for  this  problem  can  be  written 


‘  A 

3?T  =  -  F* 


where  q.  =  t\_' . ,  k^,  z-,  A^l 


(47) 

(48) 


is  the  column  vector  of  nodal  variables.  The  superscripts 
”o"  indicate  that  these  quantities  are  evaluated  with  data 
for  q.  from  the  previous  iteration.  The  nodal  variables 

can  then  be  updated  with 


qjn  *  q)°  +  rAqj 

As  an  example,  one  (typical)  term  in  the  3acobian  in 
equation  (47)  is 


3F 

3k 


dfi 


r  » J  NiNi  ceiVPr*(1-c£3)G1 

I  ft  1  1 

e 

3N  c  .  ,  2 

*  2j  N.  r-i  ^  dfi  -  /  N  N,  c  ,  — 

a  1  3z  °e  e  Sz  a  1  1  62  k2 

e  e 


dn  (50) 


Convergence  of  the  computational  scheme  was  not 
particularly  sensitive  to  closeness  of  the  initial  estimates 
to  the  final  converged  solution.  A  single  constant  value 
was  used  for  U,  and  A  was  estimated  to  decrease  linearly 
with  z  to  98%  of  Aq.  Based  upon  nondimensional  data 

for  k  and  z  appearing  in  (7),  e  was  assumed  to  be  a 
function  of  z~',  and  k  was  chosen  to  be  a  linear  function 
of  z'1  and  z. 

Two-dimensional  eight-node  isoparametric  elements 
were  used  even  though  the  problem  is  truly  one-dimensional 
because  the  intent  is  to  apply  this  model  to  two-dimensional 
flows  in  the  near  future.  All  variables  were  approximated 
as  quadratic  in  the  element.  Pressure  need  not  be 
approximated  because  its  streamwise  gradient  is  assumed 
to  be  constant. 


RESULTS 


Controlled  measurements  of  mean  velocity  and  sand 
concentration  as  functions  of  depth  in  a  flume  have  been 


reported  by  Vanoni  (jO)  and  Einstein  and  Chien  (3). 
Predictions  of  the  numerical  model  presented  herein  have 
been  compared  with  measured  data  for  six  cases  which 
cover  a  wide  spectrum  of  volume  fractions  and  sediment 
settling  velocities.  Concentration  profiles  for  the  six  cases 
over  the  lower  30%  of  the  flow  are  presented  in  Figure  3. 
Einstein  and  Chien  measured  concentrations  in  this  domain 
only,  because  their  equipment  was  designed  to  measure 
high  sediment  concentrations,  and  concentrations  decreased 
rapidly  above  this  region.  Overall  the  model  does 
reasonably  well  in  predicting  concentration  profiles; 
however,  accuracy  of  the  predictions  decreases  as  the 
bottom  volume  fraction  of  sediment  increases.  This  is  to 
be  expected  because  the  order  of  magnitude  analysis 
contained  the  assumption  that  volume  fraction  is  0(0.1) 
or  less.  This  is  not,  however,  the  only  possible  explanation 
for  these  predictions.  Particle  collisions  or  damping  of 
turbulence  due  to  particles  affecting  the  turbulence  length 
scales  could  increase  the  effective  settling  velocity,  which 
was  determined  from  a  quiescent  settling  test.  Modelling 
the  free  surface  as  plane  of  symmetry  will  also  cause 
sediment  concentration  to  be  a  little  higher  than  is  proper, 
because  turbulent  dispersion  will  not  be  damped  near  the 
surface.  The  effect,  however,  should  be  small,  and 
changing  the  model  to  account  for  it  would  require  a 
higher  order  turbulence  closure  for  turbulent  sediment 
dispersion. 


Fig.  3  Comparison  of  measured  and  predicted 
volume  fractions 

The  model  did  remarkably  well  in  prediction  of  the 
mean  velocity,  considering  the  uncertainties  involved  in 
determining  the  input  data  required  by  the  model.  Figure  4 
is  one  example  of  good  agreement.  The  shape  of  the 
velocity  profiles  were  predicted  well  except  for  those  cases 
involving  a  high  sediment  volume  fraction,  and  the  values 
of  mean  velocity  are  also  predicted  reasonably  well.  The 
near-wall  velocity  is  not  predicted  as  well  as  it  might  be, 
because  the  characteristic  roughness  height  is  taken  to  be 
the  largest  sieve  diameter  sand  grain  glued  to  the  flume 
bottom.  It  is  well  accepted  however  that  the  roughness 
height  is  not  a  physically  measurable  quantity  but  an 
effective  value.  Correct  prediction  of  the  shape  of  the 
velocity  profile  is  more  important  than  the  actual  value, 
because  none  of  the  equations  have  any  convective  terms 
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and  only  derivatives  of  U  appear.  Figure  5  presents  the 
worst  velocity  prediction  obtained;  in  this  case,  which  has 
the  highest  volume  fraction,  the  near-wall  velocity 
prediction  is  in  error  and  the  velocity  profile  is  too  flat. 
The  next  lower  volume  fraction  case  also  has  too  flat  a 
velocity  profile  but  is  less  in  error.  Damping  of  turbulence 
by  stratification  makes  the  velocity  profile  less  flat,  but 
this  effect  is  not  nearly  strong  enough  to  be  a  complete 
explanation.  Apparently  some  other  mechanism  is  causing 
the  velocity  profile  to  be  less  flat  as  well.  A  probable 
mechanism  is  additional  shear  due  to  particle  collisions; 
however,  if  particle  collisions  were  considered,  the 
assumption  that  the  bulk  fluid  is  Newtonian  would  have 
to  be  reevaluated. 


Fig.  4  Comparison  of  model  velocity  and  volume  fraction 
with  measurements  for  Vanoni  data 
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Fig.  5  Comparison  with  measurement  for  high 
volume  fraction 

If  the  flow  is  truly  density  affected,  then  decoupling 
the  sediment  transport  equation  from  the  flow  equations 
should  yield  a  different  concentration  profile.  The 
decoupling  is  accomplished  by  first  calculating  the  flow 
variables  while  assuming  that  the  sediment  concentration 
is  zero,  and  then  calculating  the  sediment  concentration 


profile  using  the  clear  water  values  of  flow  variables  as 
constants  in  the  sediment  transport  equation.  When  this 
is  done  for  Vanoni's  case  14,  the  concentration  increases 
5-10%  throughout  the  flow  field,  which  is  the  proper  trend. 
The  effect  of  uncoupling  the  equations  is  a  slight  decrease 
in  the  velocity  profile.  This  trend  was  observed 
experimentally  by  Vanoni  (J_l)  and  Einstein  (3)  in 
comparisons  of  clear  water  and  sediment  laden  flows. 

The  numerical  computations  were  accomplished  on 
a  CDC  7600  computer  in  9-10  CP  seconds,  with  all  variables 
converged  to  8  significant  figures.  A  nine  element 
descretization  was  used  for  Vanoni's  data  and  ten  elements 
for  Einstein  and  Chien's  data.  Subdividing  and  doubling 
the  number  of  elements  produced  no  change  in  the  results, 
so  they  are  grid  independent. 

CONCLUSION 

Based  on  its  predictive  ability  for  unidirectional 
flows,  the  present  model  should  be  applicable  to 
multidimensional  flows.  Because  the  model  does  less  well 
at  high  volume  fractions,  improved  modelling  of  particle 
interactions  and  a  modified  settling  velocity  appear  to  be 
needed  to  improve  results.  Because  the  correct  trends 
ij-e  noted  when  velocity  and  concentration  equations  are 
..^coupled,  and  because  the  dispersion  mechanism  has  been 
rested  by  cases  which  have  no  convection  effects,  the 
".viters  feel  that  extension  of  the  model  to  more  complex 
flows  is  warranted. 
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abstract 


INTRODUCTION 


A  technique  of  conditional  sampling  is  used  for  characterizing  the 
coherent  structure  of  the  three-dimensional  velocity  field  in  the  mixing 
layer  and  that  of  the  near  pressure  field  of  an  unexcited  jet  of  Reynolds 
number  2  IQ5.  The  sampling  technique  is  based  on  the  use  of  a  trigger 
probe  (hot  wire)  of  fixed  position  inside  the  potential  core,  and  the  co¬ 
herent  part  of  the  turbulent  signals  ( hot  wire  or  microphone)  is  extrac¬ 
ted  by  means  of  ensemble  averaging.  Phase  shift  corrections  have  been 
applied  in  order  to  improve  the  efficiency  of  the  extraction.  Typical  re¬ 
sults  concern  the  convection  velocity  of  the  structures,  the  characteristic 
Strouhal  number  and  the  energy  content  of  the  recovered  coherent  part 
compared  to  the  total  energy  of  the  signals.  The  coherent  fluctuations 
are  found  to  be  highly  anisotropic,  the  radial  component  being  the  most 
energetic  one  The  phenomenon  of  vortex  pairing  is  clearly  evidenced. 
The  pressure  field  outside  the  jet  is  shown  to  contain  an  ordered  wave 
structure  with  the  wave  center  located  in  the  near  region  of  the  mixing 
layer. 


NOMENCLATURE 
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Symbols 


diameter  of  the  jet 
turbulent  energy 
frequency 
pressure 

Reynolds  number.  Uj  0 iv 
Strouhal  number,  f  D/Uj 
time 

characteristic  period 

coordinates  in  the  axial  and  radial  directions 

axial  position  of  the  detection  probe 

velocity  components  in  the  axial,  radial  and  circumferential 

directions 

velocity  of  the  external  flow 
velocity  of  the  jet 

non  dimensional  radial  coordinate  defined  as  77=  (y  -  D/2)/x 
kinematic  viscosity 

rms  value  (of  u  if  not  otherwise  specified) 
delay  time 

relative  to  the  coherent  part  of  the  signal 


Since  Brown  and  Roshko's  [1  ]  well  known  flow  visualization  experi¬ 
ments  some  ten  years  ago,  numerous  subsequent  investigations  have  con¬ 
firmed  the  existence  of  distinct  coherent  eddy  structures  in  free  and  wall 
bounded  turbulent  shear  flows.  The  configuration  of  jet  mixing  layers, 
the  structure  of  which  exhibits  strong  analogies  with  that  of  the  flow 
cases  examined  by  Brown  and  Roshko,  have  been  the  object  of  an  increa¬ 
sed  research  activity  [2]  to  [5],  especially  since  it  has  been  recognized 
that  coherent  structures  could  there  significantly  contnoute  to  entrainment, 
turbulence  production  and  aerodynamic  jet  noise  [6].  The  main  purpose  of 
the  present  investigation  is  to  characterize  these  structures  in  the  near 
mixing  layers  of  axisymmetric  unexcited  jets  by  means  of  appropriate 
techniques  of  signal  processing.  The  final  goal  is  to  gather  more  quanti¬ 
tative  information  in  order  to  provide  a  better  general  understanding  of 
the  physics  of  the  coherent  large  scale  phenomena  in  natural  (unexcited) 
shear  flows  and  to  establish  guide-lines  for  subsequent  tentatives  of  nume¬ 
rical  model isation  or  direct  simulation. 

Relevant  parameters  characterizing  the  behaviour  and  the  strength 
of  the  structures  are  :  their  characteristic  Strouhal  numbers  and  the  cor¬ 
responding  convection  velocities,  the  energy  content  relative  to  the  cohe¬ 
rent  motion  compared  to  the  total  energy  of  the  turbulence,  the  location 
of  the  pairing  process,  the  level  of  anisotropy  of  the  coherent  fluctua¬ 
tions,...  These  parameters  depend  in  general  on  the  initial  conditions  of 
the  flow  :  the  Reynolds  number  of  the  inner  jet.  the  velocity  of  the 
outer  flow,  the  initial  turbulence  level  in  one  or  both  of  the  flows,...  The 
study  of  the  effect  of  these  various  initial  conditions  has  also  been  inclu¬ 
ded  in  the  present  investigation. 

Despite  of  their  quasi  deterministic  nature  as  revealed  by  numerous 
visualization  experiments  >n  jet  flows,  the  detection  of  the  coherent  struc¬ 
tures  as  **ll  as  their  detailed  investigation  is  complicated  by  the  high  le¬ 
vel  of  random  turbulence  prevailing  in  fully  turbulent  jet  mixing 
layers  at  moderate  and  high  Reynolds  numbers.  The  conventional  statis¬ 
tical  methods  become  then  inefficient  and  more  elaborate  procedures  em¬ 
ploying  conditional  sampling  are  required.  They  are  generally  based  on  the 
use  of  a  reference  probe  maintained  in  a  fixed  position  inside  the  poten¬ 
tial  flow  adjacent  to  the  turbulent  shear  layer  to  be  explored.  This  probe 
is  assigned  to  detect  the  quasi  periodic  passage  of  the  large  vortex  struc¬ 
tures  imbedded  in  the  turbulent  part  of  the  flow  and  to  trigger  sampling 
from  the  mein  probe  et  e  definite  phase  with  respect  to  the  occurence  of 
particular  events  recognized  as  being  relevant  to  the  vortex  structure.  The 
coherent  pert  of  the  main  signal  can  then  be  extracted  by  ensemble  ave¬ 
raging  the  individual  samples.  This  procedure  which  is  due  to  Lau  and 
Fisher  [2|  has  been  widely  used  in  studies  of  jet  mixing  layers.  It  is  ho¬ 
wever  not  completely  unambiguous  if  applied  to  unexcited  flows  This  is 
due  to  the  apparent  leek  of  eddy  coherence  es  *«ll  in  the  spatial  as  in 
the  temporal  sense  owing  to  small  deviations  (from  the  mean)  of  the  in¬ 
dividual  trajectories  of  the  structures,  to  different  individual  life  histories 
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and  to  fluctuations  of  the  individual  convection  velocities.  To  overcome 
this  supplementary  difficulty,  phase  shift  corrections  may  be  applied  to 
the  individual  samples  before  ensemble  averaging  [7].  [8],  allowing  the  ef¬ 
ficiency  of  the  eduction  process  to  be  highly  improved. 

Most  of  the  results  discussed  in  the  following  were  obtained  in  the 
reference  case  of  zero  outer  flow  at  a  jet  Reynolds  number  of  2.10s.  In 
an  early  stage  of  this  work,  single  hot  wires  were  used  in  order  to  study 
the  influence  of  the  longitudinal  position  of  the  detection  probe  inside 
the  potential  core,  the  effect  of  the  jet  Reynolds  njmber  and  the  secon¬ 
dary  to  primary  velocity  ratio  on  the  level  of  the  relative  coherent  ener¬ 
gy  of  the  signals.  Also  the  effect  of  phase  shift  corrections  have  been 
examined  in  this  part  of  the  study.  In  subsequent  stages  crossed  hot 
wire  probes  have  been  used  (with  and  without  phase  shift  corrections) 
allowing  the  radial  and  circumferential  velocity  components  to  be  investi¬ 
gated  too  The  energy  and  shear  stress  contribution  of  the  coherent  motion 
could  thus  be  determined  as  well  as  its  anisotropy.  Measurements  in  the 
near  pressure  field  outisde  the  reference  jet  were  also  performed  in  order 
to  characterize  the  coherent  pressure  waves  and  their  contribution  to  the 
near  field  pressure  intensity. 

EXPERIMENTAL  SET-UP  AND  PROCEDURE 

The  experiments  were  carried  out  in  a  coaxial  jet  facility  equiped 
with  two  concentric  nozzles  of  exit  diameter  3  and  10  cm  respectively, 
with  contraction  ratios  of  16  tor  the  inner  jet  and  of  7.5  for  the 
outer  jet.  Each  of  the  nozzles  is  supplied  separately  with  clean  air  of  con¬ 
trolled  (ambiant)  temperature  proceeding  from  a  high  pressure  storage 
tank  Before  exiting  through  the  nozzles  the  flows  pass  through  settling 
chambers  equipped  with  turbulence  screens  in  order  to  control  the  initial 
level  of  turbulence  in  the  exit  plane. 

In  the  present  study  only  turbulence-free  jets  have  been  studied,  i.e.  with 
residua)  turbulence  levels  lower  than  1  %  in  the  exit  plane.  The  maximal 
velocity  of  the  inner  jet  has  been  fixed  at  100  m/s,  the  corresponding  jet 
Reynolds  number  being  of  2.1 05.  Most  of  the  experiments  have  been  done 
in  these  reference  conditions.  Variation  of  the  Reynolds  number  is  achieved 
by  decreasing  the  jet  velocity.  The  velocity  ratio  Ue/Uj  can  be  varied 
between  0  and  0.5.  for  the  reference  conditions  of  the  inner  jet.  The  exter¬ 
nal  nozzle  can  be  prolonged  by  a  cylindrical  duct  of  adjustable  length  in 
order  to  avoid  the  outer  mixing  laye*  to  interact  with  the  inner  layer  to  be 
explored 

For  the  detection  of  the  velocity  signals  standard  hot  wire  techni¬ 
ques  were  employed  using  linearized  constant  temperature  anemometers 
(DISA  type  55  M).  The  pressure  fluctuations  in  the  near  field  were  de¬ 
tected  by  Bruel  and  KjaerlB&K)  microphones  of  1/8"  equiped  with  the 
proper  electronics  of  B&K.  All  fluctuating  quantities  were  tape  recorded 
on  a  SCHLUMBERGER  tape  recorder  at  the  meximum  speed  of  1.52  m/s. 

The  principle  of  the  signal  processing  is  as  follows  :  The  detection 
probe  is  maintained  at  a  fixed  position  in  the  potential  core,  generally 
on  the  axis  at  an  axial  position  of  x  ■  2D.  It  detects  there  the  quasi 
periodic  fluctuations  of  the  axial  velocity  induced  by  the  large  vortex 
structures  of  the  mixing  layer  The  eduction  process  it  initiated  by  iden¬ 
tifying  peaks  of  signal  with  amplitudes  exceeding  a  given  level  (of  the 
order  of  the  rms  value  of  signal  At  each  event  of  this  kind,  a  sam¬ 

ple  of  a  fixed  length  is  taken  from  the  main  probe  and  eduction  is 
achieved  by  ensemble  averaging  a  large  number  of  those  samples.  One  ob¬ 
tains  thus  the  educed  signal  u  (r)  which  represents  the  trice  of  the  cohe¬ 
rent  structure  in  signal  .  This  procedure  is  repeated  for  different  po¬ 
sitions  of  the  main  probe  (hot  wire  or  microphone). 

In  the  first  stages  of  tht  study  (see  [fl]y  [10]),  the  peak  selection 
wes  performed  by  means  of  an  analog  circuit  and  the  eneemble  average 
carried  out  with  a  numerical  correlator  of  the  type  SAtCOR  AA3  which 
was  triggered  by  the  peak  selector.  The  correlator  delivered  400  equidis¬ 
tant  values  of  u  (r)  which  could  be  transferred  into  •  computer  (HP  2100) 


for  further  processing.  The  number  of  summations  was  in  this  case  of  the 
order  of  16,000.  For  further  details,  see  [B]  end  [10].  More  recently,  the 
signals  have  been  processed  entirely  by  numerical  way.  thus  allowing  phase 
jitttr  correct  ions  to  be  applied.  This  is  achieved  by  time  shifting  the  in¬ 
dividual  samples  before  ensemble  averaging.  The  amount  of  the  time  shif 
ting  is  determined  by  maximizing  the  cross  correlation  between  the  indi- 
vidua!  (filtered)  samples  and  the  ensemble  average.  The  process  is  initiated 
by  ensemble  averaging  in  a  first  step  unshifted  samples.  Due  to  time  and 
storage  constraints,  tha  number  of  summations  was  reduced  to  approx ima 
taly  2500-  The  educed  signals  are  further  Fourier  analysed  in  order  to  de¬ 
termine  the  characteristic  period  T  or  the  corresponding  Strouhal  number 
S  -  D/U,  T.  from  which  the  energy  content  can  be  deduced  by  calculating 
tha  mean  square  value  of  u  (r)  over  a  characteristic  period. 

RESULTS  AND  DISCUSSION 

Figures  1  to  4  are  relative  to  the  single  hot  wire  (u-  component) 
measurements  and  concern  the  influence  of  various  flow  conditions  and 
procedures  on  the  coherent  energy  contribution.  This  is  expressed  here 
in  terms  of  the  ratio  (oVo)  of  the  rms  values  relative  to  the  educed  u- 
signa!  and  to  the  original  u-signal.  Figure  1  shows  for  the  reference  jet 
conditions  the  influence  of  the  axial  position  (x'l  of  the  detection  probe. 
Three  different  positions  (x'/D  =  1,  2,  3)  have  been  examined  showing 
that  the  results  are  nearly  insensitive  to  this  parameter.  The  main  probe 
is  maintained  at  a  fixed  y-position  ly  =  D/2)  as  it  moves  downstream  in 
the  mixing  layer.  A  maximum  contribution  of  the  coherent  pan  of  about 
20  %  (in  rms  units)  is  seen  to  be  extracted  with  the  basic  (uncorrected) 
procedure.  The  maximum  is  quite  flat  and  occurs  in  the  near  region  of 


Fig.  1  -  Rms  contribution  of  the  coherent  structures  for  the  reference  case 

the  mixing  layer  (about  x  ^  1  D).  Figure  2  shows  the  effect  of  the  jet 
Reynolds  number.  A  noticeably  higher  level  of  coherent  energy  contribu 
tion  is  extracted  for  the  lower  value  of  the  Reynolds  number  reflecting  a 
smaller  damping  effect  on  the  developing  instability  waves  owing  to  the 
lower  level  of  random  eddy  viscosity.  No  significant  difference  is  observed 
between  the  two  modes  of  detection  examined  here  (reference  probe  fi- 


14. 


xed  at  x'  =  2D  or  moving  with  the  main  probe,  *’  =  x).  Figure  3  show# 
that  increasing  the  velocity  ratio  IV'Uj  (for  the  fixed  standard  value  of  Uj> 
produces  a  higher  level  of  relative  coherent  energy  with  the  maximum  oc- 
curing  farther  downstream.  This  could  be  due  to  the  fact  that  the  turbu¬ 
lent  damping  effect  decreases  while  the  shear  layer  becomes  less  instable 
as  the  external  velocity  increases  Again  here,  es  in  the  previous  figures, 
the  influence  of  the  detection  mode  (fixed  or  moved  detection  probe}  is 
insignificant.  The  improvement  of  the  extraction  due  to  phase  shift  oor- 


Fig  3  -  Effect  of  the  velocity  ratio  Ue  U,  on  the  rms  contribution. 


rections  is  dearly  evidenced  in  figure  4  for  the  standard  conditions  of  the 
jet.  as  well  for  the  axial  distribution  as  for  the  radial  one  (at  x  -  2  D). 
The  correction  produces  a  much  higher  level  of  the  coherent  energy  con- 
tr  bution  especially  in  the  central  part  of  the  mixing  layer,  where  the  va¬ 
lues  are  roughly  doubled.  As  the  potential  core  is  approached,  the  phase 
correction  has  a  smaller  effect  and  the  a  to  -  ratio  tends  to  the  limiting 
value  of  1,  as  should  be  expected.  The  crossed  wire  experiments  allow 
the  longitudinal  and  radial  lor  circumferential)  components  of  the  velocity 


Fig.  4  -  Effect  of  the  phase  correction  on  the  rms  contribution. 

a)  axial  distribution, 

b)  radial  distribution  (x  =  2  D) 


to  be  analysed  simultaneously.  Figure  5  shows  for  the  reference  iet  the 
ensemble  averaged  (phase  corrected)  signatures  of  the  u  and  v  components 
for  various  axial  positions  of  the  main  probe  (at  a  fixed  radial  position 
y  =  0.5  D).  The  detector  probe  was  held  at  a  fixed  position  on  the  axis 
(x's  2D)  allowing  convection  of  the  structures  to  be  detected.  Both  si¬ 
gnatures  exhibit  very  similar  features  :  downstream  convection  of  particu¬ 
lar  phases  at  a  definite  speed  and  doubling  of  the  period  as  x  exceeds 
2  D.  Close  to  the  noezle  where  the  Strouhal  number  <s  of  the  order  of 
0  8,  the  convection  velocity  (identical  for  u  and  v)  is  of  about  0  45  U,. 
whereas  farther  downstream  the  (common)  value  is  close  to  that  usually 
deduced  from  spacetime  correlations  10.6  U|).  The  drop  of  the  characte¬ 
ristic  Strouhal  number  from  the  upstream  value  of  0  8  to  the  downstream 


Fig.  5  -  Wave  diagram  for  the  u  and  v  components. 


value  of  0.4  is  more  clearly  evidenced  in  figure  6.  where  the  lines  of  cons¬ 
tant  values  of  the  power  spectrum  of  u  and  7  (in  arbitrary  units)  are 
shown  in  the  x  -  S  plane.  The  main  features  of  both  figures  are  quite  si¬ 
milar  .  in  the  initial  region  lx  <  1)  the  coherent  energy  is  concentrated 
at  S  =  0  8,  whereas  downstream  of  x  =  2  D  the  dominant  Strouhal  num¬ 
ber  is  roughly  half  that  value,  suggesting  that  vortex  pairing  occurs  bet¬ 
ween  these  two  regions.  The  transition  is  seen  to  take  place  farther  down 
stream  for  the  v  •  component  than  for  the  u  •  component  showing  that 
vortex  pairing  is  a  complex  and  non  local  process  which  deserves  further 
detailed  investigation. 

Figure  7  shows  the  axial  evolutions  of  the  relative  coherent  rms  le¬ 
vels  for  the  three  velocity  components.  Characteristic  features  are  the  high 
relative  contribution  of  the  v  -  component  (excepted  in  the  very  near  re- 
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gion  of  the  mixing  layer)  end  the  low  level  of  the  w  -  component  sugges¬ 
ting  that  the  coherent  motions  are  approximately  two-dimensional.  It  can 
be  noticed  further  that  the  maximum  of  the  v  -  contribution  occurs  far¬ 
ther  downstream  than  that  of  the  u  •  contribution  This  appears  to  be 
consistent  with  the  results  of  figure  6  relative  to  the  location  of  the 
Strouhal  number  jump  The  results  for  the  u  -  component  are  also  com¬ 
pared  here  to  those  obtained  with  the  single  hot  wire. 


* 


Fig.  6  -  Lines  of  equal  power  spectrum  of  u  and  v. 


Fig  7  -  Rms  contributions  for  the  three  velocity  components 
- single  wire 

Figure  8  gives  the  axial  variation  of  the  coherent  energy  contribu¬ 
tion  to  the  overall  turbulent  energy.  Phase  correction  is  seen  to  lead  to 
much  higher  values  than  the  standard  method,  the  results  being  consistent 
with  those  presented  in  figure  4  for  the  rms  ratio  of  the  u  -  component 
The  maximum  of  the  energy  contribution  of  about  20  %  occurs  in  the 
near  mixing  layer  (x  *  101  and  apt  *ars  therefore  to  be  closely  connected 
to  the  phenomena  of  vortex  pairing  evidenced  in  figure  6  Further  down¬ 
stream  the  coherent  energy  decreases  rapidly.  Figure  9  illustrates  the  ani¬ 
sotropy  of  the  coherent  motion  (Fig.  9b)  in  comparison  to  that  of  the 
overall  random  turbulence  (Fig.  9a)  showing  again  that  the  coherent  mo¬ 
tion  is  highly  anisotropic  and  dominated  by  the  v  -  component,  excepted 
in  the  very  near  region,  where  the  u  -  component  prevails.  In  contrary, 
the  w  -  component  remains  very  small  over  the  whole  region  implying 
quasi  two  dimensionality  of  the  coherent  motion.  In  figure  10,  the  con¬ 
tribution  of  the  coherent  shaar  stress  (defined  es  uv  )  to  the  overa'I  tur¬ 
bulent  stress  is  compared  with  that  of  the  energy.  Both  quantities  are  re¬ 
lative  to  the  uncorrected  method  Positive  contributions  to  the  shear  stress 
of  a  level  comparable  to  that  of  the  energy  contribution  occur  only  in  a 
limited  region  centered  at  x  *  ID  Further  downstream  the  contribution 
is  much  smaller  and  becomes  negative,  but  this  particular  behaviour  needs 
more  detailed  investigations  than  could  be  done  in  this  preliminary 
study 
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Fig.  9  -  Anisotropy  of  the  velocity  fluctuations 

a)  random  field, 

b)  coherent  part. 
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CONCLUDING  REMARKS 


Tha  near  pressure  field  outside  the  jet  has  been  investigated  in  de- 
tail  in  the  domain  x  <  12  D,  y  <  6.5  D.  in  order  to  determine  how  the 
coherent  structure  of  the  preaure  may  be  related  to  that  of  the  velocity 
in  the  mixing  layer.  Figure  11  shows  the  lines  of  equal  rms  values  of  the 
global  (unconditioned)  pressure  signals  :  the  total  pressure  level  is  ma* 
xi mum  near  the  jet  boundary,  where  it  exceeds  120  dB,  and  decreases  re¬ 
gularly  toward  the  outer  region,  the  highest  levels  being  found  in  the 
region  facing  the  potential  core.  The  power  spectra  of  the  educed  pressure 
signals  revealed  distinct  peaks  occur ing  at  the  structures'  characteristic 
Strouhal  numbers  (0  4  and  0.8)  and  also  at  harmonics  (S  =  1.2  and  1.6) 
demonstrating  clearly  the  existence  of  a  close  connection  between  the 
coherent  structures  in  the  mixing  layer  and  the  coherent  part  of  the  pres¬ 
sure  field.  The  contribution  of  the  coherent  component  to  the  overall 
pressure  intensity  was  determined  from  third  octave  band  filtered  signals 
with  the  filter  centered  at  the  characteristic  Strouhal  numbers.  The  relative 
coherent  part  expressed  in  terms  of  the  ratio  oJj/Op  of  the  corresponding 
rms  values  was  found  to  increase  slightly  with  the  distance  from  the  axis. 
Maximum  values  above  0.3  are  reached  in  seve'V  isolated  areas  at  axial 
locations  between  2D  and  5  D.  The  conditional  sampling  procedure  adop¬ 
ted  here  allows  as  for  the  velocity  signals,  to  follow  in  space  and  time 


Fig  1 1  -  Lines  of  equal  pressure  level  in  the  near  field. 

particular  phases  of  the  educed  pressure  signal.  Figure  12  shows  in  the  x- 
y  plane  lines  of  constant  time  delay  -  relative  to  a  particular  pha«e  of  the 
p  •  traces.  It  can  be  seen  that  this  phase  propagates  at  sound  velocity 
with  fronts  of  approximately  circular  form  and  with  the  corresponding 
wave  center  located  in  the  near  region  of  the  mixing  layer  (about  x  -  ID) 
where  vortex  pairing  was  found  to  occur  This  supports  again  the  assump¬ 
tion  [6J  that  the  phenomenon  of  vortex  pairing  >s  strongly  involved  in 
the  mecanism  of  noise  production  in  turbulent  jet  mixing  layers 
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Fig.  12-  Linas  of  equal  delay  time  relative  to  a  particular  phase  of  the  p  - 
signals. 


Detaction  and  detailed  investigation  of  coherent  structures  in  natural 
turbulent  free  shear  layers  are  and  remain  problematic  owing  to  the  high 
level  of  random  turbulence  and  to  the  large  dispersion  in  the  characteris¬ 
tic  properties  of  the  individual  structures.  The  latter  difficulty  can  be  effi¬ 
ciently  subjugated  by  exciting  the  flow  periodically  in  order  to  organize 
and  to  regularize  the  structures.  But  if  this  artifice  is  to  be  discarded  in 
order  to  preserve  the  natural  features  of  the  turbulent  structure,  then 
phase-shifting  the  individual  pattern  by  optimizing  the  cross  correlation 
with  the  ensemble  average  can  significantly  improve  the  eduction  process 
An  attempt  was  made  in  the  present  study  to  characterize  the  cohe¬ 
rent  part  of  the  turbulence  in  natural  jet  mixing  layers  using  this  techni¬ 
que.  It  ««s  possible  thus  to  describe  quantitatively  the  contribution  of 
the  coherent  motion  and  to  examine  the  effects  of  various  initial  condi¬ 
tions  applied  to  the  flow. 

The  most  significant  results  can  be  resumed  as  follows  in  so  far  as 
the  level  of  the  extracted  coherent  energy  is  concerned,  it  can  be  noticed 
that  . 

i)  the  position  of  the  detection  probe  appears  to  be  irrelevant  to 
the  energy  level, 

iij  substantial  benefit  is  achieved  by  phase  alignment  of  the  samples, 
iiilthe  Reynolds  number  and  the  ratio  of  external  to  jet  velocity 
have  a  siginficant  influence. 

The  convection  velocities  of  the  structures  and  the  Strouhal  numbers 
are  sharply  defined  by  the  method  and  vortex  pairing  ■$  clearly  evidenced. 
The  use  of  crossed  hot  wires  allov^d  the  three  energy  components  to  be 
specified.  The  coherent  motion  is  found  to  be  highly  anisotropic  in  com¬ 
parison  to  that  of  the  random  turbulence.  The  radial  component  is  predo¬ 
minant  and  the  circumferential  negligeable.  so  that  at  a  first  approximation 
the  coherent  motion  can  be  qualified  as  two  dimensional  The  first  pairing 
process  occuring  in  the  near  region  of  the  mixing  layer  between  roughly 
1  D  and  2  0  downstream  of  the  nozzle  is  associated  with  a  high  energy  le¬ 
vel  approaching  20  %  of  the  overall  turbulence  energy  and  with  a  high 
peak  value  of  the  relative  coherent  shear  stress.  It  seems  further  to  be 
closely  connected  to  the  generation  of  the  coherent  pan  of  the  sound 
field  outside  the  jet  Further  detailed  investigation  of  this  particular  chtno- 
menon  t$  however  needed  to  assess  and  to  clarify  theie  connections 
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A  THREE  DIMENSIONAL  TIME  DEPENDENT  SIMULATION  OF  TRANSITION 
AND  EARLY  TURBULENCE  IN  A  TIME -DEVELOP INC  MIXING  LAYER 

by 

A.  B.  Cain*  W.  C.  Reynolds**  and  J.  H.  Ferziger** 


ABSTRACT 

The  primary  focus  of  this  study  is  the  physics  of 
the  transition  and  early  turbulence  regimes  in  the 
time-developing  mixing  layer.  In  particular,  we  deal 
with  the  sensitivity  of  the  mixing  layer  to  the  dis¬ 
turbance  field  of  the  initial  condition;  the  distur¬ 
bance  field  and  the  complete  computation  is  three 
dimensional.  The  growth  of  the  momentum  thickness, 
the  mean  velocity  profile,  the  turbulence  kinetic 
energy,  the  Reynolds  stresses,  the  anisotropy  tensor, 
and  particle  track  pictures  of  computations  are  all 
examined  in  an  effort  to  better  understand  the  physics 
of  these  regimes.  The  amplitude,  spectriso  shape,  and 
random  phases  of  the  initial  disturbance  field  were 
varied.  A  computation  simulating  the  full  Navier- 
Stokes  equations  was  carried  out  but  the  grid  (16  x  16 
x  33)  was  too  coarse  for  complete  resolution.  For  this 
reason  most  of  the  cases  were  "large  Eddy  Simulations" 
using  the  filtered  Navier-Stokes  equations.  In  "large 
Eddy  Simulations"  an  assay  of  the  subgrid  model  was 
made  by  running  two  cases  with  identical  initial  con¬ 
ditions,  one  with  a  subgrid  model  and  one  without. 
The  model  lowered  the  kinetic  energy  by  roughly  5%  but 
otherwise  had  little  effect.  Due  to  computational 
limitations,  all  cases  address  the  early  or  near  field 
of  the  mixing  layer. 

NUMERICS 

In  the  time-developing  mixing  layer  we  have 
planes  of  homogeneity.  In  these  planes  we  use  the 
standard  discrete  Fourier  method  for  obtaining  spatial 
derivatives  in  the  two  homogeneous  directions.  For 
the  direction  of  the  mean  gradient  we  developed  a  new 
non-uniform  grid  discrete  orthogonal  function  expan¬ 
sion  which  retains  the  efficiency  of  the  fast  Fourier 
transform  but  allows  us  to  treat  the  region  from  minus 
infinity  to  plus  infinity  with  very  high  accuracy. 
The  time  advance  was  done  with  the  4th  order  Runge- 
Kutta  scheme. 

PARAMETERS  OF  IMPORTANCE 

We  shall  now  define  the  dimensionless  quantities 
represented  in  the  figures  and  discussions. 


1.  U(z,t)  *  <u>/Au  mean  velocity,  where  <  > 

Indicates  an  average  plane  of  constant  z  and  Au 
is  the  velocity  difference  across  the  layer. 


2. 

9(0 

/: 

?/4-  U2(z  ,t)  ]  dz;  9Q  -  9(0) 

Momentum  thickness 

3. 

Z  - 

z/9 

Normalized  vertical  distance 

4  • 

T  - 

tAu/QQ 

Nondimenslonal  time 

5. 

0  - 

6/90 

Normalized  momentum  thickness 

6.  u'j  •  Uj  -  <  u^  >  ic^  component  of  turbulent 

fluctuation 

7.  k(Z,T)  -  -j  <  uju^  >/(Au)2  Turbulent  kinetic 

energy 

8‘  BU  5  yL[<uiu?  "3  <uiui>£ijldz/C,  <uK>dz 

Integrated  Reynolds  stress  anisotropy  tensor 

9.  K(Z,T)  -  k(Z,T)/k(0,T)  Turbulent  kinetic 

energy  distribution 

The  mixing  layer  is  studied  in  the  laboratory  by  in¬ 
dependently  controlling  the  speed  of  two  parallel 
streams  separated  by  a  splitter  plate.  As  Fig.  1 
illustrates,  the  boundary  layers  merge  as  the  splitter 
plate  terminates  to  form  a  free-shear  layer.  The 
spatial  development  is  characterized  by  a  parameter, 


As  X  goes  to  zero,  the  spatial  development  becomes 
Insignificant  and  the  far  field  is  essentially  a  time- 
developing  mixing  layer,  as  seen  by  an  observer  trav¬ 
eling  at  (Uj+u2)/2.  Unfortunately,  the  near  field  is 
dominated  by  the  splitter  plate  wake  for  small  X. 
Though  the  spatial  development  is  maximal  for  X  * 
1,  at  least  the  near  field  has  a  single  inflection 
point  and  probably  behaves  more  like  the  early  time- 
developing  layer  depicted  in  Fig.  2. 

INITIAL  AND  BOUNDARY  CONDITIONS 

The  boundary  conditions  used  are  the  same  in  all 
cases  and  are  periodicity  in  the  streamwise  and  span- 
wise  directions  and  no  stress  conditions  at  z  *  ±“>. 
The  mean  flow  Initial  condition  is  an  error  function 
velocity  profile  and  the  mean  flow  Reynolds  nunber 
based  on  the  velocity  difference  across  the  layer  and 
the  momentum  thickness  is  12.  The  grid  is  propor¬ 
tioned  such  that  14  modes  are  amplified  according  to 
linear  theory.  Nine  runs  are  studied  in  detail;  there 
are  7  different  initial  con;itlons,  3  different  ampli¬ 
tudes,  2  different  spectrum  shapes,  3  different  sets 
of  random  phases.  The  filtered,  homogeneous,  iso¬ 
tropic  turbulence  spectrum  of  Comte-Bellot  and  Corrsin 
(1971)  is  the  spectrum  input  to  the  initial  distur¬ 
bance  field  for  all  but  Case  11.  In  Case  11,  all  the 
amplified  and  ten  of  the  most  slowly  decaying  computa¬ 
tional  modes  (linear  theory)  hav  ?  a  non-zero  initial 
amplitude.  All  other  decaying  computational  modes 
(linear  theory)  have  no  initial  amplitude.  For  fur¬ 
ther  details  of  the  Initial  conditions,  see  Cain  et 
al.  (1981). 

Table  1  provides  a  more  detailed  characterization 
of  the  different  cases. 
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Table  1 

Descriptions  of  Oases  Run 


Case  # 

Amplitude 

Random 

No .  L - t 

2 

High 

1 

4 

Low 

1 

5 

Medium 

1 

Low 

2 

7 

Med  i  urn 

2 

8 

High 

2 

9 

Medium 

1 

10 

Medium 

1 

11 

Medium 

3 

Quantity  Descriptor 
Amplitude:  Lou: 

Medium : 
High: 

Random  No.  set  1,2,3. 


Significance 


k(0,0) 

k(0,0) 

k(0,0) 


3.2  x  10" 
3.2  x  10" 
3.2  x  10" 


FILTER  INC  AND  SUBGRID  SCALE  MODELING 

With  the  exception  of  Case  9,  all  cases  are  large 
eddy  simulations  (i.e.,  filtering  was  used).  The  fil¬ 
tering  was  done  in  planes  of  homogeneity  (x,z) 
using  a  Gaussian  convolution  filter.  In  Case  9,  no 
filtering  was  used  in  an  attempt  at  a  full  simulation 
of  the  discrete  Navier-Stokes  equations. 


rate  d9/dx  is  compared  to  the  time  growing  layer 
using  Taylor's  hypothesis  giving: 

6  =  _L  d6  _  J_  dfc 

2X  dx  Au  dt 

Mansour,  et.  al.  (1978;  Table  1.1)  examined  the  growth 
rates  of  many  experiments  and  found  asymptotic  growth 
rates  8  ranging  from  0.015  to  0.022.  Wlnant  and 
Browand's  (1974)  layer  had  an  initial  growth  rate  of 
0.035  and  an  asymptotic  rate  of  0.019.  The  computa¬ 
tional  cases  had  early  growtli  rates  peaking  as  high  as 
0.048  with  later  declines  to  as  lew  as  0.014.  Hence, 
the  computation  is  consistent  with  the  experimental 
behavior. 

Turbulent  Kinetic  Energy 

Figure  4  shows  the  growth  in  the  turbulent 
kinetic  energy  at  the  center  of  the  layer  for  five 
medium  amplitude  initial  disturbance  fields.  All 
cases  show  a  similar  early  growth  and  all  overshoot 
the  expected  far  downstream  values  by  roughly  50-., 
this  is  consistent  with  the  experimental  observations 
of  Bradshaw  (1966)  for  laminar  boundary  layer  cases. 
Case  10  is  identical  to  Case  5  except  no  model  was 
used  in  Case  10.  The  high  amplitude  Initial  condition 
also  overshoots  the  expected  far  downstream  value  as 
Fig.  5  shows.  This  result  is  not  consistent  witii 
experiments  in  which  the  boundary  layer(s)  are  turbu¬ 
lent.  The  discrepancy  was  initially  believed  to  be 
due  to  the  high  obliqueness  of  boundary  layer  turbu¬ 
lence;  however,  data  provided  by  Kim  and  Moin  (1981) 
show  that  the  most  excited  mode  in  boundary  layer 
turbulence  would  be  weakly  amplified  (linear  theory) 
by  a  tanh  mean  velocity  profile.  Perhaps  the  ampli¬ 
fication  is  too  weak  to  result  in  an  overshoot  of 
turbulent  kinetic  energy.  Alternatively,  the  large 
structures  of  boundary  layer  turbulence  may  not  be 
amplified  by  the  free-shear  profile. 


No  subgrid  scale  model  was  used  in  Cases  9,  10, 
and  11.  All  other  cases  employed  a  modified  Soago- 
rinski  subgrid  scale  model. 

The  initial  conditions  of  Cases  5,  9,  and  10  are 
identical,  allowing  the  influence  of  filtering  and 
modeling  to  be  determined. 

RESULTS 

Mean  Velocity  Profiles 

In  self-similar  coordinates,  the  initial  mean 
velocity  profile  persists  in  all  cases  until  the  nu¬ 
merics  break  down  (after  the  layer  has  thickened  by  8 
to  10  times).  Thus  in  the  computation  self-similarity 
in  the  mean  velocity  profile  is  achieved  from  the 
start,  in  contrast  to  the  spatially-developed  mixing 
layer  studied  in  the  laboratory,  which  does  not  have 
near-field  similarity. 

Momentum  Thickness 

Figure  3  shows  the  growth  of  momentum  thickness 
for  the  five  medium-amplitude  cases  (5,  7,  9,  10,  11). 
The  most  striking  difference  is  Case  11  which  grows  30 
to  43  percent  faster  than  the  other  cases.  This  is 
due  to  the  initial  disturbance  spectrum  being  concen¬ 
trated  in  the  wavelengths  most  amplified  (according  to 
linear  theory).  This  is  in  contrast  to  the  other 
cases  which  have  broader  initial  disturbance  spec¬ 
tra.  The  experimental  momentum-thickness  growth 


Some  interesting  oscillatory  behavior  is  observed 
in  the  turbulent  kinetic  energy  profile  history,  de¬ 
pending  on  the  initial  amplitude.  Figure  6  shows  the 
turbulent  energy  profile  of  Case  10,  a  case  with  n 
medium  initial  disturbance  amplitude.  Note  that  no 
attempt  was  made  to  make  the  initial  profile  at  all 
realistic.  The  initial  profile  is  much  too  broad  and 
the  early  profile  at  T  •  b6.b7  is  characteristic  of 
the  eigenfunctions  of  the  linearized  equations  and  is 
narrower  than  the  fully  developed  profile  (Spencer 
1971).  The  vortices  for  the  last  two  times  resemble 
Spencer's.  Though  not  shown,  the  turbulent  kinetic 
energy  profiles  for  small  amplitude  cases  are  ini¬ 
tially  too  broad;  they  then  become  narrow  and  again  to 
broad  before  settling  down  to  the  proper  asymptotic 
width  (in  z/6)  after  the  layer  has  thickned  by  3.5 
times.  In  contrast,  the  profiles  for  cases  with  high 
initial  amplitude  go  raonotonically  to  the  asymptotic 
shape  before  the  layer  has  even  doubled  in  thickness. 

The  Anisotropy  Tensor 

Figures  7  and  8  show  the  behavior  of  the  aniso¬ 
tropy  tensor  for  medium  amplitude  Cases  5  and  7. 
These  cases  have  the  same  initial  energy  spectrum  and 
differ  only  in  the  random  phases  between  Fourier 
modes.  Yet  the  anisotropy  tensors  are  radically 
different  in  the  first  8-fold  thickening  of  the  layer. 
Thus,  while  Case  5  might  be  "fully  developed”  for 
T  >_  200,  Case  7  is  not  even  close  to  being  fully 
developed  at  T  »  350.  The  authors  consider  the 
anisotropy  tensor  an  important  measure  of  the 
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turbulent  structure.  Its  sensitivity  to  Initial 
conditions  Is  a  clear  Indication  of  the  strong 
sensitivity  of  the  structure  to  Initial  conditions, 
since  Cases  5  and  7  differ  only  In  their  Initial 
random  phases. 

A  significant  observation  regarding  the  effect  of 
Initial  disturbance  amplitude  on  the  anisotropy  tensor 
Is  shown  In  Figs.  7,  and  9.  Cases  5,  and  A  are  iden¬ 
tical  In  all  aspects  except  the  amplitude  of  the  ini¬ 
tial  disturbance  field;  Case  5  Is  Initially  one  hun¬ 
dred  times  as  energetic  as  Case  4.  Figure  9  shows  the 
behavior  of  the  anisotropy  tensor  for  Case  4;  note  the 
strong  early  dominance  of  the  streamwise  component 
followed  by  a  period  of  dominance  by  the  gradient  com¬ 
ponent.  This  Is  in  contrast  to  the  medium-amplitude 
case  (5)  of  Fig.  7,  In  which  the  gradient  component 
matches  the  streamwise  component  briefly,  but  never 
dominates.  The  hlgh-amplitude  Case  2  shows  a  domi¬ 
nance  by  the  streamwise  component  at  all  but  the 
earliest  times.  We  thus  conclude  there  is  an  in¬ 
creased  likelihood  of  a  period  of  dominance  by  the 
gradient  component  of  the  normal  stresses  with  de¬ 
creasing  Initial  disturbance  amplitude.  Cases  6,  7, 
and  8  have  the  same  trend,  but  it  Is  not  as  strong. 

Particle  Track  Pictures 

We  have  tracked  intersections  of  the  grid  shown 
in  Fig.  10,  initially  placed  In  the  plane  of  homogene¬ 
ity  at  z  »  0.  This  provides  Important  insight  into 
the  processes  of  streamwise  vortex  formation  In  the 
mixing  layer  (Konrad  1976).  Figures  11,  12,  14,  15 
show  the  development  in  time  for  Case  6,  a  snail 
initial  disturbance  case.  Since  the  initial  distur¬ 
bance  amplitude  is  small,  the  initially  vertical  lines 
In  Fig.  10  are  essentially  vortex  lines.  Look  at  the 
distortion  of  the  3  left-most  lines  in  the  time  se¬ 
quence  and  a  mechanism  for  the  secondary  instability 
of  the  mixing  layer  is  suggested.  The  secondary 
instability  is  the  array  of  counter  rotating  vortices, 
documented  experimentally  by  Konrad  (1976).  These  are 
aligned  with  the  stretching  direction  of  the  primary 
straining  field,  which,  in  turn,  is  due  to  the  domi¬ 
nant  spanwise  vortices;  Che  spanwise  vortices  are  a 
result  of  the  Kelvin-Helmholtz  instability.  The  mech¬ 
anism  for  Che  secondary  instability  is  due  to  spanwise 
irregularities  in  the  stagnation  line  of  the  straining 
field.  Figure  13  illustrates  the  proposed  mechanism. 
Vortices  A  and  B  create  the  straining  field  shown  by 
the  arrows.  In  a  view  normal  to  the  stretching  plane, 
the  stagnation  line  may  be  wavy,  due  to  spanwise  vari¬ 
ations  in  strength  or  position  of  vortices  A  and  B. 
This  waviness  in  the  stagnation  line  would  result  in  a 
portion  of  the  mean-field  vorticity  forming  the  secon¬ 
dary  vortex  structures.  The  present  calculations 
suggest  a  secondary  vortex  circulation  of  between  12 
and  5US  of  the  primary  vortex  circulation.  Figures  14 
and  13  (spanview  of  14)  show  the  onset  of  a  pairing 
which  is  essentially  uniform  along  the  span  of  the 
vortices.  This  is  not  quite  as  coherent  as  the  pair¬ 
ing  observed  by  Browand  but  more  coherent  than  the 
"helical  pairing”  of  Bradshaw.  Figures  16  and  17  show 
Case  11,  which  is  closer  to  the  "Bradshaw  helical 
pairing" . 


OTHER  INFORMATION 

For  a  complete  report  of  this  work,  see  Cain  et 
al.  (1981).  Key  points  documented  there  Include: 

1)  The  subgrid  scale  model  has  hardly  any  effect  on 
the  results,  while  filtering  has  a  major  effect. 

2)  A  new  spectral  method  which  uses  the  Fast  Fourier 
transform  has  errors  orders  of  magnitude  smaller 
than  the  standard  finite-difference  methods. 

3)  Application  of  boundary  conditions  to  a  finite 
domain  can  strongly  alter  results. 

CONCLUSIONS 

The  results  of  these  computations  show  that  the 
mixing  layer's  development  can  be  strongly  affected  by 
the  initial  disturbance  field.  The  mean  velocity 
profile  is  not  affected  by  the  disturbance  field  in 
the  time  developing  case  but  it  may  be  in  the  spati¬ 
ally  developing  case  in  which  the  flow  originates  with 
boundary  layer(s).  The  momentum  thickness  growth  rate 
is  strongly  affected  by  the  initial  disturbance  wave¬ 
lengths.  We  observe  an  oscillatory  approach  (of  the 
turbulent  kinetic  energy  profile)  to  the  fully  devel¬ 
oped  profile  if  the  Initial  disturbance  energy  is  low 
and  a  monotonlc  approach  if  the  initial  disturbance 
amplitude  is  high.  The  anisotropy  tensor  is  the  most 
sensitive  measure  observed  and  may  not  reach  fully 
developed  values  in  a  tenfold  thickening  of  the  mixing 
layer.  Particle  tracking  has  proved  an  excellent  aid 
in  understanding  the  physics  and  suggest  the  mechanism 
by  which  the  secondary  instability  is  created. 
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ABSTRACT 

An  experimental  study  was  conducted  to  determine 
the  developing  character  of  wavy  disturbances  put 
into  shear  layers  between  two  constant  velocity 
streams.  The  measured  characteristics  include  the 
growth  or  decay  rate  of  the  disturbances  and  the 
distribution  across  the  shear  layer  of  the  fluc¬ 
tuating  streanwise  velocity  amplitude,  the  fluc¬ 
tuating  cross-stream  velocity  amplitude,  and  their 
phase  angles.  These  measurements  were  obtained  for 
a  variety  of  disturbance  frequencies  in  a  free  shear 
layer  with  Reynolds  numbers  of  the  order  10^.  A 
companion  analytical  study  of  the  stability  of  an 
inviscid  shear  layer  was  conducted  to  guide  the  ex¬ 
perimental  effort  and  to  correlate  the  results.  The 
analysis  was  conducted  for  both  the  experimentally 
determined  velocity  profiles  and  the  previously- 
studied  hyperbolic  tangent  profile.  Good  agreement 
was  obtained  between  the  results  from  the  experi¬ 
ment  and  the  inviscid  stability  analysis. 

I  NTS  01X7 1  ON 

Much  of  the  current  interest  in  fluid  dynamic 
stability  is  generated  by  the  need  to  predict  when  an 
unavoidable  large-scale  mixing  situation  will  occur. 
These  situations  include  the  onset  of  clear  air  tur¬ 
bulence  and  mixing  in  some  ocean  circulation  patterns 
There  is  also  a  continuing  need  t  o  develop  improved 
stability  analysis  and  engineering  design  criteria  in 
technology  areas  such  as  aerodynamic  noise  reduction, 
jet  mixing,  boundary  layer  transition  and  heat  trans¬ 
fer,  and  olasma  containment  for  fusion  nuclear  reac¬ 
tions.  TV* c  complete  fluid  dynamic  stability  problem 
for  any  of  the  previously  -entioned  areas  is  extraor¬ 
dinarily  complicated.  Each  problem  is  three-dimen¬ 
s'  anal,  viscous,  and  often  has  boundary  conditions 
that  presently  make  a  complete  analytical  solution  of 
the  steady-state  flow  field  difficult,  if  not 
impossible,  to  obtain.  Fortunately,  many  fluid 
dynamics  problem  areas  have  one  or  two  factors  which 
dominate  the  flow.  Therefore,  an  understanding  of 
the  physical  situation  can  be  obtained  from  a  simpli¬ 
fied  model  or  experiment.  The  approach  that  much  can 
be  learned  from  a  simplified  flow  has  been  taken  by 
most  other  fluid  stability  investigators  and  will  be 
followed  in  this  work. 


The  present  study  is  directed  toward  understand¬ 
ing  the  development  of  two-dimensional  wavy  distur¬ 
bances  in  plane  shear  layers.  The  study  was  further 
restricted  to  high  Reynolds  number  shear  layers  with 
small-scale  low-intensity  turbulence  in  the  shear 
layer  at  the  onset  of  the  disturbance  location.  This 
class  of  flows  occurs  in  clear  air  turbulence  and  many 
propulsion  applications. 

Previous  free  shear  layer  experimental  studies 
have  been  directed  toward  understanding  the  develop¬ 
ment  of  a  shear  layer  with  relatively  low  initial 
Reynolds  numbers  (e.g..  Ref.  1).  These  shear  layers 
have  generally  had  rapid  growth  of  natural  occurring 
turbulent  structure.  One  of  the  impetuses  tor  the 
present  work  was  the  desire  to  determine  the  require¬ 
ment  for  impeding  or  enhancing  the  development  of  the 
large-scale  turbulent  structure  in  a  plane  shear 
layer. 

The  objective  of  the  present  study  was  tc  deter¬ 
mine  the  character  of  developing  wavy  disturbances 
put  into  the  shear  layer  between  two  adjacent  streams. 
This  was  achieved  by  (1)  measuring  the  spatial  growth 
rates  and  disturbance  velocity  profiles,  and 
(2)  numerically  solving  the  linearized  inviscid  sta¬ 
bility  equation  for  the  spatial  growth  rates  and  the 
disturbance  velocity  profiles  of  the  measure^4  mean 
velocity  profiles. 

EXPERIMENTAL  EQUIPMENT 

Flow  System 

A  sketch  of  the  flow  system  is  shown  in  Fie.  !. 
The  motor,  fan,  and  plenum  of  the  system,  were  part  of 
a  conventional  open  circuit  wind  tunnel.  Tho  test 
section  and  hot  wire  probe  traverse  were  also  part 
of  the  same  wind  tunnel.  However,  the  system  differed 
from  conventional  open  circuit  wind  tunnels  in  that 
porous  media  was  used  to  restrict  the  flow  into  the 
test  section  in  a  prescribed  manner.  A  porous  media 
assembly  consisting  of  open-pore  polyurethane  foam 
(manufactured  by  the  Scott  Foam  Co.),  perforated 
plate,  and  screens  was  assembled  to  provide  the 
desired  velocity  ratio  and  initial  shear  layer 
thickness.  Using  porous  media  to  generate  a  shear 
layer  velocity  profile  allowed  the  instability 
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characteristics  of  a  high  Reyn*  Ids  number.  Re  » 
(Ul-U2)8/V,  shear  layer  with  a  relatively  low 
initial  turbulence  level  to  be  studied  in  detail. 

Disturbance  Generator 

Wavy  disturbances  were  generated  by  vibrating  a 
steel  ribbon  in  the  center  of  the  shear  layer.  The 
ribbon,  1 .O-in.-vide  and  0.00 3-in. -thick,  was 
stretched  across  the  test  section  and  held  in  tension 
with  springs,  as  shown  in  Fig.  2.  The  spring  tension 
was  increased  on  the  ribbon  until  the  natural  fre¬ 
quency  of  the  vibrating  ribbon  was  more  than  four  times 
the  highest  frequency  used  for  any  flow  disturbance 
condition.  Stroboscopic  illumination  showed  that  the 
ribbon  was  vibrating  in  a  uniform  manner  across  the 
test  section.  For  all  flow  conditions,  except  those 
where  the  disturbance  frequency  was  approximately 
equal  or  greater  than  the  neutral  stability  frequency, 
the  peak-to-peak  amplitude  was  less  than  0.030  in. 

Measuring  Equipment 

A  900  series  hot  wire  anemometer  manufactured  by 
Datametrics  was  used  for  the  experiments.  The  set 
consisted  of  two  constant  temperature  anemometers  with 
linearizers,  a  sum  and  difference  circuit,  and  a  true 
RMS  voltmeter.  Cross  hot  wires,  constructed  of 
platinum  with  a  0.0005-in. -diameter  and  0 . 18-in. -length, 
were  oriented  at  *45  degrees  to  the  mean  flow  direc¬ 
tion.  The  X  wires  were  oriented  to  measure  the 


Figure  1  SKETCH  0 f  FLOW  SYSTEM  ASSEMBLY 


streamwise,  U,  and  cross-stream,  V,  velocities  in  the 
plane  of  the  two-dimensionality.  A  General  Radio 
wave  analyzer  and  a  recording  wave  analyzer  were  used 
to  measure  the  amplitude  of  the  hot  wire  signals. 

The  equipment  was  connected  as  shown  in  Fig.  3.  The 
hot  wire  probe  was  held  in  place  with  an  airfoil- 
shaped  clamp.  Thr  1  mp  was  attached  to  an  electri¬ 
cally  driven  lead  i  assembly  and  digital  counter 

and  the  hot  wire  was  traversed  across  the  shear  layer. 

TENSION  viBB^'NG 


Figure  2  SKETCH  OF  UPSTREAM  FND  OF  TUNNEL  SHOWING 
DISTURBANCE  GENERATOR 


Figure  3  SCHEMATIC  OF  TEST  APPARATUS  FOR  MEASURING 
DISTURBANCE  CHARACTERISTICS 


EXPERIMENTAL  RESISTS 
Undisturbed  Flow 

Mean  and  fluctuating  streamwise  velocity  mea¬ 
surements  were  obtained  (Figs.  4  and  5).  The  mean 
velocity  profiles  have  the  same  approximate  shape  for 
a  distance  of  5  ft  from  the  inlet.  However,  the  tur¬ 
bulence  intensity  in  the  undisturbed  flow  varies  in 
both  the  streanwise  direction  and  across  the  shear 
layer.  Note  that  the  turbulence  intensities  outside 
the  shear  layer  decrease  at  x  *  3  and  5  ft  to  approx¬ 
imately  one  half  their  respective  values  at  x  *  1  it. 
The  turbulence  intensities  decrease  from  2  to  1  per- 
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cent  In  the  faster  velocity  stream;  they  decrease  from 
1  to  4  percent  In  the  slower  velocity  stream.  The 
peak  turbulence  levels  in  the  undisturbed  shear  layer 
increases  to  1.4  ft/sec  in  the  shear  layer  which 
corresponds  to  turbulence  intensities  of  6  to  14  per¬ 
cent  based  on  the  local  velocity  and  the  shear  layer 
velocity  difference,  respectively.  The  latter  value 
is  comparable  with  the  turbulence  levels  in  other 
undisturbed  free  shear  layers. 

A  shear  layer  width  was  defined  to  compare  the 
experimental  results  with  previous  analytical  results 
and  the  present  numerical  results  which  will  be  dis¬ 
cussed  later.  The  f  >wth  of  the  shear  layer  half 
width,  defined  as  L  >  0.5  (Uj-Uj) / (HU/4y)niax> 
given  in  Fig.  6. 

Velocity  profiles  were  also  obtained  at  five 
spanwise  locations  at  x  =  1  ft.  The  profiles  for  the 
three  center  and  one  of  the  end  profiles  were  vir¬ 
tually  identical.  The  largest  variation  from  the 
centerspan  near  one  wall  of  the  tunnel  was  1.8  ft /sec 
in  the  faster  moving  stream.  The  conclusion  from 
these  measurements  was  that  the  flow  had  a  sufficient¬ 
ly  large  two-dimensional  region  to  examine  the  growth 
of  planar  disturbances. 

Disturbed  Flow 


Disturbances  were  put  into  the  shear  layer  with 
various  amplitudes  and  frequencies.  Equipment 
limitations  precluded  exciting  at  frequencies  less 
than  10  Hz.  The  upper  Unit  of  the  frequency  range 
was  determined  by  increasing  the  excitation  frequen¬ 
cy  until  a  frequency  was  reached  where  the  input 
disturbance  would  not  grow. 


Streamwise  and  cross  stream  hot  wire  traces  were 
obtained  for  a  variety  of  flow  conditions  and  excita- 
ti  n  frequencies.  Unfiltered  traces  were  obtained 
from  the  hot  wire  anemometer  system  at  five  locations 
in  the  shear  layer  for  U'i/U’2  *1.7  and  an  excitation 
frequency  of  40  Hz  (Fig.  7) .  Voltage  traces  obtained 
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Figure  5  FLUCTUATION  VELOCITY  PROFILES  FOR 
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Figure  6  VARIATION  OF  SHEAR  LAYER  WIDTH  WITH 
DISTANCE  FROM  INLET  PLANE 


during  approximately  ten  cycles  of  the  disturbance 
ribbon  vibration  are  shown  for  each  velocity  compo¬ 
nent.  Note  that  at  the  upper  (y  =7.5  in.)  and  lower 
(v  =  4.8  in.)  edges  of  the  shear  lay«_-  bot:  disturbance 
velocities  of  the  40  Hz  disturbance  frequency  doni- 
nat  the  unsteady  flow.  Near  the  center  of  the  shear 
layer  (y  *  6.2  and  6.8  in.)  the  40  Hz  u'  component  is 
less  repeatable  than  the  v*  component. 


Filtered  signals  from  the  wave  analyzer  were 
obtained  (Fig.  8)  and  used  to  obtain  the  phase  angles 
between  the  excitation  signal  and  the  streamwise  and 
cross  stream  velocity  components.  This  type  of  data 
was  also  used  to  obtain  wave  velocities.  At  y  =  6.2 
and  6.8  in.,  the  filtered  traces  for  the  u'  component 
shift  in  phase  angle  and  amplitude.  Note  that  cvcle- 
to-evcle  variation  for  the  v’  component  generally 
vary  less  than  10  percent  from  the  mean  value  and 
that  little  phase  shift  occurs. 


The  relative  amplitude  variation  of  the  u'  and 
v*  signals  across  the  shear  layer  were  obtained  hv 
continuously  traversing  the  hot  wire  probes  across 
the  shear  layer  and  recording  the  wave  analyzer  out¬ 
put  (Fig.  9).  Note  that  the  u*  disturbances  varv 
rapidly  across  the  shear  layer  whereas  the  v*  distur¬ 
bances  generally  have  a  monotonic  decrease  fro*"  a 
peak  near  the  center  of  the  shear  layer.  The  peak 
amplitude  of  the  v*  component  was  used  to  determine 
the  disturbance  growth  rate. 
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Disturbance  growth  rates  were  obtained  for  a 
range  of  disturbance  frequencies.  Typical  data  are 
shown  in  Fig.  10  along  with  the  experimentally 
determined  spatial  growth  rate.  The  faired  curves 
through  the  disturbance  amplitudes  were  always 
started  at  least  one  wavelength  downstream  of  the 
disturbance  input  location.  The  growth  rate,  or, 
is  determined  from  a  semi-logarithmic  fit  of  the 
data.  Note  that  for  f  «  20,  40  Hz  and  one  dis¬ 
turbance  amplitude  at  60  Hz,  the  growth  rates  are 
positive.  For  the  second  input  amplitude  at  f  = 

60  Hz,  and  for  f  *  70  Hz,  the  amplitude  of  the 
disturbance  tends  to  decay.  A  summary  of  all  the 
data  obtained  for  the  velocity  ratio  Uj/Uj  =  1.7 
is  presented  in  TABLE  I.  Most  of  the  previously 
undefined  parameters  are  defined  in  the  table. 
Exceptions  include:  *,  the  experimentally  deter¬ 
mined  disturbance  wa  “length,  and  Vp*,  the  ex¬ 
perimentally  determii  ed  phase  velocity.  The 
parameters  ar  and  are  the  real  and  imaginary 
parts  of  the  experimentally  determined  nondimen- 
sional  wave  number. 


y  =  4  8  in 


y  =  6  8  in 


a)  y  =  4  8  m 


d)  y  =  6  8  m 


b)  y  =  5  5  in 


e)  y  =  7  5  m 


C)  y  =  6  2  m 


y  =  5.5  in 


y  =  7  5  in 


disturbance  gene- 


Figure  8  TYPICAL  TRACES  FROM  WAVE  ANALY7ER  OF 

INSTANTANEOUS  u'  AND  v'  HOT  WIRE  SIGNALS 
OBTAINED  AT  VARIOUS  LOCATIONS  IN  SHEAF. 
LAYER,  f-40  Hz 

a)  STREAMWISE  VELOCITY  FLUCTUATION 


b)  CROSS  STREAM  VELOCITY  FLUCTUATION 


Figure  7  TYPICAL  TRACES  OF  INSTANTANEOUS  u'  AND  v' 
HOT  WIRE  SIGNALS  OBTAINED  AT  VARIOUS 
LOCATIONS  IN  SHEAR  LAYER  AT  x  *  2.6  ft 
Ratio  of  u*  to  v'  constant  for  each  photo¬ 
graph;  voltage  level  varied  for  each 
photograph;  f*40  Hz 

LINEAR  STABILITY  ANALYSIS 

A  linear  inviscid  stability  analysis  of  planar 
shear  flow  was  conducted  for  the  experimentally 
determined  velocity  profile  and  for  hyperbolic  tan¬ 
gent  velocity  profiles  with  the  velocity  ratio 
U,/U,  -  1.7. 


DISTANCE  FROM  TUNNEL  FLOOR  y-m 
Figure  9  TYPICAL  PROFILE  OF  u'  A"D  v'  AMPLITUDE 
ACROSS  SHEAR  LAYER  FROM  RECORDING  WAVE 
ANALYZER,  f-40  hz 

The  inviscid  stability  analysis  was  based  on 
the  Rayleigh  equation 


(l"7 (U-c)  *  or*)  v. 


with  the  spatial  growth  constraint,  3^  ■  0  for  dis- 
turbances  of  the  form  v^(y)  exp  (tox-ipt)  where 
a  *  aT  +  ia^,  (3*  +  i  pj,  and  c  *  p/a.  The 

velocity  profile  was  nondimens ionalized  by  L  and 
Uo  *  0-5  (Ui-t’2)  in  the  form  V  *  +  f ( y /L)  where 

<bm  (Uj+U2)  / (Cj-L^)  •  The  equation  was  numerically 
Integrated  between  two  boundary  conditions  outside 
the  shear  layer  using  the  Runge-Kutta  method. 

Two  types  of  boundary  conditions  were  used  for 
solution  of  Eq.  Cl).  The  first  type  of  boundary 
condition  used  an  asymmetric  wavy  disturbance  below 
and  above  the  shear  layer  of  the  form 

v  ^  -  A 1  exp.  Cav)  as  y  -•  -  «  ^2) 

and  V1  -OfyV-as  y 

This  results  in  the  relationships 

v  1 1 '  (  v  1 )  *  1  and  vi  * 7  C  v  l )  *  “  1  (3) 

below  and  above  the  shear  layer,  respectively.  This 
boundary  condition  was  imposed  3  or  4  shear  layer 
half  widths  (L)  below  and  above  the  center  of  the 
shear  layer.  The  second  type  of  boundary  condition 
was  to  set  the  normal  component  of  the  wavy  distur¬ 
bance  to  vanish  on  the  wails  of  a  planar  duct,  i.e., 


=  0  at  v  =  -d 


(4) 


a)  f  =  20  Hz 
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Figure  10  STREAMWISE  VARIATION  OF  MAXIMUM  v* 
AMPLITUDE  IN  SHEAR  LAYER  AT  SEVERAL 
EXCITATION  FREQUENCIES 
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TABLE  I  SUMMARY  OF  EXPERIMENTAL  RESULTS  FOR  FLOW 
CONDITION  U1/U2  =1.7  L’lTH  EXCITATION 
l’i  =  26.4  ft/sec;  lT2  “  15.4  ft/sec; 

U0  -  (UrU2)/2  ■  5.5  ft/sec 

Calculations  were  made  for  the  hyperbolic 
tangent  velocity  profile  in  a  free  shear  layer  with 
the  asymmetric  boundary  condition  and  compared  with 
Michalke’s  results  CRef.  2).  The  nondimens tonal 
orofile  for  this  case  is  U  =  1+tanhCy'L)  and 
corresponds  to  a  plane  jet  discharging  into  quiescent 
fluid.  The  numerical  results  from  the  present  calcu¬ 
lation  procedure  agreed  with  the  Michalke  results  to 
the  third  decimal  value.  Calculations  were  also  made 
for  a  shear  layer  between  two  walls  with  the  wall 
spacing,  d  =  9L.  Imposing  the  v^  =  0  boundary  condi¬ 
tion  at  these  locations  caused  the  disturbance  spatial 
growth  rate  to  decrease  approximately  10  and  1  percent 
for  (3r  =  0.1  and  0.2,  respectively.  The  conclusion 
from  these  calculations  was  that  for  Pr  s  0.2,  the 
growth  of  wavy  disturbances  in  the  present  experiment 
was  equivalent  to  the  growth  in  a  free  shear  layer. 

The  locations  d  *  *9  were  equivalent  to  the  distance 
of  the  walls  from,  the  center  of  the  shear  layer  in 
the  present  experiment.  Therefore,  all  the  calcula¬ 
tions  described  in  the  subsequent  section  were  made 
with  the  asymmetric  boundary  conditions  (F.q.  (2)) 
rather  than  the  wall  boundary  condition  (Eq.  (4)). 

COMPARISON  OF  EXPERIMENTAL  AND  ANALYTICAL  RESULTS 

The  variation  of  the  spatial  growth  rate  with 
reduced  frequency  is  presented  in  Fig.  11.  The 
experimental  growth  rates  were  obtained  for  a  range 
of  initial  disturbance  amplitudes.  The  solid  line 
in  Fig.  11  is  the  analytically  determined  spatial 
growth  rate  for  the  curve-fitted  profile  of  the 
velocity  measurements  in  Fig.  4  at  x  *  3  ft.  The 
dashed  line  is  the  analytically  determined  spatial 
growth  rate  for  the  hyperbolic  tangent  velocity 
profile  with  the  respective  maximum  shear  rate 
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and  velocity  differences.  The  data  for  lTl / U2  «  1.7 
are  in  good  agreement  with  the  analytical  results 
for  the  curve  fitted  profile.  Note  that  the 
largest  differences  between  the  analytical  results 
for  the  tanh  profile  and  the  curve  fitted  profile 
occur  as  the  growth  rates  decrease  toward  zero. 

The  measured  nondimensional  wave  velocities  are 
also  compared  with  the  mean  shear  layer  velocities 
(Fig.  12).  The  wave  velocity  is  close  to  that 
predicted  for  ar~0.4  but  greater  at  ar  ~  0.8  (the 
neutral  stability  value). 

A  comparison  of  the  experimental  and  analytical 
disturbance  velocities  and  phase  angles  are  presented 
in  Figs.  13  and  14  for  f  *  20,  30,  and  40  Hz  and 
L' j / U 2  “  1.7.  The  experimental  and  analytical  distur¬ 
bance  velocities  are  normalized  with  respect  to  the 
peak  cross  stream  velocity,  v1 ,  in  each  profile.  For 
che  20  Hz  excitation,  the  v'  profile  has  the  correct 
shape  but  an  amplitude  variation  of  the  order  of  10 
percent  from  the  predicted  profile.  The  u'  profile 
has  the  peaks  and  valleys  of  the  profiles  at  the 
cross  stream  locations  predicted  but  has  smaller 
variations  from  the  mean.  For  this  excitation  fre¬ 
quency,  the  shape  of  the  profile  does  not  have  a 
significant  effect  on  the  theoretical  shape  or  rela¬ 
tive  amplitudes  of  either  the  v'  or  u'  disturbance 
velocity  profiles.  Matching  the  asymptotic  shape  of 
the  v'  profile  rather  than  the  peak  value  may  have 
resulted  in  improved  experimental/analytical  profile 
comparisons  for  this  profile.  The  predicted  phase 
angles  are  in  fair  agreement  with  measured  values. 
These  phase  angles  were  graphically  determined  from 
oscilloscope  photographs  similar  to  those  in  Fig.  8. 

The  experimental  disturbance  velocity  profiles 
for  f  «  30  Hz  have  peaks  and  valleys  at  the  relative 
locations  predicted  for  this  frequency.  The  shapes  of 
the  u'  disturbance  profiles  are  a  stronger  function 
of  the  velocity  profile  than  those  for  f  =  20  Hz. 

The  general  character  of  the  phase  locations  are 
predicted;  however,  the  details  of  the  phase  angle 
shift  are  significantly  different  and  may  be  caused 
by  nonparallel  or  other  effects. 
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Figure  11  COMPARISON  OF  EXPERIMENTAL  GROWTH  RATES 
WITH  ANALYTICAL  RESULTS  FOR  EXPERIMENTAL 
DATA  CURVE  FIT  AND  TANH (Y)  VELOCITY  PROFILES 
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Figure  12  COMPARISON  OF  EXPERIMENTAL  WAVE  VELOCITIES 


WITH  ANALYTICAL  RESULTS 

The  analytical  disturbance  velocities  for  f  * 

40  Hz  predict  the  v'  disturbance  with  the  sate 
accuracy  as  the  cases  for  f  »  20  and  30  Hz.  The  u' 
analytical  disturbance  profiles  also  predi't  the 
correct  relative  magnitude  of  disturbances;  however, 
the  detailed  relationships  vary.  Note  the  signifi¬ 
cant  difference  in  the  predicted  phase  angles  for 
the  tanh  and  curve  fitted  profiles  for  f  =  40  Hz. 

The  phase  angles  for  the  curve  fitted  profiles  are 
in  good  agreement  with  the  data  above  and  below  the 
shear  layer,  while  the  measured  and  predicted  phase 
angles  differ  considerably  near  the  center  of  the 
shear  layer.  Recall  from  Fig.  8  that  the  phase 
angles  varied  significantly  from  cvcle-to-cycle  in 
this  region.  The  cycle-to-cyc! e  variation  (or  ncn- 
stationary  effect)  may  also  cause  some  of  the 
differences  between  the  measured  and  predicted  dis¬ 
turbance  u'  velocity  profile  for  f  ■  20,  30,  ar.d 
40  Hz. 

Although  the  exact  details  of  the-  u'  distur¬ 
bance  velocity  profile  were  net  predicted,  the 
analysis  did  predict  the  major  changes  in  the  pro¬ 
file  shape  over  the  range  investigated.  Examination, 
of  the  filtered  and  unfiltered  hot  wire  signals 
(Figs.  7  and  8)  for  these  velocity  profiles  in.c.cate 
that  nonlinear  effects  probably  were  not  important. 
However,  the  analytical  results  were  obtained  here 
on  the  basis  of  parallel  flow  theory  and  further 
examination  of  Fig.  6  shows  that  the  rapid  growth  :f 
the  shear  layer  warrants  inclusion  of  nonnarallel 
effects  in  the  analysis. 

CONCLUSION 

The  experimental  study  showed  that,  when  a  high 
Reynolds  number  plane  shear  'aver  is  excited  with 
two-dimensional  disturbances,  the  disturbances  will 
grow  with  a  spatial  growth  rate  and  contain  the  dis¬ 
turbance  velocity  distributions  and  phase  relation¬ 
ships  generally  predicted  by  two-dimensional  inviscid 
stability  theory. 

REFERENCES 

1.  Freymuth,  L.:  On  Transition  in  a  Separated 

Laminar  Boundary  Laver.  J.  of  Fluid  Mech., 

Vol.  25,  Part  4,  1986,  Pr  683-704. 


14.18 


2.  Michalke ,  On  the  Spatially  Growing 

Disturbances  in  an  Inviscid  Shear  Layer. 

J.  of  Fluid  Mech.,  Vol.  23,  1965,  pp  521-544. 

ACKNOWLEDGMENTS 

This  research  was  conducted  at  the  University 
of  Connecticut.  Financial  support  for  the  first 


author  was  provided  by  United  Technologies 
Corporation  under  a  graduate  fellowship.  Experimental 
equipment  was  provided  by  the  Civil  Engineering 
Department  of  the  University.  The  computer  work 
performed  at  the  University's  Computer  Center  was 
supported  in  part  by  Grant  GP-1819  of  the  National 
Science  Foundation. 


bl  u  f  =  2C  Hz 


NORMALIZED  fluctuation  velocity, 

v  /v  MAX'  0R  u7u  MAX 


<31  u  1  =  30  HZ 


NORMALIZED  FLUCTUATION  velocity. 
v',v  MAX  °R  u  ,u  MAX 


()  u-  <  =40  HZ 


normalized  fluctuation 
velocity,  v  Iv  max  or  0  ,u  max 


Figure  13  COMPARISON  OF  v'  AND  u'  AMPLITUDE  PROFILES  ACROSS  SHEAR  LAYER  VITH  ANAI.YT* CAL  RESULTS 


Figure  14  COMPARISON  OF  v'  AND  u'  PHASE  ANGLE  PROFILES  ACROSS  SHEAR  LAYER  VITH  ANALYTICAL  RESULTS 
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ABSTRACT 

Simultaneous  velocity  and  temperature  measurements  in  the 
thermal  mixing  layer  downstream  of  a  partially  heated  turbulence  grid 
are  reported  The  temperature  data  are  in  good  agreement  with  ear¬ 
lier  results  The  velocity-temperature  correlations  are  new  and  permit 
a  systematic  assessment  of  an  earlier  similarity  theory  for  the  region 
far  downstream  of  the  grid  By  selecting  the  virtual  origin  appropri¬ 
ately  and  by  reconsidering  the  role  of  scalar  dissipation  in  that  region, 
agreement  between  measurement  and  prediction  with  respect  to  tem¬ 
perature  intensity  and  two  mean  lateral  fluxes,  that  of  temperature 
and  of  temperature  intensity,  is  achieved 

NOMENCLATURE 
D  thermal  diffusion  coefficient 

£„  power  spectral  density  of  temperature  fluctuations 

f.  KolmogorofT  frequency 

/.  nondimensional.  asymptotic  intensity  of  temperature 

fluctuations.  V!/fL 
I.  KolmogorofT  length 

If  mesh  length  of  grid 

R,i  Reynolds  number.  U  M!v, 

T  temperature 

u.  i  velocity  components  in  the  x-  and  y-direciions 
i  mean  flow  velocity 

x  spatial  coordinate  measured  from  the  grid 

x  location  of  virtual  origin  measured  from  grid 

'fhe  authors  are  listed  in  alphabetical  order 


x  nondimensional  coordinate  measured  from  virtual  origin, 

(x-x„  )/M 

y  spatial  coordinate  measured  from  the  centerline  of  the  mix¬ 

ing  layer 

y  nondimensional  transverse  coordinate.  y/St 

Greek 

0  empirical  constant  in  model  for  scalar  dissipation 

17  similarity  variable.  Z  Ri,: 

v  kinematic  viscosity 

v,  effective  turbulent  exchange  coefficient 

(  similarity  variable.  yx~l  2 

scalar  dissipation 
Subscripts 

°°  conditions  in  fully-heated  stream 

INTRODUCTION 

From  a  fundamental  point  of  view  one  of  the  most  interesting 
turbulent  flows  involving  the  transport  of  a  passive  scalar  is  the  ther¬ 
mal  mixing  layer  downstream  of  a  turbulence  grid  which  has  an 
appropriate  number  of  its  elements  heated,  e  g.,  the  horizontal  rod'  in 
the  upper  half  of  the  tunnel.  There  result  two  streams,  one  fully 
heated  so  that  it  has  a  uniform  mean  temperature  and  a  second 
unhealed  so  that  its  temperature  may  be  considered  zero  The  statist¬ 
ical  properties  of  the  temperature  in  the  mixing  layer  between  these 
two  streams  vary  in  both  the  streamwise  and  transverse  directions 
while  those  of  the  velocity  correspond  to  the  usual  grid  flow  and  thus 
vary  only  in  the  streamwise  direction  The  purpose  of  the  present 
study  is  to  provide  data  on  both  the  temperature  and  velocity  in  this 
flow  and  to  compare  the  experimental  results  with  a  similarity  solution 
for  the  thermal  mixing  layer 

The  layer  in  question  has  been  the  subject  of  several  investiga¬ 
tions.  The  earliest  experiments  are  due  to  Watt  and  Baines  U  i  and 


Foss  ei  ai.  (2>  who  measured  the  mean  temperature  and  the  tempera¬ 
ture  intensity.  The  former  authors  deduce  that  the  measured 
distribution  of  mean  temperature  is  consistent  with  a  constant  thermal 
diffusivity  In  a  theoretical  analysis  of  the  thermal  mixing  layer  based 
on  the  data  of  Foss  ei  ai  (2)  Libby  (31  reaches  a  similar  conclusion 
by  applying  the  Prandtl-Kolmogoroff  model  of  turbulent  transport. 
Keffer  ei  ai  (4)  use  an  array  of  horizontal  rods  and  study  the  mixing 
layer  which  results  from  healing  only  those  in  the  upper  half  of  the 
tunnel  They  employ  the  techniques  of  conditioned  sampling  to 
obtain  zone  averages  for  the  mean  temperature  and  for  the  intensity 
of  the  temperature  fluctuations  Finally.  LaRue  and  Libby  (5)  pro¬ 
vide  additional  data  on  the  temperature  characteristics  including  pro¬ 
bability  density  functions  of  the  temperature  at  various  locations  in 
the  mixing  layer  and  statistical  information  on  the  thickness  of  the 
superlayer  between  heated  and  unheated  fluid 

The  distributions  of  mean  temperature  obtained  by  the  several 
investigators  are  in  excellent  agreement  Such  distributions  are  usu¬ 
ally  given  in  terms  of  a  similarity  variable  l—y  x~'  '  where  x  and  y 
are  the  usual  Cartesian  coordinates  nondimensionalized  with  respect 
to  the  mesh  size  of  the  grid  denoted  M  and  where  x  is  measured 
from  a  virtual  origin  determined  experimentally  from  one  or  more 
characteristics  of  the  flow  We  show  that  the  conclusions  drawn  from 
similarity  forms  of  the  statistical  characteristics  of  the  flow  are  in 
some  cases  sensitive  to  the  selection  of  this  origin 

The  distributions  of  the  intensity  of  the  temperature  fluctua¬ 
tions  obtained  in  the  various  studies  cited  earlier  are  usually  given  in 
terms  of  (T-’l1  :  7*  and  are  somewhat  more  interesting  All  experi¬ 
ments  indicate  that  the  peak  intensity  occurs  in  the  middle  of  the 
mixing  layer  and  is  essentially  constant  in  the  streamwise  direction 
despite  the  decay  of  the  temperature  intensity  in  the  fully  heated 
stream  The  data  of  Foss  ei  a!.  (2)  and  of  LaRue  and  Libby  (5)  are  in 
excellent  agreement  with  respect  to  this  peak  value  while  that  given 
by  Keffer  ei  ai  (4)  is  25%  lower  due  perhaps  to  the  different 
configuration  of  rods  used  in  their  study  The  value  of  the  peak  tem¬ 
perature  intensity  predicted  by  the  simple  gradient  transport  theory  of 
Libby  (3l  is  40"*.  higher  than  that  given  experimentally  by  Foss  ei  ai 
121  and  by  LaRue  and  Libby  (5)  The  latter  discuss  in  some  detail  the 
possible  sources  of  this  discrepancy  without  resolving  the  issue  In 
fact  the  present  study  is  largely  motivated  by  interest  in  this 
discrepancy  and  by  the  need  for  data  on  both  the  temperature  and 
velocity  characteristics  for  its  resolution  Accordingly  measurements 
of  two  velocity  components,  u  and  v  in  the  usual  notation,  and  of  the 
temperature  T  measured  relative  to  the  temperature  in  the  unheated 
stream  are  made  at  various  locations  in  the  thermal  mixing  layer 
downstream  of  a  turbulence  grid  with  half  of  its  horizontal  elements 
heated  electrically 

Two  sets  of  measurements  are  made;  in  one  set  the  horizontal 
rods  in  the  upper  half  of  the  grid  are  heated  while  in  the  second  those 
in  the  lower  half  are  heated  We  find  that  within  the  scatter  of  the 
data  the  results  from  the  two  sets  are  the  same  and  thus  that,  as 
estimated  by  Keffer.  buoyancy  does  not  play  a  significant  role  in  the 
thermal  mixing  layer. 


ARR  ANGEMENT  AND  TECHNIQUES  OF  THE 
EXPERIMENT 

In  this  section  we  discuss  the  triple  sensor  probe,  the  experi¬ 
mental  set-up  and  data  collection  techniques  used  in  this  study 


Calibration  of  the  Probe 

A  triple  sensor  probe  consisting  of  two  hot-wires  in  a  X- 
configuration  and  a  cold-wire  is  used  to  measure  two  velocity  com¬ 
ponents  u  and  v  and  the  temperature  T  The  two  hot-wires  are 
approximately  mutually  perpendicular,  are  nearly  symmetrically 
oriented  relative  to  the  mean  streamwise  flow,  and  are  placed  in  a 
vertical,  i.e.,  x-y,  plane  The  cold-wire  is  mounted  0  2  mm  upstream 
of  the  midpoint  of  the  X-wires  and  is  aligned  in  the  z-direction  The 
hot-wires  are  made  from  tungsten  of  2.54  nm  diameter  approximately 
0.51  mm  long.  The  cold-wire  is  platinum  with  a  diameter  of  0625 
tim  and  a  length  of  0.5  mm  A  heating  current  of  180  ^ a  is  passed 
through  the  cold-wire 

The  probe  is  calibrated  directly  for  velocities,  temperatures  and 
flow  angles  from  4  to  11  m/sec,  19  to  31°C  and  :t  5  degrees  respec¬ 
tively.  These  ranges  are  adequate  to  cover  all  turbulent  data  obtained 
from  the  mixing  layer.  Calibration  is  performed  both  before  and  after 
the  two  sets  of  measurements  are  made  The  inversion  scheme  is 
based  on  King’s  law  for  the  hot-wires  and  on  a  linear  equation 
between  voltage  and  temperature  for  the  cold-wire 

Spatial  Resolmion  and  Frequency  Response 

The  spatial  resolution  of  the  triple  sensor  is  estimated  to  be 
0.5mm  while  the  Kolmogoroff  length.  /,.  is  estimated  to  vary 
between  0  25  and  0.49  mm  Therefore,  the  Kolmogoroff  length  is  at 
most  one-half  the  characteristic  length  scale  of  the  sensor  This  reso¬ 
lution  is  adequate  for  the  present  results 

The  frequency  response  of  the  two  hot  wires  and  of  the  cold 
wire  is  estimated  to  be  22  kHz  and  3  kHz  respectively  The  effective 
digitizing  frequency  for  the  signals  from  the  three  sensors  and  their 
derivatives  is  7400  Hz  From  an  estimate  of  the  Kolmogoroff  fre¬ 
quency.  fK,  we  conclude  that  our  digitizing  frequency  is  I  45  to  2  84 
fx  and  is  thus  adequate 

General  Description  of  the  Flow 

The  measurements  are  carried  out  in  a  low-speed,  low- 
turbulence  wind  tunnel  having  a  76  cm  x  76  cm  cross-section  The 
turbulence  grid  consists  of  eighteen  horizontal  and  eighteen  vertical 
rods  0  665  cm  in  diameter  with  a  mesh  size.  M  -  4  cm  The  tunnel 
and  grid  are  described  in  detail  by  Va-  Ana  and  Yeh  (7)  and  Sepri 
(8).  In  the  separate  sets  of  measurements,  nine  of  the  horizontal 
rods  are  heated  electrically  Each  rod  consumes  1  kW  of  power  and  is 
heated  to  about  200°C  above  ambient  There  results  a  mean  tempera¬ 
ture  in  the  fully  heated  stream  of  3.21  ±  0  06°K 

The  tunnel  is  operated  in  an  open  circuit  mode  by  installing  a 
flow  deflector  downstream  of  the  test  section  The  mean  velocity,  i . 
of  7.8  m/sec  is  monitored  by  a  pressure  transducer  connected  to  a 
Pitot  static  lube  mounted  in  the  unheated  stream  The  temperature 
in  the  unheated  stream  is  measured  by  a  platinum  resistance  ther¬ 
mometer  placed  alongside  of  the  Pitot  static  tube  This  temperature  is 
found  to  be  constant  to  within  ±5*  10  :°C  during  periods  of  daia 
collection 

The  apparent  freestream  variations  (rmsl  of  velocity  and  tem¬ 
perature  in  the  wind  tunnel  without  the  grid  in  place  are  found  to  be 
001  m/s  for  u  and  0.01  *C  for  T  These  apparent  intensities  are  dr" 
both  to  electronic  noise  and  to  residual  fluctuations  in  the  tunnel 


Probe  Positioning 

The  three  sensor  probe  is  mounted  on  a  motorized  support.  A 
counter  provides  an  output  establishing  the  probe  location  in  the  vert¬ 
ical,  i.e.,  y-direcnon  relative  to  a  reference  height  determined  manu¬ 
ally  from  the  tunnel  floor.  The  accuracy  of  our  y-coordinates  is 
±  0.5  mm. 

During  a  data  collection  period  the  probe  is  traversed  downward 
in  steps  of  one  cm  and  held  fixed  at  each  position  while  data  is 
recorded  for  one  minute  After  a  complete  pass  through  the  mixing 
layer,  the  probe  and  probe  support  are  manually  moved  to  the  next 
streamwise  station  and  the  procedure  repeated. 

Data  are  collected  at  four  x-stations  for  the  first  set  of  measure¬ 
ments,  namely  at  21.  36,  51  and  67  mesh  heights  downstream  of  the 
grid.  For  the  second  set  data  are  collected  only  at  the  first  three  of 
these  stations. 

Data  Collection  and  Reduction 

We  record  the  following  voltages.  Those  from  each  of  the  three 
sensor  circuits  and  their  time  derivatives  obtained  by  analog 
differentiation:  the  voltage  yielding  the  temperature  in  the  unheated 
stream,  the  output  from  the  Pitot  static  lube  determining  the  mean 
velocity;  and  the  voltage  from  the  counter  related  to  the  probe  posi¬ 
tion,  Voltages  are  stored  on  tape  by  means  of  a  FM  tape  recorder  at  a 
tape  speed  of  38  1  cm/ sec  corresponding  to  a  maximum  recording  fre¬ 
quency  of  5  kHz. 

After  being  low-pass  filtered  at  1830  Hz,  the  voltages  on  the  six 
channels  corresponding  to  the  output  from  the  three  sensors  and  their 
derivatives  are  digitized  at  a  rate  of  3700  samples/sec/channel  and  at 
a  playback  tape  speed  of  19.05  cm/sec.  There  results  an  effective 
sampling  rate  of  7400  samples/sec/channel  As  a  result  of  the  various 
steps  from  recording  to  digitization  the  real  time  increment  between 
samples  is  135  1  Msec  At  each  probe  position  one  hundred  records 
consisting  of  1024  samples  are  digitized  so  that  the  results  correspond 
to  13  8  seconds  of  data  and  to  about  one  hundred  thousand  samples. 
The  various  time  series  which  result  are  analyzed  on  a  CDC  3600 
computer  using  standard  software 

EXPERIMENTAL  RESULTS 

The  results  of  the  two  sets  of  measurements  are  identified  with 
the  acronyms  THG  and  BHG  for  top  and  bottom  heated  rods  respec¬ 
tively  We  discuss  first  the  temperature  data  and  then  those  involving 
the  velocity  components. 

Virtual  Origin 

It  is  convenient  to  present  the  data  in  terms  of  (he  similarity 
variable  f  -  y/x 1  :.  We  take  the  origin  of  the  J-coordinate  to  be  the 
point  where  ?-U/2)f„  The  streamwise  variation  of  this  origin 
relative  to  the  tunnel  floor  is  negligible,  being  less  than  ±  1.13cm. 
As  indicated  earlier  the  x -coordinate  is  defined  a?  x  -  (x- x0)/M 
where  x„  is  the  location  of  the  virtual  origin  measured  from  the  grid. 
Although  .<r„  can  be  obtained  in  a  variety  of  ways,  we  first  follow  stan¬ 
dard  practice  relative  to  grid  flows,  adopt  an  idealized  rate  of  decay  of 
the  temperature  intensity  in  the  fully-heated  stream  and  use  our  data 
relative  to  that  intensity  to  obtain  a  virtual  origin 


The  seven  data  points  obtained  from  the  two  sets  of  measure¬ 
ments  yield  the  value  x0  -  hM  This  value  is  consistent  with  that 
found  by  Van  Atta  and  Yeh  (7)  and  Sepri  (|)  in  experiments  involv¬ 
ing  the  same  grid,  fully-heated,  but  is  not  in  agreement  with  the  value 
of  x0  -  -  9  8  Af  found  by  LaRue  and  Libby  (5)  This  discrepancy  is 
indicative  of  the  difficulties  of  determining  virtual  origins  on  the  basis 
of  the  limited  data  usually  available.  We  note  that  such  discrepancies 
suitably  are  not  significant  if  measurements  are  made  at  stations 
which  are  far  downstream.  Moreover,  they  do  not  appear  to  be 
significant  relative  to  comparison  among  the  various  sets  of  experi¬ 
mental  results  for  the  thermal  mixing  layer  provided  x„  is  determined 
in  a  consistent  fashion.  Thus  we  use  the  value  x„  -  6 M  determined 
conventionally  to  present  our  data  and  to  compare  them  with  previous 
results  and  with  the  predictions  of  similarity  theory  We  then  show 
that  an  alternative  determination  of  the  virtual  origin  changes 
sufficiently  the  display  of  data  to  yield  reasonable  agreement  with 
theory. 

Mean  Temperature 

Figure  1  shows  the  mean  temperature  distribution  obtained  from 
both  the  present  and  previous  experiments  We  retain  the  virtual  ori¬ 
gin  of  I2M  used  by  Libby  (3)  for  displaying  the  data  of  Foss  ei  al  12) 
and  make  no  correction  to  the  x-values  given  by  Keffer  er  ai  (4)  We 
see  that  ail  sets  of  data  agree  remarkably  well  with  each  other  We 
defer  discussion  of  the  prediction  of  the  mean  temperature  profile  but 
it  is  clear  that  an  error  function  distribution  as  predicted  by  the  simple 
theory  of  Libby  (3)  adequately  describes  these  results  provided  that 
the  Reynolds  number  UM/v,  arising  in  the  theory  and  determining 
the  thermal  diffusivity  v,  is  appropriately  chosen 

Temperature  Intensity  A  similar  comparison  is  shown  in  Fig  2 
where  the  distributions  of  the  temperature  intensity  in  the  form 
T'2'  2/T„  given  by  the  four  sets  of  data  are  shown  We  observe  that 
the  results  of  the  present  study  agree  very  well  with  those  of  Foss 
ei  al.  (2)  and  LaRue  and  Libby  (5)  but  that  there  is  a  discrepancy 
with  the  data  of  KefTer  ei  al.  (4)  as  mentioned  earlier.  It  is  also  to  be 
noted  that  the  intensity  predicted  by  Libby  (3)  is  considerably  greater 
than  all  the  experimental  data.  We  discuss  later  the  reasons  for  this 
discrepancy. 

The  intensity  profiles  are  not  strictly  similar.  This  is  most  obvi¬ 
ous  in  the  fully-heated  side  of  the  mixing  layer.  Theory  suggests  that 
the  temperature  intensity  in  this  flow  involves  two  separate  com¬ 
ponents.  one  representing  a  simple  diffusion  of  temperature  intensity 
across  the  mixing  layer  and  thus  decreasing  in  importance  with  the 
downstream  distance  and  a  second  representing  production  of  fluctua¬ 
tions  by  the  mean  temperature  gradient  and  thus  constant.  It  is 
important  to  note  that  all  the  experimental  results  on  the  thermal 
mixing  layer,  both  the  earlier  and  present  results,  relate  to  the  far 
downstream  region  where  the  first  component  is  significant  only  near 
the  fully  heated  stream.  Thus  in  comparing  measurement  and  pre¬ 
diction  based  on  the  similarity  solution  we  consider  only  the  second 
component. 

Higher  Moments  of  Temperature  Fluctuations 

We  have  analyzed  our  temperature  data  to  determine  the  skew¬ 
ness  and  the  kurtosis  of  the  temperature  fluctuations.  The  result-  are 
essentially  the  same  as  those  presented  in  LaRue  and  Libb.  (5)  and 
need  not  be  repealed  here  In  fact  the  agreement  between  the  two 
sets  of  data  is  remarkably  good  In  this  regard  it  is  worth  noting  that 
there  is  no  significant  difference  even  for  these  higher  moments  in 
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the  data  obtained  with  the  horizontal  rods  in  the  upper  half  of  the 
tunnel  healed  and  with  those  in  the  lower  half  heated.  Thus  buoy¬ 
ant)  is  ineffective  and  temperature  is  truly  passive 

With  respect  to  the  higher  moments  we  note  that  we  have  calcu¬ 
lated  and  plotted  the  probability  density  functions  of  the  temperature 
for  all  of  the  probe  locations  They  are  fully  consistent  with  the 
results  given  in  LaRue  and  Libby  (51  and  are  thus  not  presented  here 

Temperature  Dissipation 


velocity  components  alone  are  of  little  interest  and  thus  are  not  con¬ 
sidered  further. 

The  most  interesting  correlations  of  the  velocity  and  tempera¬ 
ture  relate  'o  the  two  mean  fluxes,  iT  and  iT:  ,  which  appear  in 
the  conservation  equations  for  the  mean  temperature  and  temperature 
intensity  We  find  that  reasonable  similarity  is  achieved  for  these 
fluxes  and  that  their  distributions  are  qualitatively  as  expected  on 
physical  grounds,  e  g.,  on  the  basis  of  gradient  transport.  We  defer 
for  the  moment  presentation  of  these  results. 


In  Fig  3  we  show  the  distribution  of  the  nondtmensional  param¬ 
eter  involving  the  temperature  dissipation,  namely  y,iW/L'  T:.  as 
obtained  in  the  present  study  and  as  given  by  LaRue  and  Libby  (5)  In 
accord  with  standard  practice  the  dissipation  is  determined  using 
Taylor's  hypothesis  and  the  assumption  of  local  isotropy  of  the  small 
scales  so  that 
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We  have  checked  the  accuracy  of  our  determination  of  by  compar¬ 
ing  values  of  the  integral  J  with  (l/2HdT/</t>- 

from  a  number  of  locations  m  the  mixing  layer  We  find  that  the  two 
v  alues  do  not  differ  by  more  than  I  O'*  In  the  integral  fmi ,  is  the 
maximum  frequency  of  interest  and  £„</)  is  the  power  spectrum  of 
ihe  temperature 


Several  aspects  of  Fig  3  call  for  comment  First  the  relative 
constancy  of  the  dissipation  parameter  across  the  mixing  layer  implies 
consistency  of  the  data  with  the  usual  model  for  the  temperature  dis¬ 
sipation.  namely  with  q  :T''il  where  q  is  the  turbulent  kinetic  energy 
and  /  is  a  measure  of  the  scale  of  the  large  eddies  It  is  useful  for 
later  developments  to  exploit  this  near  constancy  and  to  assume 
further  that  a  constant  denoted  in  Libby  (31  as  0  can  be  assigned  the 
dissipation  parameter  throughout  the  far  downstream  region.  In 
reference  3  Libby  argued  that  0-1  but  we  see  from  Fig  3  that 
nonunity  values  are  indicated  We  note  also  a  significant  discrepancy 
between  the  0  values  obtained  in  the  present  study  and  those  of 
LaRue  and  Libby  (51  the  former  being  smaller  by  as  much  as  a  factor 
of  three  Because  of  the  appearance  of  x  in  the  definition  of  this  dis¬ 
sipation  parameter,  the  presentation  of  the  data  in  me  form  shown  in 
Fig  3  is  sensitive  to  the  selection  of  x„. 


Finally,  the  present  data  relative  to  the  skewness  of  the  tem¬ 
perature  derivative,  a  measure  of  the  isotropy  of  the  small  turbulence 
scales,  are  in  accord  with  those  given  by  LaRue  and  Libby  (5) 
Although  subject  to  considerable  scalier  this  skewness  is  generally 
negative,  implying  that  the  factor  6  in  Eq  (1)  can  be  somewhat  in 
error  However,  it  is  reasonable  to  assume  that  in  the  absence  of  any 
significant  spatial  variation  of  this  skewness  the  constancy  of  the  dissi¬ 
pation  parameter  and  thus  the  selection  of  a  value  for  0  are  not 
compromised  by  this  error  bul  that  values  of  0  differing  somewhat 
from  those  shown  in  Fig  3  are  defensible 


Velocity  and  Velocity-Temperature  Correlations 

At  all  probe  locations  the  ratio  of  the  intensities  of  the  fluctua¬ 
tions  of  the  two  velocity  components  in  the  form  (t/fyi-7)  is  found  to 
be  close  to  1  1  indicating,  as  is  to  be  expected,  near  isotropy  of  the 
velocity  Jluctuations  In  addition  the  correlation  coefficient 
ti  i  Mu'-  i -l1  •’  yields  negligibly  small  values  The  data  involving  the 


COMPARISON  WITH  SIMILARITY  THEORY 


We  now  turn  to  comparison  between  the  data  of  the  previous 
section  and  the  simple  theory  of  Libby  (3)  The  starting  point  in  mak¬ 
ing  such  a  comparison  is  the  selection  of  the  Reynolds  number 
Rki  -  ( UM/f, )  on  the  basis  of  the  mean  temperature  distribution 
shown  tn  Fig  1  We  have 

T-  y  J 1  +  erf  I -j  t)  )  j  <2 > 

where  The  comparison  between  Eq  (2 )  with 

142,  the  original  value  used  in  reference  3,  and  the  data  indi¬ 
cates  excellent  agreemem  and  encourages  further  comparison 


We  next  take  up  comparison  relative  to  the  mean  flux  i  T 
which  enters  the  conservation  equations  for  the  mean  temperature 
and  the  temperature  intensity.  Two  points  of  view  can  be  adopted  in 
making  a  prediction  of  this  quantity,  if  gradient  transport  with  a  con¬ 
stant  thermal  diffusivity  is  assumed.  iT  can  be  calculated  from 
Eq  (2)  by  differentiation  Alternatively,  if  Eq  (2)  is  considered  an 
adequate  empirical  representation  of  the  mean  temperature,  then  the 
conservation  equation  in  similarity  form  for  that  temperature  yields  by 
integration  without  further  approximation  a  solution  for  the  flux 
Either  point  of  view  results  in 
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The  comparison  between  the  prediction  of  Eq  (31  with  142  and 
the  experimental  data  clearly  shows  a  significant  discrepancy  of 
roughly  60%  It  follows  that  an  important  term,  that  associated  with 
production  of  temperature  fluctuations,  in  the  balance  equation  for 
Tq  is  in  error  and  thus  that  further  comparison  between  prediction 
and  measurement  is  not  worthwhile  until  this  discrepancy  is  removed 
The  value  of  simultaneous  temperature  and  velocity  data  is  now  obvi¬ 
ous.  The  40%  error  in  peak  intensity  shown  in  Fig  2  and  mentioned 
earlier  can  now  be  attributed  at  least  in  part  to  an  error  in  the  produc¬ 
tion  term 


Several  explanations  of  the  discrepancy  are  possible  If  the  flow 
is  sufficiently  nonsimilar,  our  calculation  of  the  mean  flux  based  on 
the  a  priori  assumption  of  similarity  is  in  error  However,  the  mean 
temperaiure  profiles  such  as  those  given  in  Fig  1  indicate  within  the 
usual  experimental  error  a  satisfactory  degree  of  similarity  It  does 
not  necessarily  follow  that  the  mean  flux  is  also  similar  since  a  small 
degree  of  nonsimilarity  in  the  mean  profiles  could  lead  to  significant 
nonsimilarity  in  the  mean  flux  From  a  careful  examination  of  this 
possibility  we  conclude  that  we  must  look  elsewhere  for  the  source  of 
our  error  As  indicated  earlier  we  remove  the  discrepancy  by  revisirg 
the  location  of  the  virtual  origin  The  suggestion  is  made  that  the 
proper  virtual  origin  for  the  thermal  mixing  layer  is  the  one  making 
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the  measured  mean  temperature  and  mean  flux  profiles  consistent 
with  the  conservation  equation  in  similarity  form  and  not  the  one 
appropnate  for  the  decay  of  the  temperature  intensity  in  the  fully- 
heated  stream. 


A  new  virtual  origin  is  found  by  adjusting  x„  and  the  Reynolds 
number  so  that  measured  and  predicted  profiles  of  the  mean  tem¬ 
perature  and  mean  flux  of  temperature  in  terms  of  the  left  side  of 
Eq  (3)  agree  We  find  that  .v„--30A/  and  71  leads  to  the 
results  for  the  mean  flux  shown  in  Fig.  4;  the  agreement  relative  to 
the  mean  temperature  is  essentially  the  same  as  shown  in  Fig.  1  with 
different  values  for  these  two  parameters  We  see  from  Fig.  4  that  we 
have  achieved  consistency  between  measured  and  predicted  fluxes. 


With  this  advance  we  take  the  next  step  in  attempting  to  bring 
measurement  and  prediction  of  the  temperature  intensity  into  agree¬ 
ment  We  find  that  even  with  the  correct  production  term  disagree¬ 
ment  such  as  indicated  on  Fig  2  prevails  and  that  a  reexamination  of 
our  considerations  relative  to  the  scalar  dissipation  is  required.  If  we 
do  not  set  0  equal  to  unity  but  accept  the  implication  of  Fig.  3, 
namely  that  nonunity  values  thereof  are  appropriate  in  the  far  down¬ 
stream  region,  then  we  must  consider  the  following  revised  equation 
for  the  temperature  intensity 
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where  /,  —  /i  (rj)  -  T"-‘  fi .  Since  /|  describes  the  asymptotic 
behavior  of  he  temperature  intensity,  i.e..  the  behavior  for  values  of 
a  such  that  rT(v-±=o)~0.  Eq  (4)  is  to  be  solved  subject  to  the 
boundary  conditions 
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We  select  both  >  and  0  so  as  lo  achieve  agreement  as  far  as  possible 
between  experiment  and  prediction  for  the  far  downstream  region. 
We  find  that  y  - 0  89  and  0-  2  25  yield  the  agreement  shown  in 
Fig  5  in  which  the  experimental  data  of  the  present  study  are  replot- 
ted  to  reflect  the  revised  virtual  origin  We  now  see  that  satisfactory 
agreement  is  achieved  with  respect  to  both  the  maximum  level  and 
width  of  the  thermal  mixing  layer.  We  believe  that  similar  treatment 
of  the  data  from  earlier  experiments  would  lead  to  corresponding 
agreement  Note  that  the  value  of  0-2.25  is  not  inconsistent  with 
our  experimental  results,  if  the  present  data  shown  in  Fig.  3  are 
altered  to  account  for  the  revised  virtual  origin,  it  is  found  that 
1  4  <  0  <  2  l  Our  earlier  discussion  of  possible  errors  in  the  deter¬ 
mination  of  y»  suggests  that  the  selected  value  of  0  is  reasonable 
The  disagreement  between  the  data  and  prediction  on  the  fully-heated 
vide  of  the  mixing  layer  is  due.  of  course,  to  neglect  of  the  decaying 
component  of  the  temperature  intensity. 


With  the  solution  of  Eq.  14)  we  are  able  to  compare  measured 
and  predicted  distributions  of  the  flux  of  the  temperature  intensities 
in  similarity  form  as  shown  in  Fig.  6  We  see  that  reasonable  agree¬ 
ment  with  respect  to  this  third-order  correlation  is  achieved,  a  gratify¬ 
ing  result 

The  treeing  of  the  value  of  the  dissipation  parameter  0  from  the 
value  of  unity  calls  for  comment  In  reference  3  Libby  argued  that 
the  solution  of  the  partial  differential  equation  for  the  temperature 
intensity  /  -  T':;  T  v  close  to  the  virtual  origin  required  0-1.  The 
present  experimental  results  and  those  in  LaRue  and  Libby  (5)  rela¬ 
tive  to  the  temperature  dissipation  support  the  classical  model  for  that 


dissipation,  at  least  in  the  far  downstream  region,  but  show  that  the 
level  differs  significantly  from  that  associated  with  0-1.  We  con¬ 
clude  that  the  classical  model  for  dissipation  may  be  inappropriate  for 
the  mixing  lay-r  close  to  the  virtual  origin  Additional  experimental 
results  are  called  for  in  order  to  examine  this  issue 


CONCLUDING  REMARKS 

We  provide  additional  data  on  the  temperature  characteristics 
and  new  data  on  the  velocity-temperature  correlations  in  the  thermal 
mixing  layer  downstream  of  a  partially  heated  turbulence  grid  The 
temperature  data  are  largely  consistent  with  earlier  results  The 
velocity-temperature  correlations  offer  no  qualitative  surprises  but 
permit  a  detailed  examination  of  the  discrepancy  between  measure¬ 
ments  and  predictions  of  the  temperature  intensity  based  on  a  similar¬ 
ity  solution  for  the  thermal  mixing  layer.  It  is  found  that  the  usual 
method  of  selecting  the  virtual  origin  which  is  implicit  in  such  solu¬ 
tions.  namely  on  the  basis  of  the  rate  of  decay  of  the  temperature 
intensity  in  the  fully-heated  stream,  is  inappropriate  By  selecting  ihe 
virtual  origin  so  that  the  conservation  equation  for  the  mean  tempera¬ 
ture  yields  a  mean  flux  of  temperature  consistent  with  experiment  and 
by  taking  the  level  of  the  dissipation  of  temperature  fluctuations  mio 
account,  agreement  between  measurement  and  prediction  with  respect 
to  the  temperature  intensity  in  the  far  downstream  region  of  the 
thermal  mixing  layer  is  obtained.  Our  experience  and  the  simplicity 
and  accuracy  of  the  similarity  soluhon  indicate  that  the  thermal  mix¬ 
ing  layer  is  a  useful  flow  for  the  assessment  of  predictive  methods 
involving  passive  scalars 
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Fig  1  The  distribution  of  mean  temperature 


Fig  4  The  distribution  of  transverse  flux  of  temperature  in  similarity 
form  See  Fig  1  for  symbol  legend 
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Fig  2  The  distribution  of  temperature  intensity.  See  Fig  1  for  sym¬ 
bol  legend 


Fig.  5  The  distribution  of  temperature  intensity  with  revised  virtual 
origin  and  revised  prediction  See  Fig  1  for  symbol  legend 


Fig  3  The  distribution  of  the  temperature  dissipation  parameter  See 
Fig  I  for  symbol  legend 


Fig.  6  The  distribution  of  transverse  flux  of  temperature  intensity  in 
similarity  form  See  Ftg  1  for  symbol  legend 
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MODELLING  OP  HOMOGENEOUS  TURBULENT  SCALAR  FIELD 
DYNAMICS 

B.A.Kolovandin,  N.N. Luchko  and  O.G. Martynenko 
Heat  and  Masa  Transfer  Institute,  Minsk,  U.S.S.R. 


ABSTRACT 

The  problem  of  universal  (with  respect 
to  the  turbulent  Reynolds  and  Peclet  numbers) 
modelling  of  a  turbulent  passive  scalar  fi¬ 
eld  dynamics  (e.g.  temperature  or  concen¬ 
tration  of  a  contaminant)  by  means  of  the 
second-order  model  has  been  studied.  In  the 
first  part  of  the  paper,  a  possibility  of 
universal  modelling  of  a  homogeneous  and 
isotropic  velocity  field  dynamics  using  a 
one-point  model  of  the  second  order  is  dis¬ 
cussed.  The  second  part  deals  with  the  prob¬ 
lem  of  Invariant  modelling  of  a  homogeneous 
and  isotropic  passive  scalar  field  in  the 
asymptotic  cases  of  small  and  large  values 
of  the  turbulent  Reynolds  and  Peclet  numbers. 
To  check  the  adequacy  of  the  asymptotic  mo¬ 
del  suggested,  a  comparison  is  made  of  the 
numerical  results  on  degeneration  of  a  ho¬ 
mogeneous  and  isotropic  passive  scalar  field 
with  the  known  laboratory  experiment  data  on 
degeneration  of  temperature  pulsations  in 
the  wake  behind  a  heated  grid.  Finally,  in 
the  third  part  of  the  paper  one  of  the  vari¬ 
ants  of  universal  modelling  of  a  turbulent 
passive  scalar  field  for  arbitrary  values  of 
the  turbulent  Reynolds  and  Peclet  numbers 
and  the  molecular  Frandtl  number  is  sugges¬ 
ted. 


3/2 


sv  -  2iK9zar/9x2)z/(9uI/axr) 

in  which  Rv*  y  q^Xy/Tl  is  the  turbulent  Rey¬ 
nolds  number,  5vq2/6u ,  the  squared 

Taylor's  microscale  of  turbulence. 

The  problem  of  modelling  of  homogeneous 
and  isotropic  turbulence  dynamics  using  the 
momentum  equations  (l),(2)  is  reduced  to  the 
modelling  of  Fu  as  a  function  of  fl*,  provided 
that  the  function  is  universal.  For  well- 
known  reasons  [2]  ,  this  problem  cannot  be 
solved  analytically  (a  solution  exists  ~3] 
only  for  the  case  of  weak  turbulence,  charac¬ 
terized  by  small  values  of  Rx  )• 

To  date,  some  attempts  have  been  made 
[4-8  J  of  semi-empirical  modelling  of  Fu(H;i) 
using  both  the  limit, invariant  Loltsyansky's 
relationships  [9],  q2A«  =  const,  for  R,«l, 
and  Saffman's  relationships  LlOl.  q2Lfl  ■ 
•const,  for  Rx»l  (here,  Lu^Sq^^'vGu  ls  the 
energy-containing  vortex  scale),  determining 
asymptotics  of  the  interaction  function  at 
R^-*-  0  and  R  00 : 


lim  F  =  14/ 5,  lim  Fu  -  11/3, 


B  A  ♦  0 


R  ■♦00 


(3) 


Modelling  of  a  Homogeneous  Velocity  Field 
Dynamics 

Tor  a  homogeneous  and  isotropic  veloci¬ 
ty  field,  the  one-point  second-order  model 
may  be  given  by  [  1 ]  : 


♦  2  € u  *  C, 

(1) 

♦  m  °» 

(2) 

where  q  «  uf  is  the  doubled  kinetic  turbu¬ 
lence  energy.  6U  ■  V  (Buj/SXjj)*  is  the  kine¬ 
tic  energy  dissipation  rate,  and 


and  treatment  qf  the  experimental  data  on  de¬ 
generation  of  q2  in  the  wake  behind  a  grid  by 
means  of  the  power  law 

^  •  A(<t  +  T0)"n  (4a) 

Note  that  (4)  is  the  consequence  of  the  exact 
solution  of  the  system  (l>-(2)  with  the  ini¬ 
tial  conditions  q5  (<t»o)»q&,  6u(T:*0)»euo  at 
Fu»const,  given  by 

?-c  lu?u/  (?u-2) .  (Fu-2  )"2/  (Pu“2  )  •  (T  +T0  )-2/ffu“2) 

?eu_2/Pu  •  olu  ,  (5) 


the  function  of  interaction  of  different- 
scale  velocity  pulsations,  where 

Su-  (9ur/9xr)3/  (9Ul/axr)5  £  , 


where  o^u  is  the  integration  constant,  and 

f0*  q|/(Bu“2)£  u  0  »  (6) 

is  the  origin  of  turbulence  degeneration  ac¬ 
cording  to  the  law  (5),  i.e.  the  virtual  ori¬ 
gin.  Comparison  of  (4)  and  (5)  yields 
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n  -  2/(Pu-2) 

which  means  -that  the  asymptotic  values  of 
kinetic  energy  degenration  exponent  *n",  ao 
cording  to  (3),  are  the  following: 

lim  n  ■  5/2,  lim  n«  6/5 


t5  +  2  €  . 


-  S  +  Pt(Bx  »Px  >  V  €t  ^ 


Ex*0 


Rx~°° 


Treatment  of  the  experimental  data  [11-16] 
using  the  relationship  (4)  shows  (see  Fig.l) 
that  for  an  isotropic  velocity  field,  Fu 
really  is  the  universal  function  of  , 
the  simplest  approximation  of  which  is  given 

by  o 

Fu(Ex  > •  a-*/(1+  J  (8) 

where,  according  to  (3),  s=ll/3  and  b*13/15, 
while  the  numerical  value  of  the  constant 
jiu  or  related  constants  in  the  alternative 
approximations  [5-7]  should  he  chosen  from 
the  condition  of  optimum  agreement  of  a  cor¬ 
responding  approximation  with  the  experiment 
at  moderate  values  of  R^  . 


where  6-t**  (  Bt/  Bx^)2  is  the  function  of 
■smearing"  of  scalar  pulsations,  and 

?t(HX  >  2/3/JO/2S t+S*  )EX  , 

the  interaction  function  of  different-scale 
velocity  and  scalar  pulsations,  consisting 
of  the  third-order  inertia  moment 

St=(9t/dxr)29ur/ax;r  /(9t/9xr)2.(9ur/9xr)2  ^ 

and  the  second-order  "molecular"  moment 

s*«  x  ( 92t/9x2  )2/  (0t/9xr  )2  •  (9u/0xr  )2  , 


r=  (etq2)/(eut2)=6?^/5Sl2  =  61/51*,  (11) 

is  the  scale  ratio  parameter,  X|»6aet^/6+, 
squared  Taylor's  scale  of  scalar  field, x 
Lt  *6(p  2  snergy-containing  "vortices" 

scale  of  the  scalar  field,  6  =  iVac  ,  molecu¬ 
lar  Prandtl  number. 

At  Ft=const,  the  system  (9)-(l0),  allo¬ 
wing  for  the  asymptotic  solution  (5)  for  the 
velocity  field,  has  the  solution 


Fig.l  Dependence  of  the  interaction  functi-  +  c2t* 
on  Fu  on  the  turbulent  Reynolds  num-  _ 

“-fe;  Y-58  ?  ;,rlh“!  I1*1 '  v*Mcv<v«1/8<’. 

-  Fu-ll/35  -  Fu=14/5. 

in  which  T0  is  determi 

Modelling  of  a  Homogeneous  Scalar  Field  ^origin  o^degenerati 

Dynamics  field  and  of  the  scalar 

Extention  of  the  above  approach  to  the  constant  02±  being  iden 
modelling  of  a  homogeneous  and  isotropic  proceeding  from  the  con 

passive  scalar  field  dynamics  is  not  a  tri-  Since  the  solution  of  ( 
vial  problem,  as  could  be  assumed  apriori.  two  initial  conditions, 
Indeed,  treatment  of  the  known  experimental  £ to»  fron  the 

data  [17-20]  according  to  the  "law"  (12)  it  follows  that  F* 

—  conditions  function,  i. 

t2  «  B*(T+  O'*  (Ab) 

°  _  V  (Pu-2)+2r. 

shows  that  (see  Fig.l  in  the  paper  [21  ]  by 

Warhaft  and  lumley),  that  the  exponent  "m"  j>  * 

of  the  isotropic  temperature  pulsation  dege-  not  be  a  ^niversal  ^nc 
neration,  in  contrast  to  the  exponent  "n"  The  experimental  data  [ 
of  the  scalar  pulsation  degeneration,  at  Pig.2  oonfirm  this  cone 
R>.»1  and  PJc»l  is  noninyariant  to  the  ini-  6  Allowins  for  (13) 
tial  conditions.  Paradoxical  as  this  fact  oan  be  represented  as 

may  appear,  it  nevertheless  oan  be  predlc-  _  F  -2 

ted  apriori  by  means  of  asymptotic  analysis  *2m  2o  •  V  .  I  .  ( 
of  homogeneous  and  isotropic  scalar  field  It  2  rQ 

dynamics  on  the  basis  of  the  following  one- 

point  second-order  model,  suggested  earlier  1  1  ,  ... 

by  B.A.Kolovandin  and  I. A. Vatutin  [22J  :  ■  pclt*n’  r  *  vt+TJ,) 


t2=|2c1t(Pu-2)/ [Pt-(Pu-2)l]  •(T^or[Ft'^2/]/<Tu'2 

+  c  dO 

et/t2-{[Ft-(Fu-2)]/2(Fu-2)j .  (T+Tjj)-1, 

in  which  Tq  is  determined  by  the  relation¬ 
ship  (6),  i.e.  it  is  assumed  that  the  virtu¬ 
al  origin  of  degeneration  of  the  velocity 
field  and  of  the  scalar  one  coincide,  the 
constant  02-t  being  identically  equal  to  zero 
proceeding  from  the  condition  at  infinity. 
Since  the  solution  of  (12)  must  satisfy  the 
two  initial  conditions,  t*  (T>0)*to  and 
^t(^e0)= £ +p,  from  the  second  relationship 
(12)  it  follows  that  F*  must  be  the  initial 
conditions  function,  i.e. 

V  (V2>+2V  (13) 

Thus,  unlike  Fm,  the  function  of  F+  can¬ 
not  be  a  universal  function  of  Hj,  and  P»  . 
The  experimental  data  [18,21J  displayed  in 
Fig. 2  confirm  this  conclusion. 

Allowing  for  (13),  the  solution  of  (12) 
can  be  represented  as 

t2*  2clt*  -Jj— -  •  j  *  (T+,f0)_  Pu-2’ro  = 
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Pig. 2  Dependence  of  the  interaction  functi¬ 
on  F+  on  the  turbulent  Peclet  number 
P.  =  *1  /54  s  o  -  [18]  ;  0  -  [2lJ 
— —  Ft  -H/3  (r-l); - Pt-2. 


A  consequence  of  (13)  is  the  noninvariant 
nature  of  the  product  t*  ,  rejecting  re¬ 
ference  of  this  solution  to  the  final  stage 
of  degeneration.  Thus,  solution  of  (14) ^'ob¬ 
tained  on  condition  that  Pt*const,  refers 
only  to  the  asymptotic  case  of  strong  tur¬ 
bulence,  i.e.  Rx»l  and  !• . 

As  to  the  case  of  a  "weak"  sodlar  field 
when  Bx"«l  and  Px«l,  It  can  be  modelled  by 
the  following  system  of  equations: 


(15)  (see,  for  example,  the  paper  by  Newman, 
Warhaft  and  Lumley  [24]  )  are  probably  doomed 
to  failure. 

Since  according  to  (13)  and  (19)  the  pa- 
rametrs  Ft  and  <J>t  at  1  and  1  are  non¬ 
invariant.  the  equation  for  €  ^  in  the  form 
(ll)  or  (l5)  is  not  acceptable  for  modelling 
of  scalar  field  of  strong  turbulence.  The 
invariant  equation  for  £  t  at  R»»l  and 
Px»l  may  be  obtained  by  determining  of  r 
using  the  condition  (14  b)  and  the  equations 
(l)»(2)  and  (9).  It  is  easy  to  show  that  it 
is  of  the  form 

et+F^  £„€*/?  ♦  P^.e2/?  -  o  (20) 


in  which 


V  2  ■  5/3, 


,(2)  = 


et  +nvet /*2  °  °»  (15) 

first  suggested  by  Lumley  [23]  ,  in  i*ich 

Vpt  -  Vr  (16) 

Indeed,  at  Yt-  const,  the  solution  of  (9)- 

(15)*  is  given  by 

t2^  “2/'lAt  m  i.e.  t2  Xti*^Pt-2^»const, 

corresponding  at 

vpt  -  10/3  (17) 

to  the  Corrsin's  invariant  of  the  final 
stage  of  degeneration.  In  this  case, 


So,  in  the  case  of  weak  turbulence  (Rx«l, 
K«l)  the  parameter  U>t  is  independent  of 
the  initial  conditions. 
t  Bearing  in  mind  the  expression  (13) 
for  P-t  and  the  relationship  (16),  one  may 
conclude  that  with  the  turbulence  being 
strong,  the  parameter  xft  is  not  invariant 
to  the  initial  conditions,  i.e. 

Yt  ■  2  +  <V2)/ro  (w) 

That  is  why  the  attempts  to  construct  a  uni¬ 
versal  second-order  model  of  the  scalar  fi¬ 
eld  for  R^»l  and  Px»  1  with  the  equation 


Solution  of  the  equations  (9),  (20)  given  by 


t2-r°it<v2)/ri 


-2/(F^-2) 


et-ro) 


-2r/(?n-2) 


et/?.lr/(Fu-2)].ec+t0)-1  or  ^ 

*  “  ro=[V  2  -4°J/(pt2)-  2) 

leads  to  the  invariant  relationship  for  de¬ 
generation  of  a  homogeneous  scalar  field  at 

Vs*  1. 

t2  •'  L^r  *  const  (24) 

The  relationship  (24)  is  the  extention  to 
the  arbitrary  values  of  the  rate-scale  para¬ 
meter  r  of  the  invariant  relationship  sugges¬ 
ted  earlier  by  Corrsin  [25]. 

Universal  Modelling  of  Degeneration  of  a 
Homogeneous  and  Isotropic  Passive  Scalar 
Field 

Let  us  assume  that  at  arbitrary  values 
of  R^  and  P^,  ,  obviously  related  to  each 
other  as 

R2  »  (5r/60  )*P2 

the  equation  for6t  is  given  by  (20),  provi¬ 
ded  that  P-t  and  P-t  are  some  of  universal 
functions  of  the  turbulent  Reynolds  and  Pec¬ 
let  numbers,  when  at  Ri  -*oo  and  P,  -*-oo  ,  ac¬ 
cording  to  (21), 

Pt  *(Fu“2)  “5/3,  F^2)»2,  (25) 

and  at  E.  *  0  and  P.  0,  according  to  (15) 
and  (17), 


F^-*-0,  F^2^-*-  10/3 


Allowing  for  these  asymptotics,  we  now  repre¬ 
sent  the  functions  considered  in  the  form: 


r 


?tl)m  V2  .e>. 

f£2)-  2  +(4/3)-f2(Ex  ,6),  , 


(27) 


in  which  the  functions  fq(Bx  ,6)  and 
f2(Rx*6)»  according  to  the  asymptotic  re¬ 
lationships  (26)f(27 J  at  moderate  values  of 
6  must  have  the  following  limits: 


lim  f-wl,  lim  f2-l,  lim  fj-0,  lim  f2«0 

B  ^  *0  B^  ®  B  °o  B  oo 

Besides,  according  to  the  solutions  of  (2$, 
(23),  in  which,  allowing  for  (27) 

r  -  3f1/5f2, 


the  ratio  fi/f2  must  decrease  with  an  incre¬ 
ase  of  the  molecular  Prandtl  number,  and  in¬ 
crease  with  a  decrease  of  <o ,  which  corres¬ 
ponds  to  the  intuitive  physical  picture  of 
a  scalar  field  degeneration  in  liquids  with 
different  physical  properties. 

The  above-mentioned  conditions,  speci¬ 
fically,  are  satisfied  by  the  following  ap¬ 
proximations  of  the  functions  considered: 

fx  «=  1/(1  +  |3t  .6  •  H2), 

(28) 

f2  *  1/(1  +  U  *  E*>> 


where  the  constants  and  Vu  determine  the 
rate  of  changing  of  the  functions  F+  'and 
between  the  asymptotic  values  of  (25)  and 
(26)  in  the  course  of  degeneration  of  t2. 

The  relation  between  p>  +  and  Vu  may  be  de¬ 
termined  from  the  condition  or  existence  of 
an  equilibrium  scalar  field  degeneration  re¬ 
gime  at  moderate  values  of  Exand  P*  ,  which 
is  characterized  by  the  approach,  in  time, 
of  the  r  parametr  to  1,  at  6=1,  (this  re¬ 
gime  was  discovered  by  Newman  and  Herring 
[26]  during  numerical  modelling  of  homoge¬ 
neous  vector  and  scalar  field  degeneration 
carried  out  on  the  basis  of  the  "test-field" 
Kreichnan's  model),  by  the  obvious  relation¬ 
ship 

r  «  -(4/3)-f2(r  -  .  (e^t2) 


in  the  form 

Pt®  3  V5' 

In  order  to  check  the  adequacy  of  uni¬ 
versal  modelling  of  a  homogeneous  and  iso¬ 
tropic  scalar  field  dynamics  based  on  the 
model  equations  (l),(2)  of  the  velocity  fi¬ 
eld,  assigning  Pu(Ex  )  in  the  form  (8)  and 
equations  (9),(20)  with  F+  (Ex  ,6)  and 
P+  1BX  ,©)  being  assigned  in  the  form  (27), 
(28),  a  numerical  experiment  has  been  con¬ 
ducted  on  degeneration  of  a  homogeneous  and 
isotropic  scalar  field  with  the  assigned 
initial  values  of  q|,  t|,  6U0  and  6to, 


corresponding  to  those  of  the  experiment  of 
Warhaft  and  Lumley  [2l]  .  Comparison  of  nume¬ 
rical  and  experimental  data  given  in  Pig. 3 


Pig. 3 


Comparison  of  numerical  modelling  of 
t2  using  (9)-(20)-(27)-(28)  at  e>u  = 
*'  u  «  1/150,  a  =  3.52,  b  -  0.72,r 


=  0.71 


a  v  v\o  T'i  m£> 


r  01  1 


•  —  m  ■  1.29,  r*  0.96: *  -  m  =  1.83, 
r  *  1.37;  +  -  m  «  2.06,  r  =  1.54; 

0  —  m  *  3.2,  r  *  2.39. 


shows  their  complete  agreement  at  any  of  the 
considered  values  of  r.  Pigure  4  displays 
the  numerical  experiment  results  on  a  scalar 
field  degeneration  at  different  values  of  6 
and  different  initial  values  of  the  parame¬ 
ter  r.  The  absence  of  experimental  data  on 
X/lt  >300,  unfortunately,  made  it  impossible 
to  verify  the  adequacy  of  the  approximation 
(28)  with  respect  to  both  the  rate  of  appro¬ 
ach  of  the  degeneration  process  to  the  equi¬ 
librium  (r  -*-1),  and  the  degree  of  the  mole¬ 
cular  Prandtl  number  effect  on  degeneration 
of  t2. 


Fig. 4  Numerical  modelling  of  the  parameters 
n  and  r  evolution  at  different  values 
of  6  and  two  different  values  of  r 
(the  curves  are  labelled  by  the  values 
of  the  molecular  Prandtl  number,  <6  ). 


Discussion  of  Besults 

1.  Degeneration  of  kinetic  energy  of 
turbulence  in  homogeneous  and  isotropic  ve¬ 
locity  field  is  self-similar,  i.e.  may  be  re¬ 
presented  by  the  power  law  (4 a)  in  the  asym¬ 
ptotic  state  of  turbulence,  at  E,»  1  or 
E, « 1 ■ only.  The  empirical  curve  Fu(Rjl  ) 
shows  that  at  E>»  100,  p_  has  a  platform 
coinciding  with  the  asymptotic  value  F»  = 

■  ll/3,  which  corresponds  to  n  «  6/5.  At 
0  <Ev<  10.  Pu(Rx  )  also  1138  0  platform  coin¬ 
ciding  with  the  asymptotic  value  Fu  *  14/5, 
which  corresponds  to  n  *  5/2.  With  the  tur— 
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bulent  Reynolds  number  values  being  modera¬ 
te,  degeneration  of  a*  is  not  self-similar, 
hence  the  power  law  (4a)  nay  he  used  for 
treatment  of  the  experimental  data  only  in 
a  local  sense,  i.e.  over  a  narrow  range  of 
fix  variation. 

For  second-order  modelling  of  the  -hir- 
bnlence,  the  information  on  degeneration  of 
a  homogeneous  anisotropic  velocity  field  is 
very  important.  As  shown  by  Batchelor  [27], 
the  weak  turbulence  asymptotics,  n«5/2,  in 
this  case  is  unchanged.  At  the  same  time, 
the  preliminary  experimental  data  of  Taeker 
and  Ali  [28]  ,  demonstrate  that  the  strong 
turbulence  asymptotics  is  not  invariant  to 
the  anisotropy  degree.  For  modelling  of  be¬ 
haviour  of  FU(R  x  ,  II, III), the  numerical 
experiment  on  degeneration  of  homogeneous 
anisotropic  turbulence  following  the  scheme 
DNS  [29]  for  small  and  moderate  values  of 
R  x  ,  and  for  Rx^lj  according  to  the  scheme 
TFM  [26]  may  prove  very  useful. 

2.  Degeneration  of  intensity  of  a  homo¬ 
geneous  and  isotropic  scalar  field  is  self¬ 
similar,  i.e.  is  represented  by  the  power 
law  (4b )  only  in  the  asymptotic  state  of 
turbulence,  Rx>;>1  and  Px»l,  or  Rx^l  and 
Fx«l.  Asymptotic  value  of  the  exponent  a 
of  degeneration  of  t«  at  Rx»l  30(1  F\>:>  1» 
unlike  the  exponent  n  of  turbulence  energy 
degeneration  at  Rx»l  is  not  universal  but 
depends  on  the  initial  conditions,  i.e. 
m=m(r0).  For  the  assigned  value  of  r0,  the 
value  of  m  is  constant,  until  Ft«const.  It 
is  probable  that  at  large  values  of  and 
Px  .  Ft,  like  Fu,  has  a  platform  with  res¬ 
pect  to  T  (or  nx  )•  The  curve  F-t(Px  ).  cal¬ 
culated  from  the  numerical  values  of  q*  .  €u, 
i2  and  6t>  is  shown  in  Fig. 2.  The  result 
(14),  i.e.  m=  nr0  and  r  =  r0  at  Bx>;>1  and 
Fx»l,  is  confirmed  by  the  experimental  da¬ 
ta  of  '.Varhaft  and  Lumley  [2l]  ,  but  contra¬ 
dicts  the  results  of  Newman  and  Herring [26] 
Larcheveque  et  al.  [30]  and  Nelkin  and  Kerr 
[3l]  ,  according  to  which  the  dependence  of 
m  (and,  hence,  of  F-t  and  Ip-t)  on  "the  initi¬ 
al  conditions  is  the  manifestation  of  a  tran¬ 
sient  nonself-similar  degeneration  of  t^, 
whose  relaxation  towards  equilibrium  (m  -*-n, 
r  -•  l)  occurs  very  slowly.  In  contrast,  we 
showed  that  the  dependence  of  m  (and  F-[)  on 
the  initial  conditions  is  the  attribute  of 
a  self-similar  degeneration  regime  of  a  sca¬ 
lar  field  at  Rx»l  and  Px>:>1,  beginning  with 
X*T0  and  stretching  until  F+=const  (see 
the  platform  in  Fig. 2  at  Px  )•  Note  that 
the  numerical  experiment  of  Larcheveque  et 
al.  rather  confirms  than  rejects  this  point 
of  view,  because  for  the  two  realizations 
of  r  they  obtained  different  asymptotics  of 
<[+  (see  Fig. 6  in  Ref. 30).  As  to  the  change 
or  m  and  r  with  respect  to  V  ,  according  to 
our  data  it  reflects  thenrocess  of  nonself¬ 
similar  degeneration  of  t*  at  moderate  va¬ 
lues  of  R»,  and  Pj,  .  In  this  case  Ft  (or  U>t) 
considerably  changes  with  respect  to  t  , 
i.e.  the  power  degeneration  law  (4b)  is  not 
obeyed.  At  very  large  values  of  X  ,  corres¬ 
ponding  to_small  ones  of  Rx  and  P*,  ,  degene¬ 
ration  of  becomes  self-similar  again, 
with  m  -*-3/2,  r  -*■  3/5,  <j>t  **10/3,  F+  ■»  2. 

The  discussed  character  of  evolution 


of  the  exponent  m  at  large,  moderate  and 
small  values  of  Rx  and  Px  .  is  quite  similar 
to  the  character  of  variation  of  the  exponent 
n  with  a  decrease  of  Rx  ,  with  the  only  dif¬ 
ference  that  the  value  of  m  (and  hence  of  F^ 
or  <|>t)»  unlike  that  of  n.  at  R.»  1  and  Px>;>1 
is  not  invariant  to  the  initial  conditions. 

In  this  respect  the  behaviour  of  m(Rx,Bx»r0) 
and  F+(Rx,Px,r0)  is  somewhat  similar  to  the 
behaviour  of  n(Hx,II,IIl)  and  Fu(Ex,II,HI ). 
In  its  turn,  the  turbulence  anisotropy  must 
probably  create  an  additional  invariance  of 
the  parameters  m  and  F^. 

Our  study  of  degeneration  asymptotics 
of  a  homogeneous  and  isotropic  scalar  field 
shows  that  it  is  impossible  to  use  in  an 
asymptotic  second-order  model  (Rx»l,Fx>->  l) 
the  equations  for^t  either  in  the  form  (10) 
or  (15)  just  because  the  functions  F-t(Rx,Px) 
and  ytCRx*1*,)  are  not  universal.  A  universal 
asymptotic  equation  for  €  ^  is  given  by  (20), 
the  solution  of  which  results  in  the  invari¬ 
ant  relationship  (24)  for  degeneration  of  an 
isotropic  scalar  field  in  isotropic  turbulen¬ 


ce  . 

3.  It  should  be  noted  in  conclusion 
that  the  attempt  we  have  made  to  construct 
on  intui^ve  grounds  the  interaction  functi¬ 
ons  of  F^.  ‘  and  ?t  ’  for  the  arbitrary  values 
of  &  is  preliminary.  Forf,a  more  valid  model¬ 
ling  of  Ft  (Rj, ,  6  )  and  Ft  (Rx,6  )  reliable 
experimental  data  on  scalar  field  degenera¬ 
tion  at  different  6  to  the  weakturbulence 
asymptotics  studied  by  Corrsin  [25]and  Deis- 
sler  [32]  are  necessary.  For  solution  of  this 
problem,  numerical  experiment  according  to 
the  scheme  DNS  may  prove  invaluable. 
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.ABSTRACT 

In  a  turbulent  flow  where  the  nechanisms  and/or 
the  importance  of  the  generation  processes  of  turbu¬ 
lent  kinetic  energy,  k,  and  mean  square  scalar  var¬ 
iance,  c2,  are  dissimilar,  no  simple  connection 
exists  between  che  turnover  time  scale  of  the  fluct¬ 
uating  velocity  and  fluctuating  scalar  fields.  To 
allow  the  computation  of  the  turbulent  scalar  field 
in  these  situations  a  means  of  calculating  the 
scalar  time  is  required.  Here,  in  an  extension  of 
work  by  Newman,  Launder  and  Luolev  (31,  the  tine 
scale  is  obtained  via  a  proposed  transport  equation 
for  the  dissipation  rate  of  mean  square  scalar 
variance.  The  modelled  equation  has  been  applied 
successfully  to  che  calculation  of  the  spread  of  a 
thermal  mixing  layer  in  grid  generated  turbulence. 

NOMENCLATURE 

C  tine-mean  temperature 

c  temperacure  fluctuation 

c  conscant  appearing  in  e-equation 

Cjjj,  constants  appearing  in  ec_equation 

CD2’  CPl 

k  kinetic  energy  of  turbulence  *  4u.ju^ 

M  spacing  of  the  turbulence  grid 

R  tirae-scale-ratio 

T  time  scale 

U^,u^  mean  and  fluctuating  velocities  in  direc- 

_  tier,  x^ftensor  notation) 

v2  v-direction  component  of  Reynolds  normal 

stress 

x  distance  in  malnflow  direction 

x  x  measured  from  the  virtual  origin  of  the 

turbulent  field  normalized  by  K 
x^  Cartesian  coordinate  (tensor  notation) 

cross-stream  distance  coordinate 
y  measured  from  the  point  where  C  -ijC/.!, 
normalized  by  M 

mean  temperature  difference  between  the 
heated  and  unheated  fluid 
£  dissipation  rate  of  turbulence  energy  k 

£c  dissipation  rate  of 

H  dimensionless  cross-stream  coordinate; 

1  »  y/(y.9-y_j)  where  numerical  subscript 
denotes  values  of  C/AC 
)  kinematic  diffuslvity  of  C 
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INTRODUCTION 

In  non-isothernal ,  turbulent  shear  flo-s  such 
as  a  weakly  heated  jet  mixing  in  stagnant  surround¬ 
ings  or  the  boundary-layer  flow  along  a  heated  -all 
velocity  and  temperature  fluctuations  can  be  re¬ 
garded  as  being  created  by  analogous  mechanisms, 
each  associated  with  the  entrainment  of  free-strear. 
fluid  at  a  different  velocity  and  temperature  from 
that  within  the  shear  flow.  Moreover,  ir.  the  bal¬ 
ance  equations  for  the  turbulent  kinetic  energy,  k, 
and  the  mean  square  temperature  variance,  c*  ,  we 
find  that  the  generation  terms  display  not  only  a 
similar  variation  across  the  shear  flow  but  also 
a  comparable  degree  of  importance  relative  to  trsr.s 
port  and  dissipation  processes.  In  view  of  this 
correspondence  it  is  hardly  surprising  that  the 
ratio  of  turbulent  time  scales  associated  with  toe 
velocity  and  thermal  fields  should  exhibit  strong 
similarity.  Beguier  et  al.  [11  showed  from  a 
survey  of  several  surh_flows  that  the  time-scale- 
ratio  R  (defined  as  4c2e/kec)  was  approximately 
equal  to  u.5;  here,  e  and  ec  denote  respectively 
the  rates  of  dissipation  of  k  and  by  mole¬ 
cular  action. 

In  fact  the  implied  constancy  of  R  has  been 
basic  to  nearly  all  modelling  work  aimed  at 
calculating  scalar  variances  whether  the  scalar 
in  question  be  temperature,  chemical  species  or 
some  other  passive  marker.  By  supposing  a  constant 
R  the  level  of  ec  could  obtined  in  terms  of  the 
other  quantities  appearing  in  the  definition  of  K. 
The  supposition  of  an  invariant  value  of  R  becomes 
less  tenable,  however,  in  cases  where  the  terms  in 
the  respective  balance  equations  for  the  scalar 
and  mechanical  fields  are  different  in  character. 
Warhaft  and  Lumley's  (2]  experiment  of  the  decay 
of  temperature  fluctuations  behind  a  heated  man¬ 
doline  provides  a  striking  example.  The  value  of 
R  in  any  experiment  remained  essentially  unchanged 
througout  the  development  length;  its  level,  how¬ 
ever,  strongly  depended  on  the  proportion  of  the 
total  number  of  wires  that  were  heated.*  It  was 
to  allow  the  calculation  of  such  phenomena  that 


*  By  altering  the  proportion  of  the  wires  tnat 
were  heated,  the  ratio  of  the  length  scales  of 
the  thermal  and  velocity  fluctuations  could  be 
varied. 
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Newman  et  al.  1 3 1  devised  a  transport  equation  for 
cc  thus  removing  the  need  to  prescribe  R.  The  pre¬ 
sent  contribution  is  a  continuation  of  that  line  of 
development.  The  flow  of  particular  interest  is 
grid-turbulence  development  downstream  from  a  half- 
heated  grid  [4,5}.  While  the  turbulence  energy, 
lacking  a  source,  decays  monotoni cal ly  with  dis¬ 
tance  from  the  grid,  the  mean  temperature  gradient 
sustains  the  level  of  at  an  almost  constant 
level . 

THE  CLOSURE  MODEL 

The  development  of  the  mean  square  variance 
of  a  fluctuating  scalar  in  a  stationary  uniform- 
density  turbulent  flow  is  described  by  the  following 
coupled  system  of  equations  for  the  mean  scalar  C, 

for  c-  itself  and  c 
u  c 


This  blended  form,  suggested  but  not  used  in  13) 
differs  from  earlier  studies  that  have  adopted 


T 


constant 


k_ 

c 


(7) 


The  latter  form  has  been  used  for  comparison  in  the 
present  work  where  the  constant  in  equation  (7)  has 
been  taken  as  unity  in  order  that,  in  local  equili¬ 
brium  (where  R  ~  0.5)  the  time  scales  giver,  by 
equations  (6)  and  (7)  should  be  the  same.  The 
velocity  field  is  homogeneous  in  the  studies  of 
ref.  [4]  and  [5];  the  level  of  turbulence  energy 
is  thus  obtained  from: 
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where  >  Is  the  kinematic  diffusivity  of  C.  In 
ref.  (31,  which  was  concerned  exclusively  with 
homogeneous  flows,  the  unknown  source/sink  terms 
In  equation  (3)  were  approximated  by: 
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for  conditions  where  mean  strain  is  absent. 
Reference  [3]  adopts  constant  values  for  the  co¬ 
efficients  c  and  while  c  D2  a  function 

of  the  anisotropy  of  the  turbulent  stress  field. 

In  the  present  work  all  three  coefficients  take 
fixed  values  since  the  turbulent  stress  field  is 
nearly  isotropic  for  the  flow  situations  examined. 
The  scalar  fluxes  are  approximated  as  follows: 


where  the  quantity  c£2  takes  the  value  l.c  which 
produces  a  kinetic  energy  level  proportional  to  x 
raised  to  the  power  -1.C5.  In  the  flows  consider¬ 
ed  v2,  the  mean  square  velocity  fluctuations  in  the 
direction  of  the  inhonogenei ty  (y),  is  the  only 
stress  component  to  enter.  Experimental  care  has 
ensured  that  the  turbulence  produced  by  the  gric 
is  very  nearly  isotropic;  we  have  accordingly 
taken. 


v2  =  0.65k,  ( Iv ) 

a  relationship  we  assume  applies  throughout  the 
calculation  domain. 

Two  sets  of  values  have  been  adopted  for  the 
empirical  coefficients  ir.  the  t ^  equation 

CP1  CD1  CD2 

Set  1  2.0  2.02  0.85 

Set  2  2.0  2.2  2.0 

The  former  are  employed  in  the  study  uf  Newr.an 
et  al.  { 3 ]  while  the  latter  are  the  ones  giving 
the  best  agreement  for  the  cases  considered  nere. 
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'.."here  c  c  takes  the  constant  value  0.35  and  T  denotes 
a  tine  scale  that  blends  both  mechanical  and  scalar 
cont  rl but  ions 
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THE  TEST  FLOWS  CONSIDERED 

The  two  best  documented  experinents  of  the 
thermal  mixing  layer  in  a  homogeneous  turbulent 
field  are  those  of  Keffer  et  al.  19)  and  La  Rue 
and  Libby  [ 5 ] .  The  former  employed  a  grid  of 
horizontal  bars  9.5  nm  in  diameter  with  centres 
spaced  25  mm  apart  while  the  latter  adopted  a 
biplanar  square  mesh  of  6.7  mm  diameter  rods  with 
90  mm  spacing.  In  each  experiment  the  upper  half 
of  the  horizontal  rods  was  uniformly  heated 
producing  a  sharp  step  in  temperature  along  a 
vertical  section  just  downstream  from  the  grid 
(figure  1).  As  the  flow  develops  downstream 
turbulent  mixing  blurs  the  interface  between  the 
hot  and  cold  streams,  producing  the  s-shaped 
distribution  of  temperature  indicated  in  figure  1. 
The  effective  turbulent  diffusivity  in  grid  tur¬ 
bulence  is  only  a  weak  function  of  x  and  thus 
the  mixing  layer  spread  very  nearly  as  x*i. 
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the  numerical  simulations  of  these  experiments 
have  been  based  on  the  GENMIX  two-dimensional  para¬ 
bolic  computer  program  of  Spalding  [6]  using  SO 
lateral  nodes  to  span  the  region  of  thermal  inhomo¬ 
geneity.  Unfortunately  no  experimental  data  are 
reported  in  the  vicinity  of  the  grid  to  serve  as 
starting  conditions  for  the  computations.  We  have 
accordingly  adjusted  the  initial  levels  of  c2  and 
£  in  the  heated  stream  to  produce  so  far  as  poss¬ 
ible  agreement  at  the  first  station  for  which  data 
are  reported.  It  is  thus  principally  the  subse¬ 
quent  development  of  the  mixing  layer  that  reflects 
the  success  or  otherwise  of  the  chosen  model.  In 
the  case  where  the  purely  mechanical  timescale  k/e 
was  used  to  represent  the  diffusion  process  only 
the  peak  value  of  t  not  the  complete  profiles, 
could  be  satisfactorily  matched  with  the  initial 
data. 

Keffer  et  al.  {4]  report  profiles  only  at  41 
bar  spacings  downstream  from  the  grid.  In  figure 
2  one  notes  almost  complete  agreement  between 
experimental  and  computed  profiles  of  mean  temper¬ 
ature  and  rms  temperature  fluctuations;  Set  2 
coefficients  were  used  in  the  £c  equation.  The 
development  of  the  temperature  fluctuations  down¬ 
stream  along  the  line  where  the  mean  temperature 
is  the  arithmetic  mean  of  that  of  the  two  streams 
(n  *  0),  shown  in  figure  3,  indicated  a  slight 
increase  of  c2  with  distance,  again  in  accord  with 
reported  measurements.  On  the  same  figure  is  shown 
the  corresponding  development  of  ec]n*0with  x. 

We  note  a  marked  decrease  in  this  quantity.  Now, 
both  k/i  and  c2  increase  at  about  the  same  rate  (see 
figure  3).  Thus  conventional  approaches  to  approxi¬ 
mating  £c,  which  assume  that  quantity  to  be  propor¬ 
tional  to  would  thus  give  a  virtually  uniform 

£c  in  marked  contrast  with  the  behavior  here  found. 

The  experiment  of  LaRue  and  Libby  (5],  using  a 
bi-plane  grid  leads  to  higher  levels  of  temperature 
variance  at  the  initial  station  which  are  mimicked 
in  the  numerical  simulation  bv  adjusting  appropriate¬ 
ly  the  initial  levels  of  c2  and  ec.  The  experi¬ 
ments  show  an  almost  invariant  profile  of  temper¬ 
ature  variance  when  plotted  as  a  function  of  y/x2 
(x  being  the  distance,  normalized  by  M,  measured 
fiom  the  effective  origin  of  the  turbulence  field, 

6  mesh  widths  upstream  of  the  grid).  In  particul- 
ar  the  maximum  intensity  of  temperature  fluctuations 
fcl /AC  is  essentially  uniform  at  0.22.  This 
behavior  is  extremely  well  reproduced  by  the 
computation  with  the  coefficients  of  set  2  as  seen 
in  figures  4-7.  The  coefficients  proposed  by  Newman 
et  al.  also  give  a  fair  account  of  the  development 
though  the  peak  intensity  slowly  decays  with  distance 
downstream.  By  comparison,  the  computed  development 
employing  the  mechanical  timescale  k/e  leads  to  far 
too  rapid  rates  of  dispersion.  The  computed 
evolution  of  the  tine-scale  ratio  R  obtained  with 
set  2  coefficients  is  shown  in  figure  8.  There  is  a 
virtual L>  linear,  unabated  growth  of  this  quantity 
with  distance  in  both  sets  of  computations.  Both 
produce  parallel  lines  of  evolution,  with  no 
evident  tendency  either  for  the  curves  to  converge 
or,  indeed,  for  asymptotic  level  of  R  to  be  reached. 
It  must  be  remarked  that  his  development  is  some¬ 
what  surprising  and  not  yet^onfirmed  by  experiment. 
If  one  takes  the  view  that  c2 /^C  does  reach  an 
entirely  self-similar  shape  independent  of  x,  it 
follows  from  equations  (2),  (5)  and  (6)  that 
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and  so  R  a  (e  /k2  )  **  •  Now  k ?■  ft  is  proportional  to  the 
effective  turbulent  viscosity  and  this,  as  we  have 
remarked  is  known  to  change  only  slowly  in  grid 
turbulence. 

CONCLUDING  REMARKS 

It  has  been  shown  that  the  transport  equation 
for  ec  proposed  In  ref  13)  does  allow  the  correct 
simulation  of  the  evolution  of  the  scalar  field  in 
the  inhomogeneous  flow  behind  a  half-heated  grid. 

A  number  of  uncertainties  remain  and  one  should, 
for  the  present,  exercise  due  caution  in  applying 
the  equation  to  flows  substantially  different  in 
character  from  those  considered  here  or  in  ref  13). 
There  is  an  urgent  need  for  a  detailed  mapping  of 
velocity  and  scalar  statistics  in  the  vicinity  of 
the  grid  in  order  to  provide  a  more  precise  set  of 
starting  conditions  for  the  numerical  simulation. 

The  absence  of  such  data  at  present  clouds  our 
ability  to  judge  the  satisfactoriness  of  the  pro¬ 
posed  equation. 
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ABSTRACT 


The  development  of  a  uniformly  distorted, 
passively  heated  cylinder-generated  wake  is  investi¬ 
gated  experimentally.  Characteristic  loca'  length 
and  intensity  scales  for  the  flow  are  determined  from 
the  experimental  data  and  compared  to  theoretical 
expressions  derived  on  the  assumption  that  the  uni¬ 
formly  distorted  wake  is  a  self-preserving  flow.  It 
is  found  that,  although  the  scales  based  on  mean 
(streamwise  velocity  and  temperature)  profiles  and 
the  half-intermittency  point  length  scale  are  in 
reasonable  agreement  with  predictions,  the  scales 
based  on  root-mean-square  profiles  and,  in  particular, 
the  scale  characterizing  the  lateral  extent  of  the 
large-scale,  intermittent  turbulent  bulges  of  the  flow 
deviate  from  the  predicted  behaviour,  signifying  that 
the  distorted  wake  does  not  really  undergo  a  truly 
self-preserving  development.  Evidence  is  presented 
indicating  that  this  lack  of  self-preservation  is  the 
result  of  amplification,  by  the  distortion  field,  of 
coherent  structures  within  the  flow.  The  signatures 
of  these  organized  motions  -  which  are,  in  fact,  the 
turbulent  bulges  -  are  identified  by  means  of  coherence 
functions  and  phase  spectra. 
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cylinder  diameter,  mm  . 

length  scale  based  on  a  mean  streamwise 

velocity  profile,  mm  . 

length  scale  based  on  an  RMS  streamwise 

velocity  profile,  mm  . 

length  scale  based  on  a  mean-square  stream- 

wise  velocity  profile,  mm  . 

length  scale  based  on  an  RMS  temperature 

profile,  mm  . 

frequency,  Hz  . 

local  mean  temperature,  K  . 

free-stream  temperature,  K  . 

t ime ,  s  . 

local  mean  streamwise  velocity,  ms'1  . 
mean  velocity  defect,  ms-1  . 
free-stream  velocity,  ms*1  . 

RMS  streamwise  velocity,  ms-1  . 
intensity  scale  based  on  a  mean  streamwise 
velocity  profile,  ms'1  . 

Intensity  scale  based  on  an  RMS  streamwise 
velocity  profile,  ms'*  . 
fluctuating  velocity  components  in  the  x 
and  y  directions  respectively,  ms'1  . 
streamwise  distance  between  the  cylinder 
location  and  the  beginning  of  the  distortion 
mm  . 


x,y,z  -  Cartesian,  streamwise,  lateral  and  span- 
wise  coordinates. 

Y  -  half-intermittency  point  length  scale,  mm  . 

T  -  coherence  function  . 

Y  -  intermittency  factor  . 

G  -  local  mean  temperature  difference,  K  . 

6'  -  RMS  temperature,  K  . 

?0  -  intensity  scale  based  on  a  mean  temperature 

profile,  K  . 

-  intensity  scale  based  on  an  RMS  temperature 
profile,  K  . 

o  -  characteristic  lateral  length  of  inter¬ 

mittent  turbulent  bulges,  mm  . 

0  -  phase  spectrum  . 

INTRODUCTION 

The  problem  of  whether  a  classical  free  turbu¬ 
lent  shear  flow  can  undergo  a  simple  self-preserving 
deve  jpment  when  a  specially  aligned  strain  field  is 
imposed  upon  it  has  been  considered  by  relatively  few 
investigators,  (1),  (2),  (3),  (4).  It  is,  nonethe¬ 
less,  a  problem  of  both  practical  and  intrinsic  in¬ 
terest,  inasmuch  as  the  reaction  of  the  flow  to  such 
a  strain  field  can  provide  information  on  the  basic 
structural  features  of  the  turbulence. 

In  the  present  work,  attention  is  focused  upon 
the  spread  of  a  heated  cylinder-generated  wake 
subjected  to  a  constant  and  uniform  rate  of  strain. 
The  strain  field  was  aligned  in  such  a  way  as  to 
distend  the  flow  in  the  spanwise  direction  and  simul¬ 
taneously  constrict  it  laterally  -  without  applying 
any  strain  in  the  streamwise  direction.  The  heat 
input  level  was  kept  sufficiently  low  so  that  the 
temperature  could  be  considered  a  passive  scalar 
contaminant.  Length  and  intensity  scales  based  upon 
the  lateral  distributions  of  conventional  mean  and 
root-mean-square  (RMS)  streamwise  velocities  and 
temperatures  and  length  scales  based  upon  intermit¬ 
tency  factor  distributions  were  determined.  As  well, 
one  point  coherence  functions  and  phase  spectra  of 
simultaneously-measured  streamwise  and  lateral  velo¬ 
city  signals,  pertaining  to  various  lateral  locations 
within  the  vertical  centre-plane  of  the  flow,  were 
examined.  We  note  that  coherence  functions  and  phase 
spectra  are  important  statistical  tools  in  the  study 
of  turbulent  shear  flows,  as  they  serve  as  a  means 
of  detecting  the  presence  of  coherent  structures  in 
such  flows,  (5),  (6),  (7),  (8). 

DESCRIPTION  OF  THE  FLOW 

A  definition  sketch  of  the  flow  is  shown  in  Fig. 
1.  The  Imposed  strain  field  was  effected  by  means  of 


a  distortion  duct  with  exponentially  varying  sides 
and  a  constant  cross-sectional  area  (see  Fig.  2). 

The  flow  within  such  a  duct  is  subjected  to  a  pure 
strain  rate  in  the  cross-stream  directions  but  is 
not  accelerated  in  the  streamwise  direction. 

It  can  be  shown  (9)  that  if  the  uniformly 
strained  wake  is  capable  of  undergoing  a  self¬ 
preserving  development,  then,  in  the  plane  of  sym¬ 
metry  of  the  flow  (z  *  0),  all  characteristic 
length  and  intensity  scales  should  be  (essentially) 
directly  proportional  to  exp  (-a(x-xs) /2] ,  where  "a" 
is  a  positive  strain  constant  for  a  given  distortion 
duct  and  "s"  pertains  to  conditions  at  the  entrance 
to  the  distortion  duct. 

DEI 1NITI0NS 


The  intensity  scales  based  upon  the  mean  and 
RMS  (streamwise  velocity  and  temperature)  profiles 
are  given  by  the  center-line  values  of  Ug,  U',  3 
and  O';  and  the  length  scales  based  on  these  profiles 
are  defined  as  one-half  the  distances  between  the 
(positive  and  negative)  lateral  locations  where  the 
various  variables  assume  one-half  their  center-line 
values . 

The  length  scales  derived  from  the  intermit- 
tency  factor  (y)  profiles  are  (i)  the  so-called 
half-intermittency  point,  Y,  which  is  the  distance 
between  the  center-line  of  the  flow  and  the  lateral 
location  where  y  =  0.5,  and  (ii)  the  characteristic 
lateral  extent  of  the  large-scale,  intermittent 
turbulent  bulges  of  the  flow,  c.  This  latter  is 
given  by: 


fYo 


y>  (v)dy  -  Y-  +  y^ 


where  yQ  is  the  lateral  position  where  y  first 
attains  its  maximum  value  of  unity  and  y  ,  the 
position  at  which  y  becomes  zero. 

The  one-point  coherence  function  for  u(t)  and 
v(t),  which  describes  the  coherence  or  degree  of 
correlation  between  u(t)  and  v(t)  at  frequency  n, 
is  defined  as: 

CuV(n)  +  QuV(n) 

Tuv(n)  ■=  - 

Lu(j  (tt)  Evv  (n) 


Here,  Cuv(n)  is  the  co-spectrum  and  represents  the 
correlation  between  in-phase  components  of  u(t)  and 
v(t)  at  frequency  n;  Quv(n)  is  the  quadrature 
spectrum  and  represents  the  correlation  between  90° 
out-of-phase  components  at  frequency  n;  Euu(n)  and 
Evv(n)  are  normalized  autospectra  of  u(t)  and 
v(t)  respectively. 

The  one-point  phase  spectrum,  which  describes 
the  phase  relationship  between  the  Fourier  components 
of  u(t)  and  v(t)  is  given  by: 


$uv(n>  *  tan'1 
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EXPERIMENTAL  DETAILS 


The  wake  was  generated  by  a  circular  heating 
element  (referred  to  as  the  cylinder)  of  diameter, 

D,  equal  to  6.6  mm,  mounted  horizontally  in  the 
center  of  a  variable-speed,  open-circuit  wind  tunnel. 
This  tunnel,  which  is  fully  described  by  Kawall  (9), 
has  3  test  sections,  viz,  a  pre-strain  section,  a 
straining  section,  similar  to  the  distortion  duct 
described  previously,  and  a  post-strain  section.  The 


tunnel  was  operated  at  a  speed,  U,,  of  about  10  ms*1 
which  resulted  in  a  cylinder  Reynolds  number  of 
approximately  4200. 

The  temperature  and  velocity  signals  were  mea¬ 
sured  by  means  of  DISA  55  M  anemometer  systems  in 
conjunction  with  cold-wire  (resistance  thermometer), 
normal  hot-wire  and  X-wire  probes.  The  temperature 
data  were  obtained  with  the  cylinder  heated  to  a 
sufficiently  low  level  so  as  to  ensure  that  the  velo¬ 
city  field  was  not  affected  by  the  temperature  filed. 
The  velocity  data  were  obtained  with  the  cylinder 
unheated  in  order  to  simplify  the  signal  processing. 

All  measurements  were  taken  in  the  vertical  center- 
plane  of  the  tunnel  (z  ■  0)  at  x/D  values  of  65,  81, 

89,  96,  135,  154,  173,  188  and  212.  The  first  4 
values  corresponded  to  positions  within  the pre-st rain 
region,  the  other  5  values,  to  positions  inside  toe 
distortion. 

The  anemometer  signals  were  low- pass  filtered 
and  sampled  digitally  at  rates  such  that  the  problem 
of  aliasing  was  effectively  eliminated.  The  digital 
data  were  analysed  subsequently  on  a  370-165  digital 
comput  er . 

RESULTS  AND  DISCUSSION 

The  normalized  mean  profiles  for  the  velocity  and 
temperature  fields  within  the  pre-strain  and  strain 
regions  are  indicated  in  Fig.  3, from  which  it  is 
clear  that  these  profiles  are  self-similar.  Figures 
4  and  5  show  the  streamwise  variations  of  the  mean 
profile  length  and  intensity  scales.  The  agreement 
between  the  measured  and  predicted  variations  is  seen 
to  be  quite  good,  implying  that  the  mean  temperature 
and  streamwise  velocity  distributions  are  self¬ 
preserving  within  the  distortion. 

An  inherently  more  sensitive  test  for  self- 
preservation  of  the  flow  is  provided  by  the  beha'-iour 
of  the  RMS  quantities.  The  normalized  distributions 
of  RMS  streamwise  velocites  and  temperatures  are 
depicted  in  Figs.  6  and  7.  It  is  apparent  that  these 
profiles  are  not  strictly  self-similar.  Thus,  the 
detailed  structure  of  the  distorted  wake  examined  here 
did  not  attain  the  self-preserving  state  (self¬ 
similarity  being  a  necessary  condition  for  self- 
preservation)  .  Figures  8  and  9  show  that,  within  the 
distortion,  the  RMS  scales  decrease  at  a  rate  signi¬ 
ficantly  smaller  than  that  required  for  self-preser¬ 
vation. 

In  Fig.  10,  RMS  streamwise  velocity  length  scales 
obtained  in  this  study  are  compared  with  those  found 
by  Reynolds  (1)  and  by  Keffer  (2)  for  similar  flow- 
situations.  (Note  that  £0  in  this  Figure  represents 
one-half  the  distance  between  the  half-maximum  mean- 
square  velocity  points  and  is,  therefore,  not  equal 
to  U0).  It  can  be  seen  that  at  all  downstream  loca¬ 
tions,  the  present  scales  are  larger  than  those  of 
the  other  studies.  This  is  probably  because  xs  and  D 
were,  respectively,  about  50%  and  about  40%  greater 
for  the  present  experiments  than  they  were  in  the 
case  of  the  Reynolds-Kef fer  experiments.  Yet,  the 
data  obtained  here  and  those  obtained  by  Keffer 
exhibit  much  the  same  trends  (with  respect  to  the 
predicted  scale  behaviour).  On  the  other  hand, 
Reynolds'  data  and  Keffer's  data,  which  were  determined 
under  essentially  identical  experimental  conditions 
are  quite  different  both  in  trend  and  in  magnitude. 

We  may  infer  from  this  that  the  detailed  self- 
preservation  claimed  by  Reynolds,  as  revealed  by  the 
turbulence  (i.e.  RMS)  quantities,  does  not  really 
exist  for  these  flows. 
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The  normalized  intermittency  factor  profiles 
were  found  to  be  self-similar  and  well-represented 
by  the  Gaussian  distribution  function  (9).  The 
streamwlse  variat ions  of  the  lateral  length  scales 
(Y  and  o)  that  characterize  these  profiles  are 
presented  in  Fig.  11.  As  expected,  Y  (being  a  mea¬ 
sure  of  the  gross  width  of  the  flow)  conforms  well  to 
the  "self-preserving"  behaviour.  In  contrast,  o  , 
the  characteristic  lateral  extent  of  the  large- 
scale,  intermittent  turbulent  bulges,  deviates  com¬ 
pletely  from  the  predicted  variation.  This  behaviour 
of  c  clearly  lends  support  to  the  view  (based  on  the 
RMS  scale  results)  that  uniformly  distorted  wakes  do 
not  attain  a  truly  self-preserving  state. 

In  Figs.- 12  and  13,  we  present  representative 
one-point  uv  coherence  functions  pertaining  to  the 
pre-distorted  flow  and  the  distorted  flow  respec¬ 
tively.  One  notes  that  these  functions  exhibit 
frequency-centred  activity,  i.e.,  more  or  less  broad¬ 
band  peaks,  especially  in  the  highly  intermittent 
flow  regions  (where  y  is  much  less  than  0.5).  One 
point  uv  phase  spectra  show  that  there  are  definite 
phase  differences  between  the  Fourier  components  of 
the  u  and  v  signals,  for  the  same  frequency  ranges 
within  which  there  is  significant  coherence;  for 
frequencies  beyond  which  the  coherence  is  essentially 
zero,  these  phase  differences  become  random.  Typical 
examples  of  such  spectra,  pertaining  to  the  distorted 
wake,  are  depicted  in  Fig.  14.  A  comparison  of  this 
latter  and  Fig.  13  shows  that,  near  the  core  region 
of  the  flow  (where  y  =  0.99),  the  coherence  between 

u  and  v  is  due  to  Fourier  components  that  are 
essentially  180°  out  of  phase;  whereas,  in  the  highly 
intermittent  region  (y  -  0.1),  the  coherence  is  due 
largely  to  Fourier  components  that  are  90°  out  of 
phase,  the  implication  here  being  that,  in  this 
region,  the  co-spectrum  is  virtually  zero  for  all 
frequencies  (so  that  the  Reynolds  shear  stress,  uv, 
is  zero)  but  the  quadrature  spectrum  is  relatively 
large  (i.e.,  the  90°  out-of-phase  Fourier  components 
of  u  and  v  are  relatively  highly  correlated) 
over  a  certain  frequency  range.  We  can  infer  From 
these  phase  and  coherence  results  that  coherent 
structures  exist  within  the  flow  ,  (5),  (6),  (7),  (8). 
We  thus  see  that  the  large-scale  bulges  are  (rela¬ 
tively)  highly  organized  structures,  and,  as  such, 
they  can  be  amplified  by  the  imposed  strain  field. 

It  is  clearly  evident  from  a  comparison  ci  Fig.  12 
and  Fig.  13  that  the  bulges  become  much  more  organ¬ 
ized  within  the  distortion:  on  the  average,  the 
magnitude  of  the  coherence  function  increases  and  the 
frequency-centered  activity  becomes  more  localized, 
i.e.,  the  coherence  functions  become  distinctly  more 
"peaky".  This,  in  conjunction  with  the  behaviour  of 
o  (Fig.  11)  leads  to  the  conclusion  that  the  imposed 
strain  field  does,  indeed,  effect  an  amplification 
of  the  bulges  -  as  was  originally  suggested  by 
Keffer  (2).  And  it  is  for  this  reason  that  the  uni¬ 
formly  distorted  wake  fails,  in  practice,  to  undergo 
the  predicted  self-preserving  development.  It  should 
be  pointed  here  that  Keffer  (2)  had  speculated  that 
the  turbulent  bulges  occurred  in  a  periodic  fashion. 
But,  the  results  of  Kawall  and  Keffer,  (10),  (11), 
concerning  the  motion  of  the  turbulent /non-turbulent 
interface,  have  established  that  these  coherent 
structures  arise  randomly  within  both  the  undistorted 
wake  and  the  uniformly  distorted  wake. 


Fig.  6  Normalized  RMS  streamvise  velocity 
distributions 


Fig.  7  Normalized  RMS  temperature  distributions 
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square  streamwise  velocity  profiles. 
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ABSTRACT 


Earlier  measurements  of  some  components  of  the 
turbulent  diffusivity  tensor  V-  in  a  nearly  homo¬ 
geneous  turbulent  shear  flow  with  constant  mean 
temperature  gradient  parallel  to  the  mean  shear  are 
now  supplemented  with  measurements  of  additional 
components  in  the  same  flow  but  with  mean  tempera¬ 
ture  gradient  perpendicular  to  both  mean  velocity 
and  mean  shear.  A  Lagranglan  analysis  provides  ex¬ 
pressions  for  all  components  of  D.  and  comf irms 
the  expectation  that  DtJ  is  non-diagonal  and  non- 
symmetric.  The  available  data  agree  well  with  the 
theoretical  estimates.  Independent  estimates  of 
D  .  ,  based  on  a  numerical  simulation  of  homo¬ 

geneous  shear  flow  as  well  as  on  a  rapid  distortion 
type  analysis,  are  also  reported. 


X  -  fluid  point  position  in  Lagrangian  coordinates 

X-,,  Lagrangian  coordinate 
i 

temperature  fluctuation 
Suffixes 

t 

(  )  root-mean-square  value 
(  )  time-averaged  quantity 
(  )  vector  quantity 
INTRODUCTION 


NOMENCLATURE 


I*. 

M;; 


Vi 

u. 


UL 

\T 


V 

i 

X; 


turbulent  diffusivity  tensor 
Lagrangian  velocity  correlation  moment 
mean  temperature  rise 

Lagrangian  velocity  integral  time  scale 
quasi-Lagrangian  velocity  integral  time  scale 
mean  velocity 

Eulerian  velocity  fluctuation 

Lagrangian  velocity  fluctuation 

quasi-Lagrang ian  velocity  fluctuation 

Cartesian  axis;  t-  I  is  the  streamwise 
direction,  i  -  2.  is  the  direction  of  mean 
shear 


The  most  widely  used  approximations  in  the 
modeling  of  turbulent  heat  transport  are  based  on  the 
assumption  that  the  turbulent  heat  flux,  -& u  and 
the  mean  temperature  gradient  c>T  / 9  xt'  1  are 

proportional.  It  has  long  been  known  that  such  a 
relationship  is  often  wrong  in  principle,  yet  can  be 
a  useful  hypothesis  in  practice  (e.g.  Corrsin,  1974). 
Even  a  simple  scalar  proportionality  coefficient 
("turbulent  diffusivity"  or  "eddy  diffusivity")  has 
sometimes  been  successful  in  rough  predictions  of  the 
mean  temperature  field  in  some  shear  flows,  but  it  has 
been  found  inadequate  for  the  general  modeling  of  non¬ 
isotropic  turbulence.  The  appropriate  form  of  the 
diffusivity  concept,  if  it  is  to  be  used,  is  a  second- 
rank  "turbulent  diffusivity  tensor", 

1949),  defined  by 


(Batchelor, 

(<) 


As  a  specially  simple  example  of  the  detailed 
determination  of  the  components  of  we  consider 

a  homogeneous  turbulent  shear  flow,  e.g.  a  flow  with 
a  constant  mean  velocity  gradient  dU,  /AXt,* nd 
transversely  constant  turbulent  stresses  -  u . u 


and  velocity  Integral  scales.  This  flow  retains 
many  of  the  crucial  features  of  more  complex  common 
turbulent  shear  flows  while  allowing  a  relatively 
simple  analytical  representation  and  eliminating 
boundary  effects.  Ue  shall  present  measurements  of 
some  "P  components  in  such  a  flow,  as  well  as 
estimates  based  on  analytical,  numerical  and  semi- 
empirical  results. 

More  sophisticated  analytical  models  of  scalar 
transport  have  recently  been  reviewed  by  Launder 
(1978). 

MEASUREMENTS  OF  CERTAIN  COMPONENTS 


The  nearly-homogeneous  turbulent  shear  flow 
achieved  in  the  wind  tunnel  experiments  of  Harris, 
Graham  and  Corrsin  (1977)  and  of  Tavoularis  and 
Corrsin  (1981)  presents  a  mean  shear  sufficiently 
large  to  allow  the  attainment  of  an  asymptotic 
(though  evolving)  state  over  an  appreciable  part  of 
the  test  section,  corresponding  to  non-dimensional 
total  strains  )  d  17, in  the  range  4.5 

to  12.5.  In  these  experiments,  the  (typically  aniso¬ 
tropic)  turbulent  velocities  and  the  integral  scales 
increased  monotonically  downstream,  but  both  pre¬ 
served  a  reasonable  transverse  homogeneity  over  a 
central  core  much  larger  then  the  integral  scales. 

The  shear-stress  correlation  coefficient  was  roughly 
constant,  u,U t  A <**)*•&.  This  flow  (occasionally 
with  minor  variations)  will  be  considered  in  the 
following. 

The  direct  measurement  of  all  components 

would  require  the  generation  of  mean  temperature 
gradients  in  all  three  directions,  X^-X,  In 

the  case  with_  2>T /"&%]_  5:  constant^’c?'  ,  and 

~  '2TV«J*3  o  (Tavoularis  and  Corrsin, 
1981),  it  was  found  that,  like  the  velocity  fluctua¬ 
tions,  the  temperature  fluctuations  seemed  to  be 
approaching  an  asymptotic  state,  with  mean  squared 
values  and  their  integral  scales  monotonically  in¬ 
creasing  downstream.  The  two  non-zero  heat  flux 
correlation  coefficients  )  and  9ul/t'0  *<•  i) 

were  roughly  0.56  and  -0.44  respectively.  The  third 
component  of  the  heat  flux  vector,  ideally  zero  by 
symmetry  if  the  fields  were  perfectly  generated,  had 
the  negligible  normalized  value  of  |  &  Uf\ ^ .  OZ  • 
The  two  non-zero  correlation  values  give  two  com¬ 
ponents  of  the  diffusivity  tensor  D(1_  and  !!,_•}_ 

It  turned  out  that  T>t1^c-Z.Z  3>xt 
which  is  roughly  the  same  as  the  anpirical  relation¬ 
ship  estimated  by  Yaglom  (1969)  and  Corrsin  (1974) 
from  atmospheric  and  laboratory  boundary  layer  data 
respectively. 

New  experiments  have  now  been  conducted  in  the 


same  flow  field,  but  with  the  mean  temperature  grad¬ 
ient  normal  to  the  mean  velocity  gradient: 

»T/o*3  tr.  >0  ,  and  O  . 

The  degree  of  transverse  homogeneity  achieved  was 
not  as  good  as  that  in  the  previous  case,  but  seems 
adequate.  The  mean  square  temperature  fluctuation 
again  increases  monotonically  downstream.  The  only 
significant  non-zero  heat  flux  correlation  co-effici¬ 
ent  was  6 ci 3  /'(9'u\)  —  ,VS*.  The  other  two  compon¬ 

ents,  which  should  nave  been  zero  by  symmetry  if  the 
fields  had  been  perfectly  generated,  had  appreciably 
smaller  coefficients:  I  ) a"d  1 / ( P'w i  ) 

were  0(0.05 )  .  The  new  turbulent  diffusivity  comp¬ 
onent  evaluated  waB  1,  &  JL,  . 

In  conclusion,  tne  existing  airect  measurements 
of  T>  ,  components  were 

lJ 


i.o  o  r>  (2) 


where  is  factored  out  in  order  to  emphasize 

ratios. 

Efforts  are  under  way  to  create  in  the  same 
flow  field  a  mean  temperature  field  which,  at  least 
locally,  will  have 

>> I  of/'OX5\ 

This  would  allow  direct  evaluation  of  the  remaining 
three  components  of  lX 

A  THEORETICAL  EXPRESSION 

A  quasi-Lagrangian  analysis  of  fluid  point 
dispersion  in  stationary,  homogeneous,  turbulent  shear 
flow  (Corrsin,  1953,  1959),  was  exploited  by  Riley 
and  Corrsin  (1975)  to  estimate  ,  ,  and 

.  A  slightly  different  application  of  the 
same  viewpoint  allows  estimation  of  the  individual  off- 
diagonal  components,  thus  emphasizing  the  non-symmetry 
of  D  .  The  heat  flux  vector  can  be  expressed  as 

j  t  O  i  o 

where  is  the  Lagrangian  velocity  fluctuation  and 

the  quasi-Lagrangian  velocity  fluctuation  w  *  is  de¬ 
fined  as 

For  large  times,  the  resulting  asymptotic  ex¬ 
pression  for  is 


tVb  w 


~T 

7  11. 


with  jt‘-  being  the  Lagrangian  integral  time  scales, 
-  th4  Lagrangian  correlation  moments  and 
defined  as  £o 


J  v(c\  el 


Obviously,  expression  (5)  is  in  general  non¬ 
diagonal  and  non-symmetric . 


VARIOUS  ESTIMATES 


Equation  (5)  is  a  theoretical  result  for  the 
impossible  case  of  homogeneous,  stationary  shear  flow. 
Further,  the  Lagrangian  and  quasi-Lagrangian  quantities 
in  (5)  have  not  been  measured  in  the  nearly  homogeneous 
shear  flow  described  above.  Nevertheless,  it  seems 
worthwhile  to  test  (5)  crudely  by  invoking  connections, 
both  exact  and  speculative,  with  Eulerlan  quantities. 
Lumley  (1957)  has  shown  that  in  homogeneous  turbulence 
Lagrangian  and  Euler ian  one-point  moments  are  equal; 
thus  and  Vj  can  be  replaced  by  Eulerian 


data.  Next,  we  speculate  that  the  statistical  proper¬ 
ties  of  v""*  are  the  same  as  in  its  original  Eulerian 
coordinates,  and  finally  we  assume  that  Che  T's 
and  '  i  can  be  approximated  by  their  Eulerian 
counterparts  in  a  frame  travelling  with  the  mean  flow. 

Uith  experimental  Eulerian  data  inserted,  we  get 
the  theoretical  estimates 
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is  bracketed  because  the  net  negative 
value  seems  physically  unlikely;  we  shall  discuss 
this  point  further  in  the  next  section.  The  second 
and  third  columns  are  in  reasonable  agreement  with 
the  direct  measurements,  equation  (2).  Al~o  I 
is  not  too  far  from  its  estimate  of  2.0  by  Gee  and 
Davies  (1964). 

Another  test  of  the  theoretical  estimates  in 
equation  (5)  can  be  made  by  appeal  to  a  crude  simula¬ 
tion  of  homogeneous  turbulent  shear  flow  outlined  by 
Riley  and  Corrsin  (1971;  details  given  by  Riley,  1971). 
The  direct  "experimental"  values  are 


l.o 
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'21 


L  o  o  1.2] 

—  0.9  ^2.1.  .  but  the  separate  values 

were  not  computed.  For  comparison  with  (8),  we  can 
estimate  the  asymptotic  theoretical  terms  of  equation 
(5),  using  the  appropriate  Lagrangian  and  quast- 
Lagrangian  values  determined  from  the  simulation: 


Z.H-0.7  -  0.7  0~! 


equal)  decrease  monotonically  from  the  isotropic 
value  10. 

DISCUSSIONS  AND  CONCLUSIONS 

A  re-evaluation  and  comparison  of  the  results 
represented  earlier  appears  necessary.  The  exist¬ 
ing  measurements  (equation  2)  ,  which  however  do  not 
include  the  P,,  components,  are  in  fair  agreement  with 
the  theoretical  estimates  (equation  7),  Similarly, 
the  "experimental"  values  in  a  numerical  simulation 
(equation  8)  are  close  to  the  corresponding  estimates 
(equation  9).  These  two  results  support  the  validity 
of  the  theoretical  expression  (5).  The  components  of 
Ojj  in  the  numerical  simulation  demonstrate 
qualitative  similarities  with  the  experimental  ones, 
but  the  individual  values  are  different.  Recalling 
that  the  simulation  corresponds  to  a  flow  (Champagne, 
et  al.,  1970)  with  mean  shear  about  one  third  of  that 
in  the  present  experiment,  it  appears  that  the  diffus- 
ivity  ratios,  like  the  principal  stress  axes,  depend 
on  the  total  strain  imposed  on  the  turbulence.  More 
specifically,  the  present  results  support  the  specula¬ 
tion  that  the  low-shear  values  of  J;.  should 

be  closer  to  the  isotropic  ones  than  are  "those  in  the 
high-shear  case. 

A  negative  value  of  D„  (equation  7)  appears 
at  first  glance  to  be  contrary  to  the  intuitive  notion 
of  diffusivity.  However,  although  errors  resulting 
from  extensive  extrapolation  used  in  the  M,, 
estimate  and  from  the  appreciable  downstream  inhomo¬ 
geneity  over  a  TH  ,  time  scale  may  be  significant  in 
the  present  estimate,  the  rapid  distortion 

analysis  also  predicts  a  negative  T>n  .  An  ex¬ 
planation  can  be  provided  by  the  theoretical  express¬ 
ion  (5).  Approximating  the  velocity  autocovariances 
by  exponential  functions  and  replacing  Lagrangian  and 
quasi-Lagrangian  velocities  with  Eulerian  ones,  (5) 
is  simplified  into 
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There  is  good  agreement  between  (8)  and  (9). 

Also,  -1.1  in  (9),  not  far  from 

the  "experimental"  value. 

Finally,  independent  estimates  of  components 

can  be  based  on  a  rapid  distortion  type  analysis  by 
Kczlov  and  Sabel'nikov  (1977).  Isotropic  turbulence 
is  subjected  to  uniform  shear  rapidly  enough  for  the 
non-linear  interactions  to  be  neglected.  The  re¬ 
sulting  diffusivity  ratios  do  not  demonstrate  ant 
asymptotic  trends  in  the  reported  range. 
exceeds  13  at  the  hlgest  total  strain, while  ®ft  S&zX 
Increases  slightly  from  the  isotropic  value  1.0  to  a 
maximum  of  about  1.4,  then  it  decreases  monotonically 
with  a  value  -2.5  at  the  highest  total  strain.  The 
ratios  D|i.  /  &%%.  and  sDxx  (assumed  to  be 


Since  the  relative  magnitudes  of  turbulent 
stresses  and  of  integral  scales  in  different  directions 
are  only  weak  functions  of  mean  shear,  it  seems 
plausible  that,  for  large  enough  ,  the 

(negative)  second  term  in  may  have  magnitude 

larger  than  the  first  term. 

Another  consequence  of  (10)  is  that  the  degree 
of  asymmetry  of  ,  expressed  as  the  ratio 

Am /-Par  is  also  a  function  of  mean  shear.  Although 
not  observed  in  the  present  study,  jLt  even  appears 
possible  that,  for  large  enough 

may  become  positive,  while  will  always  remain 

negative. 

The  present  estimates  apply  mainly  to  a  hypo¬ 
thetical  homogeneous  turbulence  with  a  uniform  mean 
shear,  but  the  results  should  also  be  applicable  to 
the  wider  class  of  nearly  parallel  flows  with  small 
transverse  inhomogeneities  and  slowly  variable  mean  • 
gradients.  For  example,  (Tavoularis  and  Corrsin,  1981) 
the  ratio  was  roughly  the  same  in 

the  nearly  homogeneous  turbulent  shear  flow,  in  a 


15.26 


turbulent  boundary  layer  at  one  momentum  thickness 
distance  from  the  wall,  and  in  a  turbulent  pipe  flow 
at  half  the  radius  distance  from  the  axis. 

This  work  was  supported  primarily  by  the 
National  Science  Foundation,  Program  on  Atmospheric 
Sciences. 
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ABSTRACT 


INTRODUCTION 


Heat  flux  measurements  in  several  specially  de¬ 
signed  turbulent  flows  with  inhomogeneous  temperature 
field  are  presented  and  analyzed  with  the  purpose  of 
evaluating  the  performance  of  the  gradient  transport 
models  (GTM)  as  well  as  several  of  the  generaliza¬ 
tions.  One  of  the  flows  considered  is  a  uniform  grid¬ 
generated  flow;  two  others  are  shear  flows  with  trans¬ 
verse  homogeneity  and  a  constant  mean  velocity  gradi¬ 
ent.  The  fourth  is  the  wake  of  a  circular  cylinder 
in  which  an  asymmetric  temperature  field  is  created 
by  heating  a  combination  of  thin  wires  located  off- 
axis.  A  GTM  with  a  constant  turbulent  diffusivity 
adequately  describes  the  turbulent  heat  flux  in  all 
three  homogeneous  flows,  while  in  the  inhomogeneous 
flow,  forcing  gradient  transport  to  the  measured  heat 
flux  results  in  negative  diffusivity  over  a  part  of 
the  flow.  Direct  evaluation  from  the  present  and 
other  measurements  shows  that  none  of  the  generaliza¬ 
tions  of  the  GTM  is  adequate.  It  is  suggested  that 
the  large  eddy  transport  in  inhomogeneous  shear  flows 
is  the  possible  cause  for  the  failure  of  the  GTMS, 
and  that  its  apparent  success  in  symmetrically  heated 
free  shear  flows  is  largely  due  to  the  imposed  bound¬ 
ary  conditions. 
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=  diameter  of  the  cylinder 

*  turbulent  diffusivity 

*  height  of  the  wind-tunnel  test  section 

«  half  the  distance  between  half-maximum  9'  points 

«  longitudinal  integral  length  scale 

*  transverse  integral  length  scale 

■  half  the  distance  between  T  /2  points 

max 

”  mesh  size  of  the  grid 

-  (u^lS 

*  mean  temperature  rise  above  the  ambient 

*  velocity  fluctuation  in  the  direction  i 

-  mean  velocity  in  the  direction  i 

»  characteristic  bulk  convection  velocity 
»  wake  defect  velocity 

■  coordinate  axes;  i»l  is  along  the  flow  and  i«2 
is  along  the  direction  of  maximum  shear. 

*  temperature  fluctuation 


Virtually  all  the  "classical  turbulent  theories" 
model  turbulent  transport  of  momentum,  heat  or  a  pas¬ 
sive  contaminant  by  linear  mean  gradient  models.  This 
hypothesis,  probably  attributable  to  de  St.  Venant  or 
to  Boussinesq,  has  appeared  in  different  forms  -  usu¬ 
ally  incorporating  an  ad  hoc  estimate  of  the  propor¬ 
tionality  coefficient,  the  "eddy  viscosity"  or  "eddy 
diffusivity"  (for  example,  (1,2)). 

In  spite  of  the  enormous  development  in  turbu¬ 
lence  modeling  witnessed  over  the  last  two  decades, 
the  simplicity  of  the  gradient  transport  models  (GTM) 

-  often  with  enough  adjustable  parameters  -  appears 
to  be  responsible  for  their  persistent  use  in  some 
areas  of  engineering  practice,  especially  in  meterol- 
ogy  and  oceanography.  Among  other  things,  gradient 
transport  models  require  that  the  characteristic  scale 
of  the  turbulent  transporting  mechanism  must  be  small 
compared  with  the  dimension  characteristic  of  the  in¬ 
homogeneity  of  the  mean  transported  quantity.  It  has 
been  pointed  out  many  times  (3-5)  that  nearly  all 
turbulent  flows  violate  this  basic  a  priori  require¬ 
ment,  and  yet  a  reasonable  degree  of  success  has  been 
claimed  for  the  gradient  transport  models,  especially 
in  free  shear  flows.  Therefore,  a  study  directed 
towards  determining  the  reasons  for  this  (apparent) 
success  of  the  GTMs  appeared  to  be  worthwhile;  this 
is  one  of  the  goals  of  the  present  study.  y 

Several  instances  can  now  be  quoted  which,  over 
the  years,  have  demonstrated  the  inadequacies  of  the 
GTMs  (6-15).  Mindful  of  these  inadequacies  to  turbu¬ 
lence,  several  formal  generalizations  have'  been  pro¬ 
posed  (5,  16-18).  Alternatively.it  has  bet/n  thought 
that  formal  generalizations  do  not  addresfe  themselves 
to  the  heart  of  the  problem,  and  so  some  1  xi  he.'  'cor¬ 
rections’  -  which  could  even  be  drastic  L  have  also 
been  proposed,  for  example  (19).  However,  the  val¬ 
idity  of  any  of  these  models  in  more  thhn  one  situa¬ 
tion  remains  to  be  tested.  This  is  the  second  purpose 
of  the  present  study.  For  this  purpose,  we  designed 
several  simple  experimental  configurations  in  some  of 
which  simple  gradient  transport  models  worked  well 
but  in  some  of  the  others  did  not.  Presentation  of 
the  experimental  data  in  these  flows  -  with  a  possible 
relevance  to  turbulence  modeling  and  the  computation 
of  complex  turbulent  flows  forms  yet  another  purpose 
of  our  paper. 

FLOW  CONFIGURATION 


Suf  f ixes 

o  •  centerline  value 
max  »  maximum  value 
'  «  root-mean-square  value 


Figure  1  shows  a  schematic  representation  of  the 
experimental  configurations  used  here.  The  wind  tun¬ 
nel  was  of  the  open-return  type  with  a  nominal  test 
section  30  cm  x  30  cm,  and  about  3.65  m  long.  Air 


INSTRUMENTATION 


flow  was  created  by  two  axial  fans  In  tandem.  An 
essentially  constant  pressure  field  was  created 
by  adjusting  the  vertical  walls. 


Fig.  1.  Schematic  of  experimental  set-up 


Three  homogeneous  flows  and  one  Inhomogeneous 
shear  flow  were  studied.  One  of  the  homogeneous 
flows  was  the  uniform  flow  produced  behind  a  square- 
mesh  biplane  cylindrical-rod  grid  with  2.54  cm  mesh 
and  solidity  0.36.  The  mean  volocity  was  nominally 
uniform  across  the  test  section.  The  temperature 
field  was  created  by  electrically  heating  each  of 
the  horizontal  rods  of  the  grid  separately,  so  that 
the  desired  inhomogeneous  mean  temperature  field 
could  be  created  (Figure  la). 

The  two  other  homogeneous  flows  with  nominally 
uniform  positive  or  negative  mean  velocity  gradient 
were  created  by  placing  a  shear  generator  20  mesh 
sizes  downstream  of  the  turbulence-generating  grid 
(see  Figures  lb  and  lc).  The  shear  generator  is  an 
array  of  horizontal  non-uniformly  spaced  cylindrical 
rods  (20)  and  could  be  inserted  in  the  tunnel  such 
that  dl;i/dX2  could  be  positive  (Figure  lb)  or  nega¬ 
tive  (Figure  lc).  The  temperature  field  was  created 
exactly  as  in  the  uniform  flow  case. 

Lastly,  the  inhomogeneous  shear  flow  studied 
here  is  the  wake  of  a  circular  cylinder  (d  ■  1.1  cm) 
in  which  the  temperature  field  was  produced  by  heat¬ 
ing  three  thin  parallel  wires  (diameter  0.127  mm) 
mounted  asymmetrically  with  respect  to  the  cylinder 
on  a  wooden  frame  which  could  be  inserted  (see  Figure 
Id)  at  any  of  the  three  locations  (xi/d  ■  1.2,  2.3, 
and  46)  downstream  of  the  cylinder.  Also,  the  spac¬ 
ing  between  the  wires,  their  transverse  location  with 
respect  to  the  cylinder  and  the  heating  current  in 
each  of  the  wires  could  be  adjusted  Independently  to 
obtain  within  limits  any  desired  mean  temperature 
distribution. 


Mean  velocity  Uic  along  the  tunnel  centerline 
was  measured  with  a  pitot-static  tube.  The  mean  ve¬ 
locity  profile  Uj (x 2 )  and  the  velocity  fluctuations 
ux  and  u2  were  measured  with  a  D1SA  55P51  gold-plated 
X-wire  probe,  with  sensing  elements  5  pm  in  diameter 
and  1.25  mm  in  length,  powered  by  two  DISA  55D01  con¬ 
stant  temperature  anemometers;  D.C.  power  supplies 
were  used  to  minimize  the  noise  level.  The  mean  tem¬ 
perature  profile  T(x2)  and  the  reference  temperature 
upstream  of  the  grid  were  measured  with  two  Fenwall 
Electronics  GC32M21  thermistor  probes.  The  tempera¬ 
ture  fluctuation  6  was  measured  with  a  DISA  55P31 
platinum  wire  probe  with  the  wire  length  of  0.4  mm 
and  diameter  1  pm.  The  temperature  wire  was  position¬ 
ed  vertically  at  a  distance  of  about  0.5  mm  from  the 
nearest  wire  of  the  X-wire  probe,  and  was  operated  at 
a  constant  current  of  0.3  mA  on  a  home-made  constant 
current  source  (21).  The  operating  current  was  low 
enough  to  render  the  velocity  sensitivity  of  the  tem¬ 
perature  wire  negligible.  The  temperature  contamina¬ 
tion  of  the  velocity  signals  was  eliminated  by  cor¬ 
recting  them  with  the  Instantaneous  local  temperature 
measured  with  the  temperature  wire  (22).  The  vertical 
position  of  the  piobes  was  adjusted  with  a  variable 
speed  motor  and  a  gear  mechanism. 

All  signals  were  amplified  and  low-pass  filtered 
at  an  upper  cut-off  frequency  of  5  kHz.  The  signals 
were  also  corrected  for  noise  assuming  that  the  noise 
was  statistically  independent  of  the  signal.  The 
signals  were  digitized  and  processed  on  a  DEC  PDP 
11/40  digital  computer. 

RESULTS  IN  HOMOGENEOUS  FLOWS 

Mean  Velocity  and  Mean  Temperature  Distributions 

Measurements  were  made  at  Xj/M  «  60  and  126  but, 
in  most  cases,  only  those  made  at  Xj/M  »  60  are  re¬ 
ported  here.  In  all  the  cases,  there  was  a  signifi¬ 
cant  region  of  two-dimensionality  in  the  mean  quanti¬ 
ties. 

Figure  2  shows  the  distribution  of  mean  velocity 
and  mean  temperature  rise  for  the  three  homogeneous 
flows.  For  the  uniform  flow  experiment,  the  mean 
velocity  was  uniform  across  the  test  section  to  within 
about  2%  of  the  centerline  velocity  of  17.2  m  sec-" . 
The  grid  mesh  Reynolds  number  was  about  29100.  The 
two  other  flows  had  roughly  linearly  varying  mean 
velocity  profiles  (except  for  the  last  point  in  each 
case  on  the  low  velocity  side).  The  centerline  ve¬ 
locity  U1(|  in  both  cases  was  16.0  m  sec-  ,  and 
idUj/dx  !  was  17.9  ro  sec-1. 

In2 bll  three  cases,  the  mean  temperature  distri¬ 
butions  were  quite  similar.  The  maximum  mean  tempera¬ 
ture  rise  of  2.7°Cwas  low  enough  to  -onsider  heat  as 
a  passive  scalar.  This  was  also  verified  by  noting 
that  the  measured  root-mean-square  velocity  intensi¬ 
ties  with  and  without  heating  were  essentially  the 
same.  A  measure  of  the  inhomogeneitv  of  the  tempera¬ 
ture  field  is  given  by  the  parameter  (dT/dx2)  L  /T  . 
In  the  present  experiments,  this  parameter  was  esti¬ 
mated  to  be  as  high  as  0.5,  signifying  a  sizeable 
inhomogeneity . 

Root-Mean-Square  Intensities 

Figure  3  shows  the  transverse  distribution  of 
the  normalized  root-mean-square  velocity  fluctua¬ 
tions  in  the  central  two-thirds  of  the  tunnel  height. 
For  the  uniform  grid  flow,  both  uj  and  u'  are  uniform 


Heat  Transport  in  the  x2-Direction 


Fig.  2.  Transverse  distributions  of  mean  velocity 
and  mean  temperature  rise 
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Fig.  3-  Transverse  variation  of  turbulence  intensi¬ 
ties 

to  within  ±5%.  The  ratio  uj/u2  -  1.15,  quite  compar¬ 
able  to  that  in  other  similar  flows  (23).  For  the  shear 
flows,  on  the  other  hand,  there  is  a  *127.  variation 
in  uJ/U10  and  about  i8%  variation  in  uj/U10.  For  the 
present  purposes,  these  distributions  are  considered 
sufficiently  homogeneous  in  the  transverse  direction. 
On  the  average,  uj/uj  -  1.23.  At  x  /M  *  128,  the 
turbulence  intensity  distributions  ire  homogeneous 
to  a  somewhat  better  accuracy.  Figure  4  shows  the 
transverse  distribution  of  the  normalized  root-mean- 
square  temperature  fluctuation. 


Figure  5  is  a  plot  of  u28  against  the  corres¬ 
ponding  local  values  of  dT/dx2.  Data  are  presented 


Fig.  4.  Transverse  variation  of  the  root-mean-square 
temperature  fluctuation 

for  x2 /M«60  and  128.  A  6th  order  polynomial  was  fit¬ 
ted  to  the  measured  mean  temperature  distribution  to 
obtain  dT/dx. .  The  estimated  error  bounds  for  both 
quantities  are  shown  in  the  figure.  It  is  clear  that 
in  all  three  cases  u2?  is  zero  when  dT/dx2  is  zero, 
and  a  gradient  transport  model  with  constant  diffu- 
sivity  is  quite  satisfactory. 


Fig.  5.  Variation  of  heat  flux  with  mean  temperature 
gradient  for  the  homogeneous  flows 

ASYMMETRICALLY  HEATED  WAKE 

Measurements  were  made  for  several  configurations 
of  the  heating  wires  and  the  wake  generator,  but  re¬ 
sults  are  presented  here  only  for  that  shown  in  Figure 
6.  Measurements  were  made  only  at  one  station 
(x2/d  =  100).  It  would  have  been  desirable  to  have 
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made  Che  measurements  further  downstream  (where  the 
flow  would  be  self-preserving  to  a  better  degree  of 
approximation),  but  the  limitations  of  accuracy  In 
heat  transport  measurements  for  small  T  led  to  this 
choice.  Figure  6  shows  transverse  profiles  of  nor¬ 
malized  velocity  defect  w/wQ  (wQ  ■  1.78  ms-1),  u'/w0, 
T,  8'/Tmav  and  Lf/d;  here  L^  was  obtained  by  evalua¬ 
ting  the  area  up  to  the  first  crossing  under  the  auto¬ 
correlation  function  of  u  (24)  and  converting  the  re¬ 
sulting  integral  time  scale  to  a  length  scale  via 
Taylor’s  "frozen  field"  approximation.  It  is  seen 
that  even  at  x2/d  -  100,  the  presence  of  the  wires  in 
the  wake  results  in  a  slight  asymmetry  in  the  velo¬ 
city  near  the  maximum  defect  region,  and  stronger 

asymmetries  in  u2  and  Lj  profiles.  _ 

Figure  7a  shows  a  plot  of  the  heat  flux  -u28  and 
the  mean  temperature  gradient  3T/3x2  at  several  points 
across  the  wake.  Clearly,  there  is  a  small  but  finite 
region  (the  shaded  region  in  the  figure)  in  which  the 
heat  flux  and  the  mean  temperature  gradient  are  of 
opposite  sign  implying  negative  diffusivity.or  heat 
transport  against  the  mean  temperature  gradient. 

A  more  direct  demonstration  of  the  inadequacy  of 
the  GTMs  is  given  in  Figure  7b  which  shows  that  -uj? 
when  plotted  against  3T/3x  forms  a  closed  loop.  (If 
a  GTM  were  applicable  the  loop  would  collapse  on  to  a 
single  curve  through  the  origin;  if  the  diffusivity 
were  also  constant,  the  curve  would  be  a  straight 
line.)  For  the  discussion  to  follow,  the  rough  cor¬ 
respondence  between  the  various  key  points  of  this 
loop  and  their  physical  location  is  indicated  by  the 
use  of  the  same  letters  A,B,C,D  and  E  in  Figures  7a, b 
and  the  inset  to  Figure  7b.  Large  negative  x2/d  (say, 
around  A  in  the  inset)  correspond  to  the  vicinity  of 
the  origin  in  Figure  7b.  As  x  /d  increases  (algebra¬ 
ically),  both  3T/3x2  and  -u28  increase  until  at  B  the 
(positive)  maximum  value  of  3T/3x,  is  reached.  Be¬ 
yond  B,  3T/3x2  decreases  but  -u26  does  not  keep  pace 
with  3T/3x  and  is  finite  and  large  even  in  the  vicin¬ 
ity  of  C  wfiere  3T/3x2  is  small.  For  even  larger  x2/d, 
3T/3x  is  negative  (path  CD)  until  the  negative  maxi¬ 
mum  of  the  temperature  gradient  is  attained  at  D; 
around  D,  -u28  is  still  decreasing  (see  Figure  7a), 
however.  The  path  DE  constitutes  the  return  to 
3T/3x  ■  0  as  x2/d  approaches  large  positive  values. 

iorresponding  regions  in  which  the  turbulent 
momentum  transport  -u2u2  occurs  against  Che  direction 
of  mean  velocity  gradient  have  been  observed  in  many 
different  flow  situations  (6-16).  These  regions  have 
been  called  regions  of  "energy  reversal"  (9)  or,  more 
commonly  in  the  later  literature,  as  regions  of  "nega¬ 
tive  production",  although  the  appropriateness  of 
either  term  has  been  questioned.  For  example,  it  has 
been  pointed  out  (25)  that  the  total  production  terms 
are  given  by  -uju,  SU^/Sx, ,  and  that  in  the  regions 
where  -UjU2  ( 3U2 /sx2 )  is  negative,  the  other  produc¬ 


tion  terms  -(u22-u22)  3U  /3x2  -  ujuj  SUj/SXj  are 
positive  and  (though  small)  of  the  right  magnitude  to 
counteract  locally  the  negative  values  of 
-UjU2  3U2/3x2.  However,  this  conelusion  is  negated  by 
other  measurements  (10,26)  in  which  all  the  production 
terms  except  -Ujtfj  OUj/SXj)  were  measured.  In  these 
two  latter  cases,  the  magnitude  of  the  negative  values 
of  the  total  production  is  very  small  Indeed.  Lastly, 
we  may  mention  Hlnze's  (16)  conclusion  that  even  if 
the  sum-total  of  production  terms  is  negative,  it  does 
not  imply  energy  transfer  back  to  the  mean  flow. 

In  the  heat  transfer  case,  there  are  fewer 
measurements  of  the  ^-production  terms  (14,19,27), 
but  the  balance  of  evidence  does  suggest  that  the 
total  thermal  production  terms 

-u7?  3T/3x2  +  u^e  3T/ 3Xj 
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Fig.  6.  A  representative  cylinder/heating  wire  com¬ 
bination  and  the  resulting  transverse  distributions 
of  mean  defect  velocity  and  temperature  rise 


-6  -4  -2  C  2  4  6  8  C 


JT/bRj,  ’ccm" 

Fig.  7.  Variation  of  heat  flux  with  mean  temperature 
gradient  for  the  asymmetrically  heated  wake 
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add  up  Co  negative  values  In  some  small  flow  region. 
In  the  present  wake,  mean  temperature  profiles  were 
not  measured  sufficiently  closely  to  evaluate  3T/3x1 
accurately,  but  rough  estimates  suggest  that  the  In¬ 
clusion  of  -u  «  VT/aXj  does  not  alter  the  sign  of 
total  production  in  any  substantial  way. 


TEST  OF  GENERALIZED  MODELS 

For  lack  of  space,  we  shall  restrict  to  testing 
the  performance  of  these  models  without  discussing 
the  basis  of  their  formulation.  Specifically,  we 
consider  the  following  models  which.  In  order,  are 
the  GTM  and  models  due  to  Corrsin  (5),  Lumley  (17) 
Kronenburg  (18),  Beguier-Fulachier-Kef fer  (19)  -  BFK 
for  short-and  Townsend  (28): 


-uj?  -  D  C-T/lx,)  +  LfT  ('u^/}x2)  i  Rc  <b) 

-uJT  -  D  CT/3X2)  +  (T/2)  (3D/;x,)  h  R^  (c) 

-SJT  -  D  (3T/3x2)  +  Lf  5/?x2  (D  3T/3x2)  S  Rk  (d) 

-  D  OT/jXj)  +  K_  ;.’(3q  ’/3x2)  (32T/3x2  ^HR^e) 

-H7T  -  D  (3T/3X2)  -  Vc  Tmax  3  Rt  (f) 

All  models  have  been  considered  to  the  first  order  of 
correction.  For  convenience  In  evaluation,  we  have 
here  replaced  D  by  L^  uj ;  a  more  appropriate  defini¬ 
tion  would  presumably  differ  from  the  present  one  by 
a  constant  factor  that  is  immaterial  in  the  present 


forms  reasonably  well.  However,  the  significance  of 
a  model  with  a  coefficient  whose  sign  itself  is  un¬ 
certain  is  not  clear.  In  Townsend's  model,  the  cor¬ 
rection  due  to  the  bulk  transport  la  a  constant  number 
on  the  right  hand  side,  and  this  can  only  translate 
the  closed  loop  without  either  shrinking  or  enlarging 
it.  The  effect  la  shown  in  Figure  8f  for  two  values 
of  the  correction,  and  in  Figure  9f  for  one. 
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Fig.  8.  Test  of  generalizations  of  GTM  for  the  pre¬ 
sent  asymmetrically  heated  wake 

Any  improved  alternative  to  the  GTM  must  be 
capable  of  collapsing  the  closed  loop  in  Figure  7b  on 
to  a  single  curve  or  nearly  so.  From  both  Figures  8 
and  9,  the  models  due  to  Corrsin  (5)  and  Lumley  (17) 
appear  to  aggravate  rather  than  improve  the  situation. 
The  Kronenburg  model  appears  to  work  reasonably  well 
for  the  mixing  layer  data  (19),  but  has  poor 
performance  in  the  present  flow.  For  testing  model 
(£)  using  the  present  flow  data,  we  have  replaced  q'by 

N^/2(u  2  +  u  2).  This  introduces  an  uncertainty  in 
1  2 

the  precise  value  of  Kg,  which  should  be  -0.11  accord¬ 
ing  to  (19).  Several  values  in  the  vicinity  of  -0.11 
were  tried,  but  the  performance  of  the  model  was  worse 
than  that  of  GTM  for  all  negative  Kg.  There  is  no 
physical  or  mathematical  reason  why  K.  must  be  only 
negative,  and  so  we  tried  positive  values  as  well. 
Figure  8e  shows  that  for  Kg  ■  0.015,  the  model  per- 
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Fig.  9.  Test  of  generalizations  of  GTM  for  the 
asymmetrically  heated  mixing  layer  (19) 

DISCUSSION 

Our  experiments  have  emphasized  that  the  GTM 
which  appears  perfectly  adequate  with  a  constant  dif- 
fusivity  for  the  homogeneous  flows  cannot  handle  in¬ 
homogeneous  flows  even  qualitatively.  The  chief  dif¬ 
ference  between  the  homogeneous  and  inhomogeneous 
shear  flows  is  the  dominance  of  the  large  structure 
in  the  latter;  it  appears  that  the  large  structures 
are  responsible  for  a  sizeable  fraction  of  the  trans¬ 
port  process,  and  it  is  in  the  modeling  of  these  ef¬ 
fects  that  none  of  the  generalizations  of  the  GTM 
discussed  earlier  has  had  reliable  success.  One  of 
the  currently  held  views  is  that  a  turbulent  shear 
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Fig.  10.  Variation  of  heat  flux  with  mean  temperature 
gradient  in  a  symmetrically  heated  co-flowing  jet  (29) 
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flow  Is  essentially  a  consequence  (and  not  the  cause) 
of  these  transport-efficient  large  structures  and 
their  mutual  interactions.  If  this  viev  is  correct, 
an  altogetherly  different  approach,  which  does  not 
even  invoke  a  mean  field,  is  necessary  before  the 
problem  can  be  resolved. 

Finally,  we  examine  briefly  the  reason  that  the 
GTM  seems  to  work  well  in  free  shear  flows.  Figure 
10  shows  a  plot  of  u20  vs  (3T/3x2)-  now  appropriately 
normalized  -  for  one  half  of  a  symmetrically  heated 
co-flowing  jet  (29).  It  is  again  seen  that  the  data 
form  a  loop  instead  of  a  single  curve.  However ,  the 
flow  symmetry  about  the  centerline  forces  both  u26 
and  3T/3x2  to  be  zero  at  the  same  point,  so  that  the 
return  part  of  the  loop  is  now  constrained  to  go 
through  the  origin.  This  results  in  a  much  smaller 
loop  than  would  be  the  case  if  asymmetries  existed. 
This  is  the  reason  for  the  apparent  success  of  the 
GTM  in  symmetric  flows. 
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ABSTRACT 

Laser  Doppler  measurements  of  velocity  distribu¬ 
tions  and  reattachment  lengths  behind  a  single¬ 
backward  facing  step  mounted  in  a  two-dimensional 
test  section  are  reported  together  with  heat  and  mass 
transfer  data  at  the  wall  downstream  of  the  step.  The 
measuring  techniques  to  obtain  the  wall  values  are 
also  described  in  the  paper.  Measurements  are 
presented  in  laminar,  transitional  and  turbulent  air 
flows  in  a  Reynolds  number  range  of  70  <  Re  <  8000. 
The  experimental  results  show  that  the  various  flow 
regimes  are  characterized  by  typical  variations  of 
the  separation  length  with  Reynolds  number.  Differ¬ 
ences  between  the  location  of  the  reattachroent  line 
and  the  lines  of  maximum  heat  and  mass  transfer  are 
stressed. 

The  measurements  do  not  only  show  the  expected 
primary  zone  of  recirculating  flow  attached  to  the 
backward-facing  step  but  show  additional  regions  of 
flow  separation,  on  the  wall  of  the  test  section  loc¬ 
ated  opposite  to  the  step  and  downstream  of  the 
primary  separation  zone. 

NOMENCLATURE 

na  Diffusion  coefficient  for  ammonia  in  air 

h  height  of  inlet  duct 

H  height  of  outlet  duct 

Re  Reynolds  number,  Re  =  U  *(2h)/v 

m 

s  (H-h),  step  height 

Sh  Sherwood  number,  Sh  “S,(2h)/D 
_  s  s  A 

U  time  and  bulk  average  inlet  velocity 

r  mass  transfer  coefficient 

u  viscosity  of  air 

kinematic  viscosity,  V*  u/c 
density  of  air 

INTRODUCTION 

Investigations  of  momentum,  heat, and  mass 
transfer  in  separated  flows  require  the  employment  of 
various  experimental  techniques  to  quantitatively 
measure  those  properties  that  are  of  importance  to 
practical  engineers  and  to  research  workers  actively 
involved  in  studies  of  transport  phenomena  in  flows. 
New  experimental  techniques  have  recently  become 
available  and  have  reached  a  state  of  development 
which  permits  non-intrusive  measurements  in  laminar 
and  turbulent  separated  flows.  Laser  Doppler  anemome- 


try  is  one  of  these  techniques.  It  has  been  employed 
by  the  authors  to  obtain  measurements  of  velocity 
distribution  and  reattachment  length  behind  a  single 
backward-facing  step  mounted  in  a  two-dimensional 
test  section.  This  test  section  is  shown  in  Fig.  1 
which  provides  the  major  dimensions  and  also  illus¬ 
trates  the  flow  straightener  and  settling  chamber 
with  inlet  test  section  used  to  obtain  a  well 
controlled  inlet  flow.  The  laser-Doppler  anemometer 
consisted  of  a  single-channel  optical  unit  with  a 
double  Bragg  cell  frequency  shifting  module.  A  1 5m'-.- 
Helium-Neon  laser  was  employed  and  light  in  the 
forward  direction  was  collected  for  the  measurements. 
The  signals  were  evaluated  by  a  frequency  tracker 
and  also  using  a  transient  recorder  combined  with  a 
digital  computer. 

In  addition  to  velocity  measurements,  quantita¬ 
tive  investigations  of  the  transport  of  scalar 
properties  to  the  wall  were  performed  in  the  region 
downstream  of  the  step  using  three  different 
techniques  described  in  section  2.  Mass  transfer 
measurements  were  carried  out  using  a  technique 
developed  by  the  first  author,  e.g.  see  ref.1.  Heat 
transfer  measurements  were  performed  using  a  flash 
mounted  hot-film  and  a  heated  insulated  element  mount¬ 
ed  into  a  copper  plate.  It  is  explained  in  section  2 
that  the  electrical  energy  supply  to  this  element  can 
be  taken  as  a  measure  of  the  local  heat  transfer 
obtained  for  constant  temperature  wall  conditions. 

Results  of  the  authors’  measurements  are 
summarized  in  section  3.  For  more  detailed  informa¬ 
tion,  suggestions  for  improving  the  measurements,  and 
detailed  discussions  of  the  results,  the  reader  is 
referred  to  a  more  extended  report  given  in  ref.  2. 

EXPERIMENTAL  TECHNIQUES 

Laser-Doppler  Anemometers 

A  LDA-system  incorporating  a  15mV  He-Ne  laser,  a 
transmission  optics  with  a  double  Bragg  cell 
frequency  shifter  and  a  light  collecting  system  for 
forward  scattered  light,  was  employed  in  the  present 
study.  This  is  shown  in  Fig.  2  which  also  shows  the 
signal  processing  equipment  consisting  of  two  comple¬ 
tely  different  systems.  One  system  incorporated  a 
frequency  tracker  to  measure  the  Doppler  frequency 
whereas  the  other  is  a  transient  recorders  followed 
by  a  digital  computer.  The  transient  recorder  based 
processing  system  was  applicable  over  the  entire 
Reynolds  number  range.  The  tracker  based  system  could 
not  be  applied  at  higher  Reynolds  numbers.  It  was  found 
to  yield  erroneous  results  in  the  reattachment  region 
of  the  flow. 
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ABSTRACT 

Laser  Doppler  measurements  of  velocity  distribu¬ 
tions  and  reattachment  lengths  behind  a  single¬ 
backward  facing  step  mounted  in  a  two-dimensional 
test  section  are  reported  together  with  heat  and  mass 
transfer  data  at  the  wall  downstream  of  the  step.  The 
measuring  techniques  to  obtain  the  wall  values  are 
also  described  in  the  paper.  Measurements  are 
presented  in  laminar,  transitional  and  turbulent  air 
flows  in  a  Reynolds  number  range  of  70  <  Re  <  8000. 
The  experimental  results  show  that  the  various  flow 
regimes  are  characterized  by  typical  variations  of 
the  separation  length  with  Reynolds  number.  Differ¬ 
ences  between  the  location  of  the  reattachment  line 
and  the  lines  of  maximum  heat  and  mass  transfer  are 
stressed. 

The  measurements  do  not  only  show  the  expected 
primary  zone  of  recirculating  flow  attached  to  the 
backward-facing  step  but  show  additional  regions  of 
flow  separation,  on  the  wall  of  the  test  section  loc¬ 
ated  opposite  to  the  step  and  downstream  of  the 
primary  separation  zone. 

NOMENCLATURE 

Dfl  Diffusion  coefficient  for  ammonia  in  air 

h  height  of  inlet  duct 

H  height  of  outlet  duct 

Re  Reynolds  number.  Re  *  U  *(2h)/v 

m 

s  (H-h) ,  Step  height 

Sh  Sherwood  number,  Sh  *6*(2h)/D 
_  s  s  A 

l'  time  and  bulk  average  inlet  velocity 
m  J 

5  mass  transfer  coefficient 

u  viscosity  of  air 

kinematic  viscosity,  V»  p/t 
density  of  air 

INTRODUCTION 

Investigations  of  momentum,  heqt  and  mass 
transfer  in  separated  flows  require  the  employment  of 
various  experimental  techniques  to  quantitatively 
measure  those  properties  that  are  of  importance  to 
practical  engineers  and  to  research  workers  actively 
involved  in  studies  of  transport  phenomena  in  flows. 
New  experimental  techniques  have  recently  become 
available  and  have  reached  a  state  of  development 
which  permits  non-intrusive  measurements  in  laminar 
and  turbulent  separated  flows.  Laser  Doppler  anemome- 


try  is  one  of  these  techniques.  It  has  been  employed 
by  the  authors  to  obtain  measurements  of  velocity 
distribution  and  reattachment  length  behind  a  single 
backward-facing  step  mounted  in  a  two-dimensional 
test  section.  This  test  section  is  shown  in  Fig.  1 
which  provides  the  major  dimensions  and  also  illus¬ 
trates  the  flow  straightener  and  settling  chamber 
with  inlet  test  section  used  to  obtain  a  well 
controlled  inlet  flow.  The  laser-Doppler  anemometer 
consisted  of  a  single-channel  optical  unit  with  a 
double  Bragg  cell  frequency  shifting  module.  A  I5mh' 
Helium-Neon  laser  was  employed  and  light  in  the 
forward  direction  was  collected  for  the  measurements. 
The  signals  were  evaluated  by  a  frequency  tracker 
and  also  using  a  transient  recorder  combined  with  a 
digital  computer. 

In  addition  to  velocity  measurements,  quantita¬ 
tive  investigations  of  the  transport  of  scalar 
properties  to  the  wall  were  performed  in  the  region 
downstream  of  the  step  using  three  different 
techniques  described  in  section  2.  Mass  transfer 
measurements  were  carried  out  using  a  technique 
developed  by  the  first  author,  e.g.  see  ref.1.  Heat 
transfer  measurements  were  performed  using  a  flash 
mounted  hot-film  and  a  heated  insulated  element  mount¬ 
ed  into  a  copper  plate.  It  is  explained  in  section  2 
that  the  electrical  energy  supply  to  this  element  can 
be  taken  as  a  measure  of  the  local  heat  transfer 
obtained  for  constant  temperature  wall  conditions. 

Results  of  the  authors’  measurements  are 
summarized  in  section  3.  For  more  detailed  informa¬ 
tion,  suggestions  for  improving  the  measurements,  and 
detailed  discussions  of  the  results,  the  reader  is 
referred  to  a  more  extended  report  given  in  ref.  2. 

EXPERIMENTAL  TECHNIQUES 

Laser-Doppler  Anemometers 

A  LDA-system  incorporating  a  l5mK  He-Ne  laser,  a 
transmission  optics  with  a  double  Bragg  cell 
frequency  shifter  and  a  light  collecting  system  for 
forward  scattered  light,  was  employed  in  the  present 
study.  This  is  shown  in  Fig.  2  which  also  shows  the 
signal  processing  equipment  consisting  of  two  comple¬ 
tely  different  systems.  One  system  incorporated  a 
frequency  tracker  to  measure  the  Doppler  frequency 
whereas  the  other  is  a  transient  recorders  followed 
by  a  digital  computer.  The  transient  recorder  based 
processing  system  was  applicable  over  the  entire 
Reynolds  number  range.  The  tracker  based  system  could 
not  be  applied  at  higher  Reynolds  numbers.  It  was  found 
to  yield  erroneous  results  in  the  reattachment  region 
of  the  flow. 


Figure  1:  Schematic  of  air  tunnel  and  test  section  (nro) 


Figure  2:  Data  acquisition  and  processing  system 


Measuring  Techniques  for  Mass  Transfer 

Quantitative  measurements  of  the  wall  mass  trans 
fer  were  carried  out  with  a  method  developed  by  the 
first  author  and  described  in  ref.  1.  The  method  is' 
based  on  the  colour-change  that  occurs  on  filter 
paper  soaked  with  a  manganese-chloride  solution.  If 
this  paper  is  located  downstream  of  the  step  and  a 
known  dosis  of  ammonia  is  added  to  the  flow,  the 
ammonia  will  be  absorbed  at  the  surface  of  the  soaked 
filtered  paper  and  the  following  reaction  will  take 
place . 

NH3  +  H20jt  NH4OH  **■  NH*  +  OH- 
2NH.0H  +  MnCl2  -»  2NH4C1  +  Mn(OH>2 


Mn02 


This  equation  shows  that  manganese-dioxide  remains  on 
the  surface  of  the  filter  paper  yielding  a  change  in 
colour.  The  intensity  of  this  change  is  dependent  on 
the  amount  of  ammonia  transported  to  the  wall,  and, 
hence,  a  measure  of  the  local  mass  transfer  coeffi¬ 
cient  or  the  appropriate  Sherwoood  number. 


-  ‘  i 


Measurements  of  Heat  Transfer 

Heat  transfer  measurements  were  performed  in  a 
specially  designed  test  section  constructed  out  of 
Perspex.  The  wall  on  which  the  step  was  located 
consisted  of  a  copper  plate  with  heating  elements  to 
adjust  the  temperature  of  the  plate.  In  the  centre  of 
the  copper  plate,  a  separate  small  copper  element  was 
inserted  which  also  contained  heating  elements 
thermally  isolated  from  the  remainder  of  the  plate. 
This  element  was  heated  so  that  its  temperature 
agreed  with  the  temperature  of  the  surrounding  copper 
plate.  The  energy  to  the  surface  element  was  measured 
and  from  it  the  local  heat  transfer  coefficient  was 
deduced  and  the  corresponding  Nusselt  number 
computed.  The  copper  plate  could  be  moved  in  the 
longitudinal  direction  in  order  to  allow  the 
measuring  element  to  be  located  at  various  distances 
downstream  of  the  step. 

Heat  transfer  measurements  were  also  carried  out 
from  a  small  hot-film  element  positioned  in  a  metal 
wall  kept  at  the  temperature  of  the  fluid.  The  data 
from  this  element  were  compared  with  measurements  of 
the  velocity  gradient  at  the  wall  in  order  to  confirm 
that  the  conditions  required  to  apply  Reynolds 
analogy  between  heat,  mass  and  momentum  transfer  are 
not  satisfied  in  separated  flows. 

RESULTS  OF  VELOCITY  AND  SCALAR  TRANSPORT  MEASUREMENTS 

The  application  of  the  laser-Doppler  anemometer 
also  permitted  accurate  measurements  of  the  reattach¬ 
ment  length  as  a  function  of  Reynolds  number.  The  way 
in  which  such  measurements  can  be  accurately 
performed  has  been  described  by  Durst  and  Tropea  (3). 
Their  method  of  measurement  was  employed  on  both  walls 
of  the  two-dimensional  test  section  downstream  of  the 
step.  Various  regions  of  separations  were  found  on 
both  walls  of  the  test  section  with  longitudinal  di¬ 
mensions  as  given  in  Fig.  3. 


Figure  3:  Circulation  regions  at  the  upper  and  lower 
walls 

Measurements  of  detailed  velocity  profiles  were 
also  performed  at  various  Reynolds  numbers  and 
throughout  the  entire  channel.  Fig.  4  shows  an 
example  of  such  measurements  for  a  Reynolds  number  of 
Re  «  1095  indicating  the  two  regions  of  backflow;  one 
region  attached  to  the  backward  facing  step  and  the 
other  located  on  the  wall  opposite  to  the  step.  It 
was  observed  that  the  occurance  of  the  upper  region 
of  separated  flow  causes  the  flow  to  become  three¬ 


Figure  4:  Velocity  profiles  for  Re  -  1095 

dimensional  irrespective  of  the  aspect  ratio  chosen 
for  the  test  section  geometry,  see  ref.  4. 

Figs.  5  and  6  present  a  sutanary  of  the  results 
of  the  local  mass  transfer  measurements  carried  out 
by  the  authors  for  the  region  downstream  of  the  step. 
The  local  Sherwood  number  is  plotted  as  a  function  of 
the  longitudinal  distance  normalized  by  the  test 
section  width  downstream  of  the  step.  At  Revnolds 
numbers  in  excess  of  400,  the  longitudinal  Sherwood 
number-distribution  shows  two  maxima  up  to  Reynolds 
numbers  of  approximately  4000.  With  increasing 
Reynolds  numbers,  these  maxima  move  closer  to  the 
step  as  indicated  in  Fig.  5.  In  the  fully  developed 
turbulent  flow  region,  only  one  maximum  exists.  This 
is  shown  in  Fig.  6. 


Figure  5:  Mass  transfer  in  backward-facing  step  flows 


Figure  6:  Mass  transfer  in  backward-facing  step  flows 


final  remarks 


More  detailed  results  of  mass  transfer  measure¬ 
ments  are  presented  in  ref.  S  where  also  the  loca¬ 
tions  of  the  maxima  and  minima  of  the  Sherwood  number 
distributions  are  explicitly  given  as  functions  of 
Reynolds  numbers.  Comparison  to  other  measurements 
are  provided  and  differences  explained. 

Measurements  of  heat  transfer  are  only  reported 
for  the  hot-film  element.  Figs.  7  and  8  show  examples 
of  measurements  of  heat  transfer  obtained  from  the 
hot  film.  The  diagrams  also  contain  the  variation  of 
the  velocity  gradients  along  the  wall.  Both  figures 
clearly  indicate  that  the  Reynolds  analogy  relating 
the  local  wall  shear  stress  to  the  local  heat 
transfer  is  not  applicable.  This  indicates  the  diffi¬ 
culty  that  arises  if  hot-element  wall  sensors  are 
used  to  determine  fluid  velocity  information,  e.g. 
the  location  of  reattachment. 


Figure  7: 


In  addition  to  the  measurements  sumnarized  in 
this  paper,  flow  predictions  were  carried  out  using 
computer  programs  to  numerically  solve  the  two- 
dimensional  Navier-Stokes  equation.  Comparisons 
between  predicted  results  and  measurements  showed 
good  agreement  up  to  Reynolds  numbers: 

Re  :  400. 

Thereafter,  predicted  separation  length  differed 
severely  from  those  obtained  in  the  measurements.  The 
predictions  also  showed  the  second  separation  region 
at  the  wall  opposite  to  the  step  but  its  shape  and 
location  differed  from  those  of  the  measurements. 

Its  difference  was  carefully  investigated  and  it  turn¬ 
ed  out  that  the  entire  flow  field  turns  three-dimen¬ 
sional  at  Reynolds  numbers  for  which  the  upper  separ¬ 
ation  bubble  occurs. 

The  second  author  and  his  students  are  continuing 
the  work  described  in  this  paper.  Measurements  at 
different  expansion  ratios  are  planned  for  the  laminar 
flow  regime  together  with  detailed  numerical  predic¬ 
tions.  In  addition,  measurements  are  extended  into  . 
the  turbulent  range  up  to  Reynolds  numbers  of  5  x  10  . 
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The  reader  is  referred  to  ref.  5  for  more 
detailed  measurements  of  heat  transfer  with  the  hot 
element  mounted  into  the  cupper  plate  described  in 
section  2. 
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ABSTRACT 

Measurements  of  the  velocity  characteristics 
of  the  flow  in  the  vicinity  of  a  single  rib  have 
been  obtained  with  a  laser-Doppler  anemometer.  They 
show,  for  example,  that  the  reattachment  length  is 
around  12.3  times  the  rib  height  for  a  23.5  mm  squa¬ 
re  rib  and  demonstrate  that  it  depends  on  the  length 
of  the  rib  and  ratio  of  boundary  layer  thickness 
to  rib  height.  Measurements  with  hot-wire  anemome- 
try  in  the  region  of  the  shear  layer  indicate  rapid 
changes  in  skewness  and  small  peaks  in  energy  spec¬ 
tra  which  would  not  be  represented  by  eddy-viscosity 
assumptions. 

1 .  INTRODUCTION 

The  present  paper  is  concerned  with  the  flow  in 
the  vicinity  of  a  single,  two-dimensional  rib  and  is 
relevant  to  a  wide  range  of  practical  problems  in¬ 
cluding  wind  breaks,  trains  and  roughness  elements. 
(An  earlier  and  less  complete  version  was  presented 
in  reference  1).  It  describes  measurements  of  ve¬ 
locity  and  turbulence  characteristics  of  this  flow 
and  is  intended  to  contribute  to  understanding  of 
the  related  turbulent  transfer  processes. 

Recent  attempts  to  calculate  the  properties  of 
the  flow  around  obstacles,  for  example  those  of  Pope 
and  Whitelaw  (2),  Vasilic-Melling  (3)  and  Castro  and 
Robins  (4),  have  shown  that  the  results  do  not  agree 
well  with  corresponding  measurements  and  that  the 
latter  are  not  available  in  sufficient  detail  to 
allow  the  discrepancies  to  be  explained.  In  general, 
present  knowledge  of  the  velocity  and  turbulence 
characteristics  of  high-turbulence  and  recirculating 
flows  is  much  less  than  that  available  for  boundary- 
layer  flows  even  though  the  former  are  at  least  as 
important.  This  imbalance  is  due  largely  to  the 
availability  of  appropriate  instrumentation . 

Previous  measurements  in  the  vicinity  of  ribs 
have  been  reported,  for  example,  by  Tillman  (5)  and 
Plate  and  Lin  (6)  and  are  confined  to  values  of 
mean  velocity  and  wall  pressure.  In  both  cases, 
the  reattachment  length,  normalised  with  rib  height, 
was  of  the  order  of  15  although  one  rib  was  of  squa¬ 
re  cross-section  and  the  other  of  triangular  cross- 
section  with  a  surface  orthogonal  to  the  oncoming 
flow.  Similar  measurements  around  a  thin  obstacle 
(a  fence)  by,  for  example.  Good  and  Joubert  (7)  and 
Sakamoto  et  al  (8)  indicate  recirculation  lengths 
of  around  13,  and  the  backward  facing-step  measure¬ 
ments  of  Bradshaw  and  Wong  (9)  indicate  a  length  of 
around  €.  Of  course,  the  reattachment  length  is  a 


time-averaged  property  and  not  necessarily  represer.ta 
tive  of  all  features  of  the  flow.  The  variation  cf 
length  with  geometry  does,  however,  indicate  a  consi¬ 
derable  dependence  of  the  flow  cn  its  upstream  charge 
teristics  which  include  the  geometry  and  the  ratic  cf 
boundary-layer  thickness,  d,  to  bluff -body  height,  H, 
at  least  for  small  values  of  the  latter  quantity. 

The  measurements  referred  to  in  the  previous 
paragraph,  with  the  exception  of  these  cf  Bradshaw 
and  Wong,  are  confined  to  mean  properties:  and  these 
of  Bradshaw  and  Wong,  obtained  by  hot-wire  are men -try 
are  limited  to  regions  of  relatively  low  turbulence- 
intensity.  The  more  recent  measurements  cf  Mess, 
Baker  and  Bradbury  (10)  obtained  with  the  pulsed -wire 
method,  and  those  of  Restivo  and  Whitelaw  ;il  arc 
Durao  and  Whitelaw  (12),  obtained  with  Laser -Icpp ler 
anemometry,  suggest  that  accurate  measurements  car 
now  be  made  in  regions  of  high  turbulence  intensity. 
The  laser-Doppler  aremometer  also  removes  doubts  as¬ 
sociated  with  probe-interference  effects.  It  ir  use¬ 
ful  to  note  that,  in  the  annular- jet  measurements  cf 
Durac  and  Whitelaw,  the  length  cf  the  rec  ir  culst  i  rr. 
region  was  approximately  cr.e  disc  diameter. 

The  present  measurements  were  cttair.ei  w.th  a 
combination  of  laser -Doppler  anemometry,  hrt-wirt 
anemcmetry  and  flow  visualisation.  The  hel lun -butt  1 e 
was  used  to  provide  a  visual  impression  cf  particular 
aspects  of  the  flow,  observation  cf  surface  streaks, 
obtained  with  impurities  suspended  ir  an  cil  solution 
were  used  to  confirm  the  two-dimensional ity  cf  the 
flow  and  to  observe  the  r eattachmer.t  line,  Laser- 
Doppler  anemometry  allowed  measurements  cf  near  and 
rm&  velocities  in  all  regions  cf  the  flow  including 
those  with  high  turbulence  intensity  and  recircula¬ 
tion.  Hot-wire  anemometry  was  used  tc  measure  ir.  lo¬ 
cations  of  lower  turbulence  intensities. 

The  flow  configuration,  experimental  methods  arc 
procedures  are  described  in  the  fcllowmo  section  ar.d 
the  results  presented  and  disc-ssed  in  sections  ?  and 
4.  Brief  conclusions  are  presented  in  section  5 . 

2.  FLOW  CONFIGURATION,  EXPERIMENTAL  METHODS  AM 
PROCEDURES 

Most  of  the  measurements  were  obtained  with  a 
single  rib,  23.5  mm  square,  located  4?0.0  mm  down¬ 
stream  of  an  emery-paper  trip  in  the  0. n  x  C.i  r. 
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wind  tunnel  previously  used,  for  example,  by  Kacker 
and  Whitelaw  (13)  and  Vasilic-Melling  (3) .  To  study 
the  influence  of  boundary  layer  thickness,  the  same 
rib  was  also  located  187.3  mm  from  the  trip/  a  70.5 
run  wide  x  23.5  mm  high  rib  was  used  to  provide  an 
indication  of  the  influence  of  rib  dimensions.  The 
two -dimensionality  of  the  tunnel  has  been  extensive¬ 
ly  tested  by  previous  authors  and  the  present  ribs 
were  carefully  located  across  the  full  0.46  m  width 
of  the  tunnel  and  orthogonal  to  the  flow.  The  area 
contraction  ratio  of  the  tunnel  is  7.1  to  1  and,  to¬ 
gether  with  the  carefully  located  upstream  screens 
and  honeycomb,  ensures  a  free-stream  turbulence  in¬ 
tensity  of  around  0.6%.  The  present  measurements 
were  obtained  with  a  free-stream  velocity,  U0,  mea¬ 
sured  upstream  of  the  rib,  of  18  m/s  with  a  corres¬ 
ponding  rib-height  Reynolds  number  of  2.7  x  10^.  The 
ribs  themselves  had  sharp  corners  and  were  rigidly 
attached  to  the  base  plate  of  the  tunnel;  the  impo¬ 
sed  blockage  ratio  was  12.8. 

The  use  of  neutrally  buoyant,  helium-filled  bufcb- 
les  to  visualise  details  of  the  flow  was  used  here 
with  a  probe  arrangement  in  accordance  with  the  de¬ 
sign  of  Button  (14).  It  comprised  a  tube,  of  outer 
diameter  6  mm  and  with  two  concentric  tubes  of  les¬ 
ser  diameter.  Helium  flowed  through  the  innermost 
tube  with  a  low  velocity;  liquid  soap  passed  slowly 
through  the  first  annulus;  and  air,  at  approximately 
the  external  stream  velocity,  through  the  outer 
annulus.  Careful  control  of  the  flow  rate  of  helium 
allowed  the  rate  of  flow  of  bubbles  to  be  regulated. 
Ir.  the  present  experiments,  the  helium  -bubbles  were 
released  into  the  stream  upstream  of  the  trip  and 
at  various  distances  from  the  base  plate-  The  flow 
patterns  were  lighted  from  above  and  recorded  with 
a  35  nr.  camera.  Flow  patterns,  on  the  base  plate 
of  the  wind  tunnel,  were  obtained  with  thin  layers 
cf  oil  with  suspended  particles.  The  oil  was  spread 
evenly  over  the  base  plate  both  upstream  and  down¬ 
stream  of  the  nfc  and  the  flow  patterns  were  formed 
after  the  far.  had  beer,  running  for  a  short  period 
cf  t  me . 


The  hot-w^re  results  were  obtained  with  a  cros¬ 
sed  hot-wire  probe  (DISA  55P61),  two  anemometer 
bridges  (DISA  55MG1)  and  linerarizers  (DISA  55D10) 
interfaced  with  a  12k  storage  PDP  8E  mini  computer 
ar.d  a  Racal  T70CC  magnetic  tape  system.  The  final 
interpretation  of  the  results  was  made  on  a  CDC 
65C "  computer.  The  output  signal  from  a  single 
charnel  arrangement  with  a  straight  wire  probe  (DISA 
55A2  5)  was  used  to  obtained  spectrum  measurements,- 
in  this  case,  the  analogue  signal  was  processed  by 
a  General  Radio  (n^-del  1564-A)  spectrum  analyser- 

The  laser -Doppler  anemometer  comprised  an  Argon 
icr.  laser  (Spectra  Physics  164)  operating  at  488  urn 
ar.'J  approximately  200  mW.  One  channel  of  a  two- 
ccm.ponent  water-filled  acousto  optic  cell,  based  on 
the  arrangement  described  by  Durao  and  Whitelaw  (15) 
and  operated  with  a  frequency  shift  of  21.0  MHz,  was 
used  to  divide  the  laser  beam  into  a  zero  and  +1  or¬ 
der  beams  of  approximately  equal  intensitv.  These 
two  beams  were  focussed  to  an  intersects  .  region 
and  backward -scattered  light  collected  through  the 
same  lens.  This  collected  light  was  focussed  by 
another  lens,  via  a  mirror,  onto  a  pinhole  immedia¬ 
tely  prior  to  the  cathode  of  a  photomultiplier  (EMI 
9615b).  The  resulting  control -volume  has  a  diameter 
of  0.12  mr.  and  a  length  of  approximately  r  .85  mm. 
rhe  resulting  Doppler  signal  was  processed  by  a  spec¬ 


trum-analyser  counter  similar  to  that  described  by 
Durao,  Laker  and  Whitelaw  (16)  .  The  discrimination 
level  of  the  analysis  system  slightly  reduced  the 
control  volume  dimensions.  To  provide  a  measurable 
particle -arrival  rate,  the  wind  tunnel  was  seeded 
with  kerosene  smoke  generated  by  an  evaporation  (con¬ 
densation)  arrangement.  The  resulting  droplets  were 
smaller  than  5  um  in  diameter  and  allowed  the  cons¬ 
truction  of  a  velocity  probability  distribution  ir 
less  than  10  minutes.  The  average  quality  of  the 
signals  processed,  corresponded  to  a  signal -to-nc i se 
ratio  of  approximately  20  db.  It  is  estimated  that 
the  mean  velocity  values  are  precise  to  2%  and  the 
turbulence  intensity  values  to  better  than  6%. 


3.  RESULTS 


The  two-dimensionality  and  symmetry  of  the  flew 
were  examined  by  hot-wire  anemonetry  and  flow  v;s  .a- 
lization.  Values  of  mean  velocity  and  the  rms  cf 
the  corresponding  fluctuations  were  measured  if.  se¬ 
veral  planes,  in  the  vicinity  of  the  reattachmer.t 
line,  and  across  a  200  mm  wide  central  zor.t ;  the 
various  profiles  were  identical  within  exper  ir.enta  1 
uncertainty.  Surface  f low-visua 1 isat ion  results 
were  obtained  with  the  square  rib  located  4?'.'.  nr. 
downstream  of  the  emery-paper  trip  and  confirmed  the 
two-dimensionality  of  the  flow  in  the  central  one 
third  of  the  tunnel.  The  separation  lines,  upstream 
and  downstream  of  the  rib,  and  the  reat tachr.er.t  iir.€ 
were  clearly  visible;  they  were  straight  in  the 
central  region  and  curved  towards  the  side  walls  tc 
give  shorter  reattachment  lines  downstream  of  the 
rib  and  larger  separation  regions  upstream  and  down¬ 
stream  . 


Figure  1  consists  of  three  photographs,  of  he¬ 
lium-bubble  traces,  selected  from  a  large  number  cf 
prints,  and  intended  to  indicate  three  features  cf 
the  flow.  The  exposure  time  was  5  r.s  for  phctccrapr 
a  and  b  and  10  ms  for  c_.  Photograph  a_  shows  several 
exposures  and  provides  a  general  impression  cf  the 
flow  suggesting  that  the  range  of  ir.star.tar.ee us  va¬ 
lues  of  reattachment  length  is  considerable.  The 
trajectory  of  bubbles  immediately  above  the  rif  sug¬ 
gests  that  a  region  of  recirculation  could  exist 
there  and  this  is  confirmed  by  photograph  t.  Photo¬ 
graph  £  indicates,  at  closer  range,  the  bubble  trace 
in  the  vicinity  cf  the  shear  layer  above  the  rib. 

Measurements  cf  longitudinal  velocity  an:  the 
non-dimensional  normal  stress  were  obtained  ir.  the 
central  plane  for  the  flow  conditions  cf  Figure  1 
and  are  presented  in  Figs.  2  and  3.  These  cn  Fi:.  2 
indicate  the  flow  characteristics  upstream  and  down¬ 
stream  of  the  rib.  The  main  profile  two  rib  heights 
upstream  of  the  rib  may  be  compared  with  the  measu¬ 
rements  obtained  at  the  same  location,  but  in  the 
absence  of  the  rib.  It  is  clear  that,  at  this  loca¬ 
tion,  the  rib  has  already  had  an  effect  and  ca-si : 
the  flow  to  respond  tc  an  effective  adverse  pressure 
gradient.  This  pressure  gradient  is  confirmed  by 
the  wall  static  pressure  distribution  on  Fig.  4. 

The  values  of  velocity  measured  in  the  free  strear 
also  indicate  an  influence  of  the  rib  although  the 
blockage  ratio  is  small.  The  distribution  of  normal 
stress  at  x/H  =  -2.0  has  the  form  appropriate  tv-  an 
adverse  pressure  gradient  with  turbulence  mter.sitie 
less  than  25  *  at  all  measuring  stations. 


Immediately  upstream  of  the  rib,  i.e. 
the  measurements  show  a  region  of  separate 
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Fig.  3  Mean  velocity  and  normal  stress  profiles  on 
top  of  the  rib 


Fig.  1  Photographs  of  the  flow  using  helium  bubbles 
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Fig.  2  Mean  velocity  and  normal  st/ess  profiles  up¬ 
stream  and  downstream  of  the  rib 


which  is  confined  to  the  near-wall  region.  It  is 
clear  from  the  measurements/  and  also  from  the  sur¬ 
face  flow  visualization,  that  the  time-averaged  line 
of  boundary- layer  separation  occurs  at  a  value  of 
x/H  of  less  than  -1 .  The  normal  stress  results  sug¬ 
gest  an  upstream  influence  of  the  rib  in  that  the 
distribution  tends  to  be  discontinuous  at  y/H  *  1. 
For  values  of  y/H  less  than  1,  the  turbulence  inten¬ 
sity,  u/U,  increases  rapidly  to  an  infinite  value 
at  y/H  of  around  0.14;  at  this  location,  the  instan¬ 
taneous  velocity  is  continuously  changing  sign  anc 
has  a  mean  value  of  zero.  The  normal  stress  has  a 
maximum  corresponding  to  a  turbulence  intensity 
slightly  in  excess  of  100%  and  coincides  with  the 
inflection  in  the  mean  velocity  profile.  The  tur¬ 
bulence  energy  spectra  shown  in  Fig.  5  at  y/H  =  1  .C 
(u/U  =  25%)  is  similar  to  that  associated  with  fully 
developed  turbulent  flows. 

The  flow  on  top  of  the  rib,  Fig.  3,  indicates  a 
region  of  near -wall  separation  from  the  leadir.c  edge 
to  trailing  edge.  The  zero  mean  velocity  streamline 
is  0.14  and  0.28  rib  heights  above  the  rifc  at  1.25 
rib  lengths  and  the  trailing  edge  respectively.  The 
normal  stress  profiles  achieve  increasingly  high 
values  and  have  a  maximum  value  immediately  down¬ 
stream  of  the  rib,  as  can  be  seer,  from  Fig.  2.  Figu¬ 
re  3  shows  that  the  maximum  values  of  normal  stress 
are  located  close  to  the  points  of  maximum  gradient 
of  the  mean  velocity  profiles.  Ir.  the  recirculation 
zone  the  turbulence  intensity  has  minimum  values 


Fig.  4  Wall  static  pressure  distribution 


around  the  maximum  reverse  mean  velocity  in  each  x- 
plane  and  the  normal  stress  is  comparatively  uniform. 

In  contrast  to  spectrum  1  of  Fig.  5,  the  power 
spectra  obtained  from  the  straight  hot-wire  anemometer 
at  x/H  of  0.5  and  1.5,  spectra  2  and  3,  close  to  the 
region  of  maximum  normal  stress,  exhibit  maxima 
around  200  Hz.  Spectrum  2  also  indicates  a  shift  of 
turbulent  flow  fluctuation  towards  the  higher  frequen¬ 
cies  compared  with  those  measured  upstream  of  the 
rib;  this  is  consistent  with  the  large  shear,  caused 
by  the  presence  of  the  block,  destroying  the  larger 
eddies.  Downstream  of  the  rib,  the  sequence  of  spec¬ 
tra  2,  3  and  4  shows  a  shift  towards  the  lower  fre¬ 
quencies.  This  variation  of  eddy  scale  can  also  be 
identified  from  the  helium-bubble  visualization  as 
is  shown  in  Fig.  lc;  the  traces  over  the  block  show 
the  presence  of  much  higher  frequencies  than  those 
observed  elsewhere.  Velocity  probability  distribu¬ 
tions  were  also  measured  with  hot-wire  probes  and 
typical  results  are  shown  on  Fig.  6. 

The  curves  referenced  1,  2  and  3  demonstrate  a 
change  from  positive  to  negative  skewness  in  a  rela¬ 
tively  short  distance.  This  variation  in  the  sign  of 
skewness  is  usually  associated  with  locations  of  lar¬ 
ge  gradients  and  inflection  points  in  the  mean  veloci¬ 
ty  profile.  Distributions  5  and  4  are  probability 
distributions  of  a  U-component  of  velocity  associated 
respectively  with  positive  and  negative  values  of  V 
component  and  measured  at  the  same  location  as  dis- 
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Fig.  5  Turbulence  energy  spectra 


Fig.  6  Velocity  probability  distributions: 
obtained  with  hot-wire  anemometer 


tribution  1.  They  indicate  opposite  skewness  sugges¬ 
ting  that,  when  the  velocity  vector  is  upwards,  the 
flow  is  associated  with  lower  U-component  velocities; 
the  reverse  holds  for  negative  V.  Contours  cf  joint 
probability  distributions  of  U  and  V,  similar  to  those 
presented  by  Ribeirc  and  Whitelaw  (17),  would  indicate 
asymmetry  about  the  point  of  zero  U/cu  and  V/;v  and 
higher  densities  in  the  first  and  third  quadrants. 
Comparison  of  distributions  5  with  2  and  4  with  ?  sug¬ 
gests  that  the  flow  carries  information  from  previous 
locations;  when  the  flow  moves  upwards,  the  probabili¬ 
ty  characteristics  are  similar  tc  those  measured  at 
lower  regions;  when  the  flow  moves  downwards,  the 
probability  characteristics  correspond  to  those  in 
upper  regions.  The  most  probable  velocities  of  dis¬ 
tributions  4  and  5  correspond  closely  tc  the  two  small 
kinks  of  distribution  1 . 

4.  DISCUSSION 

The  profile  c  of  Fig.  2 ( i )  indicates  that  the 
zero  velocity  streamline  beginning  at  the  front  edge 
of  the  block  has  a  reduction  in  height  (zero  velocity 
at  y/H  of  1.10  compared  with  y/H  of  1.34  at  the  trai¬ 
ling  edge)  caused  by  the  sudden  pressure  decrease  be¬ 
hind  the  block.  The  zero  velocity  line  is  still  at 
y/H  of  1.10  at  x/H  of  6  and  moves  to  the  reattachment 
point  which,  for  this  case  (f/H  *  0.55),  is  approxi¬ 
mately  12. 3H  behind  the  leading  face  of  the  rib.  The 
shape  of  profile  f,  figure  2  (i)  ,  obtained  13H  down- 


stream,  indicates  that  the  mean  velocity  at  this 
location  has  already  been  entirely  positive  for 
»ome  distance.  For  a  boundary  layer  thickness  to 
block  height  ratio  of  0.34  {distance  from  the  trip 
■  187.3  mo)  the  measured  recirculation  length  was 
around  12. 9H  and  indicates  the  small  influence  of 
6/H.  The  measured  reattachment  distances  are  smal¬ 
ler  than  those  presented  by  Good  and  Joubert  and 
Sakamoto  et  al  and  this  cannot  be  explained  by  the 
differences  in  the  ratio  of  boundary  layer  thickness 
to  block  height  <0.34  and  0.55  in  the  present  case 
compared  with  0.612  and  0.427).  However,  it  has 
also  been  found  that  the  rib  width  has  a  much  larger 
effect  on  the  length  of  the  recirculation  zone 
length;  for  6/H  =  0.55  and  L/H  =  3  (i.e.  L  =  70.5mm), 
the  reattachment  line  was  located  at  10. 2H  downstr^m. 
It  may  be  expected  that  the  reattachment  distance 
will  be  longer,  therefore,  for  fences  than  for  squa¬ 
re  ribs  and  to  be  much  shorter  for  a  backward-facing 
step.  The  difference  between  the  present  results 
and  those  of  Tillman  suggests  that  differing  rib 
geometry  may  not  be  the  complete  answer;  however  the 
blockage  ratio  used  by  Tillman  was  much  larger  (117) 
and  probably  accounts  for  the  differences  with  the 
present  results. 

The  calculated  results  of  Vasilic-Melling  suggest 
that  the  length  of  the  rib  should  have  only  a  small 
influence  on  the  reattachment  length.  This  is  not 
confirmed  by  the  present  results  which  show  that  the 
trajectory  of  the  zero  velocity  streamline  is  ini¬ 
tially  dictated  by  the  rib  height  and  upstream  boun¬ 
dary  thickness,  but  the  length  of  the  top  surface 
of  the  rib  affects  the  trajectory  and  the  length 
of  downstream  recirculation.  This  is  confirmed  by 
the  slope  of  the  dividing  streamline  which,  in  Fig. 

3,  reduced  between  0.25H  and  0.5H  and  increased 
again  from  0.5H  to  1.0H;  the  increase  is  due  to  the 
presence  of  the  downstream  recirculation  zone  exten¬ 
ding  over  the  top  face  of  the  rib,  see  Fig.  1 .  The 
stronger  recirculation  region  immediately  downstream 
of  a  fence  causes  a  greater  initial  slope  of  the 
dividing  streamline  and  results  in  a  longer  reattach¬ 
ment  length  such  as  observed  by  Good  and  Joubert  and 
Sakamoto  et  al.  The  shorter  reattachment  length  of 
Bradshaw  and  Wong  (6H)  downstream  of  a  backward  fa¬ 
cing  step,  is  consistent  with  the  zero  velocity 
streamline  leaving  the  trailing  edge  almost  horizon¬ 
tally  which  conforms  with  the  above  argument.  Bet¬ 
ween  the  large  recirculation  zone  downstream  of  the 
rib  and  the  downstream  plane  of  the  rib,  a  second 
and  smaller  recirculation  region  can  be  identified, 
Fig.  2(i)c,  with  an  opposite  rotation  to  that  of 
the  main  recirculation.  At  C.5H  downstream  of  the 
downstream  face  of  the  block,  this  recirculation 
extends  vertically  to  0.7h  from  the  surface.  The 
corresponding  turbulence  intensity  profile.  Fig. 
2(i*,c  has,  therefore,  two  points  of  discontinuity 
and  two  minima. 

5.  CONCLUSIONS 

The  following  more  important  conclusions  may  be 
extracted  from  the  preceding  text. 

(1)  The  flow  characteristics  in  the  vicinity  of 
single  roughness  ribs  have  been  quantified  with  a 
laser-Doppler  anemometer.  They  show,  for  example 
and  for  the  case  of  the  23.5  mm  square  rib,  a  region 
of  upstream  recirculation  of  length  less  than  1H  and 
a  downstream  reattachment  of  around  12.3H;  the  down¬ 
stream  region  of  recirculation  contains  two  vortices 


of  opposite  sense.  An  influence  of  boundary- layer 
thickness  to  block  height  ratio  on  the  recirculation 
length  has  been  detected  but  is  much  less  than  that 
due  to  the  length  to  height  ratio  of  the  rib. 

(2)  The  trajectory  of  the  streamline  dividing  forward 
from  backward  flow  is  clearly  influenced  by  the  length 
of  the  rib  and  confirms  that  in  contrast  of  previous 
calculations,  the  reattachment  length  should  be  dif¬ 
ferent  for  a  rib  and  a  fence. 

(3)  In  the  vicinity  of  the  shear  layer  above  the  rib, 
hot-wire  measurements  indicate  small  peaks  in  the 
energy  spectra  and  rapid  changes  in  the  skewness  fac¬ 
tor  which  would  not  be  represented  by  eddy-viscosity 
type  models  of  turbulence. 
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ABSTRACT 

This  paper  presents  an  experimental  investi¬ 
gation  of  the  flow  past  a  hemisphere-cylinder  (a 
circle  whose  lower  half  is  replaced  by  a  circular 
cylinder).  The  experiment  was  carried  out  in  an 
N.  P.  L.  blow-down  type  wind  tunnel  having  a  work¬ 
ing  section  of  400  x  400  x  2000  mm  in  size  at  the 
Reynolds  number  4.74  x  lO4. 

The  drag  and  lift  coefficients  were  determin¬ 
ed  by  integration  of  the  surface  pressure.  It  was 
found  that  the  drag  coefficient  of  a  sphere  placed 
on  a  ground  plane  is  deducted  7.5  percent  by  fit¬ 
ting  up  the  lower  half  of  sphere  with  a  cylindri¬ 
cal  skirt.  The  velocity  and  pressure  distribu¬ 
tions  and  turbulence  intensities  in  the  turbulent 
shear  flow  behind  a  hemisphere-cylinder  were  mea¬ 
sured.  Since  a  hemisphere-cylinder  is  seen  to  be 
a  hybrid  of  sphere  and  circular  cylinder  of  aspect 
ratio  one,  the  results  of  a  hemisphere-cylinder 
were  compared  with  those  of  a  sphere  and  a  circu¬ 
lar  cylinder  of  aspect  ratio  one. 

1.  NOMENCLATURE 

b  s  Position  of  peak  velocity  defect  [mm] 

Co  :  Drag  coefficient 
Cl  :  Lift  coefficient 

Cp  :  Pressure  coefficient  «  (P-P®)/ (pU2®/2) 

D  :  Diameter  of  cylinder  [mm] 

H  :  Height  of  cylinder  [mm] 
n  :  Frequency  of  vortex  shedding  [Hz] 

P  :  Static  pressure  [Pa] 

P*  i  Free-stream  pressure  [Pa] 

Po  s  Stagnation  pressure  IPa] 
r  !  Radial  distance  from  center  axis  of 
cylinder  [mm] 

Re  i  Reynolds  number  «  U„D/v 
St  i  Strouhal  number  *  nD/U<* 

U  s  Time-mean  velocity  in  X-direction  [m/s] 

U®  :  Free-stream  velocity  [m/s] 
u',v',w'  i  Velocity  fluctuation  in  X,  Y,  Z 
direction  [m/s] 

X,  Y,  Z  :  Coordinates  axes  [mm] 
a  :  Latitude  angle  [degree] 

6  •  Thickness  of  shear  layer  [mm] 

6  :  Longitude  angle  Idegree] 

v  :  Kinematic  viscosity  of  air  [mJ/s] 
c  :  Density  of  air  [kg/m3] 

2.  INTRODUCTION 

Most  of  the  investigations  of  the  flow  past  a 
three-dimensional  bluff  body  placed  on  a  ground 
plane  have  been  performed  concerning  with  build¬ 


ings,  cooling  towers,  stacks,  and  other  structures. 
The  bodies  hitherto  investigated  are  divided  mainly 
into  two  groups  :  the  tall  bodies  of  high  aspect 
ratio  H/D  (for  example,  tall  building,  stack)  and 
the  short  bodies  of  low  aspect  ratio  (for  example, 
sphere,  short  circular  cylinder).  Hunt  [1]  studied 
the  flow  past  a  building,  Peterka-Cermak  [2]  mea- 
su  -d  the  mean  velocity  defect  and  turbulence  in 
the  wake  behind  a  building,  and  Okamoto-Yagita  [3] 
investigated  the  flow  past  a  circular  cylinder  of 
finite  length  placed  on  a  ground  plane. 

On  the  other  hand,  Schlichting  [4]  studied  tr.e 
flow  past  a  sphere  concerning  with  the  surface 
roughness,  Klemin-Schaefer-Beerer [ 5]  measured  the 
drag  of  a  sphere  placed  on  a  ground  plane,  and 
Okamoto  [6]  investigated  the  flow  past  a  sphere 
placed  on  a  ground  plane.  Moreover,  Sforza-Mons 
[7]  studied  the  wall  wake  behind  a  rectangular  plate 
placed  on  the  leading  edge  of  a  flat  plate,  and 
Okamoto  et  al.  [8]  investigated  the  flow  past  a 
cone  placed  on  a  ground  plane.  Among  the  bodies  of 
low  aspect  ratio,  sphere,  circular  cylinder,  and 
hemisphere-cylinder  (a  sphere  whose  lower  half  is 
replaced  by  a  circular  cylinder)  are  often  seen  at 
the  fuel-tank  yards  and  the  electric  power  plants. 

This  paper  presents  an  experimental  investi¬ 
gation  of  the  flow  past  a  hemisphere-cylinder. 

Since  a  hemisphere-cylinder  is  seen  to  be  the 
hybrid  of  sphere  and  circular  cylinder,  the  result 
of  a  hemisphere-cylinder  was  compared  with  that  of 
a  sphere  and  a  circular  cylinder  of  aspect  ratio 
one,  which  was  measured  in  this  experiment. 

3.  EXPERIMENTAL  APPARATUS  AND  PROCEDURE  OF  MEASURE¬ 
MENT 

The  experiment  was  carried  out  in  an  N.  P.  L. 
blow-down  type  wind-tunnel  having  a  400  x  400  mm 
working  section  of  2000  mm  length.  The  ground  plate, 
an  aluminium  plate  of  4  mm  thickness,  was  set  with 
a  spacing  of  25  mm  from  the  lower  wall  of  the  tunnel 


Fig.  1.  Schema  of  apparatus  and  nomenclature 
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exit  in  order  to  avoid  the  boundary  layer  developed 
on  the  tunnel  wall,  as  shown  in  Fig.  1.  The  model 
was  placed  at  downstream  distance  500  ran  from  the 
leading  edge  of  the  ground  plate.  The  thickness  of 
boundary  layer  at  the  model  position  was  about  4  mm. 

The  origin  of  coordinates  was  taken  at  the  bot¬ 
tom  center  of  the  model  with  the  X-axis  facing  down¬ 
stream,  the  Y-axis  to  the  right  of  downstream,  and 
the  Z-axis  vertically. 

A  hemisphere-cylinder  and  a  circular  cylinder 
used  in  this  experiment  are  shown  in  Fig.  2.  Two 
kinds  of  model  of  70  ran  and  40  mm  diameter  were  used, 
the  former  being  used  for  measurement  of  the  surface 
pressure  and  the  latter  used  for  measurements  of 
velocity,  static  pressure,  and  turbulence  intesity 
of  the  flow.  There  was  no  blockage  effect  even  for 
a  model  of  70  mm  diameter,  because  the  blockage  ratio 
in  this  case  was  0.026  which  is  less  than  the  limit¬ 
ing  value  0.05  obtained  by  Farell  et  al.  [ 9 J . 

The  pressure  holes  of  0.5  mm  diameter  were  bored 
with  the  angular  spacing  of  a*10  degree  on  the  sur¬ 
face  of  a  hemisphere-cylinder  in  the  vertical  plane 
6*0.  Measurements  of  the  surface  pressures  for  any 
values  of  6  were  done  by  rotating  the  model  about 
the  vertical  Z-axis.  The  surface  pressures  on  a  cir¬ 
cular  cylinder  were  measured  through  the  pressure 
holes  of  0.5  mm  diameter  bored  with  7  mm  vertical 
spacing  on  the  surface  in  the  vertical  plane  e=0. 

The  velocity  vector  was  obtained  by  use  of  a 
cylindrical  yawmeter  of  6  mm  diameter.  The  time- 
mean  velocity  and  the  static  pressure  were  measured 
by  use  of  a  Pitot  and  static-pressure  tube  of  1  mm 
diameter,  and  turbulence  was  measured  by  a  hot 
wire  anemometer  of  constant  temperature  type.  The 
flow  behind  a  cylinder  was  measured  at  various  dis¬ 
tances  X/D*l~14  at  the  Reynolds  number  of  4.74  x  104  . 


Fig.  3.  Surface  pressure  distribution  on  upper 

hemispherical  part  of  hemisphere-cylinder 


Fig.  4.  Surface  pressure  distribution  on  lower 
cylindrical  part  of  hemisphere-cylinder 
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Fig.  2.  Models 
4.  EXPERIMENTAL  RESULTS 
4.  1.  Surface  Pressure 


The  surface-pressure  distribution  on  the  upper 
hemispherical  part  and  the  lower  cylindrical  part 
of  a  hemisphere-cylinder  are  shown  in  Figs.  3  and  4 
respectively,  in  which  the  dotted  lines  represent 
the  theoretical  value  Cp=l- (9/4) sin‘8  of  a  sphere 
in  the  absence  of  a  ground  plane  and  Cp=l-4sin2S  of 
a  two-dimensional  circular  cylinder  obtained  by  the 
potential-flow  theory.  The  pressure  distributions 
on  the  cylindrical  surface  and  the  top  surface  of  a 
circular  cylinder  of  H/D«l  placed  on  a  ground  plane 
are  shown  in  Figs.  5  and  6  respectively. 

The  dimensionless  surface  pressures  (P-P«,)/(Po-P») 
at  9«0  are  shown  in  Fig.  7,  from  which  the  stagnation 
point  is  seen  to  be  located  at  Z/D*0.45  for  three 
bodies.  This  location  of  the  stagnation  point  is 
slightly  low  compared  with  Z/D«0.6  for  two-dimensional 
fence  measured  by  Good-Joubert  (10].  It  should  be 
noted  that  the  pressure  on  the  hemispherical  surface 
of  a  hemisphere-cylinder  at  8«0  agrees  with  that  of 
a  sphere  and  the  pressure  on  the  lower  cylindrical 


•ig.  5.  Pressure  distribution  on  cylindrical 
surface  of  circular  cylinder 


Fig.  6.  Pressure  distribution  on  top  surface 
of  circular  cylinder 
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e-160  deg. 


Fig.  9.  Separation  line  on  hemisphere-cylinder 


Fig.  10.  Separation  lines  on 
bluff  bodies 


Fig.  11.  Separation  lins 
on  ground  plate 


surface  is  close  to  that  of  a  circular  cylinder  of 
H/D=l,  while  the  pressure  at  6»180  degree  is  nearly 
equal  for  three  bodies,  as  seen  in  Fig.  8. 

Fig.  9  shows  the  separation  line  obtained  by 
an  oil  film  technique  of  visualization.  It  is  found 
that  the  separation. line  of  a  hemisphere-cylinder 
is  close  to  that  of  a  circular  cylinder,  but  greatly 
different  from  that  of  a  sphere,  as  shown  in  Fig.  10. 


4.2.  Drag  and  Lift 


The  drag  and  lift  coefficients  of  a  hemisphere- 
cylinder  are  determined  from  the  surface  pressure 
by  following  equations. 

2  fTf* 

Cq“  I  |  Cp  co sJa  cosSdadB  for  hemispherical  part 


0  Jo 

Cp  cosSdSd (Z/0) 


for  cylindrical  part 


CL-  -•jLj  j  Cp  sin  2adade  for  hemispherical  part 

Jo 

The  above-mentioned  drag  is,  strictly  speaking,  the 
pressure  drag,  but  it  may  be  seen  to  be  the  total 
drag,  because  the  frictional  drag  of  a  hemisphere- 
cylinder  is  negligible  compared  with  the  pressure 
drag.  The  values  of  Cd  and  of  hemisphere-cylinder, 
sphere,  and  circular  cylinder  of  H/D«l  are  shown  in 
Table  1. 

Table  1.  Values  of  drag  and  lift  coefficients 


Bluff  bodies 

CD 

Cl 

Hemisphere-cylinder 

0.580 

0.470 

Circular  cylinder 

0.698 

0.775 

Sphere  [6] 

0.627 

_ 

0.242 

It  is  found  that  the  drag  is  smallest  for  a  hemi¬ 
sphere-cylinder  and  the  lift  is  greatest  for  a 
circular  cylinder  of  H/D«l  among  three  bodies. 

It  is  noteworthy  that  the  drag  coefficient  of  a 
sphere  placed  on  a  ground  plane  is  deducted  7.5 
percent  and  the  lift  coefficient  is  increased 
about  94  percent  by  fitting  up  the  lower  half  of 
sphere  with  a  cylindrical  skirt. 

The  drag  coefficient  of  a  sphere  at  the 
subcritical  Reynolds  number  (Re=4.74  x  10*4 )  is 
increased  30.6  persent  by  the  presence  of  a  ground 
plate.  An  increase  of  CD  due  to  the  presence  of  a 
ground  plane  was  pointed  out  by  Klemin  et  al.  [5], 
whose  experiment  of  a  sphere  of  609.6  mm  diameter 
at  the  supercritical  Reynolds  number  (Re“1.69  x  10 - ) 
gave  an  increase  186.5  percent  of  Cd  by  the  presence 
of  a  gound  plane  and  a  collor.  An  increase  of  Cd 
of  a  sphere  due  to  the  presence  of  a  ground  plane 
seems  to  be  remarkable  at  the  supercritical  Reynolds 
numbers  compared  with  at  the  subcritical  Reynolds 
numbers.  The  drag  coefficients  Cd“0.698  of  a 
circular  cylinder  of  H/D=l  is  in  good  agreement 
with  Cd=0.7O  by  Okamoto-Yagita  13]. 

4 .  3.  Vortices 


It  has  been  known  from  the  experiments  of  a 
cone  [8]  and  a  sphere  [6]  placed  on  a  ground  plane 
that  there  exist  the  vortices  of  two  kinds  : 

(1)  The  horse-shoe  vortices  generated  at  the 
corner  between  the  frontal  face  of  obstacle 
and  a  ground  plane.. 

(2)  The  arch  vortices  generated  behind  the  separa¬ 
tion  line  on  the  surface  of  obstacle. 

The  separation,  which  induces  the  horse-shoe  vorti¬ 
ces,  occurs  on  the  ground  plate,  as  shown  in  Fig.  11. 
The  separation  line  for  a  hemisphere-cylinder  is 
close  to  that  of  a  circular  cylinder,  but  different 
from  that  of  a  sphere. 

The  arch  vortices  are  shed  downstream,  inclined 
and  fallen  down  on  the  ground  plane  by  a  strong 
downwash  behind  the  obstacle.  The  movement  of  the 
arch  vortices  can  be  surmised  from  the  pressure 
distribution  on  the  ground  plane  shown  in  Fig.  12. 
There  are  a  pair  of  portions  of  lowest  pressure,  at 
which  the  roots  of  arch  vortex  are  seen  to  be  atta¬ 
ched  to  the  ground  plane.  The  position  of  root  of 
an  arch  vortex  is  shown  in  Table  2.  It  is  hence 
supposed  that  the  arch  vortex  rotates  about  the 
attachment  points  and  falls  down. 
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hemisphere-cylinder  circular  cylinder  sphere 
Fig.  12.  Static  pressure  distribution  on  ground  plate 


Table  2.  Position  of  roots  of  arch  vortices 


Bluff  bodies 

X/D 

Y/D 

Hemisphere-cylinder 

0.95 

0.30 

Circular  cylinder 

0.90 

0.50 

Sphere  [6] 

0.86 

■ 

0.35 

Fig.  13.  Horse-shoe  vortices 


The  vortices  generation  was  visualized  by  the 
ink  shedding  in  the  water  tank  at  the  Reynolds  number 
Re»1.06  x  103.  The  horse-shoe  and  arch  vortices  in 
the  case  of  a  hemisphere-cylinder  are  shown  in  Figs. 
13  and  14  respectively.  Fig.  14  illustrates  that 
the  arch  vortices  incline  and  fall  down. 

The  Strouhal  number  of  the  arch  vortex  shedding 
measured  by  a  hot-wire  anemometer  is  shewn  in  Table 
3.  It  is  found  that  the  Strouhal  number  for  a  hemi¬ 
sphere-cylinder  is  small  compared  with  that  for  a 
circular  cylinder  and  a  sphere. 

Table  3.  Strouhal  number  of  arch  vortex  shedding 


Bluff  bodies 

St«nD/U» 

Hemisphere- cylinder 

0.152 

Circular  cylinder 

0.225 

Sphere  [6) 

0.222 

The  recirculation  region  is  formed  behind  an 
obstacle.  Because  of  a  strong  downwash  behind  a 
hemisphere-cylinder,  the  recirculation  region  is 
remarkably  reduced  compared  with  a  two-dimensional 
fence.  The  position  of  highest  pressure  on  the 
ground  plane  is  seen  to  be  the  point  of  reattach¬ 
ment  of  the  outer  streamline  enclosing  the  recir¬ 
culation  region.  The  reattachment  point  is  the 
rear  end  of  recirculation  region,  which  are  shown 
in  Table  4.  It  is  found  that  the  recirculation 
region  is  reduced  for  a  hemisphere-cylinder  compared 
with  a  sphere  and  a  circular  cylinder.  The  rear  end 
of  recirculation  region  is  located  at  X/D=2.0  for  a 
hemisphere-cylinder,  while  X/D=13.2  for  two-dimensio¬ 
nal  fence  according  to  Good-Joubert 's  experiment  [10). 

Table  4.  Reattachment  point 


Bluff  bodies 

X/D 

j  Hemisphere-cylinder 
Circular  cylinder 
Sphere  [6] 

2.00 

2.92 

2.50 

4.  4. Shear  Laver  Behind  Bluff  Body 

Fig.  15  shows  the  distribution  of  velocity  vec¬ 
tor  past  a  hemisphere-cylinder  in  the  center  section 
(Y=0 ) .  It  is  found  from  this  figure  that  the  recir¬ 
culation  region  ends  at  X/D=2.0,  as  surmised  from 
the  pressure  distribution  on  the  ground  plane,  and 
the  turbulent  shear  layer  is  formed  along  the  ground 


x  p 

Fig.  15.  Distribution  of  velocity  vector 
in  center  section  (Y-0) 


Fig.  14.  Arch  vortices 


Fig.  16  Thickness  of  shear  layer 
in  center  section  (Y»0) 


Fig.  19  shows  the  position  (Y»b)  of  peak  velo¬ 
city  defect,  which  is  expressed  as 

b/D-0.21(X/D)0-8** 

for  hemisphere-cylinder  and  circular  cylinder,  while 
b/D-0.26(X/D)°-69 

for  sphere.  It  is  found  from  Figs.  16  and  19  that 
the  wall  wake  behind  an  three-dimensional  obstacle 
becomes  thin  and  spreads  transversely  with  increa¬ 
sing  the  downstream  distance.  This  change  in  the 
wall  wake  can  be  seen  obviously  from  the  lines  of 
(U«-U)/Ua>*0.10  shown  in  Fig.  20. 


Fig.  16  shows  the  thickness  of  shear  layer  in 
the  center  section  (Y«0) ,  which  is  expressed  as 

«/D=1.63(X/Df°-4° 

for  three  bluff  bodies.  It  follows  that  the  wall 
wake  behind  a  three-dimensional  obstacle  becomes 
thin  with  an  increase  in  the  downstream  distance. 

4 .  5.  Velocity  Defect  in  Horizontal  Center  Section 
(Z/D-0 , 5) 

Fig.  17  shows  the  distribution  of  mean  velocity 
defect  in  the  horizontal  center  section  (Z/D=0.5). 

The  position  of  peak  velocity  defect  are  shifted  in 
the  Y-direction  with  an  increase  in  the  downstream 
distance.  Fig.  18  shows  the  velocity  defect  in  the 
center  section  (Y*0),  which  is  expressed  as 

(U»-U)/U.»=0.95(X/Dr1-  62 

at  X/D>3.0  Tor  three  bluff  bodies.  This  is  close 
to  Hunt's  result  :  (U«-U) /umofX_1  ■  5  for  the  wake 

behind  a  building  II]. 


Fig.  17.  Profiles  of 
velocity  defect  in 
horizontal  center 
section  (Z/D*0.5) 


Fig,  18.  Velocity  defect  in 
center  section  (Y*0,  Z/D=0.5) 


Fig.  20.  Lines  of 
(U»-U)/U»=0.10 


Fig.  21.  Turbulence  intensity 
in  X-direction  (Z/D=0.5) 


Fig.  19.  Position  of  peak 
velocity  defect  (Z/D*0.5) 


Fig.  22.  Turbulence 

intensity  in  Y-dire-  Fig.  23.  Turbulence  intensity 
ction  (Z/D*0.5)  in  Z-direction  (Z/D*0.S) 
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4.  6.  Turbulence  Intensities  in  Horizontal  Center 
Section  12/D»0.5) 

Figs.  21,  22  and  23  show  the  turbulence  inten¬ 
sities  in  the  X-,  Y-,  and  z-directions  in  the  hori¬ 
zontal  center  section  (2/D*0.5)  respectively.  The 
position  of  the  peak  turbulence  intensity  is  shifted 
in  the  Y-direction  with  increasing  the  downstream 
distance.  The  peak  turbulence  intensities  in  the 
X— ,  Y-  and  Z-directions  occur  at  Y/D»1.00,  0.80  and 
1.00  for  X/D«5,  and  at  Y/D*1.58,  1.50  and  1.45  for 
X/D“10  respectively. 

Fig.  24  shows  the  decay  of  the  X-component  of 
turbulence  intensity  in  the  center  section  (Y-0) , 
which  is  expressed  as 

(p/UJ.^XAX-1'-0. 

where  A*0.85  for  hemisphere-cylinder,  and  A*0.69 
for  circular  cylinder  and  sphere.  Fig.  25  shows 
the  decay  of  the  Y-component  of  turbulence  intensity, 
which  is  expressed  as 

(f^/UJ.-BtX/Dr1- 37 , 

where  B=1.05  for  hemisphere-cylinder  and  circular 
cylinder,  and  B=0.57  for  sphere.  Fig.  26  shows  the 
decay  of  the  Z-component  of  turbulence  intensity, 
which  is  expressed  as 


5.  CONCLUSION 

The  experimental  results  are  summarized  as 
follows  : 

(1)  The  drag  is  smallest  for  a  hemisphere-cylinder 
and  the  lift  is  largest  for  a  circular  cylinder 
among  three  bluff  bodies. 

(2)  The  strouhal  number  of  arch  vortex  shedding 
is  0.152  for  a  hemisphere-cylinder,  while  it  is 
0.225  for  a  circular  cylinder  and  0.222  for  a  sphere. 

(3)  The  thickness  of  shear  layer  behind  a  hemi¬ 
sphere-cylinder  in  the  center  section  (Y«0)  is  equal 
to  that  of  a  circular  cylinder  and  a  sphere. 

(4)  The  velocity  defect  in  the  center  section  (Y«0, 
Z/D*0.5)  of  a  hemisphere-cylinder  is  nearly  equal 

to  that  of  a  circular  cylinder  and  a  sphere. 

(5)  The  decay  of  the  X-  and  Z-components  of  turbu¬ 
lence  intensity  in  the  section  (Z/D*0.5)  of  a  hemi¬ 
sphere-cylinder  are  nearly  equal  to  that  of  a  cir¬ 
cular  cylinder  and  a  sphere.  And  the  decay  of  the 
Y-component  of  turbulence  intensity  is  nearly  equal 
to  that  of  a  circular  cylinder,  out  different  from 
that  of  a  sphere. 
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for  three  bodies. 

It  follows  that  the  decay  of  the  X-  and  Z- 
cnmponents  of  turbulence  intensity  in  the  section 
U/D=0.5)  for  a  hemisphere-cylinder  are  nearly  equal 
to  that  of  a  circular  cylinder  and  a  sphere,  and  the 
decay  of  Y-component  of  turbulence  intensity  of  a 
hemisphere-cylinder  is  nearly  equal  to  that  of  a 
circular  cylinder,  but  different  from  that  of  a 
sphere. 


Fig.  24.  Decay  of  X- 
component  of  turbulence 
intensity  {Y»0,  Z/D=0.5) 


Fig.  25.  Decay  of  Y- 
component  of  turbulence 
intensity  (Y=0,  Z/D*=0.5) 
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Fig.  26.  Decay  of  Z- 
component  of  turbulence 
intensity  (Y*0,  Z/D*0.5) 
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ABSTRACT 

Low-frequency  unsteadiness  of  a  reattaching 
shear  layer  was  studied  In  the  flow  behind  a 
backward-facing  step.  Spectral  data  from  a  hot-wire 
probe  showed  that  a  substantial  fraction  of  the 
■ensured  turbulence  Intensity  occurs  at  frequencies 
significantly  lower  than  the  large  eddy  passing 
frequency.  Several  thermal  tuft  probes  were  used 
simultaneously  to  identify  the  source  of  the  low- 
frequency  disturbances.  It  was  concluded  that  the 
reattaching  free  shear  layer  undergoes  a  non¬ 
periodic  flapping  motion.  The  flapping  causes  the 
Impingement  point  of  the  reattaching  shear  layer  to 
drift  slowly  up-  and  downstream  over  a  range  of 
approximately  two  step  heights.  The  likely  cause  of 
the  low-frequency  flapping  is  an  Instantaneous  im¬ 
balance  between  the  entrainment  rate  from  the 
recirculation  zone  and  the  reinjection  rate  near 
reattachment.  The  existence  of  the  low-frequency 
motions  must  be  addressed  by  future  model  devel¬ 
opers. 

NOMENCLATURE 

F  Frequency  (Hz), 

h  Step  height  «  5.08  cm. 

Inlet  free  stxeam  velocity, 
x  Streamwlse  coordinate. 

xR  Time  mean  reattachment  location. 

Y  Percent  of  time  that  flow  is  in  downstream 

direction. 

6  Momentum  thickness. 

INTRODUCTION 

In  this  paper  we  shall  discuss  our  observations 
and  measurements  of  low-frequency  motions  of  a  reat¬ 
taching  shear  layer  in  the  flow  behind  a  backward¬ 
facing  step.  Low-frequency  motions  are  defined  as 
those  motions  having  time  and  length  scales  much 
longej  than  the  scales  of  a  typical  large,  turbulent 
eddy.  The  time  scale  for  a  large  eddy  In  a 
separated  shear  layer  is  approximately  equal  to  the 
shear  layer  thickness  divided  by  one-half  of  the 
free  stream  velocity.  The  length  of  a  separation 
bubble  is  typically  5  to  10  times  the  shear  layer 
thickness.  Therefore  the  low  frequency  motions  have 
tine  scales  which  are  greater  than  or  equal  to  the 
time  it  takes  the  free  stream  to  pass  over  the  sepa¬ 
ration  bubble. 

It  has  long  been  recognized  that  low-frequency 

unsteadiness  can  occur  in  separation  bubbles  bounded 
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by  turbulent  free  shear  layers.  "Jitter"  of  the 
separation  point  is  frequently  reported  in  airfoil 
experiments  [1]  and  transitory  stall  behavior  is  a 
well-known  but  poorly  understood  example  of  very 
large-scale,  low-frequency  unsteadiness  [2],  In 
general,  low-frequency  unsteadiness  has  been  regar¬ 
ded  as  a  nuisance  rather  than  a  topic  of  scientific 
interest.  To  date,  there  have  been  few  studies  of 
long  time-scale  motions  of  separation  bubbles. 
However,  low-frequency  unsteadiness  can  cause  sig¬ 
nificant  difficulties  in  engineering  equipment  such 
as  combustors  and  wind  tunnel  nozzles.  It  is  also  a 
major  source  of  uncertainty  in  single-sample  mea¬ 
surements  with  relatively  short  averaging  times. 

Perhaps  more  important  is  the  fact  that  low- 
frequency  unsteadiness  causes  significant  difficul¬ 
ties  in  the  measurement,  understanding  and  modeling 
of  turbulent  separated  flows.  Unsteadiness  has  gone 
unrecognized  in  many  previous  experiments  and  has, 
we  believe,  contaminated  the  available  data  base. 
For  example,  it  has  often  been  stated  that  the 
structure  of  a  reattaching  free  shear  layer  is 
fundamentally  different  from  a  plane-mixing  layer. 
The  i  -r  evidence  for  this  conclusion  is  that  the 
measured  turbulence  intensity  is  considerably  higher 
in  a  reattaching  free  shear  layer.  It  is  the  au¬ 
thors  '  contention  [3]  that  this  measured  difference 
is  caused  largely  by  low-frequency  unsteadiness  in 
reattaching  flows  which  has  little  real  effect  on 
the  basic  structure  of  the  free  shear  layer. 

The  contamination  of  turbulence  data  bv  low- 
frequency  unsteadiness  could  have  serious  consequen¬ 
ces  for  computational  fluid  mechanics.  In  general, 
turbulence  models  attempt  to  represent  the  effects 
of  eddies  up  to  the  scale  of  the  typical  "large 
eddy"  described  above.  However,  turbulence  data 
which  are  used  for  calibration  of  models  may  be 
strongly  biased  by  low-frequency  contributions.  It 
would  then  be  impossible  to  rationally  compare  model 
results  to  data. 

The  backward-facing  step  flow  has  usually  been 
considered  immune  from  low-frequency  unsteadiness  of 
significant  magnitude  because  the  separation  line  is 
fixed  at  the  sharp  corner.  It  was  felt  that  most 
unsteadiness  of  separation  bubbles  is  related  to  a 
wandering  separation  point.  Tani  et  al  [«]  and 
Chandrsuda  [5)  both  determined  that  low  frequency 
motions  were  not  present  in  their  back-step  flows  by 
examining  the  fluctuations  of  manometers  attached  to 
static  taps  in  the  separated  zone.  However,  during 
the  course  of  a  recent  study  of  the  backward-facing 
step  flow  [b),  we  found  significant  evidence  of  low- 


*Here  we  refer  to  large  turbulent  eddies  as  the  largest  structures  visible  in  flow  visualization.  These 
typically  have  a  length  scale  comparable  to  the  shear-layer  thickness. 
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frequency  motions  which  were  affecting  the  time- 
averaged  data.  This  led  us  to  concentrate  in  the 
present  study  on  understanding  low-frequency  un¬ 
steadiness  . 

Long  time  scale  motions  in  backward-facing  step 
flows  have  not  been  explicitly  studied  prior  to  this 
work.  Low-f : equency  flapping  of  a  plane  Jet  has 
been  studied  by  Goldschmidt  and  Bradshaw  [7]  and  by 
de  Gortari  [8].  They  found  that  the  flapping  was 
quasi-periodlc  and  had  an  amplitude  of  approxlma tely 
20%  of  the  jet  half  width.  A  number  of  other  work¬ 
ers  have  investigated  low  frequency  oscillations  in 
cavity  flows  (c.f.  Rockwell  and  Naudascher  [9]), 
Knisely  and  Rockwell  [10]  concluded  that  low  fre¬ 
quency  oscillations  of  a  cavity  flow  are  caused  by 
feedback  of  disturbances  from  the  impingement  point 
which  are  then  amplified  in  the  free  shear  layer. 
Rockwell  [11]  suggested  that  a  similar  mechanism  may 
cause  low  frequency  motions  in  the  backward-facing 
step  flow.  McGuinness  [12]  observed  low-frequency 
pressure  fluctuations  in  the  separation  bubble  at  a 
pipe  entrance.  He  concluded  from  spectral  data  that 
these  fluctuations  were  caused  by  eddies  moving  up¬ 
stream  in  the  low  speed  recirculating  flow.  How¬ 
ever,  his  flow  visualization  work  did  not  confirm 
this  conclusion. 

OBJECTIVES 

The  objective  of  the  present  study  is  to 
understand  the  nature  and  cause  of  low-frequency 
motions  of  separation  bubbles.  We  hope  to  obtain 
data  to  gauge  the  effects  of  unsteadiness  on  time- 
averaged  turbulence  data.  We  also  hope  to  better 
understand  how  very  low-frequency  unsteadiness  can 
be  accounted  for  in  turbulence  models  which  cur¬ 
rently  ignore  its  presence. 

METHODS 

The  experiments  were  conducted  in  the  same  low 
speed  air  flow  facility  used  by  Eaton  and  Johnston 
[13]  (see  Figure  1).  After  a  short  entrance  duct  to 
develop  turbulent  boundary  layers  the  flow  passes 
through  a  two  dimensional  sudden  expansion  of  area 
ratio  3:5.  The  step  height  was  set  at  5.04  cm  which 
gave  an  aspect  ratio  (channel  span/step  height  of 
12).  The  inlet  free  stream  velocity  was  approxi¬ 
mately  12  m/s  for  most  of  the  measurements  reported 
here.  At  that  inlet  speed  the  boundary  layer  at 
separation  was  approximately  0.2  step  heights  thick 
and  turbulent.  The  momentum  thickness  Reynolds  num¬ 
ber  of  the  boundary  layer  was  950  indicating  that 
the  boundary  layer  was  not  fully  turbulent.  Mean 
velocity  and  turbulence  intensity  profiles  however 
did  appear  quite  similar  to  an  ordinary  turbulent 
boundary  layer. 

Mean  velocity  and  turbulence  data  for  this  flow 
were  reported  in  references  fc  and  13.  The  measure¬ 
ments  indicated  that  two-dimensionality  in  the  chan¬ 
nel  was  good;  mass  and  momentum  balances  for  an 
Integral  control  volume  around  the  entire  separation 
bubble  showed  balance  to  within  0.5%  and  1.7%  of  the 


inlet  mass  and  momentum  flux,  respectively.  How¬ 
ever,  We6tphal  and  Johnston  [14]  in  later  measure¬ 
ments  using  the  same  facility  found  a  narrow  region 
near  the  channel  centerline  where  the  spanwise 
velocity  profile  wa6  non-uniform.  Although  this 
non-uniformity  may  have  affected  some  of  the  quanti¬ 
tative  data.  It  is  doubtful  that  it  had  a  signifi¬ 
cant  effect  on  the  results  reported  here. 

It  wa6  desirable  to  have  a  laminar  boundary 
layer  at  separation  for  some  of  the  experiments.  In 
this  case  the  tunnel  was  run  at  an  inlet  free  stream 
velocity  of  3.26  m/s.  The  boundary  layer  at  separa¬ 
tion  was  then  laminar  with  a  thickness  of  0.9  cm  and 
a  momentum  thickness  Reynolds  number  of  240.  Tran¬ 
sition  of  the  free  shear  layer  to  turbulent  flow 
occurred  just  downstream  of  separation  despite  the 
fact  that  the  upstream  boundary  layer  was  laminar. 

The  primary  instrument  used  in  this  study  was 
the  thermal  tuft,  a  device  which  Indicates  the  in¬ 
stantaneous  flow  direction  (upstream  or  downstream) 
in  a  thin  layer  of  fluid  adjacent  to  the  wall.  A 
sketch  of  the  probe  is  shown  in  Figure  2.  The  cen¬ 
ter  wire  is  heated  with  a  DC  current  of  1.5  amperes 
to  create  a  heated  wake  which  moves  back  and  forth 
as  the  flow  direction  reverses.  The  outer  two  wires 
are  operated  as  resistance  thermometers  and  sense 
the  presence  of  the  hot  wake.  The  control  electron¬ 
ics  compare  the  temperatures  of  the  two  outer  wires 
and  give  an  output  signal  of  0  volts  or  5  volts 
depending  on  which  wire  is  hotter.  It  should  be 
noted  that  the  electronics  will  always  indicate  an 
instantaneous  flow  direction.  If  there  is  no  tem¬ 
perature  difference  between  the  wires  electronic 
noise  will  cause  the  output  to  toggle  between  0  and 
5  volts  at  high  frequency.  In  practice,  such  signal 
dropout  rarely  occurs.  The  signal  due  to  the  tem¬ 
perature  difference  is  almost  always  larger  than  the 
electronic  noise. 

Single  hotwires  were  used  for  the  measurement 
of  mean  velocity  and  turbulence  intensity  near  the 
outer  edge  of  vhe  shear  layer,  where  the  turbulence 
intensity  was  less  than  30-40%.  The  probes  were 
operated  with  a  TSI  1050  anemometer  and  the  signal 
was  linearized  with  a  TSI  Model  1052  linearizer.  A 
pulsed-wire  anemometer  [16]  was  used  for  mean  veloc¬ 
ity  and  turbulence  intensity  measurements  in  more 
highly  turbulent  regions  of  the  flow  including  the 
recirculating  region. 

RESULTS 

The  thermal  tuft  was  used  to  measure  the  per¬ 
centage  of  time  that  the  flow  near  the  wall  is  in 
the  downstream  direction.  Plots  of  this  quantity 
for  the  two  cases  (laminar  and  turbulent  boundary 
lajers  at  separation)  are  6hovn  in  Figure  3.  Also 
shown  are  ^the  time  mean  reattachment  points  for  the 
two  cases. 

The  curves  show  a  broad  region  at  least  4  step 
heights  long  where  the  near  wall  flow  can  be  in¬ 
stantaneously  moving  either  upstream  or  downstream. 


^Details  of  thermal  tuft  construction  and  operation  are  described  in  Ref.  15. 

3It  was  shown  by  Eaton  et  al.  [17)  that  the  point  of  50%  downstream  flow  is  the  same  as  the  point  of 
zero  mean  skin  function  in  reattaching  flows. 
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This  result  alone  suggests  that  large  scale  unstead¬ 
iness  Is  present  In  the  flow.  However  other  evi¬ 
dence  Is  far  more  conclusive.  Averaging  times  of 
approximately  200  seconds  were  needed  to  obtain 
converged  (±12)  data.  This  was  true  both  for  ther¬ 
mal  tuft  data  and  velocity  data.  The  largest  turbu¬ 
lent  eddies  in  the  flow  were  the  spanwise  (Brown- 
Roshko)  vortices  which  had  a  maximum  period  of 
approximately  0.06  seconds  or  l/3600th  of  the 
averaging  time.  It  was  apparent  from  statistical 
considerations  that  unsteadiness  was  present  which 
had  a  time-scale  much  greater  than  the  large-eddy 
period. 

Spectral  analysis  of  the  turbulence  data  was 
used  to  quantify  the  effect  of  low  frequency 
fluctuations  of  the  time-averaged  data.  Spectra 
were  computed  only  from  the  hot-wire  data  bacause 
the  pulsed-wire  sampling  rate  was  too  slow  to  obtain 
alias-free  spectra.  Autocorrelations  of  the  hotwire 
signal  were  obtained  using  a  Hewlett  Packard  Model 
3721A  Digital  correlator.  The  digital  autocorrela¬ 
tion  data  were  then  Fourier  transformed  to  obtain 
the  power  spectrum  of  the  velocity  fluctuations. 
The  autocorrelation  was  formed  at  100  equally  spaced 
time  delays  and  approximately  130,000  samples  were 
taken  at  each  time  delay. 

A  typical  spectrum  of  hot-wire  data  is  shown  in 
Figure  4.  This  spectrum  was  measured  near  the  outer 
edge  of  the  shear  layer  at  x/h»8,  very  close  to 
reattachment.  The  broad  peak  in  the  spectrum  at  a 
non-dimensional  frequency  of  0.063  is  caused  by 
large  spanwise  vortices  in  the  free  shear  layer. 
The  spectrum  also  shows  that  significant  turbulence 
energy  occurs  at  frequencies  much  lower  than  the 
large  eddy  frequency.  The  spectrum  in  Figure  4  and 
others  shows  that  more  than  30%  of  the  measured 

turbulence  intensity  occurred  at  non- 

dimensional  frequencies  below  0.02,  considerably 
lower  than  the  large-eddy  passage  frequency.  The 
resolution  of  the  spectra  was  not  sufficient  to 
identify  any  spectral  peaks  in  the  low-frequency 
range. 

The  above-described  results  showed  that  low- 
frequency  motions  occur  in  the  separated  flow  behind 
a  backward-facing  step.  These  motions  have  a  sig¬ 
nificant  effect  on  the  time-averaged  turbulence 
data.  Multiple  thermal  tufts  were  used  simultane¬ 
ously  in  an  effort  to  explore  the  nature  of  the  low- 
frequency  motions.  For  this  set  of  experiments  the 
tunnel  was  run  at  a  somewhat  higher  speed  resulting 
in  a  reduction  of  the  reattachment  length  to  7.6 
step  heights.  Three  thermal  tuft  probes  were  used 
at  x/h  ■  6,  8  and  9.  Thus,  all  three  probes  were 
within  the  region  where  flow  reversals  occurred  a 
significant  fraction  of  the  time.  Figure  5  is  a 
typical  record  of  output  from  two  of  the  probes 
which  shows  two  significant  trends.  First,  at  a 
given  x-location  flow  reversals  occur  in  bursts  of 
rapid  activity  separated  by  times  when  the  flow 
direction  is  relatively  steady.  During  the  bursts 
of  activity,  flow  reversals  occur  at  roughly  twice 
the  passage  frequency  of  the  largest  turbulent 
eddies.  Secondly,  we  find  that  when  a  burst  is 
occurring  at  one  location  the  output  is  relatively 
quiescent  at  the  other  location.  These  observations 
taken  together  suggest  that  a  motion  of  larger  scale 
than  the  large  turbulent  eddies  in  the  flow  must  be 
responsible  for  the  wide  region  of  instantaneous 
flow  reversal.  A  detailed  examination  of  records 


similar  to  Figure  3  shows  that  for  any  given  short 
time  interval  a  significant  number  of  flow  reversals 
occur  in  a  region  which  is  only  about  two  step 
heights  long.  However,  over  a  long  period  of  time 
flow  reversals  occur  over  a  region  which  is  approx¬ 
imately  4  step  heights  long  (see  Figure  3).  Our 
interpretation  of  the  records  is  that  the  impinge¬ 
ment  point  of  the  free  shear  layer  is  moving  slowly 
up-  and  downstream.  When  the  impingement  point  is 
centered  on  a  probe,  rapid  flow  reversals  caused  by 
the  passage  of  large  turbulence  structures  will  be 
recorded.  When  the  impingement  point  is  well  up¬ 
stream  of  the  probe,  the  "mean*'  velocity  (short-time 
average)  would  be  sufficiently  large  that  turbulent 
fluctuations  could  not  cause  flow  reversals. 

The  existence  of  large-scale,  low-frequency 
motions  6eems  to  be  irrefutable.  Given  their 
existence,  two  significant  questions  are:  (i)  are 
the  very  long  time  scale  motions  periodic  in  nature? 
and  (ii)  what  causes  the  motions?  We  attempted  to 
resolve  the  first  question  using  short-time  averages 
of  thermal  tuft  data.  The  outputs  of  the  three 
thermal  tufts  were  simultaneously  sampled  at  a  rate 
of  approximately  1300  Hz  using  a  microcomputer. 
Data  were  recorded  for  approximately  0.2  seconds, 
anc  a  number  indicating  the  fraction  of  samples 
which  indicated  downstream  flow  was  recorded  for 
each  probe.  Sampling  recommenced  after  a  very  short 
time  delay  (<  1  ms).  This  procedure  continued  for 
about  30  seconds  for  a  given  run.  Short  time- 
averaged  values  (0.2  seconds)  of  the  percent  down¬ 
stream  flow  time  (y)  were  then  available  at  each  of 
three  steamvise  locations  as  a  function  of  time. 
For  each  time  interval  a  parabola  was  fitted  to  the 
three  values  of  y  and  a  short-time-averaged  reat- 
tachment  length  computed.  We  assumed  that  the  reat¬ 
tachment  point  is  the  same  as  the  point  where  >  is 
50%.  This  assumption  was  shown  to  be  valid  by  Eaton 
et  al.  (17]  for  long- time-averaged  data.  There  is 
considerable  statistical  scatter  in  the  data  because 
the  averaging  time  of  0.2  seconds  would  typically 
include  only  about  eight  flow  reversal  cycles.  The 
short-time-averaged  data  varied  monotonical ly  fur 
every  record  examined  (several  thousand)  indicating 
that  statistical  uncertainty  at  least  did  net  cause 
absurd  results.  We  estimate  th^t  the  results  are 
within  about  ±  U.3  step  heights  of  the  actual  short- 
time-averaged  reattachraent  point. 

A  section  of  one  of  the  records  is  shown  in 
Figure  6.  The  short-time-averaged  reat tachmont 
length  varies  from  about  b.5  to  8.3  step  heights 
about  the  mean  reattachraent  length  of  7.6  step 
heights.  No  regular  periodicity  is  evident  m  the 
record  shown  or  in  any  cf  the  other  records  exam¬ 
ined.  The  record  also  shows  that  the  impingement 
point  may  remain  nearly  stationary  lor  as  long  as  .« 
second  before  moving  to  a  new  location. 

DISCUSSION  AND  CONCLUSIONS 

The  results  reported  above  show  that  low- 
frequency  motions  occur  in  reattaching  shear 
layers.  These  motions  have  time  scales  several 
times  longer  than  the  largest  turbulent  eddies  and 
make  substantial  contributions  to  measured  turbu¬ 
lence  q  entities.  Several  possible  descriptions  of 
the  nature  and  cause  of  the  low-frequency  motions 
are  discussed  below. 
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Our  own  opinion  is  that  Che  actions  are  long- 
tlBe-ecale,  non-periodic  flapping  of  the  shear 
layer.  The  flapping  causes  the  impingement  point  of 
the  reattaching  shear  layer  to  aove  up-  and  dovn- 
streaa  over  a  distance  of  at  least  two  step  heights. 
We  feel  that  the  flapping  notion  is  caused  by  an 
instantaneous  labalance  between  shear-layer  entrain- 
aent  froa  the  recirculating  zone  on  the  one  hand  and 
reinjection  of  fluid  near  reattachaent  on  the  other. 
For  example ,  an  unusual  event  may  cause  a  short-term 
breakdown  of  the  spanwise  vortices  in  the  shear 
layer.  The  entrainment  rate  would  be  temporarily 
decreased,  while  the  reinjection  rate  remained  con¬ 
stant.  This  would  cause  an  increase  in  the  volume 
of  recirculating  fluid,  thus  moving  the  shear  layer 
away  from  the  wall  and  increasing  the  short-time- 
averaged  reattachment  length.  This  conclusion  is 
strongly  supported  by  our  thermal  tuft  data,  which 
show  that  the  impingement  point  may  remain  station¬ 
ary  for  10-20  large  eddy  periods,  then  move  to 
another  location. 

Rockwell  [11]  suggested  that  the  low-frequency 
motions  may  be  flapping  of  the  shear  layer  induced 
by  feedback  of  disturbances  from  the  impingement 
point  to  the  separation  point.  The  disturbances 
would  appear  as  a  low-frequency  modulation  of  the 
shear  layer  downstream  of  separation  which  would  be 
amplified  by  the  free  shear  layer.  This  is  the 
mechanism  responsible  for  low-frequency  motions  in 
cavity  flows.  However,  the  present  flow  is  consid¬ 
erably  more  complex  than  a  cavity  flow.  Multiple 
vortex  pairings  occur  upstream  of  reattachment,  and 
the  shear-layer  impingement  point  is  not  fixed. 
Resolution  of  this  question  may  be  difficult  because 
of  these  complexities. 

A  third  possibility  is  that  a  section  of  the 
recirculating  flow  could  be  "divorced"  (or  cut  off) 
from  the  separation  bubble  by  a  large  structure 
which  reaches  the  wall  well  upstream  of  the  mean 
reattachment  point.  McGuinness  [12]  observed  that 
the  separation  bubble  was  occasionally  cut  roughly 
in  two  and  that  the  downstream  half  proceeded 
downstream  as  a  "divorced  eddy."  McGuinness 's 
observations  were  made  in  the  separation  bubble  at 
the  entrance  to  a  pipe,  using  smoke  visualization. 
Ue  have  never  observed  similar  behavior  in  several 
experiments  on  two-dimensional,  backward-facing 
steps,  although  admittedly  the  visualization  tech¬ 
niques  have  been  crude.  A  divorced  eddy  could  cause 
non-monotonic  behavior  in  the  short-time-averaged 
thermal  tuft  data.  The  flow  sweeping  to  the  wall 
would  cause  forward  flow,  while  the  divorced  eddy 
would  continue  to  cause  flow  reversals  downstream. 
Non-monotonic  behavior  was  never  observed  in  the 
large  number  of  thermal  tuft  records  we  examined. 

Intermittent  separation  on  the  wall  opposite 
the  step  could  also  cause  the  low-frequency  motions. 
Armaly  et  al.  [18]  showed  that  separation  could 
occur  on  the  opposite  wall  of  single-sided  sudden 
expansions  at  low  Reynolds  numbers.  Opposite  wall 
separation  would  cause  the  reattachment  length  on 
the  step  side  to  shorten.  This  hypothesis  was 
discounted  because  thermal  tuft  results  showed  that 
flow  reversals  never  occurred  on  the  opposite  wall 
of  the  test  section. 


the  wind  tunnel  has  undergone  two  significant  modi¬ 
fications  without  changing  the  characteristics  of 
the  unsteady  motion.  These  changes  Included  replac¬ 
ing  the  blower  and  filter  assembly,  replacing  the 
inlet  diffuser,  completely  changing  the  honeycomb 
and  screen  arrangement,  and  lengthening  the  test- 
section  inlet  section  downstream  of  the  nozzle. 
None  of  these  changes  caused  an  appreciable  change 
in  the  length  of  the  region  of  flow  reversals. 

Regardless  of  their  cause,  the  low-frequency 
motions  can  cause  serious  difficulties  for  both 
experimenters  and  modelers.  The  spectral  data 
showed  that  a  substantial  fraction  of  the  measured 
turbulence  energy  is  due  to  the  low-frequency  un¬ 
steadiness.  Unfortunately,  it  Is  not  clear  where 
the  low-frequency  unsteadiness  ends  and  the  turbu¬ 
lence  begins.  Therefore,  an  experimenter  must  be 
very  careful  to  avoid  filtering  of  low-frequency 
information.  In  addition,  comparisons  among  differ¬ 
ent  experiments  will  be  difficult  if  the  unsteadi¬ 
ness  is  wind  tunnel  dependent. 

The  low-frequency  motions  can  probably  be  ig¬ 
nored  by  modelers  if  they  need  only  time-averaged 
results.  One  would  have  to  assume  that  energy  is 
not  fed  from  the  low-frequency  motions  back  into  the 
turbulence. 

The  real  problem  arises  in  development  and 
testing  of  a  new  model.  Models  are  designed  to 
represent  a  range  of  scales  which  typify  the  turbu¬ 
lence.  If  empirical  input  is  used  which  is  biased 
by  very-low-frequency  content,  one  cannot  expect  the 
model  to  correctly  represent  the  turbulence,  A 
model  tuned  for  a  given  flow  configuration  could  not 
be  expected  to  work  well  in  another  configuration 
when  the  low-frequency  unsteadiness  is  different. 
This  problem  provides  substantial  impetus  to  further 
investigate  low-frequency  motions  of  separated  shear 
layers. 

In  summary,  our  data  show  that  a  separated  and 
reattaching  shear  layer  undergoes  a  non-periodit 
flapping  motion  of  significant  amplitude.  This 
motion  must  be  accounted  for  in  future  experimental 
and  computational  programs  if  we  hope  to  have  a  full 
understanding  of  reattaching  flows. 

ACKNOWLEDGMENT 

We  gratefully  acknowledge  the  support  of  the 
Fluid  Mechanics  Program  of  the  Engineering  Division 
of  the  National  Science  Foundation. 

REFERENCES 

1.  Owen,  F.  K. ,  and  Johnson,  D.  A.,  "Separated 
Skin  Friction  Measurements — Source  of  Error: 
An  Assessment  and  Elimination,"  ALVA  Paper  No. 
80-1409,  1980. 

2.  Smith,  C.  R.,  Jr.,  and  Kline,  S.  J.,  "An  Exper¬ 
imental  Investigation  of  the  Transitory  Stall 
Regime  in  TVo-Dimensional  Diffusers,  Including 
the  Effects  of  Periodically  Disturbed  Inlet 
Conditions,"  TASME  Journal  of  Fluids  Enineer- 
lng,  Vol.  9b(I),  1974,  pp.  11-15. 


Finally,  the  apparent  long-time  scale  could  be 
caused  by  low-frequency  perturbations  in  the  inlet 
flow.  ThiB  possibility  has  been  discounted  because 


16.20 


Eaton,  J.  K. ,  and  Johnston,  J.  P.,  "A  Review  of 
Research  on  Subsonic  Turbulent  Flow  Reattach- 
aent,"  AlAA  paper  80-1438,  to  be  published  In 
A1AA  Journal.  1981. 

Tsnl,  I.,  Iuchi,  M. ,  and  Komoda,  H.,  "Experi- 
aental  Investigation  of  Flow  Separation  Asso¬ 
ciated  with  a  Step  or  Groove,"  Report  No.  364, 
1961,  Aero  Research  Institute,  Unlv.  of  Tokyo. 

Chendrsuda,  C. ,  "A  Reattaching  Turbulent  Shear 
layer  in  Incompressible  Flow,"  Ph.D.  thesis, 
1973,  Dept,  of  Aeronautics,  Imperial  Coll,  of 
Science  and  Technology. 

Eaton,  J, ,  and  Johnston,  J.  P. ,  "An  Evaluation 
of  Data  for  the  Backward-Facing  Step  Flow," 
Report  prepared  for  the  1980-81  Conferences  on 
Complex  Turbulent  Flows,  1980,  Stanford  Unlv. 

Goldschmidt,  V.  W.,  and  Bradshaw,  P. ,  "Flapping 
of  a  Plane  Jet,"  Physics  of  Fluids.  Vol.  16, 
No.  3,  March  1973,  pp.  354-355. 

de  Cortarl,  C.  J.,  "An  Experimental  Study  of 
the  Flapping  Motion  of  a  Turbulent  Plane  Jet," 
Ph.D.  thesis,  1978,  Purdue  University. 

Rockwell,  D. ,  and  Naudascher,  E.,  "Self- 
Sustained  Oscillations  of  Impinging  Free  Shear 
layers,"  Annual  Review  of  Fluid  Mechanics,  Vol. 
11,  1979,  pp.  67-94. 

Rockwell,  D. ,  and  Knisely,  C.,  "Vortex  Edge 
Interaction  Mechanisms  for  Generating  Low- 
Frequency  Components,"  Physics  of  Fluids,  Vol. 
23,  pp.  239-240. 

Rockwell,  D. ,  private  communication,  1980. 

HcGulnness,  M. ,  "Flow  with  a  Separation  Bubble 
— Steady  and  Unsteady  Aspects,"  Ph.D.  disserta¬ 
tion,  1978,  Cambridge  University. 

Eaton,  J.  K.  ,  Johnston,  J.  P. ,  and  Jeans,  A. 
H.,  "Measurements  In  a  Reattaching  Turbulent 
Shear  layer,"  Proceedings  of  the  2nd  Symposium 
on  Turbulent  Shear  Flows,  1979,  London. 

Westphal,  R.  V.,  and  Johnston,  J.  P.,  unpub¬ 
lished  work  In  progress,  1981. 

Eaton,  J.  K.,  Jeans,  A.  H.,  Ashjaee,  J.,  and 
Johnston,  J.  P. ,  "A  Wall-Flow-Dlrectlon  Probe 
for  Use  in  Separating  and  Reattaching  Flows," 
Journal  of  Fluids  Engineering,  Vol.  101,  1979, 
pp.  ^64-366. 

Bradbury,  L.J.S.,  and  Castro,  I.  P.,  "A  Pulsed- 
Wire  Technique  for  Velocity  Measurements  in 
Highly  Turbulent  Flow,"  Journal  of  Fluid  Mech¬ 
anics,  Vol.  49,  1971,  657-691. 

Eaton,  J.  K. ,  Westphal,  R.  V.,  and  Johnston,  J. 
P.,  "Two  New  Instruments  for  Flow  Direction  and 
Skin-Friction  Measurements  In  Separated  Flows," 
paper  submitted  to  ISA  2nd  Int'l.  Symposium  on 
Flow,  April  1981. 


“1 


18.  Armaly,  B.  F. ,  Durst,  F.,  and  R.  SchSnung, 
"Measurements  and  Predictions  of  Flow  Down¬ 
stream  of  a  TWo-DImenslonal  Single  Backward- 
Facing  Step,"  Report  SFB80/ET/172,  SFB80,  1980, 
UnlversitHt,  Karlsruhe,  Germany. 


rr 


8  I 

NOZZLE 


BOUNDARY 
LAYER  TRIP 


Fig.  1.  Sketch  of  the  wind  tunnel  test  section. 
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Fig.  2.  Sketch  of  thermal  tuft  probe 
(dimensions  in  mm) 
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Fig.  3.  Time  averaged  thermal  tuft  data  for 

laminar  and  turbulent  boundary  layers 
at  separation. 
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Fig.  6.  Variation  of  the  short-time-average 
(0.2  sec)  reattachment  length. 
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Fig.  4.  Power  spectrum  of  streamwise  velocity 
fluctuations  near  the  outer  edge  of 
the  shear  layer  at  x/h  ■  8  . 
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Fig.  5.  Simultaneous  records  of  the  instantaneous  direction  of 

the  flow  near  the  wall  at  two  points  in  the  reattachment 
zone. 
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ABSTRACT 


This  paper  presents  experimental  measurements  of 
surface  pressure  fluctuations  in  a  separated-and-re- 
attaching  flow.  It  is  shown  that  near  separation 
pressure  spectra  are  dominated  by  low  wave-numbers 
and  it  is  only  further  downstream,  where  the  eddy 
scales  typical  of  the  shear  layer  have  grown,  that 
the  contribution  from  the  local  shear  layer  structure 
becomes  apparent.  From  the  mid-bubble  position  on¬ 
wards  pressure  spectra  are  dominated  by  wave-numbers 
corresponding  to  the  shedding  of  vorticity  from  the 
bubble.  This  exhibits  occasional  weak  periodic 
bursts,  suggesting  that  there  may  be  some  correlation 
between  the  shedding  of  this  vorticity  and  the  in¬ 
itiation  of  the  subsequent  bubble  re-growth  cycle. 
Laterial  correlation  scales  for  the  surface  pressure 
are  comparable  to  the  streamwise  spacing  between  these 
shedding  structures,  so  that  the  unsteady  flow  field 
appears  three-dimensional. 

NOMENCLATURE 


C  c  ' 
p’S 


D 

LR 

n 

P' 

ReD 

S(n) 

T 


u* 

X,Y,Z 


6S 


mean  pressure  coefficient,  r.m.s.  coefficient 

of  fluctuating  pressure 

model  thickness  (Figure  1) 

mean  reattachment  length 

frequency 

fluctuating  component  of  pressure 
Reynolds  number  based  on  model  thickness 
power  spectral  density 
time 

local  mean  velocity,  free  stream  velocity, 
convection  velocity 
streamwise  velocity  fluctuations 
ordinates  measured  parallel  to,  normal  to 
and  transverse  to  the  flow  (Figure  1) 
momentum  thickness  at  separation 


INTRODUCTION 


Flow  separation,  even  from  a  two-dimensional 
geometry,  provides  a  challenging  problem  in  turbulent 
shear  flows.  It  presents  complications  in  addition 
to  those  found  in  the  associated  case  of  the  plane 
parallel  mixing  layer.  These  arise  from  the  mean 
shear  layer  curvature  (stabilising  initially,  de¬ 
stabilising  near  reattachment),  from  the  streamwise 
pressure  gradients,  and  from  the  distortions  of  re- 
attachment  and  recirculation  which  feed  turbulent 
fluid  back  upstream  towards  the  separation  region. 

And  just  as  developments  in  coherent  structures  have 
highlighted  the  need  to  study  the  instantaneous  flow 


field  of  mixing  layers,  then  so  the  same  arguments 
apply  with  equal  force  to  the  case  of  separation  bub¬ 
bles.  Unlike  the  problem  of  strong  periodic  vortex 
shedding  from  bluff  bodies  there  has  been  relatively 
little  attempt  to  investigate  the  fundamental  under¬ 
lying  unsteady  structure  of  reattaching  flows,  so  that 
basic  questions  as  to  the  degree  of  three-dimensionality 
of  the  unsteady  flow  field,  or  the  manner  in  which  vor¬ 
ticity  initially  shed  from  the  separation  edges  nego¬ 
tiates  the  reattachment  region  and  sheds  from  the 
bubble  are  largely  left  unanswered.  The  early  flow 
visualisations  of  Tani  et  al.  (1),  for  the  separation 
from  a  rearward  facing  step,  show  instantaneous  flow 
fields  which  depart  overwhelmingly  from  the  mean, 
whilst  more  recent  measurements  such  as  those  of 
Eaton  (2),  Eaton  et  al.  (3)  using  "thermal  tufts", 
and  Kim  et  al.  (4)  using  arrays  of  wool  tufts  have 
explored  the  inherent  unsteadiness  of  the  reattachment 
zone. 

The  main  objective  of  the  present  work  was  to 
study  the  flow  by  way  of  the  fluctuating  surface 
pressure  field,  both  as  an  experiment  in  its  own  right 
because  of  an  environmental  interest  in  dynamic 
loading  of  structures  and  also  because  it  provided  an 
unobtrusive  (although  not  necessarily  easy)  method  of 
investigating  the  larger  scale  motion  in  the  shear 
layer,  particularly  if  correlated  with  velocity  fluctu¬ 
ations  in  the  external  flow. 

EXPERIMENTAL  EQUIPMENT  AND  PROCEDURE 

The  general  schematic  of  the  model  is  shown  in 
Figure  1,  comprising  a  rectangular  forebody  (thickness 
D  »  3.83  cm),  with  separation  fixed  at  the  sharp 
leading  edges  and  with  an  overall  chord  sufficiently 
long  (33D)  chat  reattachment  occurred  well  before  the 
trailing  edge  (at  X/D  ■  4.89).  This  trailing  edge  was 
streamlined  to  minimise  any  wake-induced  unsteady  ef¬ 
fects.  The  model  was  placed  at  a  nominal  zero  inci¬ 
dence  to  the  stream,  final  mean  flow  symmetry  being 
achieved  top-to-bottom  by  use  of  a  trailing  edge  flap 
to  equalise  pressures  at  three  matching  pairs  of 
tappings  at  various  chordwise  positions  in  the  bubble 
region  (within  0.01  in  Cp).  Sideplates  were  employed 
for  all  tests,  generally  at  an  aspect  ratio  of  13.2 
(span  between  end  plates/model  thickness).  The  mean 
reattachaent  length  was  repeatable  within  about  22. 

It  was  found  to  curve  slightly  across  the  span  so  that 
the  mean  flow  field  cannot  be  properly  regarded  as 
two-dimensional,  although  aspect  ratio  changes  down 
to  9.33  produced  no  systematic  effect  on  the  bubble 
length  or  on  mean  and  fluctuating  quantities,  which 
is  similar  to  the  conclusions  of  Brederode  (5)  for  the 
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Fig.  1  Schematic  of  model.  Mean  pressures 

(C  ,o  o  )  and  r.m.s.  fluctuating  pressures 
<Cp’ 

same  geometry.  The  lateral  correlation  length  for  the 
surface  pressure  fluctuations  in  the  vicinity  of  re¬ 
attachment  is  about  1.5D  (it  falls  to  zero  by  a  4D 
separation)  so  that  the  end-plates  are  unlikely  to 
two-dimensionalise  artificially  the  unsteady  flow 
field.  Tests  were  conducted  in  a  nominally  smooth 
stream  (0.1%  turbulence  intensity)  at  a  solid  block¬ 
age  of  3.79%,  no  correction  for  this  being  made  to 
any  data  presented  here. 

Fluctuating  pressures  were  measured  with  Setra 
237  low  pressure  transducers  mounted  internally  with¬ 
in  the  model.  These  were  fitted  with  caps  to  mini¬ 
mise  internal  dead  volume  and  connected  by  minimum 
lengths  of  tubing  to  short  stub  (internal  diameter  « 
1.6  mm)  pressure  tappings.  The  finite  size  of  the 
tapping  attenuates  smaller  scales,  an  effect  cal¬ 
culated  only  to  reduce  the  signal  by  less  than  10% 
at  500  Hz  if  the  measured  convection  speed  of  0.41 
L’x  is  taken  for  the  pressure  disturbances.  Dynamic 
calibration  of  the  transducer  system  also  showed  a 
Helmholtz  resonance  at  about  700  Hz,  although  gain 
variations  were  only  ±5%  up  to  350  Hz  which  is  much 
higher  than  most  energy  containing  frequencies  in 
the  power  spectra  of  Figures  4  and  5  (350  Hz  =  1.17 
in  nD/U«>).  Phase  angle  changes  with  frequency  are 
not  important  for  spectra,  nor  for  pressure-pressure 
correlations  since  the  transducers  were  quite  well 
matched.  The  phase  angle  error  in  the  pressure- 
velocity  correlations  is  estimated  to  correspond  to 
a  shifting  of  about  0.03D  in  the  X-direction,  barely 
more  significant  than  probe  positioning  errors  so  that 
no  corrections  have  been  made. 

Smoke  flow  visualisation  was  carried  out  at  iden¬ 
tical  conditions  to  the  other  measurements;  that  is 
using  the  same  model,  end  plates  (perspex)  and  the 
correct  Reynolds  number.  Smoke  was  injected  from 
the  front  face  near  separation,  either  as  a  single 
filament  from  a  small  hole  (1.5  tan  diameter)  or  as  a 
sheet  from  a  spanwise  slot  (1.5  mu  by  9  mm).  It  was 
illuminated  by  an  intense  flash  of  about  30  us  dur¬ 
ation,  focussed  as  a  thin  sheet  of  light  1  cm  wide 
oriented  along  the  model  centreline  in  the  X-Y  plane, 
so  chat  even  at  the  highest  speed  motion  is  probably 
frozen  within  a  resolution  of  0.01D.  Hillier  and 
Cherry  (6)  have  shown  that  the  present  model  is  sen¬ 
sitive  to  stream  turbulence,  and  Laneville  et  al.  (7) 
suggest  that  it  is  the  stream  turbulence  immediately 
adjacent  to  the  shear  layer  which  provides  the  inter¬ 


action,  so  that  there  was  some  concern  that  smoke  in¬ 
jection  might  interfere  with  the  shear  layer  develop¬ 
ment.  There  was  no  evidence  of  any  such  effect,  either 
in  mean  pressure  distributions  or  in  the  visualisations 
of  Figure  2. 


SMOKE  FLOW  VISUALISATION  AND  REYNOLDS  NUMBER  VARIATION 
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Fig.  2  Smoke  flow  visualisation  of  shear  layer 

transition.  Smoke  injected  as  a  filament 
(a)  Rej,  -  4.6  *  105,  (b)  R*  -  1.05  *  10\ 

(c)  ReD  *  3.0  » 104. 

Because  the  transducer  response  characteristics 
meant  it  was  desirable  to  keep  frequencies  as  low  as 
possible,  the  bulk  of  the  experiments  were  conducted 
at  a  Reynolds  number  based  upon  model  thickness  of 
3.0x10*.  Above  this  value  both  mean  and  fluctuating 
data  (within  a  few  percent  which  is  better  than  ex¬ 
pected  from  the  transducer  characteristics)  were  un¬ 
changed  by  Reynolds  number  increases  up  to  6  * 10" . 
Below  this  value  a  slight  elongation  of  the  bubble 
became  apparent  (although  accurate  oil  flow  visuali¬ 
sation  was  more  difficult)  which  probably  begins  to 
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indicate  the  importance  of  transitional  effects  in 
the  separated  shear  layer.  The  model  geometry  of 
course  provides  a  highly  favourable  pressure  gradient 
on  the  front  face  so  that  separation  is  always  lami¬ 
nar  (8,  -  0.0015  D,  Rgs  —  AS  at  the  test  speed). 

The  development  of  transition  with  Reynolds  number  is 
shown  in  Che  smoke  visualisations  of  Figure  2  where 
particularly  at  the  two  lowest  values  there  is  a 
clear  progression  from  steady  laminar  flow,  through 
unsteady  laminar  flow,  to  transition  and  turbulence. 
These  photographs  can  be  considered  as  a  typical  se¬ 
quence  with  Reynolds  number,  in  that  there  is  a  clear 
tendency  for  all  the  appropriate  scales  to  reduce, 
although  at  a  given  Reynolds  number  a  wide  variabili¬ 
ty  was  found  between  successive  photographs.  On 
occasion  "pairing"  or  "coalescing"  was  evident  in  the 
unsteady  laminar  zone,  similar  to  the  visualisations 
produced  by  Freymuth  (8)  for  transition  in  a  jet, 
which  in  some  cases  did  appear  to  be  associated  with 
the  initiation  of  turbulence.  At  the  test  Reynolds 
number  transition  is  completed  by  0.35D  or  about  7Z 
of  the  bubble  length,  with  initial  disturbances  evi¬ 
dent  within  at  least  half  this  distance  (just  over 
100  initial  momentum  thicknesses)  so  that  these  ob¬ 
servations  of  early  transition  follow  the  general 
conclusions  of  Sato  (9),  Roshko  and  Lau  (10)  and 
others. 

When  smoke  was  injected  from  the  spanwise  slot 
the  spiral  nature  of  the  laminar  vortices  became 
more  diffuse  because  of  a  rather  sinuous  spanwise  de¬ 
velopment  of  the  vortex  cores  (this  was  evident  from 
visualisation  above  the  model  although  photography 
was  not  possible,  it  is  also  evident  to  some  extent 
in  the  full  bubble  visualisation  of  Figure  3(a)). 
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Fig.  3  Visualisation  of  full  bubble.  Smoke  injected 
from  slot;  (a)  Re  »  4.6  » 10s;  (b)  and  (c), 

Re  *  3  *  10\ 

Figure  3  presents  smoke  visualisation  of  the 
whole  bubble  length  and  will  be  referred  to  again 
later  in  the  text.  A  line  is  marked  on  the  photograph 


which  indicates,  approximately,  the  contour  of  2JZ 
local  intensity.  This  locus  was  used  for  hot  wire 
measurements  and  essentially  appears  to  be  the  edge 
of  the  turbulent  flow,  turbulent  spikes  appearing 
here  only  very  infrequently.  In  the  low  Reynolds  num¬ 
ber  case  of  Figure  3  the  rear  80Z  or  so  of  the  bubble 
can  be  considered  turbulent,  but  it  is  clear  nonethe¬ 
less  that  the  effects  of  the  initial  laminar  roll-up 
persist  for  substantial  distances  along  the  shear  layer. 
For  Che  higher  Reynolds  number  cases  there  is  no 
apparent  organisation,  although  as  will  be  noted  later 
clear  quasi-periodic  bursts  appear  in  the  irrotational 
fluctuations  (measurements  outside  the  shear  layer 
spatially  filter  out  the  higher  frequency  turbulence). 
Large  structures  are  visible  in  the  flow  field  and,  as 
noted  above,  on  occasion  these  must  penetrate  at 
least  as  far  as  the  contour  drawn. 

PRESSURE  DISTRIBUTIONS  AND  SPECTRA 

Reattachment  in  Figure  1  occurs  at  X/D  *  4.89 
towards  the  end  of  the  mean  pressure  recovery  region. 
Near  separation  Cp'  is  low  and  appears  to  remain  more 
or  less  constant  up  to  X/D  *  1.0,  well  downstream  in 
fact  of  the  observed  transition  position.  Further 
downstream  it  rises  steadily  to  reach  a  maximum  some¬ 
what  upstream  of  reattachment,  more  in  the  region  of 
the  maximum  rate  of  recovery  of  mean  pressure  which 
is  similar  to  work  of  Emery  and  Mohsen  (11),  Fricke 
(12),  Fricke  and  Stevenson  (13)  and  others.  There  is 
little  justification,  however,  in  relating  any  sig¬ 
nificant  reattachment  pressure  fluctuations  to  a 
quasi-steady  modulation  of  the  mean  pressure  distri¬ 
bution.  Space-time  correlation  data  identify  the 
main  pressure  disturbances  as  convecting  at  Uc  equals 
0.41  Uoo,  with  no  evidence  in  fact  of  upstream  con¬ 
vecting  signals,  and  with  streamwise  scales  generally 
well  less  than  the  bubble  length  (also  see  Figure  7), 
so  that  the  peaks  in  dCp/dX  and  Cp'  probably  more 
share  some  common  source  in  the  dynamics  of  shear 
layer  reattachment  rather  than  that  the  one  drives 
the  other.  The  peak  values  of  Cp  are  nearly  an  or¬ 
der  of  magnitude  less  than  those  experienced  in  cases 
of  strong  periodic  shedding,  which  reflects  the  in¬ 
ability  of  the  vorticity  shed  from  the  separation 
edge  to  concentrate  itself  into  strong  discrete 
structures. 

The  pressure  spectra  of  figures  4  and  5  nominally 
divide  the  flow  field  into  three  regions.  Near  se¬ 
paration,  where  r.m.s.  pressures  are  low,  the  spectra 
are  dominated  by  low  wave-numbers  centred  upon  nD/U„  ■ 
0.025.  This  low  frequency  contribution  does  not  arise 
from  tunnel  acoustics  since  the  pressure  energy  is  too 
broad  band  and  low  frequency  to  correspond  to  any  of 
the  very  weak  acoustic  modes  detected  in  a  tunnel 
calibration  (weak  acoustic  spikes,  contributing  less 
than  1Z  to  the  total  energy,  have  been  removed  from 
the  spectra).  It  also  appears  unlikely  that  it  is  a 
phenomenon  of  unsteady  circulation  about  the  whole 
model  because  deliberate  extension  of  the  model  chord, 
by  nearly  100Z,  produced  no  effect  upon  the  r.m.s. 
values  or  spectra  at  separation.  Low  frequency  velo¬ 
city  fluctuations  have  been  observed  in  the  flow  over 
a  rearward  step  by  Eaton  (2),  and  in  the  present  work 
they  were  particularly  apparent  in  hot-wire  signals 
close  to  separation.  Just  outside  the  shear  layer, 
in  the  irrotational  region,  hot-wire  signals  were 
almost  identically  in  anti-phase  with  the  surface 
pressure  fluctuations.  The  low  frequency  was  also 
the  cause  of  some  difficulty  in  accurately  locating  a 
hot-wire  in  an  attempt  to  correlate  velocity  fluctu¬ 
ations  in  the  transition  region  with  the  observed  flows 


Fig.  4  Surface  pressure  spectra.  X/LR  *  0.026 

( - )!  0.14,  ( - );  0.25, 

( - );  0.35,  ( - . - ). 


of  Figure  2,  since  the  turbulence  signal  was  modulated 
by  the  low  frequency  unsteadiness  rather  in  the  manner 
noted  in  Roshko's  (14)  earlier  comments  on  transition. 
Clearly  the  low  frequency  fluctuations  reflect  as  a 
weak  "flagging"  of  the  shear  layer  near  separation, 
but  as  the  next  section  shows  this  does  not  appear  to 
produce  any  well-correlated  effect  throughout  the  bub¬ 
ble.  The  cause  of  the  low  frequency  is  unclear.  Sin¬ 
ce  it  appears  to  be  associated  with  the  near-wake  of 
separation  the  possibility  always  exists  that  it  is 
associated  with  laminar/transitional  behaviour  of  the 
shear  layer.  Tests  at  a  higher  Reynolds  number 
(6  *  10“)  were  inconclusive;  the  r.m.s.  pressure  co¬ 
efficient  close  to  separation  (X/LR  »  0.026)  was  un¬ 
changed,  nor  were  there  significant  alterations  in 
the  spectra. 

By  10Z  of  the  bubble  length  and  onwards,  where 
the  r.m.s.  pressure  begins  to  rise,  there  is  a  change 
of  spectral  shape  as  shown  by  the  emergence  of,  and 
eventual  dominance  by,  a  higher  wave  number  contribu¬ 
tion  which  arises  from  the  increasing  nearfield  ef¬ 
fect  of  the  shear  layer.  No  strong  narrow-band  spec¬ 
tral  peaks  were  apparent  although  a  large  number  of 
samples  were  required  to  produce  acceptable  accuracy, 
which  probably  reflects  the  tendency  for  the  flow 
field  to  generate  quasi-periodic  bursts  which  will  be 
discussed  later.  This  region  can  be  regarded  as  a 
transition  between  the  low  frequency  dominated  flow 
near  separation  and  the  region  downstream  of  (say) 
the  mid-bubble  position  which  is  shown  in  Figure  5. 
Here  there  is  little  change  in  spectral  shape,  a  broad 
band  energy  distribution  (centred  upon  nD/U»  &  0.14) 
becoming  established  for  the  shedding  of  vorticity 
from  the  bubble.  This  agrees  with  measurements  by 
Katsura  (15)  on  a  similar  geometry  (although  his  model 
chord  was  only  6D  so  that  there  is  also  some  question 
of  wake-induced  fluctuations),  and  a  "shedding"  fre¬ 
quency  based  upon  bubble  length  (nLg/Uoo  —  0.  7)  is  the 
same  as  the  approximate  value  given  by  Mabey  (16)  for 
various  thin  aerofoil  and  spoiler  separations.  At 
first  sight  Figure  5  seems  perhaps  to  suggest  that  by 
half  the  bubble  length  the  growth  of  the  larger  scale 


eddies  has  become  disrupted  or  stopped  by  the  presen¬ 
ce  of  the  surface.  This  seems  unlikely  however.  A 
characteristic  wavelength  for  this  central  frequency 
(taking  a  convection  speed  of  0.41  Uk)  is  2.93  D, 
which  mixing  layer  data  such  as  those  of  Brown  and 
Roshko  (17)  and  Dimotakis  and  Brown  (18)  show  would 


Fig.  5  Surface  pressure  spectra.  X/LR  *  0.55, 
( - );  0.70,  ( - );  0.94, 

(— < - ._);  i.35>  ( - ). 


be  more  appropriate  for  a  full  shear  layer  develop¬ 
ment  up  to  reattachment.  Furthermore,  Figure  6  pre¬ 
sents  a  measure  of  large  structure  growth  obtained 
by  traversing  a  hot-wire  along  a  contour  of  2{Z 
local  intensity  (as  shown).  This  gives  a  path  just 
along  the  shear  layer  edge,  only  occasional  turbu¬ 
lent  bursts  being  detected  and  the  intention  being  to 
monitor  irrotational  fluctuations  induced  by  the 
local  shear  layer  structure.  The  typical  form  of  the 
velocity  auto-correlation  is  shown  in  the  inset  to 
Figure  6,  and  a  measure  of  the  variation  of  distur¬ 
bance  timescale  is  obtained  by  plotting  the  time  to 
this  minimum  (which  is  roughly  one  half  the  distur¬ 
bance  period)  against  distance.  This  reveals  a  near¬ 
ly  linear  increase,  within  measurement  accuracy,  near¬ 
ly  up  to  reattachment,  followed  by  a  surprisingly  ab¬ 
rupt  plateau,  the  peak  value  near  reattachment  cor¬ 
relating  well  with  the  corresponding  autocorrelation 
data  for  pressure  shown.  Upstream  of  reattachment 
the  two  sets  of  data  diverge,  the  pressure  reflecting 
its  spectral  behaviour  in  that  the  time  scale  remains 
effectively  constant.  It  therefore  appears  that  the 
mixing  layer  probably  grows  more-or-less  linearly 
from  separation  to  reattachment,  and  that  the  shedding 
frequency  is  then  determined  by  whatever  scale  the 
mixing  layer  happens  to  have  reached  by  that  stage. 
Almost  certainly  the  pressure  data  signify  some  sort 
of  feedback  mechanism,  whereby  the  shedding  of  vor¬ 
ticity  from  the  bubble  can  initiate  a  new  growth 
stage. 

CORRELATION  MEASUREMENTS 

Figures  7  and  8  provide  an  idea  of  the  scale  of 
the  pressure  generating  disturbances  in  the  vicinity 
of  reattachment,  being  respectively  the  unlagged 
pressure  cross-correlation  along  the  model  centre¬ 
line  (fixed  transducer  at  X/D  *  5.00)  together  with 
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Fig.  6  Shear  layer  growth;  hot-wire  traversed  along 
2J%  intensity  line.  Fluctuating  velocity 
(  x  *  );  fluctuating  pressure  (  o  o  ). 


the  spanwise  correlations  of  pressure  (fixed  trans¬ 
ducers  at  X/D  »  3.15  and  5.00),  and  the  correlation 
between  the  pressure  at  X/D  -  4.74  and  a  hot-wire 
traversed  vertically  above  that  location.  Figure  7 
shows  the  formation  of  quite  pronounced  negative 
lobes  in  the  streamwise  cross-correlation,  the  sep¬ 
aration  between  these  (3. 2D)  agreeing  well  with  the 
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Fig.  7  (a)  Cross-correlation  along  model  centre¬ 
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previous  wavelength  estimates.  The  correlation  shows 
a  slight  tendency  to  overshoot  again  in  the  down¬ 
stream  direction,  although  this  is  inconclusive  since 
measurements  were  not  continued  beyond  X/D  ■  9.0. 


Any  tendency  to  overshoot  in  the  upstream  direction 
is  suppressed  by  the  formation  of  a  region  near  sep¬ 
aration  with  a  weak  negative  correlation,  which  re¬ 
presents  the  correlated  energy  at  the  low  frequency 
shown  in  the  spectra  of  Figure  4. 

The  lateral  correlation  of  Figure  7  falls  mono- 
tonically  to  about  0.05  by  Z/D  -  3,  which  is  about 
four  times  the  maximum  slope  thickness  measured  for 
the  shear  layer  at  reattachment.  Interestingly  the 
lateral  correlation  at  X/D  •  3.15  is  virtually  in¬ 
distinguishable  from  this,  either  indicating  a  rapid 
onset  of  three-dimensionality  as  reattachment  is 
approached  or  that  the  lateral  scales  of  pressure 
generating  eddies  in  the  rearward  half  of  the  bubble 
are  dominated  by  a  common  mechanism  as  for  the  spectral 
data.  It  should  not  be  assumed  that  a  similar  devel¬ 
opment  of  spanwise  correlation  would  be  apparent  at 
the  shear  layer  edge,  since  we  have  already  noted  in 
Figure  6  that  the  pressure  and  velocity  autocorrela¬ 
tion  data  differ.  Browand  and  Troutt  (19),  in  their 
study  of  lateral  scales  in  a  mixing  layer,  located 
their  velocity  probes  at  about  the  same  relative  po¬ 
sition  used  for  Figure  6,  producing  a  correlation 
falling  to  0.2  within  three  maximum  slope  thicknesses 
(compared  to  2.46  thicknesses  here).  Their  measure¬ 
ments  also  show  that  the  lateral  correlation  only 
reaches  this  asymptotic  state  for  Reynolds  numbers 
(based  upon  maximum  slope  thickness)  of  about  3x10", 
compared  with  2.26 x io"  in  the  present  work,  so  that 
clearly  further  measurements  at  higher  Reynolds  num¬ 
ber  are  needed. 


Fig.  8  Cross-correlation  between  pressure  at 

X/D  *  4.74  and  hot-wire  traversed  vertically 
above  that  station. 

V  (0  °  ):  p'u'  ’  ( *  *  >• 


Figure  8  shows  that  streamwise  velocity  fluc¬ 
tuations  in  the  irrotational  region  (large  Y/D)  are 
negatively  correlated  with  the  surface  pressure. 

The  correlation  coefficient  reaches  a  minimum  at 
about  the  same  position  that  the  first  turbulent 
bursts  were  detectable  (2JZ  local  intensity)  and  the 
subsequent  variation  of  the  correlation  coefficient 
is  determined  largely  by  the  rapid  increase  in  inten¬ 
sity  so  that  actually  consideration  of  the  term 
pTu'  alone  is  more  illuminating.  This  falls  to  a 
minimum  well  within  the  turbulent  region  (Y/D  *  1.15, 
u'/U  6Z  followed  by  a  rapid  monotonic  increase 
through  zero  (at  u'/C  *  19Z)  to  positive  values  as 
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the  surface  is  approached.  Measurements  were  termi¬ 
nated  at  Y/D  *0.715  where  the  local  intensity  was  30Z 
and  data  were  therefore  becoming  increasingly  unre¬ 
liable.  The  correlation  clearly  reflects  a  vortex- 
like  structure,  the  location  of  zero  correlation  in¬ 
dicating  a  "mean"  position  for  vortex  centres  and  the 
distance  from  this  zero  to  the  extreme  negative  value 
of  p'u'  providing  some  measure  of  the  vortex  core 
radius  and  the  random  modulation  in  vertical  location 
of  vortex  centres.  This  modulation  can  be  seen  to 
some  extent  in  Figure  9,  which  presents  sequences  of 
simultaneous  velocity  and  pressure  records  taken  with 
a  pressure  transducer  at  X/D-4.7 4  and  with  a  hot¬ 
wire  located  at  the  same  streamwise  position  just  out¬ 
side  the  shear  layer  in  the  essentially  irrotational 
region  (Y/D  •  1.55) . 


Fig.  9  Simultaneous  pressure  and  velocicy  records. 

Amplitude  scale  marked  in  steps  of  one  r.m.s. 

in  each  case. 

The  general  impression  from  these  traces  is  that 
the  pressure  and  velocity  are  broadly  in  anti-phase 
as  expected  for  instantaneous  pressure  and  velocity 
signals  either  side  of  a  vortex  core.  However,  the 
appearance  of  a  strong  fluctuation  in  velocity  (say) 
indicates  either  that  the  vortical  structure  is  strong 
or  that  it  happens  to  have  convected  close  to  the  pro¬ 
be.  There  is  no  way  that  the  two  effects  can  be  sepa¬ 
rated  using  a  single  hot  wire,  but  they  can  with  re¬ 
cords  of  surface  pressure  as  well.  In  Figure  9(a)  the 
strongest  positive  velocity  fluctuation  occurs  at 
TLWD  equals  17.  The  corresponding  pressure  fluctu¬ 
ation  is  weak,  and  this  is  a  case  where  the  effective 
centre  of  vorticity  for  the  structure  is  closer  to 
the  probe  than  the  surface.  Figure  9(b)  shows  two 
equally  strong  negative  pressure  fluctuations,  at 
TL'x/D  *  35  and  54.  The  first  corresponds  to  a  quiescent 
velocity  phase,  so  it  derives  from  an  event  close  to 
the  surface;  the  second  correlates  with  a  significant 
positive-going  velocity  (which  incidentally  shows  a 
pairing  is  nearing  completion)  so  that  the  vortex  core 
must  be  more  uniformly  positioned  between  the  probe 
and  the  wall . 

Another  feature  is  the  quasi-periodic  nature  of 
some  of  the  fluctuations.  Figure  9(a)  shows  a  se¬ 
quence  of  3-4  velocity  disturbances  commencing  at 
TU»/D  *  0,  whilst  a  similar  sequence  forms  in  Figure 
9(b)  (at  TUm/D « 46)  together  with  a  clear  isolated 
disturbance  at  TUn/D  •  15.  These  tend  to  be  energetic 


velocity  fluctuations,  signifying  significant  excur¬ 
sions  of  the  intermittent  interface  from  the  surface. 

The  average  period  (&TU„/D)  of  about  7-8  corresponds 
well  with  the  characteristic  frequency  already  noted 
at  reattachment.  This  produces  a  wavelength  of  3. 2D, 
assuming  a  convection  speed  of  0.41  Uo>,  or  some  652  of 
the  bubble  length;  typical  for  example  of  the  struc¬ 
ture  shedding  from  the  bubble  in  the  visualisation  of 
Figure  3(b).  Also  visible  on  the  velocity  trace  of 
Figure  9(a)  is  a  quasi-periodic  burst  of  disturbances, 
starting  at  TU„,/D"33,  whose  frequency  is  now  roughly 
doubled  so  that  it  appears  that  some  mechanism  has 
temporarily  interposed  to  prevent  the  "pairing"  pro¬ 
cess  from  taking  place.  This  may  reflect  the  very  low 
frequency  modulation;  for  the  bursts  of  Figure  9  cer¬ 
tainly  do  appear  modulated  and  may  be  responding  to  a 
gentle  flagging  motion  of  the  shear  layer  near  sepa¬ 
ration. 

CONCLUSIONS 

Surface  pressure  fluctuations  near  reattachment 
are  closely  identified  with  the  passage  of  vortical 
structures  within  the  shear  layer.  These  appear  at 
times  as  quasi-periodic  bursts,  with  modulations  in 
amplitude  and  frequency  which  are  possibly  driven  by  a 
low  frequency  unsteadiness  which  is  easily  detectable 
near  separation.  The  structures  appear  three-dimen¬ 
sional,  taken  over  long  time  averages,  so  that  it  is 
unclear  whether  they  can  be  instantaneously  two-dimen¬ 
sional,  in  the  manner  of  the  Browand  and  Troutt  (19j 
experiments,  or  whether  the  distortions  and  instability 
of  reattachment  will  prevent  this.  The  data  are  col¬ 
lected  at  modest  Reynolds  numbers,  but  there  is  little 
evidence  to  suggest  that  tests  at  higher  values  will 
substantially  alter  these  conclusions. 
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ABSTRACT 

Experimental  results  in  transonic,  highly  sepa¬ 
rated,  turbulent  flow  are  presented.  The  model  is  an 
air  intake  of  20x80  mm2  section  set  with  an  angle  of 
attack  from  20  to  40°  inside  £  M  *  0,7  free  jet  flow. 
The  Mach  numbers  and  mass  flow  rates  are  deduced  from 
pressure  measurements.  Flow  visualizations,  laser 
Dcppler  and  Hot  wire  anemometries  are  used  to  analy¬ 
se  the  mean  velocity  field,  unsteadiness  and  turbu¬ 
lent  flow  characteristics. 

INTRODUCTION 

Important  difficulties  occur  in  the  measurement 
of  the  turbulent  characteristics  in  transonic  field. 
The  case  of  the  flow  inside  an  air  intake  set  with  a 
large  incidence  in  transonic  speed  is  particularly 
strong  (Fig.  1). 


Fig.  1  -  Transonic  separated  flow  in  air  intake 

fr.is  type  of  configuration  presents  a  maximum 
of  complexity  due  to  the  combination  of  compressibi¬ 
lity,  large  separation  regions  and  unsteady  effects. 
An  important  separation  bubble  occurs  at  the  lower 
leading  edge  which  involves  a  turbulent  wake  with 
high  velocity  distorsion  and  fluctuations  baneful 
for  the  engine.  Then  it  is  of  major  interest  to  know 
the  mean  velocity  field,  the  unsteady  frequencies, 
the  turbulent  intensities  and  the  scale  of  the  fluc¬ 
tuations  . 

This  paper  describes  some  results  of  experimen¬ 
tal  investigations  inside  a  model  of  air  intake  set 
with  an  angle  of  attack  o  from  20  to  40®  in  a  M  *  0,7 
stream.  Because  important  difficulties  arise  in  the 
total  and  static  pressure  measurements  due  to  the 
transonic  nature  of  the  flow,  laser  doppler  and  hot 
wire  anemometries  were  used  in  combination  with  high 
speed  visualizations. 


EXPERIMENTAL  SET  UP 

A  100*40  mm^  transonic  nozzle  produces  a  free 
jet  at  M  =  0,7  max  and  Re  =  4*loVcm  for  a  total  tem¬ 
perature  maintained  approximately  to  the  amt  rant 
conditions.  The  20*f0  mmz  air  intake  model  is  mounted 
on  a  support  which  can  be  adjusted  in  incidence  with 
respect  to  the  axis  of  the  jet  (Fig.  2) . 


Fig.  2  -  Schematic  view  of  the  test  set  up 

The  side  walls  of  the  model  exceed  the  lateral 
section  of  20  mm  in  order  to  limit  the  3.D  effects. 

The  leading  edge  of  the  walls  is  sharp  ( 1 C 0  >  .  Optical 
glasses  allow  visualizations  and  laser  doppler  ar.err.c- 
metry.  The  total  angle  of  the  diffuser  is  7°  and  the 
variable  -h  throat  permits  to  adjust  the  mass  flow 
rate  c  inside  the  air  intake. 

As  reported  above,  the  flow  configuration  is  ana¬ 
lysed  for  some  values  of  incidence  between  2C  and  4CC. 
Preliminary  tests  (Ref.  1)  having  shown  the  effect  cf 
mass  flow  rate,  c  =  cu/d.u.  ,  it  was  then  decided  to 
establish  the  curves  c(M)  as  shown  Fig.  3.  c  and  y.  are 
deduced  from  pitot  and  static  pressures  measurements 
in  section  x/H  =  8. 

For  h  =  16  and  20  mm  the  mass  flow  rate  increa¬ 
ses  with  increasing  M  and  decreasing  h.  Reverse  trend 
appears  at  the  lower  value  of  h  (8  and  12  mm)  and  for 
a  =  30°.  Note,  as  a  possible  explanation,  the  proxi¬ 
mity  of  the  critical  condition  (M*=  1)  for  these 
throat  openings.  The  flow  visualizations  conducted 
simultaneously  reveal  an  increasing  separation  bubble 
with  increasing  incidence,  without  significative 
effects  of  h.  The  major  LDA  and  HV?  anemometries  mea¬ 
surement  are  then  conducted  at  a  *  40®  (large  sepa¬ 
ration  bubble)  for  the  contractual  fixed  point  P 
(o  =  0,S7,  M  =  C , 39) . 
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The  photograpr.s  are  realized  on  9*10  plates  of 
4CC  ASA  with  a  time  exposure  of  1/500  sec  (continuous 
He  vapor  light)  or  1  us  (spark  light).  The  movie  of 
25  pictures  of  15*24  is  made  with  a  LCA-CI4  high 
speed  camera  between  8*1CU  and  106  frames/sec.  An 
adjustable  flash  tube  is  then  used  as  light.  The  time 
exposure  is  equal  to  314  ns  for  10'  fr/s  and  1,25  us 
for  25C.00G  fr/sec.  Some  examples  of  these  different 
technics  are  shown  on  the  figures  4.  The  descrip¬ 
tion  of  the  flow  is  first  issued  from  the  observa¬ 
tions  of  the  photographic  plates,  fig.  4a. 

For  the  incidence  of  20°  there  is  a  small  bubble 
which  produces  a  sonic  throat.  A  X -shock  lies  at  the 
rear  part  of  the  bubble  and  produces  an  interaction 
with  the  upper  wall  laminar  boundary  layer.  Turbulent 
flow  seems  to  become  uniform  after  x  =  3  to  4H.  Major 
feature  at  a  *  40°  is  the  well  established  bubble 
which  lies  on  H/2  in  hight  and  more  2H  in  length. 

Its  forward  limit  is  clearly  laminar  and  becomes 
promptly  turbulent  at  x  =  y  'u  H/2.  This  shear  layer 
between  recirculating  and  highly  accelerated  flow 
spread  across  the  air  intake  as  a  turbulent  "wake" 
for  the  bubble. 


Fig.  4b  -  High  speed  movies 

(25C  000  fr/s,  t  *  1.25  us,  it  *  3 


After  x  -  3H  inclined  lerge  turbulent  structures 
from  the  wake  and  the  str ioscopies  reveal  clearly 
these  large  movements  whereas  small  structures  can 
be  seen  on  the  shadowgraph  pictures.  Normal  shocks, 
in  the  upper  transonic  flow,  vary  in  position  as  also 
indicated  on  the  shadowgraphs .  More  informations 
about  the  evolution  of  the  turbulent  flow  are  then 
issued  free  the  pictures  movies  analysis,  Fig.  4b. 

Ten  successive  strioscopic  pictures  show  the 
evolution  of  the  turbulent  shear  layer  for  a  »  40°. 
One  see  clearly  a  characteristic  "ovoid"  structure 
above  the  probe  (picture  1)  with  a  core  which  appears 
on  picture  4  and  desappears  on  picture  8.  Its  per¬ 
sistence  is  then  equal  to  20  ys  which  is  a  relative¬ 
ly  slow  variation.  Likewise  the  normal  shock  position 
is  constant  along  the  sequence  which  indicate  that 
the  frequence  of  the  mean  limit  oscillations  of  the 
shear  layer  is  smaller  than  20  kHz. 

From  a  colour  "equidensity"  exploitation  of  the 
picture  movies,  using  the  special  Agfacontour  process, 
it  is  concluded,  for  a  sequence  at  100  000  fr/s,  that 
the  limit  of  the  bubble  oscillate  at  10-15  kHz  with 
turbulent  structure  entrainment  as  result.  It  is  also 
clear  that  the  position  of  the  transition  point  vary 
of  some  mm  ('vH/10)  about  its  mean  value  x  =  H/2. 
Further,  the  mean  stability  of  the  bubble  (i.e.  no 
pulsation)  was  confirmed  using  a  HICAM  camera  at 
8000  fr/s. 

Finally  it  is  important  to  note  the  limit  of 
the  visualizations  to  show  the  reattachment  point. 
Such  indication  with  detailed  velocity  and  turbulent 
intensity  fields  are  obtained  with  the  LDA  measure¬ 
ments  . 

LASER  ANEMOMETRY  MEASUREMENTS 

An  home-made  Laser  Doppler  Anemometer  (LDA)  was 
developped  in  1974  by  Ardonceau  (Ref.  3).  It  is  make 
up  with  a  5W  Coherent  Radiation  Laser,  a  40  MHZ  TSI- 
Bragg  Cell  and  a  RTC ,  XP  1110  photomultiplier.  The 
signal  is  analysed  by  an  home-made  digital  counter 
for  frequences  between  1C  kHz  and  200  MHz  with  a 
5  ns  resolution.  A  carriage  supports  the  LDA.  The 
air  intake  traverses  as  the  data  acquisitions  and 
reductions  are  performed  through  an  IBM  1800  compu¬ 
ter.  The  diameter  of  the  measurement  volume  vary 
between  .3  and  .6  mm.  Small  oil  particles  (4  .7  to 
1.3  ym)  are  injected  in  the  settling  chamber  of  the 
transonic  jet.  Detailed  measurements  are  conducted 
inside  the  air  intake  only  for  o  =  40°. 

_Longitudinal  and  transversal  mean  velocities  u 
and  v  and  corresponding  RMS  fluctuation  values  u'  and 
v'  are  shown  on  Fig.  5a  and  5b  as  measured  in  the 
eight  section  x  *  H/4,  H/2,  H,  2H,  3H,  4H  and  8H. 

The  bubble  appears  clearly  with  recirculating  flow 
beyond  x  *  3H.  Maximum  reversed  velocity,  larger 
than  50  m/s,  is  found  at  x  *  2H.  The  highly  accele¬ 
rated  shear  layer  above  the  bubble  leads  to  a  maxi¬ 
mum  velocity  of  280  m/s  at  x  *  H/4  and  H.  Conside¬ 
ring  the  high  level  of  the  velocity  fluctuations 
(40  m/s  for  x  «  H  and  Y  *  12  mm)  it  is  then  possible 
to  explain  the  existence  of  the  shock  waves  shown  in 
the  flow  visualizations.  The  instability  of  the 
shock  would  be  due  to  this  continuation  of  mean  and 
fluctuating  velocities  with  a  probable  influence  on 
the  displacement  of  the  transition  point.  The  u' 
peak  observed  at  x  «  H/4,  H/2  and  H,  which  spreds 
across  the  channel  after  H,  can  be  born  of  other  the 
explosion  of  the  highly  accelerated  shear  layer  limi¬ 
ting  the  bubble  into  a  turbulent  wake  as  observed 


Fig.  5a  -  Longitudinal  velocity 


a  2a  :  do  :  sc  c  -25 :  -2s : 


Fig.  5b  -  Transversal  velocity 


in  the  previous  section  or  the  bubble  frontier  oscil 
lations.  With  this  later  hypothesis  a  such  peak  must 
appear  for  the  v'  component  in  the  three  above  men¬ 
tioned  sections,  that  do  not  occur  Fig.  5b.  Except 
this  peak,  the  u'  is  constant  across  the  bubble  equa 
approximatly  three  time  its  value  in  the  upper 
’’potential”  flow.  The  turbulent  diffusion  across  the 
air  intake  appears  just  after  the  reattachment 
(between  3H  and  4H)  and  a  correct  uniformity  of  both 
u  and  u'  is  seen  at  x  =  8H.  At  this  position,  the  m 
tensity  of  the  turbulence  is  two  time  higher  in  the 
x-direction  (40%)  than  m  the  y-one  (20%) . 


Fig.  6  -  Histogram  LDA 
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Three  u-velocity  histograms  are  shown  on  the 
figure  6  at  x  •  4U  for  y  »  H/4,  H/2  and  3H/4.  The 
double  maxima  of  the  probability  density  function  is 
certainly  characteristic  of  the  intermittency  of  the 
flow. 

HOT  WIRE  ANEMOMETRY  RESULTS 

It  is  generally  admitted  that  the  velocity  and 
specific  mass  sensitivity  coefficients  of  the  hot 
wire  are  equal  in  supersonic  flow  (Mil ,2).  The  hot 
wire  response  is  then  dependant  upon  two  parameters 
only  pu  and  Tt  and  the  u  component  is  deduced  by 
using  a  separation  procedure  as  diagram  of  fluctua- 
tion  for  example.  These  properties  disappear  in 
transonic  flows,  and  some  cautions  are  necessary, 
that  are  : 

-  to  limit  the  T^  fluctuations  maintaining 

constant  the  total  temperatures  Tt 

-  to  measure  with  a  high  overheat  ratio  (0,8) 

-  to  avoid  the  pure  transonic  regions  (MM )  and  the 
shock  areas. 

A  subminiature  DISA  55A53  probe  is  used  asso¬ 
ciated  to  a  main  unit  DISA  55M  with  a  CTA  55M10 
bridge.  The  pass  band  is  higher  than  100  kHz.  A  FM 
Bell  &  Howell  RD-378/U  tape  recorder  store  the  out¬ 
put  signals  with  a  passband  of  500  kHz  for  a  nominal 
sigr.al/noise  of  32  dB  at  a  120  in/s  recording  speed. 
The  data  are  then  directly  treated  with  a  ND  100 
mini-computer  through  a  CAMAC  data  acquisition 
system. 

The  evolution  of  the  power  spe/tra  for  six  lon¬ 
gitudinal  positions  of  the  hot  win4  on  the  line 
y  =  H/2,  z  *  0  is  shown  on  the  figure  7. 
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Fig.  7  -  Power  spectra  (y  =  H/2) 


The  frequency  f  is  reduced  using  H  and  the  velocity 
of  the  free  jet  u..  The  downstream  energy  damping  of 
the  large  structures  is  clearly  seen,  approximately 
equal  to  8  dB  for  example  in  the  sections  x  »  1,35  H 
and  8H,  for  the  characteristic  dimension  of  the  struc¬ 
tures  about  H/2. 

The  spectrum  analysis  and  the  application  of  the 
Taylor  hypothesis  allow  to  estimate  an  integral  scale 
Ax  which  is  represented  on  the  figure  8,  on  the 
height  of  the  six  previous  sections.  From  the  section 
x  ■  4H  the  value  of  Ax  vary  smoothly,  between  0,3 
and  0,4  H,  both  on  the  height  and  in  the  x-direction. 
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Fig.  8  -  Integral  scale 

Some  correlations  between  two  hot  wire  measure¬ 
ments  are  shown  on  the  Figure  9.  The  first  probe 
coordinates  are  x  *=  H,  y  ■  H/2,  z  *  0  (z  •  C.  corres¬ 
ponds  to  the  vertical  plan  of  symetry)  whereas  the 
second  is  moving  on  the  half  spar,  from  the  same  point- 
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Fig.  9  -  Isocorrelations 

An  interesting  feature  is  the  existence  of  two  nega¬ 
tive  correlation  cores  in  the  x-direction  which 
reveal  the  emission  of  large  vortex  structures  having 
a  x-scale  about  H/2  in  accordance  with  the  flow 
visualizations.  The  integral  scale  ratio  Az/Ax  is 
approximately  equal  to  3  which  reinforce  the  two- 
dimensionality  hypothesis.  More  detailed  conclusions 
would  be  hazardous  because  the  non  linearity  of  the 
hot-wire  response  in  transonic  speed  and  the  appli¬ 
cation  of  the  Taylor  hypothesis  in  a  such  region  with 
high  velocity  gradients  and  inhomogeneity . 
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CONCLUSION 


The  combination  of  visualization  (V) ,  visuali¬ 
zation  movies  (VM)  pressure  measurements  (P)  and 
Laser  Doppler  (LDA)  and  Hot  Hire  (H.V.)  anemometries 
allows  a  detailed  description  of  a  typical  turbulent 
and  highly  separated  transonic  flow  inside  an  air 
intake  set  at  an  angle  of  attack  from  20  to  40°  in 
a  M  »  0,7  jet  flow. 

The  possible  description  of  the  mean  features 
of  the  configuration  is  :  (1)  the  shock  existence 
and  their  stability  (V,  VM)  ;  (2)  the  existence  of 
a  bubble  (V)  and  their  dimensions  (V,  LDA)  ;  (3)  the 
mass  flow  rate  (P) . 

The  analysis  of  turbulent  nature  of  the  flow 
is  more  dependent  upon  these  combinations  :  the 
burst  or  transition  of  the  bubble  limiting  shear 
layer  stay  at  an  unsteady  point  (V,  VM)  and  induces 
a  turbulence  intensity  peak  which  spread  across  the 
height  of  models  (LDA,  HW) .  Large  inclined  struc¬ 
tures  are  observed  (V,  HW)  which  promptly  evolve 
(V,  VM,  HW) .  The  turbulence  intensity  is  constant 
inside  the  bubble,  outside  the  shear  layer  and  far 
downstream. 

As  conclusion,  it  seems  of  large  interest,  for 
example,  to  complete  the  informations  on  the  high 
lateral  correlation  and  quasi  periodicity  of  the 
structure  in  the  transition  region  issued  from  H.W. 
results  by  LDA  transverse  W,  w'  components  measure¬ 
ments,  or  those  on  velocity  field  distorsions  and 
high  intermittency  from  LDA  by  systematic  statistic 

H. W.  analysis. 
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ABSTRACT 


A  model  for  predicting  homogeneous  anisotropic 
turbulence  submitted  to  uniform  mean  velocity  gra¬ 
dients  is  presented.  Equations  of  second  order  corre¬ 
lations  are  used.  They  are  closed  in  the  frame  of  the 
E.D.Q.N.M.  theory.  Since  the  use  of  the  fully  three- 
dimensional  expression  for  the  transfer  results  in 
cumbersome  computations,  a  modeled  form  is  proposed 
to  interpolate  this  term.  Then  only  a  few  complete 
calculations  are  required  and  computations  can  be 
carried  out.  Our  results  agree  fairly  well  with  the 
trends  predicted  by  the  experiments. 


NOMENCLATURE 


D.  ..  „  fonction  of  K,  P  and  Q,  depending  on  the 

ijk£mn  „  .  .  .  j  6 

geometry  of  the  triad. 


D!.  „,DV.  .  ide 
ljml’  ijm£ 


E(K,t)  kinetic  energy  spectrum. 


u2  '  u3 

<  structural  parameter,  =  = - = 

-*•  u2  *  u3 

K  wave  vector  . 


wave  number,  ■  |K] . 


wave  vector. 


P.  . 
ij 


linear  part  of  the  velocity  pressure  cor¬ 


relation  ; 


v  lui  SXj  +  uj  ?Xi} 


wave  vector. 


qT  kinetic  turbulent  energy,  •  (u;  ♦  ui  *  ui) 

3U2  2 

S  shear,  *  . 


time. 


T^jCK.t),  three-dimensional  transfer,  »  Ty  ♦  T„  . 


or  T 


T^j  (K,t)  part  of  T„  corresponding  to  the  backscatter 


M*. 


T^j  (K,t)  modeled  form  of  T.j  . 


T^  (K, t)  part  of  T„  corresponding  to  the  drain. 


tr C i K  j , t>  isotropic  transfer  associated  with  an  iso¬ 
tropic  turbulence,  -  tr*  +  tr”. 


tr+(|Kj,t)  isotropic  backscatter. 
tr  ( | K | , t)  isotropic  drain. 


u^(X)  velocity  fluctuation. 


u^Uj  Reynolds  stress  tensor. 


U^(X)  mean  velocity, 

e  dissipation. 


^ij (K.P.Q.t)  -  -  ♦  D  . (?) } 


n.  .  modeled  form  of  q... 

ij  ij 


,(K,t),  spectral  tensor,  Fourier  transform  of  the 

*7  second  order  velocity  correlation  at  two 

or  j 


points. 
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U  damping  factor. 

M  kinematic  viscosity. 

8^^  E. D.Q.N.M.  characteristic  time. 

1.  INTRODUCTION 

The  use  of  two-point  correlations  has  often  been 
very  helpful  to  predict  turbulent  flows.  In  particu¬ 
lar,  concerning  homogeneous  anisotropic  turbulent 
fields,  the  Rapid-Distortion  theory  has  provided  sa¬ 
tisfactory  informations  about  the  interaction  bet¬ 
ween  turbulence  and  mean  velocity  gradients,  which  is 
a  linear  process.  Unfortunately,  at  the  present  time, 
Che  use  of  analytical  theories,  such  as  D.I.A. , 

T.F.M.  and  E. D.Q.N.M. ,to  take  into  account  the  nonli¬ 
near  action  of  turbulence  on  itself,  has  essentially 
been  restricted  to  Che  area  of  isotropic  turbulence. 
The  main  reason  for  this  restriction  is  that  using 
chese  theories  without  simplification  Co  close  the  ra¬ 
te  equation  for  the  jhree-dimens ional  second  order 
spectral  tensor  $jj(K,t)  would  result  in  too  cumber¬ 
some  computations. 

One  is  therefore  led  to  make  hypothesis  to  ob¬ 
tain  reduction  in  computational  labor.  Two  interes¬ 
ting  attempts  have  to  be  mentioned  at  this  point.  The 
first  is  due  to  Herring1’2  who  developed  the  *ij (£, t) 
tensor  into  a  spherical  harmonic  expansion  and  retai¬ 
ned  only  low  order  Cerms.  Computations  of  the  return 
to  isotropy  of  turbulence  then  become  tractable  and 
have  been  carried  out  by  using  the  equations  of  the 
D.I.A.. Comparison  with  direct  simulation  is  fairly 
good.  This  study  is  nevertheless  limited  to  the  par¬ 
ticular  case  of  an  axisymmetrical  homogeneous  turbu¬ 
lence,  and  a  much  larger  number  of  terms  would  proba¬ 
bly  be  needed  if  turbulent  fields  associated  with 
mean  velocity  gradients  were  to  be  studied  in  that 
way. 

Another  interesting  approach  has  recently  been 
developed  by  Cambon1.  The  ideg  is  to  use  the  equation 
governing  the  average  of  JjjUC.t)  over  a  sphere  of 
radius  K  and  to  close  this  equation  with  the  E.D.Q.N. 
M.  assumptions.  When  performing  the  integration  over 
the  sphere,  informations  concerning  the  "directivity" 
of  »ji(K,t)  gre  lost,  and  a  modeled  form  of  is 
needed,  (K)  is  then  expressed  as  an  isotjopic  func¬ 
tion  of  its  average  over  the  sphere  and  of  K.  A  good 
agreement  with  experiment  has  been  obtained  when  pre¬ 
dicting  the  classical  homogeneous  flows  with  this  mo¬ 
del,  in  particular  in  the  case  of  plane  strain.  Howe¬ 
ver  the  model  does  not  seem  to  fit  with  every  kind  of 
anisotropy,  in  particular  we  have  pointed  out  that 
the  presence  of  rotation  affects  its  validity''. 

In  che  present  paper,  we  develop  a  different  kind 
of  approach.  We  propose  a  model  in  which  hypothesis 
are  not  made  on  the  }jj(K,t)  tensor  itself,  but  on  the 
ti.ree-dimensional  transfer  Tjj(K.t).  The  advantage  is 
that  the  linear  terms  are  then  exactly  taken  into 
account.  Values  of  Tij(K,t)  computed  by  using  the  com¬ 
plete  3D  E. D.Q.N.M.  closure  are  needed  only  for  a  res¬ 
tricted  number  of  wavevectors  and  for  a  few  values  of 
time.  In  between,  a  modeled  form  of  T{j  is  adopted, 
based  on  an  interpolation  between  the  computed  values. 
The  interpolated  form  is  chosen  to  depend  on  $j.  and 
on  the  "isotropic"  transfer,  which  is  easier  toJ com¬ 
pute. 


In  order  to  find  a  suitable  form  for  the  interpo¬ 
lation,  which  preserves  the  most  important  properties 
of  the  "true"  three-dimensional  E. D.Q.N.M.  transfer, 
a  preliminary  study  is  made  :  Tn  ia  computed  in  par¬ 
ticular  cases  of  anisotropy  resulting  from  the  action 
of  Rapid-Distortion  on  an  initially  isotropic  turbu¬ 
lence.  The  main  characteristics  of  transfer  are  then 
examined.  A  modeled  form  is  thereafter  proposed.  Agree¬ 
ment  between  the  model  and  the  computed  values  of 
T^ j (K)  is  found  to  be  satisfactory. 

Computations  using  the  modeled  Tji(K)  are  then 
carried  out.  The  first  results  and  confrontations  with 
experiments  are  presented  here. 

2.  THE  CLOSURE  OF  THE  EQUATION  GOVERNINC  $ij(K,t)  IN 
THE  FRAME  OF  THE  E. D.Q.N.M. 

We  chose  the  E. D.Q.N.M.  theory  (Orszag8)  as  it  is 
the  simplest  analytical  closure  and  because  it  has  been 
successfully  employed  in  isotropic  turbulence,  in  par¬ 
ticular  by  Lesieur  . 

Putting  an  isotropic  Bgpg  in  the  equation  of  the 
Test  Field  Model  given  by  Kraichnan7,  assuming  further¬ 
more  that  6gpQ  can  be  expressed  by  using  the  same  func¬ 
tion  of  |K|  and  E(]K|)  as  in  isotropic  E. D.Q.N.M. .gi¬ 
ve  : 

(I)  X  4>.  -  (K.t)  ♦  2vK7  *.;(K,t)  - 

o c  XJ  1J 


1  Wijkfmn  *kf<P’t>  4rnn(Q’t)dP  d(>. 

' . . . '.T.j'iK.'t) 


/  lnik(K,P,Q)*kj(K,t)  ♦  hrk(K,P.Q)$ik(K,t)]  dP  dQ 


-'*Ti.  (K,  t)' 


wherg  the  integrals  extend  over  the  triads 
K  +  P  +  Q  «  0,  and  where 


...(K.F.Q)  .  -  6^  (DV.^IQ)  ♦  D"ijoi^.(P)}, 


D,  D'  and  D"  being  coefficients  depending  on  the  geo¬ 
metry  of  the  triad. 

Equation  (I),  in  which  the  terms  containing  mean 
velocity  gradients  have  been  omitted  for  the  sake  of 
briefness,  can  be  considered  as  the  equation  of 

E.  D.Q.N.M.  for  a  non-isotropic  turbulence. 

The  assumptions  made  on  0rpq  imply  that  the  dam¬ 
ping  factor  u  of  the  E. D.Q.N.M.  is  not  affected  by 
anisotropy,  and  furthermore  that  the  mean  gradients 
are  neglected  in  the  equation  of  third-order  correla¬ 
tions.  From  the  point  of  view  of  the  D.I.A. ,  an  equi¬ 
valent  of  those  assumptions  is  to  assume,  as  sugges¬ 
ted  by  Leslie8,  that  Green's  function  is  affected  nei¬ 
ther  by  the  anisotropy  of  turbulence,  nor  by  the  pre¬ 
sence  of  mean  velocity  gradients.  If  we  have  an  idea 
of  the  validity  of  the  first  part  of  the  proposition, 
which  is  probably  acceptable  (see  Schumann  and  Herring), 
the  influence  of  the  mean  gradients  is  not  clear  (see 
Kraichnan7  and  Cambon  in  the  present  volume).  In  the 
present  paper  we  make  the  simplest  hypothesis  on  9gpQ 
on  the  basis  of  a  practical  consideration. 

The  right  hand  side  gf  (I)  is  the  3D  transfer, 

and  we  shall  call  is  T..(K,t). 

ij 


3.  STUDY  OF  THE  THREE-DIMENSIONAL  TRANSFER  AND  PHENO¬ 
MENOLOGICAL  APPROACH  OF  ITS  MODELED  FORM 

In  order  to  study  the  main  properties  of  Tjj(K,t) 
we  have  computed  the  values  of  this  tensor  in  particu¬ 
lar  cases  of  anisotropic  turbulence  in  which  tij(K,t) 
can  easily  be  obtained.  For  practical  considerations 
we  have  chosen  turbulent  fields  resulting  from  the 
action  of  Rapid-Distortion  on  the  initially  isotropic 
turbulence  measured  by  Comte-Bellot’.  Obviously  the 
non  linear  processes  are  not  taken  into  account  when 
"building"  the  tensor  in  that  way,  but  it  is  ho¬ 
ped  that  the  observed  properties  of  the  computed  form 
of  the  3D  transfer  will  still  be  valuable  for  real 
homogeneous  flows,  i.e.  for  less  anisotropic  turbu¬ 
lence. 

The  results  are  presented  by  using  a  visualiza¬ 
tion  over  spheres  of  radius  'Kj.  The  principal  axes 
of  the  tensors  are  visualized  and  segments  proportio¬ 
nal  to  the  eigen  values  are  plotted,  as  shown  oy  fi¬ 
gure  1.  Tij  has  been  split  into  two_p|rts  :  Tj.j  (K,t) 
usually  called  backscatter,  and  Tij  (K,t)  called  ^ 


The  most  important  results  are  that,  on  the  one 
hand  the  distributions  on  the  sphere  of  both  Tij+  and 
Tij~^are  strongly  influenced  by  the  distribution  of 
$ij(K,t),  on  the  other  hand  that  the  "local"  aniso¬ 
tropy  of  Tij-,  at  a  given  point  of  the  sphere,  is 
strongly  influenced  by  the  local  anisotropy  of  $ij. 
Moreover,  it  appears  that  Tij  +  is  less  connected  to 
$ij (K)  than  Tij”  is,  which  is  suggested  by  equation 
(1).  These  considerations  can  be  deduced  from  figure 
2  in  the  case  of  a  uniform  shear  flow  ;  they  remain 


We  now  try  to  find  a  modeled  form  for T^j  which 
respects  those  main  features^  We  try  to  express 
Tij(K,t^,  for  any  values  of  K  and  t,  as  a  functional 
of  ♦gjOJ.t),  of  the  isotropic  transfer  tr(|K|,t)  and 
of  Tjj(K',t')  computed  for  K  describing  a  small  set 
of  spheres  and  for  a  few  values  of  time.  We  still  make 


the  split  Tij  -  T 


ij 


Tij- 


and  then  model  separately. 


Calling  (Kj,  ...  Kq  ...  )  the  set  of  wavenum¬ 

bers  corresponding  to  the  spheres  on  which  the  3D 
transfer  is  computed  by  E.D.Q.N.M.  for  the  set  of  ti¬ 
mes  (t  x »  tg  ....  t),  we  write  the  functional  F+ 
such  as  : 

g 

M+(2,t)  -  F+{(?*(K  ,  t„),  ct  -  1  . -Y  ;  fi-  !••:), 

m  i  „ 


(2)  T.  . 


Ki 


R,  t(K,t),  tr+(  j  K  j  ,t)  ,  E(,K  ,t) 


For  the  drain,  it  appears  that  it  is  better  to 
model  nij~  than  to  directly  express  Tij*  by  using  a 
functional  like  (2). 

We  finally  adopt,  for  -,ij(K,t)  : 

K 

i 

K 


(3>  r>ijM<*-'>4rfer 


ijCK-W0"^  K-*K 


"  tr(Ka,t.)  Kj+[  -  Kq 


,/ci-.  .  ,E(1WV 

nij(K— ’  V^TT)* 

1  a»l*  SJ 


K  -  K 


K  ,-K 
a+l  a 


tg  being  the  value  of  the  set  such  as  tg  <  t  <  tg+1> 
and  KqSucIi  as  Kq  <  K  <  Kq+j.  E(K,t),  trMK.t)  and 
tr“(K,t)  are  respectively  the  average  of  tij(£,t) 
over  the  direction  of  K,  and  the  two  parts  of  the  iso¬ 
tropic  E.D.Q.N.M.  transfer  associated  with  E(K, t) . 


A  similar  form  of  T 
sed  on  the  principal  directions  of  t 


M+ 

jj  is  adopted,  which  is  ba- 


For  different  values  of  K,  which  do  ngt  belong 
to  the^set  of  Kq,  the  modeled  forms  TjjM*(K,t)  and 
TijM_(K,t)  are  tested  by  comparisons  with  the  true 
three-dimensional  results  of  the  E.D.Q.N.M.  computa¬ 
tion.  An  example  of  such  a  comparison  is  given  on  fi¬ 
gure  3.  The  model  can  be  considered  as  satisfactory, 
and  no  optimization  of  constant  is  found  to  be  neces¬ 
sary. 
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Figure  3  -  Comparison  between  the  computed  form  of 

of  at  K  *  0.2  cm-*,  and  its  modeled 

form,  interpolated  from  the  results  of 
computations  at  K  *  0. 1  cm-'  and 
K  -  0.5  cm-l  (S  -  13.9  s*',  t  -  0.1  s)  ; 
(same  conventions  as  on  figure  1). 


tic  energy  q*  ,  .»  present  model,  -  rapid 

distortion  ;  and  evolution  with  time  of  the 
dissipation  C,  +  present  model. 


4.  RESULTS 

We  now  use  the  modeled  form  of  the  transfer  in 
the  equation  governing  i^j.  The  only  constant  appea¬ 
ring  in  the  closure  is  then  the  usual  E.D.Q.N.M.  cons¬ 
tant  determined  in  isotropic  turbulence.  The  computa¬ 
tion  time  remains  tractable  since  only  a  few  complete 
3D  values  of  T^j  have  to  be  computed.  As  typical  va¬ 
lues  corresponding  to  the  results  presented  here,  we 
can  indicate  that  Tjj  is  computed  over  4  spheres  of 
radius  K,  and  every  0.02  second.  The  modeling  form  of 
the  transfer  being  not  exactly  conservative,  the 
backscatter  is  adjusted  in  the  code  to  ensure  energy 
conservation. 

The  computing  method  has  been  tested  in  the  case 
of  isotropic  turbulence.  It  gives  good  results  when 
compared  to  the  experiment  of  Comte-Bellot’. 

Two  non-isotropic  cases  are  presented.  They  con¬ 
cern  the  uniform  shear  flow  and  the  pure  plane  strain. 

Figure  4  shows  the  comparison  of  our  results  with 
the  effect  of  Rapid-Distortion  on  the  evolution  with 
time  of  the  turbulent  kinetic  energy,  in  the  case  of 
a  shear  flow  acting  on  an  initially  isotropic  turbu¬ 
lence  deduced  from  the  measurements  of  Comte-Bellot. 
The  components  of  the  Reynolds  stress  tensor  are  plot¬ 
ted  in  figure  5  ;  it  appears,  as  expected,  that  ani¬ 
sotropy  is  smaller  than  in  Rapid-Distortion. 


Comparisons  with  experiment  has  been  carried  out 
in  one  of  the  few  cases  in  which  an  initial  spectrum 
is  known  :  the  pure  strain  distortion  of  Mar§chal1J. 
Figure  6  shows  that  agreement  on  the  evolution  of  the 
turbulent  kinetic  energy  is  good.  As  for  the  structu¬ 
ral  parameter  k,  it  reaches  0.56  (figure  7)  whereas 
values  of  about  0.6  are  obtained  by  Marechal.  The  cor¬ 
responding  one-dimensional  spectra  are  plotted  in  fi¬ 
gure  8. 


The  lack  of  initial  experimental  data  concerning 
homogeneous  shear  flow  badly  restrains  the  validity 
of  comparison  with  experiments  in  tlMlkear  case.  A 


comparison  is  nevertheless  attempted  oi^the  correla¬ 
tion  coefficient  U2U which  seems  to  be  less 
sensitive  to  initial  conditions  than  the  other  quanti¬ 
ties.  Two  values  of  shear  are  examined,  S  *  12.9  s 
and  S  ■  45  s-*,  respectively  corresponding  to  the 
experiments  of  Champagne,  Harris  and  Corrsin11  and 
Harris,  Graham  and  Corrsin12  (or  more  recently 
Tavoularis  and  Corrsin11).  In  both  cases  we  assume 


that  turbulence  is  isotropic  at  the  entrance  of  the 


wind  tunnel  and  we  use  the  initial  spectrum  deduced 
from  Comte-Bellot' s  experiment.  In  the  C.H.C.  case, 
our  results  tend  to  a  (nearly)  asymptotic  value  of 
about  0.44  (figure  9).  The  experimental  results 
reach  a  slightly  higher  value,  but  the  evolution  with 
time  can  be  considered  to  be  fairly  well  predicted. 

In  the  high  shear  case,  after  reaching  a  maximum,  our 
values  are  decreasing  with  tine,  which  seems  to  agree 
with  the  experiments,  especially  with  the  measurements 
of  Tavoularis. 
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Figure  5  -  Evolution  with  tine  of  the  components  of 
the  Reynolds  stress  tensor. afdo  Present 
Model,  -  Rapid-Distortion. 

Several  other  features,  concerning  the  behaviour 
of  different  turbulent  quantities,  can  be  deduced  from 
our  computation.  As  an  example,  we  can  mention  the  in¬ 
sults  concerning  the  pressure  velocity  correlations 
presence  of  shear,  because  of  the  importance  of  cet-v* 
fully  modeling  these  correlations  when  doing  one  p"i,.c 
closure  (Launder1',  Lumley15). 

Figure  10  shows  that  the  behaviour  of  the  li- erf- 
part  of  the  pressure  velocity  tensor  P^j^  is  fou^tf 
be  very  different  from  what  it  is  in  the  Rapid- 
Distortion  theory.  All  the  components  are  founi  • »: 
increasing  with  time,  for  large  values  of  time  K- 
ver  P33L  soon  becomes  negative,  which  corresponds  to  a 

supply  of  energy  to  U5,  while  it  remains  positive  in 
Rapid-Distortion.  The  discrepancy  between  the  beha¬ 
viours  of  P33L  in  our  computation  and  in  linear  stu¬ 
dies  is  directly  connected  to  the  difference  of  the 
distributions  of  i..  on  the  spheres  of  radius  j K [ 
(figure  11). 

These  remarks  concerning  Pij  are  important  be¬ 
cause  they  point  out  the  danger  of  modeling  the  linear 
part  of  pressure  velocity  correlationsonly  with  refe¬ 
rence  to  Rapid-Distortion  theory  when  doing  one  points 
closures. 


5.  CONCLUSIONS 

Even  if,  at  the  present  time,  there  are  few  expe¬ 
rimental  confrontations  because  of  the  difficulty  to 
generate  anisotropic  initial  conditions  for  the  compu¬ 
tation,  it  is  shown  that  when  using  isotropic  initial 
spectra,  a  good  qualitative  and  even  quantitative  pre¬ 
diction  of  classical  homogeneous  turbulent  flows  can 
be  derived  from  the  analytical  theories  of  turbulence 
by  modeling  the  transfer.  As  no  modeled  form  of  the 
$ij(i5,t)  tensor  itself  is  employed,  the  method  is 
hoped  to  be  particularly  fitting  for  predicting  flows 
in  which  the  use  of  isotropic  functions  is  inadequate  ; 
rotating  flows  for  example.  The  results  can  be  direc¬ 
tly  used  to  predict  flows,  or  can  provide  informations 
to  improve  one  point  closures  or  other  modelings. 
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Figure  6  -  Evolution  with  time  of  the  turbulent  kinetic 
energy_the  case  of_a  plane  strain  distortion, 
(a  *  3U3/3X3  ■  -  ■  19  s“^).  Compari- 

son  with  the  experimental  values  of  Marechal. 
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Figure  7  -  Evolution  with  time  of  the  structural  para- 
__  ...  net;er  jn  case  of  a  jjlane  strain  distor¬ 

tion  (a  ■  3L:3/3X3  »  -  3U2/3X2  *  19  s~'). 
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Figure  8  -  One-dimensional  spectra  of  the  components 
of  the  Reynolds  stress  tensor,  t  •  0.13  s, 
a  -  19  s">. 
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ABSTRACT 


Superscripts 


The  paper  provides  an  analytical  formalism  for 
describing  the  evolution  of  non  isotropic  homogeneous 
turbulence  submitted  to  mean  velocity  gradients. 

The  basic  procedure  is  a  polarization  vector 
decomposition  of  the  velocity  fluctuation  field. 
Retaining  only  the  linear  mechanisms,  the  general  so¬ 
lution  for  the  equation  of  the  fluctuation  is  derived 
without  restrictive  assumptions,  for  arbitrary  rea¬ 
lizations.  The  corresponding  solution  for  the  n^ 
order  independant  statistical  moments  is  simply  dedu¬ 
ced.  As  examples,  numerical  experiments  give  the  ef¬ 
fects  of  plane  distortion  on  second  order  moments 
when  rotation  is  acting  simultaneously. 

Regarding  the  problem  of  closure,  the  extension 
of  this  linear  analysis  is  examined  from  the  point  of 
view  of  statistical  turbulence  theory. 


e*  Spatial  Fourier  transform 

Matrix  transposition 
<  >  Statistical  averaging 

FORMALISM  FOR  NON  ISOTROPIC  HOMOGENEOUS  TURBULENCE 
Basic  relations 

Consider  an  incompressible  velocity  field 
statistically  homogeneous,  velocity  and  pressure  are 
splitted  in  two  parts  which  respectively  characterize 
the  mean  and  the  fluctuation  fields. 

Ui(X,t)  =  <Ui(X,t)>  +  u  (x,t) 

P(x,t)  =  <  P(x,t)>  +  p(x,t) 


NOMENCLATURE 

F  Lagrangian  mean  strain  gradient 

ij 

K  Wavevector 

p  Pressure  field 

p  Pressure  fluctuation  field 

t  Time 

Velocity  field 

ui  Velocity  fluctuation  field 

X  Position 

£  Density 

V  Kinematic  viscosity 

Mean  velocity  gradient 


Furthermore,  the  mean  velocity  is  given  in 
the  following  form 

Ui(x,t)  -  U°  (t)  +  \  (t) X j 

where  U^  andAj^  are  functions  of  time  only.  Conse¬ 
quently,  ifXjj  is  stationary,  following  Craya  , 
compatibilities  between  the  preceding  conditions  im¬ 
ply  the  mean  field  to  be  irrotational  or  plane. 

The  Fourier  transforms  of  the  velocity  and  of 


the  pressure  fluctuations  are  defined  by  : 

u.  (k,t)  - 

1 

/r3  VX-t,#’lkX  ^ 

(2H  )■» 

I’-TW 

7  X  3 

!^>e-lk-X  d3x,  I 

and  the  classical  statistic  spectral  tensors  of  order 
n  are  found  to  be  : 
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(u^p.t)  Ujfk.t))  -  (J^lk.tj.Jck+p) 

<U,  (k  .O  U  (k  (k  ,.t>>  - 

'  n  1  i  n-1  / 

1  l  n 

(h  (kl'k2'”'kn-l’  f 

^V2...in  •*(n1*k2...+kn) 


The  condition  of  incompressibility  requires  : 

°<i'Ji(k't>  “  °  witho<1*ki/k 
so  that,  in  an  orthonormal  frame(o<(k)  ,^(k)  ,"J(k)  )  the 
velocity  may  be  expressed  in  terms  of  two  components 
in  the  form  : 

A*(k,t)  =  s^i(k)ui(k,t) 

or  Ui<k,t)  =  Aj  (k.ti^tk)  ♦  A2(k,t)  Tfi (k) 

(greek  indices  take  only  the  values  one  or  two) . 
Among  other  authors,  J.  LEE  (2)  used  such  a  polariza- 
t  on  vector  decomposition. 

Accordingly,  the  corresponding  reduced  spectral 
tensors  are  : 


(a^  (p. t) A^tk, t) )  =  ^  (k,t)S(k+p) 


with  the  prolection  operator 

■  vV 

Retaining  only  linear  terms,  the  partial  differential 
equation  reduces  to  : 


Vi 


? _ i.  _  X  v  - — L  +(  v  k2  +  Ik  u®  ^  d  +X  fl 

>t  lmKl  Jk  +  1K1  ul-  i  nilul 


2k. k,  v  „ 

i  i  A.  a 
— - — '’lm  m 


(2) 


the  associated  characteristic  curves  are  given  by  : 

X  -  T(t)k  (3) 

m 

where  the  lagrangian  strain  gradient  F(t)  associated 
with  the  mean  flow  is  governed  by  the  equation  : 


dFl^t>  =X(t)  F  (t) 

dt  il  13 1  ' 


(4) 


Consequently,  using  the  time  derivative  with  respect 
to  X  constant  (noted  by  the  superscript  •  ) ,  the 

general  solution  of  equation  (2)  writes  : 

-T 


fl  (k,t)  =  e  c  il(k,t)il1(X,o) 


with 


T='» 


k.k  f  F,  .  (t’)F  .  't’Jdt'  + 
1  nl  li  ni 

2n 


(A*l  (kn't|A«2(krt)  • -  ■A*n<kn-rti) 

\it  (k. ,k.,.. .k  T,t)- 

Y  1  2  "  1  itki^-"+kn) 


*l-2--'*,n 


with 


^(k,t)  •  2-il-k)Cwlk<|)..(k,t) 

y  (krk2'",kn-rt). 

*  m  m _ 


4(k  ,k  ,...k  ,t> 

S  V-^n 

n 

Zk  *o 
P 

p  -  1 

We  find  that  the  moments  of  order  n  can  be  expres¬ 
sed  in  terms  of  n+1  independant  components  only  : 

Vr  (k,  ,k,,  k  ,t) 

*l*<2'-'«n  '*1^2  ’  -4-<n42 

General  procedure  for  solving  linear  equations 

Using  the  incompressibility  condition,  the 
Navier  Stokes  equation  governing  the  fluctuation 
field  may  be  written  : 

AJJIi  4vk2  ♦  ikjoj)  Uj  +X31ux  -XXlBk1^i)- 


Aijtki  |uj(p,t)u1(q,t)d3p) 

*  p+q*k 


(1) 


(5) 


IU?k^  Fli(f)df 
the  solution  V(k,t)  of  the  equation 

A^lk)  (  v  (k,t)  +Xjl(t>v1(k,t)  )  -  o 

with  the  incompressibility  condition 
KiVi(k’t>  “  0 

determines  the  associated  tensor  Gi-(k,t) 

The  linear  sotutions  of  the  equations  governing 
the  nth  order  moments  (without  contribution  on  n+lth 
order  moments)  are  then,  written  concisely  as 

1(k.,k,,...k  ,  ,t)  _ 


(t)  (kj,l;2,---kn.1.t)  =  •Jn  Gj  .  (k^.tiG,  „  (k,,t): 

”i,l,...i 


Mi  n'-“i,3, 


12  ’ 


(6) 


. .  .g.  .  (k  ,t)dV  \  2 
Vn  "-1 


ixl,x2,...xn_1,0> 


x  G.  .  (k,,t) . . .G 
4333 

with 

7  *  V  7vk  ,t) ,  r  k  k  o 

n  [_  P  /  P 

p=l  P“1 

Similarly,  the  procedure  may  be  described  in  the 
typical  local  frame.  The  corresponding  differential 
system  is  deduced,  and  we  have  : 

.7 


A^tk.t) 


g^(k,t)Af(X,0) 


Likewise,  the  solution  of  the  equation 

W^k.t)  +  f^f(k,t)  Wt(k,t)  =  0  (7) 

gives  the  corresponding  tensor  (k,t) 

The  general  form  ot  the  nth  oraer  moments 

Ikj  r k2> *  * • k^_j ,t) 


Y  'kl'k2'---' 
T*‘l“2'-*n 
is  similar  to  (6) . 
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CHARACTERIZATION  OF  THE  KERNELS 

The  tensors  G^  or  n,  are  calculated  for  all 
the  mean  flows  retained  by  Craya.  The  resolution  of 
(4)  with  (3)  gives  F(t)  and  the  characteristic 
curves  X (k, t) . 

The  condition  of  incompressibility  is  immedia¬ 
tely  satisfied  by  projection  in  the  local  frame  or 
by  introduction  of  the  new  function Y  (k«t)  such 
that  :  1 

vl(k,t)  «Ai;)  (k)^  <k,t) 

In  this  last  case,  the  equation  (S)  to  be  solved 
may  be  presented  as  : 

AijfVj  *X3lVl  +  Vn')  =  0  <8) 

and  the  specific  feature  of  irrotational  mean  flows 
clearly  appears. 


In  the  case  of  pure  shear  flow,  with 

*13  “**12  and  ni  *4  id 

we  have  : 

II  f  (k,t)  I 

g  _  I  and  X(k  ,k0,k,-t-k,st) 

-  |0  1X1/  lkl|  12  3  2 


with 
f (k,t) 

f (k,t) 


^i  nfi  k3  X3 

j—  rj— 2  IArCt9f2'~ 2  ‘  ArCt9/p~2  J,k2*  0 

2*kl*k2  'Jk1*k2  Jk  1  k" 

kl 


T  st- 


Using  (6) ,  these  results  will  generalize  the  solu¬ 
tion  given  by  Gence  (5)  and  Loiseau. 

The  general  computation  of  mean  rotational  flows 
is  performed  with  the  mean  velocity  gradient 


Irrotatxonal  mean  flows 

The  eigen  values  of ^  and  F  are  respectively 
and  i  *  1,3  . 

Using  (8),  the  tensor  G^j(k,t)  is  given  in  the  form 

Gi2  (k,t>  -AL1(k)F-i  (t) 

The  concise  form  of  the  nth  order  moments  gene¬ 
ralize  the  expressions  given  by  Batchelor  (3J  and 
Courseau-Loiseau  (£)  (second  order  moments  with  iso¬ 
tropic  initial  conditions) .  To  illustrate  the  pro¬ 
cedure,  in  the  case  of  arbitrary  initial  conditions, 
the  solution  for  the  second  order  moments  reduce  to 
the  tensorial  form 

(J)i3(k,t)  -Ailt(k)F"’(t)A3nr"^(t)  =< 

*  e  2 

*  t'WC  Flilt*)Fni(t')dt' 

0 

Plane  rotational  mean  flows 


For  such  flows,  it  is  convenient  to  use  the  lo 
cal  frame  ^f(k)  ,  ^(k) , 'fl’(k) ) .  Accordingly,  the  ma¬ 
trix  J^of  the  linear  differential  system  (7)  lea¬ 
ding  to  may  be  written  as  :  n  \  (K 


‘“iV 


with 


*1  -  ki/k'^i  'Vi  =  Eijf'A-  ^  fixed 


Two  particular  cases  lead  to  analytical  solu¬ 
tions  for  g,^  :  the  pure  rotation  and  the  pure 

shear  flow. 

For  the  pure  rotation,  choosing  n  colinear  to 
the  rotation  vector/1  ,  the  mean  velocity  gradient 

^ij  “  ^131^1 

leads  to  : 

g  IcosBt  -  sinOtl  C .  2CLM 

-  IsinOt  cosCt) 


0  0  0 

0  d  W 

0  -d 

given  in  the  fixed  principal  axes  of  the  distortion 
tensor.  Without  evident  analytical  solutions,  the 
differential  system  (7)  is  numerically  solved  by 
Runge  Kutta  integration. 

As  examples,  using  initial  isotropic  conditions, 
the  evolution  of  the  second  order  momentsCt)^  are 
calculated  for  various  values  of  the  ratio  tu/d.  Or. 
figure  1,  we  give  the  radial  tensor,  obtained  by- 
integration  over  a  sDherical  shell  of  radiusIM 

<fi3  . 

at  d.t  *  0.76  (d  fixed),  for  various  values  of  the 
ratioO/d. 

The  evolution  with  time  of  the  one  pcir.t  ncr. 
diagonal  component  (u^u  ^  and  the  kinetic  energy 

are  shown  on  tne  figure  2.  From  U/d  =  C  t: 

&>/d  =  1,  (U2U3)  is  contineously  increasing  with  time; 
whenW/d^  1,  <U2U3^  is  always  increasing  for  small 
values  of  d.t,  but  the  level  at  large  values  of  d.t 
falls  whenO/d  is  growing.  Moreover,  an  oscillating 
tendency  appears,  its  period  is  roughly  identical  tc 
that  of  the  pure  rotation. 

CONCLUDING  COMMENTS  AND  APPROACH  OF  THE  NON  LINEAR 
PROBLEM 

In  the  present  work,  the  study  of  the  linear 
effects  on  an  arbitrary  realization  of  the  fluctua¬ 
tion  velocity  field  is  readily  extended  tc  statisti¬ 
cal  spectral  tensors  using  the  determinist  behavicr 
of  the  operator.  Accordingly,  the  linear  problem 
becomes  more  tractable  than  the  classical  rapid  dis¬ 
tortion  theories  and  more  general  results  or,  ntk 
order  moments  are  extracted.  Moreover,  the  numerical 
solution  underlines  the  consequent  qualitative 
effects  of  the  mean  flow  ;  the  exact  calculation  of 
the  linear  part  of  the  pressure-strain  correlation 
may  be  used  as  a  guide  for  the  modeling  of  the  cor¬ 
responding  term  in  the  Reynolds  stress  equatior,  (6). 

For  the  approach  of  the  non  linear  problem,  we 
examine  the  contribution  of  the  previous  analysis  tc 
the  classical  theories  of  closure  starting  from  a 
linear  gaussian  model.  Indeed,  considering  an  ini¬ 
tial  statistical  ensemble,  such  that  ui(k,0)  has  a 
multivariate  normal  law,  it  is  clear  that  the  linear 
solution  preserves  this  property.  The  same  situation 
appears  in  the  case  of  the  linear  response  of  the 
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fluctuation  field  when  a  gaussian  forcing  term  take 
the  place  of  the  non  linear  right  hand  side  of  (1) . 

In  the  both  cases,  we  can  associate  a  gaussian 
solution  G.  and  a  linear  problem,  characterized  by 
the  Green  function  R®u. 

lj  -y<k,t-tM 


Ri:)  (k,t,k‘  ,t' ) 
x  5(k*-  Ttt-t' )  k 


G  (k,t-t')e 

13 


(9) 


The  departure  from  the  gaussianity  will  then  essen¬ 
tially  t>e  linked  to  the  non-linear  terms  in  (1).  Ac¬ 
cordingly,  the  effects  of  these  mechanisms  on  sta¬ 
tistical  quantities  can  be  treated  formally  as  weak 
corrections  added  to  the  basic  set  (u“ , R?  . ) . 

At  first,  following  the  DIA  method  [_n  ,  we  let 
the  response  tensor  be  defined  by  the  functional 
derivative  : 


(k.t.kjf)  =  lui(k,t)/rff  (k*  ,t')  or, 
iui(k,t)=  Jj  R.  t  k ,  t ,  k  •  ,C  )Sf  (k  •  ,t’)d3k'dt' 

where  f.  represents  a  forcing  term  acting  on  the 
right  hsind  sid»  of  (1). 

The  DIA  algorithm  would  be  the  following  : 

-  Considering  the  equations  for  the  statistical 
quantities  ^R^j)  and  <pij,  close  the  unknown  terms 
by  expanding  u^  and  R^j  around  and  RJj  using 
perturbations. 

-Retain  only  the  lowest  order  terms  in  these  expan¬ 
sions  and  discard  the  indice  zero. 

At  this  stage,  this  procedure  reveals,  among 
other  inconsistencies,  a  specific  problem  in  our  ca¬ 
se  :  the  time-dependant -shifting  between  k  and  k', 
induced  by  the  Green  function  (  9 ) ,  can  lead  to 
violate  spatial  homogeneity.  Thus,  for  future  inves¬ 
tigations,  we  -etain  only, in  the  DIA  approach,  the 
sounding  concept  of  response  tensor. 

men,  comparing  characteristic  time-scales,  of 
both  linear  and  non-linear  mechanisms*,  we  can  assu¬ 
me  that  RJ j  is  a  good  approximation  for  ,  at 
Least  in  the  small  wavenumbers  range. 

Consequently,  the  abridgment  proposed  by 
Leslie  (8J  for  treating  shear-flows,  appears  ques¬ 
tionable  ;  indeed  the  author  choice,  "a  priori",  an 
isotropic  distribution  for^^j  and  a  local  (in  k- 
space)  isotropic  form  : 

.-*(k.  t-f>A  f(k._k) 


ij 


Aij(k) 


On  the  other  hand,  spatial  correlations  can  be 
used  exclusively  at  the  same  time,  without  inconsis¬ 
tency,  when  applying  a  quasi-normal  hypothesis  with 
an  eddy  damping  (EDQN)  .  Following  Orszag!!)),  this 
way  consists  to  close  the  equation  of  the  third- 
order  spectral  tensor  by  splitting  the  term  relative 
to  fourth-order  correlations  in  t >o  parts  :  the  first 
is  expressed  in  terms  of  second-order  correlations, 
applying  the  rules  for  evaluating  moments  of  normal 
distributions  ;  the  second  one  depends  linearly  on 
the  third  order  tensor  and  come  in  addition  to  the 
primitive  linear  part  of  the  equation.  Then,  we  can 
define  a  primitive,  or  zero*-*1  order.  Green  function 
and  an  enlarged  one,  <-haracterizing  the  upper  whole 


1  -  For  exemple,  we  can  compare  the  constant  "lineaf 
scale  Ok^^ijJ"*'2  with  the  large  eddy  turn-over 

tune,  rk  2  , .  -i/2 

(  j  p  E  (p)  dp) 


linear  term.  In  a  previous  work,  (10) ,  the  unknown 
enlarged  function  was  assumed  to  be  isotropic,  with 
a  single  damping  coefficient.  An  improvement  of 
such  a  drastic  assumption  may  be  expected  starting 
from  the  linear  exact  model  :  an  exact  determination 
of  the  primitive  Green  function  can  be  extracted  in 
term  of  RJj  function  products  (see  relation  $)). 

This  information  will  be  used  as  the  first  step 
for  the  construction  of  a  suitable  enlarged  function. 
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Fig.  1  Radial  spectral  tensor  at  d.t  ■  0.76 
for  various  values  of  r  «W/d  ; 

a  -  19  s-i 

(1)  (k,t)  (cm3 41 /s2) 

(2)  y22(k,t) 

(3)  y33(k,t) 

(4)  y23(k,t) 


.5  .76  1  15  d.t 


0  .5  .76  1 .  1 .5  d.t 


Fig.  2  Non  diagonal  Reynolds  Stress 
con>'X>nent<t>2t'3y  and  Kinetic 
energy,  for  various  values  of 
r  =6>/d 
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ABSTRACT 


A  technique  is  described  for  visualizing  unsteady 
flows  which  are  self  similar  in  time.  The  method 
makes  use  of  a  reduction  of  the  equations  for  unsteady 
particle  paths  to  an  autonomous  system  in  similarity 
coordinates.  The  entrainment  diagram  for  a  given 
flow  corresponds  to  the  phase  portrait  of  this  system 
and  the  flow  structure  is  analyzed  in  terms  of  its 
critical  points.  This  approach  provides  a  powerful 
method  for  analyzing  the  dependence  of  the  flow  on 
various  governing  parameters. 

NOMENCLATURE 

a,b,c,d  -  matrix  coefficients 

f,g  -  self  similar  Falkner-Skan  stream  functions 
C  -  self  similar  round  jet  stream  function 
H  -  self  similar  vortex  ring  stream  function 
M  -  governing  parameter 

p.q  -  trace  and  determinant  of  the  matrix  of  coeffi¬ 
cients 

Re  -  Reynolds  number 
t  -  time 

n  -  velocity  vector 

U  -  free  stream  velocity 
e 

U  -  plate  velocity 

x^  -  spatial  coordinates 

B  -  pressure  gradient  exponent 
£,n  -  similarity  coordinates 

£  ,D  coordinates  of  a  critical  point 

c  c 

6  -  polar  angle 

C  ,6  -  coordinates  of  a  critical  point  in  spherical 

c  coordinates 

q  -  vorticity 

T  -  /*»  * 

INTRODUCTION 

This  paper  is  addressed  to  the  problem  of  vis¬ 
ualizing  unsteady  fluid  motion.  Observations  of  or¬ 
ganized  structure  in  turbulence  have  led  to  an  in¬ 
creased  emphasis  on  direct  analysis  or  measurement  of 
complex  unsteady  flow  fields.  An  extremely  important 
element  in  current  research  is  a  renewed  emphasis  on 
the  use  of  flow  visualization  and  a  widespread  aware¬ 
ness  that  flow  visualization  can  play  a  very  broad 
role  in  improving  our  physical  understanding  of  com¬ 
plicated  turbulent  phenomena  (Kline  1978). 

The  instantaneous  streamline  patterns  which  re¬ 
sult  from  these  investigations  provide  a  form  of  flow 


visualization  combined  with  substantial  amounts  of 
quantitative  information  about  the  flow.  However, 
there  are  significant  conceptual  problems  involved  in 
interpreting  unsteady  streamline  patterns  as  they  re¬ 
late  to  entrainment.  In  an  unsteady  flow,  streamlines 
can  move  across  fluid  pathlines;  thus  the  unsteady 
stream  function  provides  little  insight  into  the  be¬ 
havior  of  the  fluid  itself. 

Particle  trajectories  drawn  in  physical  coordi¬ 
nates  also  present  similar  conceptual  dif f icu 1 t ies . 

If  the  integration  of  the  particle-path  equations  is 
carried  out  over  a  volume  of  particles,  then  each 
point  in  space  will  be  traversed  by  an  infinite  set  of 
trajectories,  each  with  a  different  slope  correspond¬ 
ing  to  the  passage  of  particles  through  the  point  at 
successive  instants  of  time.  In  addition,  the  pat¬ 
tern  of  particle  paths,  like  the  pattern  of  stream¬ 
lines,  depends  on  the  frame  of  reference. 

Certain  time-dependent  flows  can  be  reduced  to 
a  self-similar  form.  Such  flows  usually  depend  on 
one  or  two  global  parameters.  In  this  case,  some  of 
the  above  objections  can  be  removed  by  reducing  the 
equations  for  unsteady  particle  paths 

dx, 

d T  "  (1> 

to  an  autonomous  system  in  similarity  coordinates. 

We  shall  call  the  phase  portrait  of  this  system,  the 
entrainment  diagram  of  the  flow.  It  is  a  Lagrangian 
representation  of  the  unsteady  flow  pattern  in  a  sys¬ 
tem  of  scaled  spatial  coordinates.  There  are  several 
useful  elements  of  this  technique 

i)  The  entrainment  diagram  provides  a  visual 
picture  of  the  flow  which  is  invariant  for 
various  moving  observers, 

ii)  The  flow  structure  is  described  in  terms  of 
a  limited  set  of  critical  points  in  the  en¬ 
trainment  diagram.  Thus  the  technique  pro¬ 
vides  a  quantitative  scheme  for  identifying 
and  classifying  related  features  of  various 
classes  of  self-similar  flows, 

iii)  The  entrainment  diagram  can  be  used  to  ana¬ 
lyze  the  dependence  of  a  flow  on  various 
governing  parameters. 

At  this  point  it  may  be  noted  that  the  restric¬ 
tion  to  flows  which  are  self-similar  in  time  turns 
out  to  be  remarkably  general.  Even  when  we  further 
restrict  ourselves  to  flows  which  are  amenable  to 


simple  stretching  transformations1  the  list  of  cases 
is  quite  long  and  includes  virtually  all  of  the  flows 
which  we  ordinarily  think  of  as  self  similar  in  space 
(Cantwell  1981). 

In  the  present  paper  we  will  focus  our  attention 
on  element  (ill)  of  the  entrainment  diagram  technique 
and  demonstrate  its  application  to  the  analysis  of 
three  flow  problems;  the  classification  of  Falkner- 
Skan  boundary  layers,  transition  in  the  axisymmetrlc 
jet  and  reverse  transition  of  the  vortex  ring.  In 
each  case  the  dependence  of  the  flow  pattern  on  gov¬ 
erning  parameters  will  be  demonstrated. 


EXAMPLE  1. 

CLASSIFICATION  OF  FALKNER-SKAN  BOUNDARY  LAYERS 


These  are  steady  boundary  layers  with  an  imposed 
streamwise  pressure  gradient  which  varies  according 
to  a  power  law  in  the  x-direction.  Nevertheless  we 
will  begin  the  analysis  with  a  similarity  form  appro¬ 
priate  to  the  unsteady  boundary  layer  equations.  In 
terms  of  Che  stream  function 


.2,  , ,  ^2,  ,  ,  .2,  3U  ,3. 

3  i_  +  !i  3  v  .  li  l_Jt  »  n  £  +  v 

3y3t  ay  3x3y  3x  .^2  e  3x  ^^3 


(2) 


where  the  free  stream  velocity  Ug  is  given  by 


L'(x) 

e 


Mx 


(3) 


The  constant,  M,  determines  the  rate  at  which  L'e 
varies  and  is  the  parameter  which  governs  the  motion 
in  the  x-direction.  The  appropriate  similarity  form 


1+8 


vl/2  Ml-8  c 2 ( 1 — £ )  g(5fr) 


where 


m1/(1-8)  tl/(l-8)’ 


.  JL. 

y'vt 


(4) 

(5) 


Substituting  (3),  (4)  and  (5)  into  (2)  leads  to 

,2 


1+8  )g 


2 (1-8) 3m 


_8_i  8  +  H  £& 

1(1-8  )'-8  2  3* 


+  iiSL_ 

3h  3C3+1 


38  3n2 


,28-1 


+  M 
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3n 


The  governing  partial  differential  equation  no  longer 
depends  on  time  and  thus  (4)  and  (5)  are  correct 
forms.  When  expressed  in  terms  of  £  and  r,  the  equa¬ 
tions  for  unsteady  particle  trajectories  become 


(™6*i)i/2  •$$*) 


(9) 


One  can  easily  verify  that  (9)  is  equivalent  to  (4) 
where 


g«.n)  -  C(1+6)/2  f(s) 


(10) 


.(l-B)/2 


and  s  »  n/C 

In  terms  of  f(s)  the  equations  (7)  and  (8)  become 

zf  “  e8f '  -  i§6  5  F!<e,n)  (11) 


1±B  _  (1-8)  sf, 

2  1  2  SI 


-  5  =  F2(^r,)  (12) 


In  the  neighborhood  of  a  critical  point  (£  ,r  ),  the 
above  equations  may  be  expanded  as 


ff  -  a(8-8c>  ♦  b(T,-nc) 


dr] 
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dT  c  c 


(13) 
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(15) 


The  nature  of  the  critical  point  is  completely  deter¬ 
mined  by  the  trace  and  determinant  of  the  matrix  of 
coefficients. 


p  *  -(a+d) 
q  *  ad  -  be 


(16) 

(17) 


In  order  to  evaluate  p  and  q  we  make  use  of  the  fol¬ 
lowing  relations  derived  from  setting  (11)  and  (12) 

/;  (1-3)72 
c  c 


equal  to  zero  at  (8  ,r.  ).  Note  s 
c  c  c 


1-8 


f,(sc>*  1-  8 

(18) 

f's  )  -  0 
c 

(19) 

3i.g  --4 

dt  \  1-6 

(7) 

Using  (15),  (18)  and 

(19)  the  coefficients 

become 

dr, 

dT  *  -gB  ‘  2 

(8) 

-l)/2 

f"(s  ) 
c 

(20) 

where  T  *  tn  c. 


b  -  8c3e/2  2  f"(sc) 


(21) 


The  Falkner-Skan  solutions  are  usually  expressed  in 
the  form 


1 1— 3 \  c  c  S  _c  /l-6\  _c  r  2  2  f"(s  (">2 

\  2  /  2  2  8  V  2  /  8  ’c  f  tSc) 


,  n  2  3,  3 
2  n  Tt5  t 


1  In  the  general  case  in  two-dimensions  the  basic 
similarity  variables  are  of  the  form  (Cantwell  1978) 


8“t”£  (x-!C(t))cos(aC.nt  +  bt  )-(y-]f  (t )  )sin  (alnt  +  bt) 


-  "  Vfm  *  ^c36/2  -  3/2  f"<*c> 


ri«t  (x-X(t))sin(a2.nt  +  bt)+(y-Y(t))cos(ain£  +  bt) 
Where  k,  a  and  b  are  arbitrary  constants  and  X(t) 
and  Y(t)  are  arbitrary  functions  of  time.  In  the 
case  ot  simple  stretching  transformations  a*b*X(t)» 
Y(t)«0. 


Evaluating  p  and  q  we  have 
P 


(6-3) 

2(1-8) 


(24) 


57.13 


i)  (6=0)  The  Blasius  Layer  -  the  critical  point 
in  this  case  is  a  stable  node  with  (p,q)= 
(3/2 ,1/2).  The  entrainment  diagram  for  this 
flow  is  shown  schematically  in  Figure  2. 


Figure  2.  Entrainment  diagram  for  the  Blasius 
Layer. 


ii)  (6-1/3)  Constant  stress  layer  -  this  occurs 
where  the  line  q-p-1  osculates  with  the 
parabola  q-p5/q.  It  represents  a  situation 
in  which  a  mildly  favorable  pressure  gradient 
balances  diffusion  from  the  wall  to  produce 
a  boundary  layer  with  a  wall  shear  stress 
which  remains  constant  with  x.  The  entrain¬ 
ment  diagram  is  similar  to  Figure  2.  but 
with  a  star  point  at  the  leading  edge. 


Figure  3.  Entrainment  diagram  for  the  constant 
stress  layer. 


where  £=x/L'ot,  n»y/ii.t  and  T»In  t. 

with  a  critical  point  at  (£  ,h  )  -  (1.0). 

c  c 

Near  the  critical  point  (27)  and  (28)  may  be  expanded 
as 


The  critical  point  is  a  stable  node  with  (p,q)-(3/2, 
1/2);  i.e.  the  same  (p,q)  values  as  for  the  steady 
Blasius  Layer.  The  entrainment  diagram  for  this  flow 
is  shown  schematicallv  in  Figure  3. 


Figure  5.  Entrainment  diagram  for  the  impulsive¬ 
ly  started  flat  plate. 

Inclusion  of  the  starting  process  in  the  analysis 
of  the  phase  portrait  of  the  particle  path  equations 
leads  to  a  powerful  method  for  analyzing  the  dynamics 
of  fluid  motion.  In  Example  2  we  will  briefly  re¬ 
view  results  published  previously  (Cantwell  1981)  for 
transition  in  the  axisymmetric  jet.  This  will  serve 
to  introduce  Example  3  in  which  the  application  of 
the  entrainment  diagram  technique  to  the  problem  of 
rclaminarization  or  reverse  transition  in  the  impul¬ 
sively  produced  vortex  ring  will  be  described. 


The  purpose  for  contrasting  these  two  examples  with 
each  other  is  to  illustrate  the  fundamentally  differ¬ 
ent  nature  of  the  Reynolds  number  dependence  of  the 
two  flows. 

In  each  case  we  will  be  considering  solutions  of 
the  linearized  equations  of  motion. 


The  structure  of  the  flow  is  examined  by  finding  and 
classifying  critical  points  of  (36)  and  (39);  points 
(5C>8C)  at  which  both  right  hand  sides  are  equal  to 
zero.  The  zeros  of  (39)  are  at  (6  *  0,rr  all  E)  and 
(E  -  1.7633  all  6)  and  are  clearly  the  same  for  all 
Reynolds  numbers.  Setting  the  right  hand  side  of  (38) 
equal  to  zero  gives 


Vxu  *  co  (31) 

§7  -  v  V2  Z  (32) 

EXAMPLE  2. 

TRANSITION  IN  THE  IMPULSIVELY  STARTED  ROUND  JET 

In  this  section  we  will  review  the  behavior  of 
an  impulsively  started,  axlsymmetric  laminar  jet. 

The  Reynolds  number  is,  Re-(J/p  )l-/2/v,  where  J/p  is 
the  strength  of  the  momentum  source  which  produces 
the  jet.  Dimensional  considerations  lead  to  a  formu¬ 
lation  of  the  problem  which  is  self  similar  in  time 
in  the  variables  E  *  r//vt  and  e,  where  r  and  8  are 
the  raduis  and  polar  angle  in  spherical  polar  coordi¬ 
nates. 

We  will  make  use  of  the  analytic  solution  for  the 
limit  Re  •*  0.  The  Stokes  stream  function  for  this 
case  is  given  by 

Y  *  V  3/2  t  1/2  G(E ,9)  (33) 


Substituting  (33)  into  (30)  to  (32)  and  solving  for 
G  leads  to  ^ 

G«’8)-  if?  -ZZ  ^  '-fe  -  £)erf(f|  (3 


By  any  conventional  measure  the  above  solution  has 
only  a  trivial  dependence  on  Reynolds  number.  How¬ 
ever  an  examination  of  particle  trajectories  associ¬ 
ated  with  (33)  and  (34)  reveals  a  remarkably  complex 
structure.  The  equations  for  particle  trajectories 
are  given  by 


ff-u(r,6,t;Re)  ;f 


v(r ,8 , t ;Re) 


where  u  and  v  are  the  radial  and  tangential  veloci¬ 
ties.  In  terms  of  similarity  variables  the  equations 
become 

-  U(E,?;Re)  -  §  ;  |f  -  (36) 


L'(C,9;Re)  ■  7777  ^  ;  v(?,9;Re)  *  eih  fi  <37) 

and  T  ■  lnt .  Substitution  of  (34)  into  (36)  using 
(37)  leads  to 


§--ie-^-(f-J).rfg)j-f  U8) 


df  r7  sin?  /l  .  1 

dT  -4,  .2  ^2  ^ 


-5/4  / 1 


Equation  (40)  defines  a  family  in  the  (E,9)  plane  for 
various  values  of  the  Reynolds  number.  Intersections 
between  (40)  and  the  zeros  of  (39)  locate  critical 
points  in  the  entrainment  diagram  of  the  solution  (34) 
Figure  6  below  shows  schematically  the  entrainment 
diagram  of  (34)  at  three  values  of  the  Reynolds  number 


fait. oWT 


Figure  6.  Entrainment  diagrams  of  C(E,8)  (equa¬ 
tion  34)  for  various  Reynolds  number  ranges. 

For  sufficiently  small  Reynolds  number,  pathlines  con¬ 
verge  to  a  single  stable  node  which  lies  on  the  axis 
of  the  jet.  At  a  Reynolds  number  of  6.7806  the  pat¬ 
tern  bifurcates  to  a  saddle  lying  on  the  axis  of  the 
jet,  plus  two  stable  nodes  lying  symmetrically  to  ei¬ 
ther  side  of  the  axis.  At  a  Reynolds  number  of 
10.09089  the  pattern  bifurcates  a  second  time  to  form 
a  saddle  and  two  stable  foci.  The  Reynolds  number  de¬ 
pendence  of  the  flow  is  conveniently  summarized  by  the 
trajectory  of  the  critical  points  of  (38)  and  (39)  in 
the  (p,q)  plane  shown  in  Figure  7. 
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Figure  7.  Trajectory  of  the  critical  points  of 
(38)  and  (39)  in  the  (p,q)  plane. 

Several  aspects  of  this  work  which  have  important  im¬ 
plications  for  our  understanding  of  unsteady  shear 
flows  should  be  noted. 

i)  A  vortex  rollup  such  as  that  depicted  in  Fig¬ 
ure  6  is  usually  thought  of  as  an  essential¬ 
ly  nonlinear  phenomenon.  Yet  here  we  see 
that  a  rollup  process  is  contained  in  the 
structure  of  a  linearized  solution  of  the 
equations  of  motion. 

ii)  The  vortex  rollup,  or  focus  forms  just  one  of 
a  family  of  possible  critical  points  which 
may  describe  the  structure  of  a  given  flow. 

In  two  dimensions  possible  critical  points 
Include  saddles,  nodes  and  foci.  In  three 
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dimensions  the  entrainment  diagram  may  be 
very  complex. 

ill)  One  can  give  a  physical  Interpretation  to  the 
three  flow  patterns  depicted  in  Figure  6. 
Consider  an  interface  between  two  fluids  A 
and  B  in  physical  coordinates.  If  the  mo¬ 
mentum  source  is  turned  on  at  t~0  then,  de¬ 
pending  on  the  Reynolds  number,  the  interface 
will  distort  into  one  of  the  three  possible 
patterns  depicted  below. 
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Figure  8.  Distortion  of  fluid  interface  by 
G(£,6)  at  three  Reynolds  numbers. 


EXAMPLE  3. 

RELAXATION  OF  AN  IMPULSIVELY  STARTED  VORTEX  RINC. 


In  this  section  we  will  exe">;ne  the  behavior  of  an 
impulsively  started,  axisymmetric  vortex  ring.  The 
Reynolds  number  of  the  vortex  ring  is  Re  -  (I/pt)‘'‘/v, 
where  I/p  is  the  total  impulse  applied  to  the  fluid, 
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(41) 


o  o 

Note  that,  in  contrast  to  the  previous  example,  the 
Reynolds  number  in  this  flow  depends  on  time.  The 
equations  of  motion  in  spherical  polar  coordinates 
are 


r  fr  (r2u)  +  sin9  §6  <VSin8) 


d?  (rv) 
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(r°  ■  v  7  36 (ike  ffl  '“sln9)) +  (ru)  (44) 


with  the  Stokes  stream  function  defined  by 


M  .v  -  --1  M 

36  ’  rsin6  3r 


r2sin0 


As  before  particle  paths  are  given  by 


(45) 


Tt  ■  u<r’ t:  b  v) 


(46) 


dC  v(r,  6,  t;  p;  v) 
dt  r 


(47) 


with  the  parametric  dependence  of  u  and  v  on  1/p  and  v 
indicated.  The  variables  r,  6,  u  and  v  are  the  same 
coordinates  and  velocities  used  in  Example  2.  The  sim¬ 
ilarity  forms  appropriate  to  this  problem  are 


,_1/2  t'1/2  H(E,e) 

(48) 

r3/2 1-3/2  u ( £ , ? ) 

(49) 

r3/2  t-3/2  v(c,e) 

(50) 

r2  t"2  w(£,e) 

(51) 

!  t1/2  £ 

are  the  self-similar 

velocities. 

i 

t .  ■  -  V 

p 

r  =  -1/2 

Where  U,  V,  H  a: 
stream  function  and  vorticitv.  Note  that  we  have  as¬ 
sumed  that  these  functions  do  not  depend  on  I/£  or  v. 
We  shall  check  this  assumption  a  posteriori.  In  terms 
of  similarity  variables,  the  particle  path  equations 
become 


dZ 
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f  .  Re2  n^e) 

dx  £ 


(52) 


(53) 


2  2 

where  T=£n  t  and  Re  “l/pv  t.  These  equations  should  be 
compared  with  equivalent  equations  for  the  round  jet 
(Equations  36).  Note  that  in  this  example  the  particle 
path  equations  do  not  reduce  to  an  autonomous  system. 
Rather  the  right  hand  sides  of  the  equations  depend  on 
time,  with  the  dependence  appearing  through  the  Rey¬ 
nolds  number  which  now  comes  out  as  a  parameter  multi¬ 
plying  the  as  yet  unknown  functions  U(£,“)  and  V(:,r). 
The  entrainment  diagram  for  this  flow  evolves  with 
time . 

Substituting  (51)  into  (44)  and  solving  the  re¬ 
sulting  equation  by  separation  of  variables  leads  to 


V(£,0) 


lbr 


3/2 


r.e  £ 


(54) 


where  the  constant  has  been  chosen  to  insure  that  (41) 
is  satisfied.  The  stream  function  is  determined  using 
(54),  (45)  and  (43).  The  result  is 


H(C.e)  -  sin2? 


erf 


ffl-i 


-e1A 


(55) 


Taking  limits  gives 
Lim  H(E,?) 


sin2e 

4rf 


(56) 


or,  in  terms  of 


Lim  *  -  I 
-  ^  ~  P  4itr 


(57) 


The  flow  at  infinity  is  that  due  to  a  steady  dipole  of 
strength  I/p.  Using  (45)  the  particle  path  equations 
become 


d£  .  Re!  £25&[l  erf/l\.  JL  ^A  .  £ 

dt  2  it  c2[5erf\2)  2 

«  .  =*s!  Mi  (i  +  i2  \  e-^A  .  A  e 

dx  4,  £3  l1  2  )  *  £e 


At  this  point  the  analysis  follows  very  closely  that 
used  to  analyze  the  round  jet.  The  structure  of  the 
vortex  ring  is  examined  by  finding  and  classifying 
critical  points  of  (58)  and  (59);  points  (£C,9C)  at 
which  both  right  hand  sides  are  equal  to  zero.  The 
zeros  of  (59)  are  at  (6“0,  it  all  £)  and  (£”3.022437 
all  9)  and  are  clearly  the  same  for  all  Reynolds  num¬ 
bers.  Setting  the  right  hand  side  of  (58)  equal  to 
zero  gives 


(ft  A 


i  .«*/*' 


intersections  between  (60)  and  the  zeros  of  (59)  lo¬ 
cate  the  critical  points  of  the  system  (58)  and  (59). 

If  Re  <  18.174936  there  is  a  single  node  lying  on 
the  axis  of  the  vortex  ring  (6C*0).  In  this  Reynolds 
number  range  (60)  provides  a  relation  between  Re  and 
£  the  radial  coordinate  of  the  node  which  moves  out¬ 
ward  along  the  axis  of  the  vortex  ring  as  Re  is  in¬ 
creased. 

When  Re  exceeds  18.174936  the  flow  splits  into 
three  critical  points;  a  saddle  situated  on  the  axis 
of  the  vortex  ring  and  two  stable  nodes  lying  symme¬ 
trically  about  the  axis  at  £c*3. 022437  and 

-if/ 18.174936  \  21 

ec  -  "COS  [V - Re  I  j  (61) 

As  the  Reynolds  number  is  further  increased,  the 
nodes  move  away  from  the  axis  on  the  circle 
£c*3. 022437.  At  the  same  time  the  £c  coordinate  of 
the  saddle  continues  to  follow  (60)  with  9C»0.  For 
the  critical  point  on  the  axis,  the  invariants  of  the 
matrix  of  coefficients  are 


vo’K-o  ■  2H2  ■ 2  v°) 


For  the  critical  point  off  the  axis,  the  invariants 
are  (£  evaluated  as  3.022437) 


p9  +0 
c 


2.94130154  x  10“ 


Re4  -  3.20945389  x  10*1 


The  off-axis  node  changes  to  a  stable  focus  when 
q  exceeds  9/16.  This  occurs  at  Re»23. 410465. 
Figure  9  shows  schematically  the  entrainment  diagram 
of  the  vortex  ring  at  three  values  of  the  Reynolds 
number 


*»>«.>«•<•* 


Figure  9.  Entrainment  diagrams  of  H(£,6)  (equa¬ 
tion  55)  for  various  Reynolds  number  ranges. 

The  various  patterns  and  their  limiting  forms  at  (<.”0 
and  £c*“  (Re-0,  Re**)  are  summarized  in  Figure  10 
which  shows  the  trajectory  of  the  critical  points  of 
the  vortex  ring  in  the  (p,q)  plane. 


Figure  10.  Trajectory  of  the  critical  points  of 
(58)  and  (59)  in  the  (p,q)  plane. 

Note  that  the  trajectory  is  almost  identical  to  that 
of  the  round  jet  (Figure  7  ).  The  main  difference  is 
in  the  limiting  values  of  p  and  q  as  Re~0  (£c-0).  In 
the  case  of  the  vortex  ring  the  (p,q)  trajectory  (Equa¬ 
tion  (62))  osculates  with  the  parabola  q“p‘/4;  i.e. 
the  on-axis  critical  point  becomes  a  star  (p*l,  q*l/4) 
as  Re^-0.  Whereas  the  zero  Reynolds  number  limit  in  the 
case  of  the  round  jet  was  a  stable  node  (p=5/4,  q“l/4). 

While  the  similarities  between  these  two  examples 
may  be  quite  striking,  the  physical  interpretation  of 
the  results  is  totally  different.  In  the  case  of  the 
round  jet  the  pathline  equations  are  strictly  autono¬ 
mous  and,  in  a  given  realization  of  the  flow  the  Rey¬ 
nolds  number  is  constant  over  all  space  and  time.  In 
the  case  of  the  vortex  ring  the  pathline  equations  are 
not  autonomous  and,  in  a  given  realization  all  Reynolds 
numbers  are  encountered  with  the  Reynolds  number  de¬ 
creasing  with  increasing  time  (ReM/rT).  The  appropri¬ 
ate  mixing  problem  to  Imagine  in  this  case  is  one  in 
which  a  series  of  interfaces  is  encounteied  by  a  single 
vortex  ring  as  shown  schematically  in  Figure  11. 


\S0*  «|»  3  |  C  C|* 


Figure  11.  Mixing  at  several  interfaces  by  a 
vortex  ring. 

The  first  inteiface  encountered  by  the  vortex  ring 
rolls  up  in  the  traditional  fashion.  The  second  and 
third  interfaces  are  placed  sufficiently  far  from  the 
origin  so  that  the  Reynolds  number  of  the  arriving 
ring  has  dropped  below  the  appropriate  threshold  value. 
These  latter  two  interfaces  never  roll-up. 
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ABSTRACT 


It  is  suggested  that,  contrary  to  what  happens 
for  stationary  forced  homogeneous  turbulence ,  the 
large  scales  of  three-dimensional  freely  evolving 
turbulence  may  be  predictable  in  the  sense  that  &r. 
initial  error  grows  at  a  rate  no  faster  than  the  lar¬ 
ge  energetic  structures.  This  conjecture  is  based  on: 
a)  a  phenomenological  approach,  b)  results  on  pair 
dispersion  obtained  from  two-points  closures,  c_)  di¬ 
rect  numerical  simulations.  The  same  analysis  perfor¬ 
med  in  the  two-dimensional  case  seems  or.  the  contrary 
to  confirm  a  rapid  contamination  of  the  large  scales 
by  ar.  error  initially  confined  to  the  small  scales. 

The  latter  results  are  used  as  ingredients  of 
ar.  attempt  to  describe  the  dynamics  of  mixing  layers 
in  terms  of  statistical  theories  of  two-dimensional 
freely-evolving  turbulence.  Four  steps  may  be  pointed 
out  :  ij  the  build  up  of  the  enstrcphy  cascade,  which 
creates  excitation  uf  to  the  three-dimensional  Taylcr 
microscale  (equivalent  to  the  two-dimensional  er.stro- 
phy  dissipative  wavenumber)  ;  id)  the  establishment 
of  a  three-dimensional  energy  cascade  up  to  the  three- 
dimensional  Kolmogorov  wavenumber  ;  iii )  a  rapid 
contamination  of  the  large  scales  by  the  three- 
dimensional  ity  induced  in  the  small  scales  ;  iiii )  an 
ultimate  state  of  "equipartition"  of  energy  in  the 
large  scales  between  two-and  three-dimensional 
structures. 
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rcot  mean  square  separat  icr.  cf  tr.e  tracer; 

in  a  pair 
Reynolds  number 
time 

velocity  field 

enstrophy  injection  rate 

error  spectrum 

energy  dissipation  rate 

three-dimensional  Taylcr  microscale 

relaxation  tim.e  fcr  the  trifle  correlate ::.s 

kinematic  viscosity 

dispersion  coefficient 

local  turnover  time 


Among  the  various  approaches  used  to  study  th 
stability  cf  a  giver,  flew,  predictability  studies 
allow  one  to  make  a  stability  analysis  •’  ir.  tr.e  mear." 
of  a  turbulent  flow.  The  mathematical  formalism  see 
e.g.  LCREL'I  (1)  and  ERAICHLi?!' ,  1 1 )  consists  ir.  consi¬ 
dering  twe  random  fields  u'-'  ar.d  u'-'  both  satis¬ 
fying  Navier-Stckes  equations,  having  the  same  status 
tical  properties,  and  initially  completely  correlated 
except  in  the  small  scales.  It  has  been  shown  without 
ambiguity  in  the  frame  of  two-point  closures  such  as 
the  quasi-normal  theory  (LORENZ  (1)),  the  eddy-damjt 
markovian  quasi-normal  theory  (LEITH  (5))  cr  the  test 
field  model  (LEITH  and  ERAICKNAN  (by,  that  ar.  initial 
error  confined  to  scale  sizes  greater  than  the  dissi¬ 
pative  scales  would  progressively  contaminate  larger 
and  larger  scales.  These  results  have  been  obtained 
with  models  of  homogeneous  stationary  turbulence  sup¬ 
plied  by  external  forceE  injecting  energy  at  a  giver, 
wavenumber  k^  .  From  these  results  the  conclusion 
was  made  that  a  turbulent  flow  is  by  nature  unpredic¬ 
table,  and  consequently  it  is  impossible  to  make  a 
numerical  long  term  deterministic  prediction  cf  a  flc 
at  high  Reynolds  number.  The  dynamics  cf  this  inverse 
cascade  of  errer  deduced  from  the  statistical  models 
can  be  described  phenomenologically  as  fellows  :  let 
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k  (t)  be  the  wavenumber  characterizing  the  front 
or  decorrelation.  A_^ecorrelat ion  velocity  may  be  de¬ 
fined  as  (d/dt)(kjr  )  and  expressed  an  the  ratio 
4  /tfc).  where  f  (k^,)  is  the  local  turnover  time 

at  k^.  We  then  obtain  the  relation  : 

~dt  (1-1) 

4  *(4) 


which  governs  the  inverse  cascade  of  errgr.  Relation 
(1-1),  with  tT(k)  t>J  pZ  E(p)  dp  y  ^  ,  implies 
that  a  decorrelation  initially  confined  above  wave- 
number  k?  will  reach  wavenumber  k^  in  a  time  of 
the  order^of  : 

T(krkj  »  J  *  r  (p)  <*r/F  •  d-2) 

*  -5/3 

In  three  dimensions  ar.d  if  k^  lies  in  the  k 

energy  cascade,  the  time  required  for  the  uncertainty 
to  reach  k,  is  cf  order  t(k^).  In  two  dimensions 
and  if  k_  *is  in  the  er.strophy  cascade,  things  are 
r.ot  so  simple  because  of  the  well  known  logarithmic 
correction,  nevertheless  if  the  extent  of  the  enstro- 
phy  cascade  does  net  exceed  a  few_ieoades,  the 
logarithmic  correction  to  the  k  "  energy  spectrum 
may  be  neglected,  and  the  predictability  tine  is  of 
the  order  of  the  local  eddy  turnover  time,  approxima¬ 
tely  equal  to  ^  along  the  cascade.  (  £  is  the 

er.strophy  injection  rate).  ' 

A  consequence  of  the  latter  result,  mentioned 
by  ALEVANY  et  al.,  (5),  concerns  the  return  to  three- 
dimensionality  of  the  large  scales  of  a  two-dimensional 
flow  perturbed  three-dimensionality  in  the  small  sca¬ 
les  :  indeed,  t.-.e  initial  three-dimensional  pertur¬ 
bation  induces  a  decorrelation  in  the  small  scales 
between  two  horizontal  sections  of  the  flow  which 
otherwise  would  be  completely  identical.  This  decor¬ 
relation  will  then  gradually  contaminate  larger  and 
larger  scales,  implying  the  return  to  three-dimensio¬ 
nality  of  the  large  scales. 

There  seems  to  be  an  inconsistency  between  the¬ 
se  theoretical  results  and  the  experimental  observa¬ 
tions  of  the  so-called  "large  coherent  structures". 

Some  authors  have  suggested  that  the  analytical  theo¬ 
ries  cf  turbulence  mentioned  above  may  be  'unable  to 
describe  such  turbulent  flows.  Cur  point  of  view  is 
different  :  we  suggest,  using  arguments  taken  from 
these  analytical  theories,  that  some  classes  of 
freely  evolving  flows  could  be  much  more  predictable 
than  statistically  stationary  flows.  In  the  three- 
dimensional  case,  this  predictability  is  due  to  a 
seif-similar  increase  of  the  large  structures  which 
proceeds  at  a  rate  comparable  to  the  growth  of  the 
error.  In  the  two-dimensional  case,  the  results  of 
wn predictability  obtained  for  stationary  flews  still 
:.:ld  for  unforced  freely-evclvir.g  flows  :  consequent¬ 
ly  the  three- dimensionality  contained  in  the  small 
ccales  rapidly  contaminates  the  large  two-dimensional 
energy-containing  eddies.  Nevertheless  the  two- 
dimensional  structures  cannot  disappear,  because 
t.-.eir  cine  increases  at  a  rate  proportional  to  t 
(see  BATCHELOR  !6)),  while  the  integral  scale  of  a 
three-dimensional  isctropic  turbulence  increases 


much  slower.  We  shall  then  be  led  to  propose  a  concept 
of  'fequipartition  of  dimensionality”.  This  could  be 
an  explanation  of  the  experimental  evidence  of  the 
persistance  of  large  scale  quasi-twc-dimensional 
structures  in  mixing  layers  for  downstream  'EROWANE 
en  TROUTT  (7)). 

2.  PHENOMENOLOGY 

In  the  case  of  -dimensional  turbulence 

at  high  Reynolds  number,  it  ^y  be  shown  assigning  a 
self-similar  de^ay  that  the  integral  scale  C  and 
the  energy  J_  v  evolve  like  t*1®  and  t  ” 

and  Ofg  satisfying  the  relation  : 

=  A.  -  *6  /&  U-U 

easily  obtained  from  the  definition  of  £  by 

where  1  *  -  iiv*\  is  the  energy  dissipation  ra¬ 
te.  More  details  are  given  in  LESIEUR  and  SCKERTZEF 
{  ?  )  .  Eq.  (£-1)  is  then  equivalent  tc  : 

t  (t-*)  a,  -  «*(r )*.<«) 

These  results  are  of  course  valid  fer  asymptet ically 
high  times  and  Reynolds  numbers.  More  precise  calcula¬ 
tions  using  two-point  closures  such  as  the  Test-Field 
Model  (see  LARCHEVEQUE  et  al.  (8),  the  Eddy-lamped 
Quasi-Normal  Markovian  approximation  (see  LESTEV?  ar.d 
SCKERT2ER  (9!)  or  the  Quasi-Normal  approximation  ( see 
TATSUMI ,  KIEA  and  MI IV SHIVA  (1C)  show  that,  with  ar. 
energy  spectrum  behaving  like  k  when  a  -♦  v,  <xg 
is  of  order  1.38  «v>  1.39,  and  off  of  order  C.Jl.  For 
a  k*  spectrum,  it  is  well  known  that  Off  =  1  ar.d 
of(  =  0.5  .  But  since  a  k“  energy-spectrum  immedia¬ 
tely  appears  in  the  low-k  range  when  turbulence  is 
induced  by  a  forcing  concentrated  in  a  narrow  band 
around  an  injection  jjaver.umter  kT  ,  it  is  reasonable 
to  infer  that  the  k  shape  is  the  best  fitted  for 
grid  turbulence  experiments.  The  fact  that  the  values 
of  oft  measured  in  these  experiments  are  lower  than 
1.36  (1.26  in  CGMTE-EELLOT  and  COERSIN  (11))  is 
certainly  ascribable  to  insufficient  values  of  the 
decay  times  and  Reynolds  numbers. 

We  now  return  to  eq.(i-2),  which  is  indepen¬ 
dent  of  the  value  zf»ff  .  Cn  the  other  hand,  when 
kg  belongs  to  the  k  ''  inertial  range  cf  the  ener¬ 
gy  spectrum,  (I-l)  implies 

L  A 

— r  ro  -  fc  Kg  U-3) 

dt 

It  may  be  checked  easily  from  (2-2)  and  (2-3)  that  for 
t>^t  (t  is  the  initial  time  where  complete  decorre¬ 
lation  for  k>kQ  is  assumed),  k^*and  £  remain  in 
a  constant  ratio°and  are  both  proportional  to  t^~  . 

The  decorrelation  obeys  then  the  same  self-similarity 
law  as  the  energy  spectrum  and  never  overtakes  the 
large  energy-containing  eddies. 

A  similar  phenomenology  may  be  performed  for 
two-dimensional  turbulence.  The  evolving  spectrum  may 
then  be  characterized  by  two  wavenumbers  :  kT(t)  and 
k^(t)  characteristic,  respectively,  of  the  energy- 
containing  eddies  and  of  the  ens*rophy-dissipative 
scales,  with  : 

k  (t)  (V  (v  t)  1  (2-9) 

1  o 

kD(t)f«  (^t)"1/2  (2-5) 
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Between  kj  and  k^  extends  an  enstrophy-cascading 
energy  spectrum 
E(k)/vt~  k_J 

(see  BATCHELOR  (6J,  TATSUMI  and  YANASE  (12),  and 
BASDEVANT  (13)).  ~  v  is  the  kinetic  energy, 
conserved  with  time.  The  enstrophy  D(t^  varies  as 
t”“.  It  is  interesting  to  note  that  k^  corresponds 
to  the  Taylor  microscale  of  a  three-dimensional  tur¬ 
bulence  whose  energy-containing  eddies  would  correspond 
to  kj.  This  result  will  be  shown  in  section F-  The 
time  ■£  ( k )  is  then  constant  along  the  cascade  and 
proportional  to  t.  Then  eq.  (1-1)  reads  : 

^  „  dt  (2-7) 

t 

£. 

The  phenomenology  is  not  completely  conclusive,  ir. 
this  case,  since  knowledge  of  the  constant  arising  in 
(2.7)  is  necessary  to  determine  the  law  for  the  time 
evolution  of  kj.(t). 


3.  FAIR-DISFERSTOK 


Preceeding  results  are  complemented  by  the 
pair-dispersicr.  studies  in  freely  evolving  flows 
made  by  LARCKEYE*'-'!  and  LESISVR  il~),  using  the  Eddy 
Damped  Quasi-Normal  Markovian  approximation.  In  the 
three-dimensional  case,  it  nay  be  shown  that,  for 
pairs  of  Lagrar.giar.  tracers  whose  initial  separation 
lies  ir.  the  inertial  range  and  is  very  small  in  front 
of  the  integral  scale  ,  the  RICHARDS ll. 1  s  law  is 
still  valid,  in  the  form  : 


R  *  £1/3R1/3 


where  R  is  the  root  mean  square  separation  cf  the 
tracers  in  the  pair.  Eq.  (3-1)  is  strictly  equiva¬ 
lent  to  (2-2)  and  shows  that  R  grows  proportionally 
to  £  .  This  result  may  be  interpreted  as  kind  of  pre¬ 
dictability  result  :  indeed,  let  us  consider  an  eddy 
of  size  Q,  and  let  3(t)  be  a  iagrangiar.  tracer 
converted  by  this  particular  eddy.  Then  the  position 
cf  an_^r, other  lagrar.giar.  tracer  y^t),  distant  from 
?  cf  R*,  and  "close"  to  ?  (R  «E),  may  be  considered 
as  the  position  that  ?  would  occupy  in  a  turbulent 
field  perturbed  in  the  small  scales.  R(t)  becomes  ther. 
a  kind  of  measure  of  the  error  between  the  original 
flow  and  the  disturbed  flow.  Since  the  "error"  R(t' 
grows  at  the  same  rate  as  £(t)  ,  ar.  eddy  cf  size  t 
will  never  be  destabilized  by  small  scale  errors. 

This  is  of  course  strictly  valid  only  ir.  ar.  infinite 
flow,  where  the  large  scales  may  grow  indefinitely.  Ir. 
a  real  flow  limited  by  boundaries,  the  error  would 
finally  reach  the  larger  eddies,  whicr.  are  limited  by 
the  size  of  the  installation. 

The  same  kind  of  analysis  may  be  attempted  for 
the  problem,  of  pair  dispersion  in  two-dimensional 
freely  evolving  turbulence.  In  that  case  the  root 
mean  square  distance  R  between  the  particles  of  the 
pair  is  a  more  convincing  measure  of  the  error  field, 
since  each  fluid  particle  of  the  flow  conserves  its 
own  vorticity.  We  assume  a  self-similar  evolving  spec¬ 
trum  E(k,t)  *  v3  t  F(kv  t)  (3-2) 

o  o 


where  F  is  a  nondimensional  function,  as  predicted 
by  BATCHELOR  (6).  Then  it  may  be  shown,  within  the  same 
framework  as  in  the  three  dimensional  case,  that  the 
probability  distribution  P(r,t)  for  the  two  particles 
of  the  pair  be  distant  of  ?  satisfies  the  equation 

with  >L  r  |*t*|  and 

3':) 

In  (3-3),  in  the  relaxation  time  for  the  triple 
correlations  of  the  velocity  field  at  wavenumbers  cf 
order  q  .  Eq.  (3-2)  had  first  beer,  giver,  by 
KRAICHNAL  (IT),  using  the  Abridged  Lagrar.giar.  History 
Direct  Interaction  approximation .  The  form  (;-:;  fir 
tC/f'r, t)  ccrrespcr.zs  to  the  Eddy-lamped-T-asi-L'cma. 
Markovian  approximation  (see  LAR7KE7EQVE  ar.i  LESTEV? 
(lb)).  From.  (3-2)  the  value  of  the  dispersion  coeffi- 

The  dominant  contrituticr.  to  XT  giver,  ty  [3--'  will 
cor.e  from  r  M  R.  Ir.  { 3“ 2  ) ,  q  will  fce  cf  crier  k,  , 
which  implies  : 

qr  f\)  qp.  A/ kTP  <<  1  .  Ther.  1  -  II-  qr'1  is  equi¬ 

valent  to  qc//t,  ar.i  the  diffusion  c-Seff icier.: 

Hf!  r,t)  is,  for  r  #v  P ,  giver,  ty 

**(*>t)  =  £ 

Let  ^  D(t  >  fce  the  enstrophy  dissipation  rate. 

Assuming  t  ;  ~  ^  *  -  ,  we  then  have  ^  /5D^- 

Finally  the  dispersion  coefficient  V  writer  : 

O"  *  f  *h  Pit)  JJ**?£*,OA*a  =  R* 

It  will  be  seer.  ir.  section  jptr.at  1  t  varies  1  ir... 

where  the  r.or.dimer.sicnal  coefficient  „  is  proportional 
to  he  square  cf  the  logarithm,  cf  the  Reynolds  r. _m: er 
(based  or.  initial  large  energy  containing  eidieo  . 

From.  (3-3)  and  ( 3  — o  '  we  have  : 

tViat  P  increases  like  : 

A1  -  3 
P  (V  t  h 

It^is  easily  seen  that  F  wil  catch  the  large  scaler 
k^  (t)  (which  grew  proportionally  to  t)  as  soon  as 
A>\fl.  This  is  obtained  as  far  as  the  value  cf  the 
Reynolds  number  exceeds  a  few  hundreds.  This  calcula¬ 
tion  seems  to  indicate  that  unpredictability  still 
holds  for  freely-evolving  two-dimensional  turb~ler.ee. 
Nevertheless  we  shall  show  in  section  5  that,  as  far 
as  we  are  interested  ir.  the  contamination  cf  large 
two-dimensional  scales  by  three-dimensional  disturban¬ 
ces,  these  large  structures  will  never  be  completely 
destabilized  and  then  they  may  be  considered  as  pre¬ 
dictable  (or  "coherent"). 

The  utilization  cf  these  pair-  dispersion 
results  for  the  predictability  problem  may  cf  course 
be  questionable.  Nevertheless,  in  the  three-diner.sior.sl 
case,  there  are  strong  analogies  to  the  case  cf  a  sta¬ 
tionary  turbulence  fed  by  a  continuous  injection  cf 
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energy  at  a  wavenumber  k  :  here,  where  unpredictabi¬ 
lity  has  been  demonstrated,  it  is  clear  that  the  two 
tracers  become  uncorjelated  as  soon  as  the  separation 
R  is  larger  than  k  ,  the  dispersion  law  being  then 
R  t  .On  the  other  hand,  we  have  shown  above  that 
the  two  particles  of  the  pair  never  become  decorrela- 
ted  in  a  freely  evolving  turbulence.  It  seems  then 
quite  natural  to  infer  that  predictability  of  large 
scales  should  hold  in  that  case.  HERRING  et  al.  (1.) 
studied  the  predictability  of  a  three-dimensional 
decaying  flow  using  the  OIA  approximation  and  direct 
numerical  simulations.  Their  results  seem  to  disagree 
with  our  predictions,  since  they  show  an  increase  with 
time  of  the  total  error  energy  ratio  : 

Kit)  M  (3-8) 

S?  ECk,t)  JLk 

where  A(k,t)  and  E(k,t)  are  respectively  the 
error  and  energy  spectra.  Our  conjectures  on  self¬ 
similar  evolution  of  &  and  E  would  yield  a  constant 
value  for  r(tt  The  relatively  low  value  of  Reynolds 
number  obtained  by  HERRING  it  al.  makes  it  difficult 
to  extrapolate  their  resuu  ;  to  high  Reynolds  number 
flows. 

U.  LIRECT  NUMERICAL  SIMULATION'S 

We  have  made  an  attempt  of  studying  the  predic¬ 
tability  of  three-dimensional  decaying  turbulence  at 
high  Reynolds  number  by  means  of  direct  numerical 
simulations.  The  (32)-  code  of  SIGGIA  and  PATTERSON 
(l”)  has  been  used,  uith  an  appropriate  parameteriza- 
tion  of  subgridscale  based  on  an  eddy-viscosity  model 
taken  from  LILLY  (IS)  and  KRAI  CRT!  AN  (19).  Such  a 
parameterization ,  which  is  discussed  in  SgyLLET  and 
LESIEUR  (20),  allows  one  to  recover  a  k  ''  spectrum 
up  t.  the  cutoff  wavenumber,  with  only  cne  adjustable 
constant  arising  from  the  eddy-damped  quasi-normal 
markovian  approximation  (determined  from  the  value 
;f  the  Kolmogorov  constant).  The  following  figure 
shows  the  cross  spectrum  between  two  flows  correspon¬ 
ding  to  two  calculations  made  with  different  resolu¬ 
tions  (32^  ar.d  2C-).  It  is  clearly  seen  that  the 
error  created  by  the  change  of  resolution  dees  net 
contaminate  significantly  the  large  scales,  at  least 
d-ring  the  12  large  eddy  turnover  times  while  the 
calculation  is  performed.  This  result  is  not  really 
a  direct  numerical  simulation  of  a  high  Reynolds 
number  flow  because  a  parameterized  subgridscale 
energy  transfer  is  added  to  the  usual  terms  of  the 
Navier-ztokes  equation.  Nevertheless  the  result 
favours  our  conjectures  concerning  the  predictability 
of  large  scales  of  decaying  turbulence. 

5.  2TATI27ICAL  THEORIES  APFLIEL  TO  MIXING  LAYERS 

We  shall  try  in  that  section  to  interpret  the 
dynamics  of  mixing  layers  with  the  aid  of  statistical 
theories  of  two-and  three-dimensional  turbulence. 
Following  on  approach  developed  by  TAM  and  CKEN  (21), 
we  shall  consider  the  flow  initially  created  in  the 
layer  as  a  particular  realization  of  a  freely-evolving 
two-dimensional  turbulence.  The  numerous  experiments 
performed  these  past  years  (see  e.g.  EROWAND  and 
TRGUTT  (7)  for  review)  have  shown  three  peculiarities 
of  these  mixing  layers 

i.)  a  pairing  mechanism,  leading  to  a  growing  of 
the  large  scales  proportionally  to  t. 

ii )  the  apparition  at  a  finite  time  of  small  scale 
three-dimensional  turbulence. 

iii )  the  persistence  far  downstream  of  the  two-dimen- 
sicr.ality  of  the  large  scales. 


Normalized  cross-spectrum  between  two  velocity  fie. 
U  computed  with  c(lr.£lc  and  U'“'  computed 
with  2^k<22.  Initial  Reynolds  number  R.  =  f.l. 
Results  at  t  =  2.,  I.-,  1.8,  1.,  l.t,  2.1,  i.~ 
seconds  ;  the  large  eddy  turn  ever  time  is  about  I. 
second. 


In  this  section,  these  three  points  will  be 
studied  using  the  statistical  theories  of  two-and  th: 
dimensional  turbulence.  We  have  already  mer.ticned  t hi 
BATCHELSF’s  (t)  theory  of  tvc-dinensicnal  evolving 
turbulence  predicts  a  growing  of  the  integral  scale 
proportionally  to  t  .  TATSUMI  and  YANASE  (12)  have 
proposed,  on  the  basis  of  the  Quasi-Normal  Markovian 


Theory,  the  concept  of  a  critical  time  t  before 
which  the  enstrophy  is  , for  vanishing  viscosity) 


conserved,  and  after  which  the  enstrophy  is  dissipati 
proportionally  to  t  U  As  shown  by  BAS LEVANT  (1c), 
this  time  t  corresponds  to  the  build  up  of  the  e.-.; 
trophy  cascade  :  the  initial  excitaticr.  created  at  a 
wavenumber  k.(C)  will  reach,  through  r.cr.lir.ear  ir.te: 
tions,  smaller  and  smaller  scales,  up  to  the  twc-dim< 


sior.al 


dissipation  wavenumber 


<■»  -  (lYv’) 


'U 


The  time  t ^  day  re  evaluated  as  a  result  :f  a  sudr.£ 
tier,  of  the" local  eddy  turnover  time!  ttkM),k,, 
being  the  max idur.  waver,  uster  of  the  spec t run  a: eve 
vhich  the  excitation  is  negligible  : 


l(«)  '  ' 

^{k^.^as  giver,  in  section  i,  is  prepert icnai  tc 
IvO)-!/*1  in  this  prelidinary  evolution  stage. 
yields  : 

Now  this  initial  stage  will  end  when  the  dissipation 
will  be  efficient  at  k^.  Another  estimation  of  t ^ 
is  then  given  equaling  M,C(k,.)  ar.d  the  viscous  t ir.i 

•1  /  I  *  -V,  •  ^ 

Ai  K  '  lhls  glves  : 


Since  the  initial  excitation  is  concentrated  in  a 
narrow  spectral  band  around  k  (0),  the  initial  ens- 
trophy  D(0)  is  of  order  kjtO)'  E(C)  ,  where 

E(0)  is  the  initial  kinetic  energy.  We  then  obtain 


where  Rc  CO  s  the  turbulent  Reynolds 
number  built  on  initial  large  scales,  Then  t  in¬ 
creases  proportionally  to  LOf  RaCe")  S  ° 


t  (V  D  ( 0 ) 
c 


Log  Re  (o') 


This  result  has  been  checked  by  BASDEYAN7  (13)  using 
the  Eddy-Lamped  Quasi-Normal  Markovian  Approximation 
at  high  Reynolds  number.  This  allows  to  evaluate  the 
constant  A  introduced  in  (3-6), and  (3-7).  Since 
D(t  )  *  D(C)  ,  A  is  equal  to  t"  1(0)  and  propor¬ 
tional  to  ^Log  fie’ojj/  Returning  £c  the  mixing  layer, 
this  result  may  be  interpreted  as  follows  :  the  large 
two-dimensional  structures  of  scale  k^'O)  created 
at  t  =  0  degenerate,  through  nonlinear  interactions, 
into  smaller  two-dimensional  structures,  up  to  the 
"Kolmogorov"  two-dimensional  wavenumber  k_  ,  above 
which  no  two-dimensional  excitation  is  any  longer 
possible.  At  the  same  time,  and  as  a  result  of  some 
kind  of  pairing  mechanism,  the  large  structures 
amalgamate  and  grew  proportionally  to  t.  This  first 
stage  (C  <  t  <  t  )  is  purely  two-dimer.sional .  It 
creates  eddies  whose  minimal  length  scale  is  cf  order 
k_(t  )_i  is  nothing  else  than  the  three-dimensional 
Taylor  microscale  corresponding  tc  a  three-dimen¬ 
sional  isotropic  turbulence  whose, large  energetic 
eddies  should  be  of  order  k  (0)  *.  This  statistical 
analysis  has  to  be  related  to  deterministic  instabi¬ 
lity  mechanisms  proposed  by  SAITXAK  (22)  and  C1P213 
(23).  k  is  the  sice  of  the  'braids  "in  the 

'’cat's  ey@"  of  the  Keivin-Keimcitz  wave. 

The  next  stages  in  the  evolution  of  the  flow 
may  be  described  as  follows  :  we  assume  that,  due  tc 
tiny  three-dimensional  disturbances,  threepdiner.sior.a- 
lity  will  contaminate  scales  from  k.  (t^)”*  to  the 
three-dimensional  Kolmogorov  scale,  “he'precise  dyna¬ 
mical  reason  for  that  is  not  very  clear,  tut  it  seems 
reasonable  tc  think  that  these  three-dimensional 
disturbances  will  reinforce  three-dimensionally 
nonlinear  interactions  fer  k  >k.(t„),  and  the  flew 
will  naturally  become  three-dimensional  in  these 
scales.  The  furtr.er  evolution  with  time  is  the  follc- 
vingp.he  two-dimensional  "error"  ir.  small  scales  will 
contaminate  larger  and  larger  scales,  s:  as  tc  reach 
the  large  scales  k.  (t).  The  time  necessary  for  this 
inverse  cascade  of  three-dimensional ity  may  he  evalua¬ 
ted,  and  we  have  checked  that,  for  high  Reynolds  num¬ 
ber,  it  is  negligible  in  front  of  the  critical  time 
t  corresponding  tc  the  initial  stage  of  the  evolu¬ 
tion.  This  explains  why  in  the  experiments  three-dimen¬ 
sionality  appears  so  abruptly  in  ail  the  scales. 

Numerical  calculations  made  by  BASDEYANT  (13) 
using  the  Eddy-Damped  Quasi-Normal  Markovian  approxi¬ 
mation,  show  that  the  dependence  of  t  with  respect 
tc  Log  R(C)  is  given  by  : 


t  D(0)1/c  =  2.72  Log  Rg(C !  -  9.12  .  (5-6) 


This  allows  to  make  a  comparison  with  experimental 
data  :  JIMENEZ  et  al.  (2M  have  evaluated  the  time 
where  three-dimensionality  appears,  for  different 
Reynolds  numbers.  With  a  proper  choice  of  the  origin 
of  times  and  of  the  initial  integral  scale  and  kinetic 
energy,  the  critical  times  t  obtained  ir,  the  expe¬ 
riments  can  be  compared  to  the  times  predicted  by 
(5-6).  These  times,  in  units  of  large  initial  eddy 


turnover  times 
wing  table 

D(O)”1^ , 

are 

displayed  on 

the  fcllc- 

Re(c ) 

170 

16C 

562 

531 

t  : theory 

1.86 

7.55 

P  >  7  C 

9-i.e 

:  experiment  s 

6 .  - 

7.5 

- 

12.5 

Though  the  p-ecise  deper.ser.ee  ((-s'  cf  t  :r.  reyr.il: 
number  is  not  shown  by  the  experiments,  t£.e  agreement 
with  theoretical  predictions  is  nevertheless  extremely 
satisfying. 

We  finally  come  tc  the  reasons  why  the  large 
twc-dimensicr.el  "coherent"  structures  cf  scale 
k,(t)  *  dc  net  disappear  or.ee  they  are  overtaken 
ty  the  inverse  cascade  cf  three-dimensicr.aiity  :  the 
explanation  lies  ir.  the  fact  that,  as  r.er.tisr.ei  ir. 
section  l  ,  the  integral  scale  cf  a  three-simer.si  ::.a. 
isetrepie  turbulence  increases  much  more  slowly 
( /v  t'""}  than  the  large  twc-dimer.sicnal  str-ct-reo 
which  grew  like  t  .  So,  notwithstanding  t.-.e  fact  tr.at 
the  nonlinear  inverse  cascade  cf  three-dimensionality 
continuously  feeds  structures  <v«_k.'',  the  three-dimen¬ 
sional  structures  created  at  k7~  ‘will  grow  slower 
than  the  remaining  twc-dimer.sicnal  structures  whic:. 
in  turn  will  overtake  the  latter.  This  cor.tir.-c-s 
mutual  exchange  of  energy  between  two-ar.i  three-dimen¬ 
sional  structures  could  at  term  lead  to  a  kind  :f 
state  cf  equipartitior.  of  energy  among  these  structure 


This  paper  has  presented  arguments  t  ir.iiis** 
that  the  large  scales  cf  a  hcmo-er.eous  three-oinerr:  :r.s 
freely  decaying  flow  car.  be  predictable  in  the  sense 
that  they  are  free  of  ccmpiete  error  contamination. 
This  is  possible  because  the  large  scales  grew  preci¬ 
sely  at  the  same  rate  as  the  propagation  ieccrrelat :  or. 
front.  The  reasons  giver,  tc  support  this  assessemer.t 
are  net  completely  conclusive,  since  i_!  the  pher.oo.e- 
nclcgical  analysis  cf  the  predictability  problem,  valo 
ir.  the  case  of  stationary  turbulence,  may  r.ot  hole  in 
the  unforced  case  ;  id'  the  analogy  between  the  pro¬ 
blems  of  predictability  and  pair-dispersion  may  be 
questionable  ;  iii '  the  results  from  direct  numerical 
simulations  must  be  viewed  cautiously  cue  tc  tr.e  small 
number  cf  computed  wavenumbers  ir.  the  large  scales. 

If  valid,  this  conjecture  could  have  important  impli¬ 
cations  for  the  numerical  modeling  of  certain  classes 
of  turbulent  flows  r.ct  subject  to  destabilizing 
external  forcing  nor  tc  the  influence  cf  boundaries. 

We  might  then  expect  to  make  deterministic  preoicticr.s 
for  periods  much  longer  than  the  predictability  times 
generally  proposed. 

In  two-dimensions,  it  seems  that  errors  in  sma 
scales  will  rapidly  contaminate  the  large  structures. 
Ir.  that  sense  a  freely-evolving  flow  is  still  ur.pred da¬ 
table.  Nevertheless,  when  applied  to  mixing  layers, 
this  results  allows  to  envisage  the  persistance  cf  the 
large  quasi -two-dimensional  coherent  structures,  whose 
proper  growth  proceeds  faster  than  the  increase  cf  the 
three-dimensional  structures  created  at  the  same  ier.gt 
scale. 
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•ABSTRACT 

This  paper  summarizes  the  authors’  research  work 
on  backward-facing  step  flows  in  two-dimensional 
ducts  and  channels.  A  review  of  results  which  are 
available  from  other  research  workers  is  presented  in 
tabular  form  with  notes  on  the  experimental  techniques 
which  have  been  used,  the  selection  and  extent  of 
measured  quantities  and  some  brief  notes  on  the 
results.  A  more  detailed  discussion  presents 
available  data  on  the  length  of  the  reattachment 
region  located  behind  the  step  and  this  is  shown  to 
be  strongly  Reynolds  number  and  geometry  dependent. 

The  authors  own  studies  were  carried  out  in 
water  flows  through  nominally  two-dimensional  ducts 
with  backward-facing  steps  and  in  open  channel  flows. 

A  laser-Doppler  anemometer  operating  with  forward 
scattered  light  and  employing  a  transient  recorder 
and  digital  computer  for  signal  processing  was 
employed  and  is  described  in  the  paper.  Measurements 
of  separation  length  were  obtained  for  a  wide 
Re;-nolds  number  range  and  for  various  values  of 
expansion  ratio. 

NOMENCLATURE 

EP  =  h^/h^  expansion  ratio 

hj  upstream  water  height 

h^  downstream  water  height 

H  step  height,  H  =  (h^-h^) 

Re  -  L'bh 

— -  channel  Reynolds  number 

ReH  -  UfaH 

-7—  step-height  Reynolds  number 

l'  centre-line  velocity  in  duct 

free-stream  velocity  in  channel 

ub  ±_  V 

h|  U  u  (y)dy  bulk  velocity 
L  mean  velocity  in  longitudinal  direction 

ru*  root-mean- square  velocity  in  longitudinal 
direction 

V  mean  velocity  in  normal  direction 

Jv*  root-mean-square  velocity  in  normal  direction 


z  spanwise  coordinate  normalized  to  channel  half¬ 
width 

V  kinematic  viscosity 

V  streamline  function 

I.  INTRODUCTION  AND  SURVEY  OF  EXISTING  RESULTS 

The  importance  of  separated  flows  in  the 
engineering  sciences  is  beyond  question  and  has 
resulted  in  a  large  number  of  investigations  with  the 
aim  to  provide  an  insight  into  the  mechanisms  of  flow 
separation  and  reattachment  and  to  yield  information 
on  mean  flow  properties  and  turbulence  characteris¬ 
tics  of  such  flows.  Flows  over  backward-facing  steps 
mounted  in  two-dimensional  ducts  and  open  channels, 
have  been  extensively  investigated  due  to  the 
simplicity  of  test  section  geometry.  Specifically  the 
backward-facing  step  provides  a  fixed  point  of  flow 
separation  and  hence,  a  spatially  fixed  region  of 
separated  flow.  This  simplifies  greatly  the  expe¬ 
rimental  investigations  allowing  spatially  fixed 
measuring  sensors  to  be  employed.  Table  1  provides  a 
summary  of  those  studies  known  to  the  authors  on 
backward-  facing  step  flows  together  with  information 
on  the  form  of  their  channel  geometry  before  the 
step,  the  measuring  techniques  employed,  and  the 
results  obtained.  A  detailed  discussion  of  these 
studies  is  provided  in  refs.  (9)  and  (22).  Only  a 
sunmary  of  these  results  that  are  of  significance-  of 
to  the  authors  own  results  is  presented  below. 


1.0  15  ZD 


E>pansion  Rot  10  hj/h, 

Figure  1:  Dependence  of  separation  region  length 
on  expansion  ratio 


x  longitudinal  coordinate 

x^  mean  reattachment  position 

y  normal  coordinate 

z  spanwise  coordinate 


One  of  the  integral  parameters  of  the  flow  that 
has  been  measured  by  most  of  the  authors  is  the  dis¬ 
tance  of  the  mean  reattachment  point  of  the  shear 
layer  behind  the  step.  Fig.  1  shows  various  measure¬ 
ments  available  in  literature  indicating  a  strong 
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Table  1:  Tabulated  information  on  studies  of  backward-facing  step  flow 


dependence  of  the  length  of  separation  region  on  the 
expansion  ratio  (hj/h  ).  The  available  data  also 
indicates  a  dependence  of  the  reattachment  length  on 
flow  Reynolds  numbers  but  insufficient  information 
exists  upon  which  a  Reynolds  number  dependence  for 
various  expansion  ratio  can  be  derived.  It  is  one  of 
the  aims  of  this  paper  to  extend  the  existing 
information  in  this  direction  using  laser-Doppler 
anemometers  to  measure  the  location  of  the  reattach¬ 
ment  point.  This  is  further  explained  in  section  2 
and  detailed  results  are  provided  in  section  3  (to¬ 
gether  with  information  on  local  flow  properties  of 
the  mean  velocity  field  and  the  turbulence  proper¬ 
ties)  . 

II  EXPERIMENTAL  test  rig  and  equipment 

The  authors’  experiments  were  carried  out  in  a 
600mm  wide  open-water  channel  with  major  dimensions 
given  in  Fig.  2.  The  test  section  was  situated  near 
the  downstream  end  of  the  channel  and  consisted  of  a 
second  floor  with  a  leading  edge  for  initiating  a  new 
floor  boundary  layer.  For  the  open  channel  meas¬ 
urements,  a  raised  backward  facing  step  of  40mm  in 
height  was  placed  at  a  downstream  position  from  the 
leading  edge  such  that  the  boundary  layer  at  separ¬ 
ation  would  be  fully  developed  for  all  Reynolds 
numbers  investigated.  For  the  two-dimensional  flows, 
20mm  and  40mm  step  heights  were  employed  with  the 
oncoming  flow  being  that  of  a  laminar,  transitional 
or  turbulent  channel  flow.  The  expansion  ratio  of 
this  duct  could  be  changed  by  mounting  the  upper 
channel  wall  at  different  heights.  Similarly,  a 
downstream  weir  permitted  the  water  level  in  the  open 
channel  flow  to  be  changed. 
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Figure  2:  Water  channel  and  details  of  the  test 
section  (dimensions  are  in  cm) 

Considerable  effort  was  expended  in  placing 
flow  straighteners  and  screens  upstream  frGm  the  test 
section  so  that  a  nominally  two-dimensional  flow  was 
ensured,  at  least  in  the  mean  properties.  The  success 
of  these  flow  straightening  devices  is  shown  in  Fig. 
3,  which  presents  spanwise  profiles  of  the  mean 
longitudinal  velocity  components  at  various  test  sec¬ 
tion  locations  and  also  the  root-mean-square  of  the 
longitudinal  velocity  fluctuations  at  the  same  loca¬ 
tions.  The  data  show  that  the  mean  longitudinal  ve¬ 
locity  before  the  step  edge  has  spanwise  uniformity 
over  at  least  the  centre  of  the  channel.  In  this 
region,  it  also  obeyed  the  law  of  the  wall  for  the 
turbulent  flow  cases  and  the  parabolic  velocity 
profile  for  the  laminar  flow,  (see  Fig.  4). 

Flow  velocity  was  measured  with  a  one  component 
forward-scatter  laser-Doppler  anemometer  (LDA) 


Figure  3:  Spanwise  profiles  of  mean  and  fluctuating 

longitudinal  velocity  for  a  duct  configura¬ 
tion  with  an  expansion  ratio  of  2 


Re  =  UBry 

Figure  4:  The  ratio  for  mean  velocity  prfiles 

taken  10H  upstream  oi  step  for  various  duct 
geometries 

equipped  with  frequency  shifting.  Several  features  of 
the  LDA  system  make  it  one  of  the  few  devices 
suitable  for  velocity  measurement  in  recirculating 
flow:  1)  nonintrusiveness ,  2)  instantaneous  velocity 
direction  resolution,  3)  single  velocity  component 
measurement  without  contamination  from  other 
components,  4)  high  spatial  and  temporal  resolution, 

5)  accurate  measurement  in  regions  with  very  high 
turbulent  levels,  and  6)  no  calibration  necessary. 

The  LDA  was  mounted,  in  the  present  experiment,  on  a 
cradle-type  traversing  carriage  which  straddled  the 
water  channel  on  rails  and  thus  permitted  three- 
dimensional  movement  of  the  measuring  volume  to 
almost  any  desired  position  within  the  flow.  The 
measuring  volume  is  approximately  0.25  mm  in  diameter 
and  1.5mm  long.  Further  details  are  given  in  ref.  (9). 

Signals  were  processed  with  a  digital  processor 
based  on  a  transient  recorder  system  that  was 
developed  at  the  University  of  Karlsruhe  and  is 
described  in  detail  in  ref.  (10).  This  processing 
system  can  accurately  determine  the  frequencies  of 
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individual  Doppler  bursts.  Sampling  procedures,  as 
outlined  by  Tropea  and  Durst  (It  )  ensured  nonbiased 
estimates  of  the  velocity.  Measurement  times  at  each 
point  varied  from  one  region  of  the  flow  to  another, 
but  were  generally  15-20  minutes  inside  the  recircul¬ 
ating  zone  and  about  5  minutes  in  the  potential  flow 
region. 

Ill  EXPERIMENTAL  RESULTS 

In  order  to  obtain  accurate  information  on  the 
location  of  the  mean  reattachment  point,  the  laser- 
Doppler  anemometer  was  employed  in  order  to  measure 
the  location  of  the  zero  velocity  line  indicated  in 
Fig.  5a.  The  measuring  point  was  located  at  a  fixed 
distance  y  from  the  wall  and  measurements  were  made 
at  various  x-locations  to  obtain  the  time-averaged 
velocity  for  each  point.  This  velocity  was  plotted  as 
a  function  of  x  and  for  every  y-distance  from  the 
wall,  see  Fig.  5b.  From  this  figure  the  x-locations 
for  zero  velocity  line  were  obtained  by  interpolation 
and  plotted  as  indicated  in  Fig.  5c.  An  extrapolation 
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Figure  5:  a)  Dividing  streamline  and  zero  velocity 
line  near  reattachment 

b)  Measurements  of  zero  mean  velocity  at 
various  heights  above  floor 

c)  Zero  velocity  line  at  reattachment; - 

line  representing  position  at  which 
velocity  is  50Z  positive  and  negative 


of  these  points  permitted  the  reattachmenr  point  to 
be  obtained  at  the  wall.  Fig.  5c  shows  several  of 
these  plots  for  various  Reynolds  numbers.  It  also 
indicates  the  location  of  those  points  at  which  the 
number  of  particles  with  a  positive  velocity  was 
equal  to  the  number  with  negative  velocity.  This 
information  has  been  used  in  (12)  in  order  to  measure 
the  location  of  the  mean  reattachment  point. 

Employing  the  above  procedure,  reattachment  length 
measurements  were  performed  for  various  Reynolds 
numbers,  Re^,  and  for  various  expansion  ratios, 
hj/h..  A  su&nary  of  the  data  is  provided  in  Fig.  6 
and  indicates  that  there  is  strong  dependence  of  the 
length  of  the  reattchment  region  after  the  step  on 
Reynolds  number  and  expansion  ratio.  Interesting  to 
note  is  that  the  step-height  Reynolds  number  is  reas¬ 
onably  successful  in  aligning  the  results  from  various 
expansion  ratios.  This  is  not  true  at  the  Reynolds 
number  based  on  the  upstream  momentum  thickness. 

Plotted  with  the  latter  Reynolds  number,  the  curves 
were  shifted  to  lower  values  of  Reynolds  number  for 
increasing  expansion  ratios.  The  information  obtained 


Reynolds  number  for  several  expansion  ratios. 

here  is  in  general  agreement  with  the  findings  by 
Armaly  et  al.  (2)  who  found  a  strong  Reynolds  number 
dependence  for  Reynolds  numbers  up  to  6000.  In  the 
present  study  measurements  concentrated  on  higher^ 
Reynolds  numbers.  For  a  Reynolds  number  of  1.5' 10 


Expansion  Ratio 

Figure  7:  Mean  reattachment  position  as  a  function 
of  expansion  ratio 

From  this  figure  it  is  evident  that  the  expansion  ratio 
transition  from  an  open  channel  to  a  duct  flow  has  a 
small  but  distinct  influence  on  the  mean  reattchment 
length.  This  is  not  surprising  since  in  the  open  chan¬ 
nel  flow  the  static  pressure  can  be  altered  by  the  free 


18.4 


surface  behavior  over  the  step.  In  performing  only  low 
expansion  ratio  tests  in  the  oepn  channel  (ER  <  1.25) 
the  estimated  distortion  of  the  free  surface  was  less 
than  4%. 

In  Fig.  8  the  authors’  results  are  compared  for 
an  expansion  ratio  of  2  with  similar  results 
available  in  literature.  The  data  by  Eaton  and 
Johnston  are  lower  than  those  obtained  in  the  present 
investigation  the  reason  for  this  is  the  lower 
expansion  ratio  which  these  authirs  had  available  in 
their  study.  Their  data  are  in  good  agreement  with 
t.ie  authors’  data  for  an  expansion  ratio  1.6. 


Figure  8:  Comparison  of  present  results  to  those  of 
other  authors 


Results  by  Restivo  and  Whitelaw  were  obtained  in 
a  test  section  with  very  small  aspect  ratio  so  that 
three-dimensional  effects  must  have  existed  also  in 
the  center-part  where  the  authors  measured.  This  might 
be  the  reason  for  the  difference  between  the  data  of 
ref.  (20)  and  those  represented  here.  In  fact  other 
studies  carried  out  with  low  aspect  ratio  test  sections 
(4)  and  (8)  seem  to  confirm  that  the  reattachment 
length  shortens  at  low  aspect  ratios.  The  present  data 
are  in  very  good  agreement  with  those  of  Armaly  et  al. 
(2)  obtained  in  an  air  flow  at  least  at  the  higher 
Reynolds  number  range.  For  lower  Reynolds  numbers  the 
flow  is  transitional,  as  Fig.  4  shows  and  this  might 
explain  the  differences  between  the  results  of  ref. 

(2)  and  those  of  the  present  study  in  that  region. 

In  addition  to  measurements  of  reattachment 
length  the  authors  have  measured  in  detail  mean  velo¬ 
city  distributions  in  backward-facing  step  flows  in 
open  channels  and  in  ducts.  Detailed  results  on  the 
open  channel  flow  are  available  in  ref.  (9)  and  those 
on  ducts  are  provided  in  ref.  (22).  The  reader  is  re¬ 
ferred  to  these  publications  for  further  details. 

IV  CONCLUSIONS  AND  FINAL  REMARKS 

Laser-Doppler  measurements  were  carried  out  to 
obtain  information  on  the  length  of  reattachment 
region  in  backward-facing  step  flows  in  ducts  and  open 
channels.  The  measurements  showed  that  the  length  was 
strongly  dependent  on  the  Reynolds  number  and  expansion 
ratio.  The  location  of  the  mean  reattachment  point  was 
obtained  from  mean  velocity  measurements  and  was  found 
to  be  different  to  the  point  obtained  by  measuring 
the  50%  time  of  positive  and  negative  flow  direction. 
However,  the  differences  were  found  to  be  small. 
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PREDICTION  OF  THE  LOW  REYNOLDS  NUMBER  LAMINAR  FLOW  OVER  A  NORMAL  FLAT  PLATE, 
AND  ITS  APPLICATION  TO  TURBULENT  FLOW  CALCULATIONS 
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ABSTRACT 

The  limitations  of  those  numerical  methods  used 
increasingly  to  simulate  complex  turbulent  flows  in 
elliptic  regions  are  best  revealed  in  studies  of 
analogous  laminar  flows,  when  results  are  not  ob¬ 
scured  by  uncertainties  in  the  physical  models.  We 
have  therefore  compared  finite-difference  and  finite- 
element  calculations  of  steady  flow  past  a  flat 
plate  normal  to  a  free  stream,  with  a  trailing 
splitter  plate  in  place  to  prevent  vortex  shedding. 
The  chosen  Reynolds  numbers  Re,  defined  using  the 
plate  hal f-height , ranged  up  to  100,  when  the  size  of 
the  recirculating  region  resembled  that  for  turbu¬ 
lent  flow  with  Re  =  0(10^).  Some  features  of  the 
predicted  flows  were  assesseJ  by  comparison  with 
classical  solutions  of  the  Navier-Stokes  equations. 

We  conclude  that  present  efforts  aimed  at  refining 
turbulence  models  deserve  a  comparable  investment 
in  developing  improved  numerical  methods.  Otherwise, 
errors  in  predictions  of  bluff-body  flows  will  pre¬ 
clude  any  detailed  comparison  of  different  turbulence 
models  ■ 

NOMENCLATURE 


F 

non-dimensionalized  force 

F.D. 

f ini te-di f  ference 

F.E. 

finite-element 

h 

plate  half-fieight 

£.H 

change  in  total  head 

H.D.S. 

hybrid-difference  scheme 

L 

length  of  recirculation  zone 

p  pressure 

Re  Reynolds  number 

Reff  mesh  Reynolds  number 

u  free  stream  velocity 

o  1 

u  velocity  in  x-direction 

v  velocity  in  y-direction 

V.D.S.  vector-difference  scheme 
x,y  cartesian  coordinates 

£  thickness  of  boundary  layer  on  front  of 

plate 

shear-layer  thickness 
C  fluid  density 

u  dynamic  viscosity 

V  kinematic  viscosity. 

INTRODUCTION 

The  application  of  sophisticated  turbulence  mod¬ 
els  in  the  prediction  of  those  complex  flows  with 
regions  where  the  flow  equations  are  principally  of 
elliptic  form  is  not  straightforward.  For  example 
Leonard  et  al(l)  found,  when  they  made  alterations 
in  a  turbulence  model,  that  the  changes  in  the  cal¬ 
culated  flow  pattern  depended  essentially  on  the 
method  used  to  represent  the  flow  equations  in  dis¬ 
crete  form.  Thus  an  attempt  to  discover  the  limi¬ 
tations  of  a  particular  physical  model  of  turbulence 
may  well  be  thwarted  by  the  inadequacy  of  the  nume¬ 
rical  method  selected  for  the  computation.  There 
are  merits,  therefore,  as  a  contribution  to  improving 
simulations  of  turbulent  flows,  in  particular 
studies  of  the  behaviour  of  the  various  numerical 
methods  available  for  solving  the  several  model 
equations  that  aspire  to  describe  turbulence.  These 
several  computational  schemes  may  be  assessed, 
without  any  of  that  uncertainty  as  to  the  validity 


of  the  model  that  is  inevitable  in  a  study  of  tur¬ 
bulent  flow,  by  examining  predictions  of  carefully 
chosen  laminar  flows;  these  should  be  selected  so 
that  the  resulting  numerical  errors  may  correspond 
to  those  found  in  the  analogous  turbulent  flows. 

We  have  therefore  chosen  to  study  steady  lami¬ 
nar  flow  in  two  dimensions  past  a  plate  normal  to  a 
free  stream;  the  geometry  of  the  flow  is  shown  in 
figure  1.  This  plate  is  held  at  the  centre  of  a 
channel  and  imposes  a  blockage  ratio  of  1:5;  in 
addition,  a  central  splitter  plate  behind  the  obsta¬ 
cle  prevents  vortex  shedding.  The  flow  velocity  is 
fixed  at  the  channel  inlet  and  at  the  outer  bounda¬ 
ries  of  the  channel.  This  geometry  could  therefore 
be  conveniently  realized  in  a  towing-task  experiment, 
but  no  appropriate  measurements  have  been  made  to 
date. 

The  flow  about  such  an  obstacle  has  particular 
advantages  for  our  object  of  studying  the  perfor¬ 
mance  of  various  numerical  methods.  This  is  because 
a  wholly  satisfactory  technique  must  represent  the 
flow  accurately  in  regions  with  very  different 
character:  that  is  in  an  upstream  region  of  ir- 
rotational  flow;  in  the  separated  shear  layer;  and 
in  the  recirculating  zone.  The  complete  calculation 
of  the  flow  pattern  is  therefore  just  such  a  deman¬ 
ding  study  that  we  sought,  but  it  has  also  several 
convenient  features.  Separation  of  the  flow  neces¬ 
sarily  occurs  at  the  tips  of  the  plate;  thus  there 
is  no  difficulty  in  locating  the  point  of  separation, 
which  invariably  complicates  any  simulation  of  flow 
over  a  curved  body.  Moreover,  the  grid  used  to 
represent  the  flow  equations  in  discrete  form  can  be 
immeuiately  refined  in  those  important  regions  where 
the  flow  variables  are  changing  most  rapidly. 

We  need  make  calculations  of  course  only  for 
half  the  channel,  with  appropriate  boundary  con¬ 
ditions  along  the  symmetry  plane  upstream  of  the 
plate.  Parkinson  and  Jandali(i),  in  calculations 
of  potential  flow  past  a  bluff  body,  found  that  the 
obstacle  did  not  influence  flow  upstream  at  dis¬ 
tances  exceeding  10  times  the  height  of  the  body. 

The  upstream  boundary,  with  a  uniform  velocity  u 
specified  across  the  channel,  was  therefore  placed 
at  a  distance  20  times  the  half-height  h  of  the  plate. 

The  appropriate  downstream  boundary  condition 
for  cur  calculation  corresponds  to  no  further  vari¬ 
ation  in  flow  further  along  the  channel.  This  con¬ 
straint  had  no  influence  on  predicted  flow  if  im¬ 
posed  across  a  plane  at  a  distance  from  the  obstacle 
about  twice  that  to  the  point  where  the  flow  re¬ 
attaches  to  the  central  splitter  plate.  The  dis¬ 
tance  to  reattachment  increases  with  the  Reynolds 
number  Re  of  the  flow;  we  conveniently  use 
Re  *  u  h/v  ,  where  v  is  the  kinematic  viscosity  of 
the  fluid.  We  have  made  studies  with  Re  ranging 
from  10  to  100;  at  Re  -  100  the  distance  L  to  re¬ 
attachment  is  about  25h,  and  the  explicit  channel 
lengths  used  for  this  calculation  were  between  40 
and  65h.  If  we  recall  our  objective  of  making 
studies  comparable  with  turbulent  flow,  we  note  that 
Arie  and  Rouse(3)  found  L  *  18h  for  this  flow  geo¬ 
metry  at  Re  -  0(10^);  thus  the  eddy  viscosity  act¬ 
ing  in  the  turbulent  shear  layer  must  be  of  the 
order  of  the  laminar  viscosities  used  in  this  study. 

Any  assessment  of  the  performance  of  a  numeri¬ 
cal  method  in  predicting  laminar  or  turbulent  flow 
requires  a  practicable  standard  of  achievement. 
Ideally,  we  would  compare  simulation  and  experiment; 


but  no  measurements  are  recorded  for  flow  in  this 
geometry,  although  we  expect  and  look  forward  to 
publication  of  appropriate  data.  An  alternative 
test  is  therefore  to  compare  detailed  calculations 
with  analytic  predictions  of  particular  features  of 
the  expected  flow  pattern;  for  example  in  the  up¬ 
stream  irrotational  region,  the  boundary  layer  on 
the  face  of  the  plate,  and  where  the  shear  layer 
develops.  In  the  next  section,  therefore,  we  con¬ 
sider  the  expected  behaviour  of  flow  in  these  situ¬ 
ations. 

A  more  practicable  but  less  rigorous  test  is  a 
comparison  between  the  predictions  of  several  nume¬ 
rical  methods,  so  that  we  may  perhaps  identify  un¬ 
satisfactory  aspects  of  each  of  them.  To  this  end, 
we  have  chosen  to  study  two  finite-difference  (F.D.) 
and  one  finite-element  O-'.E.)  method.  The  first 
difference  scheme  selected  was  the  hybrid  method 
(H.D.S.)  first  proposed  by  Spaldingf4),  used  exten¬ 
sively  in  subsequent  practical  studies  of  flow;  and 
recently,  for  example  by  McGuirk  and  Rodi(5),  for 
simulation  of  complex  turbulent  flows. 

Leonard(6)  and  Cresho  and  Lee(7),  however,  have 
emphasized  the  limitations  of  this  approach,  and  the 
advantages  of  using  a  higher-order  difference  scheme. 
Of  various  alternatives  we  have  chosen  to  study  a 
variant  of  the  vector-differencing  scheme  (V.D.S.), 
originally  devised  by  Raithbv(g),  then  extended  by 
Castro(9)  and  subsequently  by  Lil 1 ington(lP) .  The 
finite-element  method  we  have  used  is  due  to  Taylor 
and  Hood(ll,12),  and  has  been  widely  applied  in 
studies  of  fluid  flow’.  The  third  section  of  this 
paper  provides  a  brief  outline  of  particular 
characteristics  of  these  several  methods  of  calcula¬ 
tion.  The  paper  is  completed  by  a  discussion  of 
results,  and  of  their  significance  in  developing  im¬ 
proved  simulations  of  turbulent  flow. 

CLASSICAL  FLOW  PREDICTIONS 

Our  calculated  results,  in  particular  regions  of 
flow  and  for  limiting  values  of  the  flow  parameters, 
must  approximate  certain  analytic  solutions  of  the 
equations  of  laminar  flow;  the  relevant  solutions 
are  for  fluid  moving  towards  an  infinite  boundary, 
and  for  the  growth  of  a  mixing  layer  between  two 
uniform  streams.  We  use  these  analytic  solutions 
explicitly  as  direct  tests  of  our  simulations,  but 
also  as  frameworks  for  presenting  various  aspects  of 
the  numerical  results. 

Flow  Towards  an  Infinite  Barrier 

Standard  texts  present  the  classic  analytic 
solution  for  viscous  flow  about  a  stagnation  point 
on  an  infinite  boundary.  This  solution  has  a  region 
of  irrotational  flow  outside  a  boundary  layer  ad¬ 
joining  the  barrier,  n  which  the  flow  is  strongly 
affected  by  the  viscosity  of  the  fluid.  The  thick¬ 
ness  6  of  the  intruded  boundary  layer  depends  on  the 
ratio  of  th  •  viscosity  and  velocity  of  the  fluid, 
with  £  «  o  le”5).  We  may  therefore  expect  to  find, 
at  Re  »  100,  a  significant  region  of  the  surface  of 
the  finite  plate  where  the  flow  pattern  matches  the 
analytic  solution  for  flow  towards  an  infinite  plate; 
here  we  may  usefully  compare  numerical  and  analytic 
predictions  of  flow  in  the  boundary  layer  itself,  and 
out  into  the  surrounding  irrotational  region  of  flow. 
However,  we  cannot  expect  any  such  agreement  at  low 
values  of  the  Reynolds  number. 

The  calculation  of  the  change  in  total  head 
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along  Che  stagnation  streamline  is  another  useful 
indicator  as  to  the  validity  of  any  particular  method 
of  modelling  laminar  flow.  A  single  integration  of 
the  u-momentum  equation  with  respect  to  x  gives  the 
difference  in  head  between  two  points  on  the  stag¬ 
nation  streamline  as 

ah2  =  A  {  iP(u2evVp>|2  ,  2v  fl u  I2  .  (2  ifu  .1  . 


here  p  is  the  pressure 
fluid. 
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There  can  be  .:o  change  in  head  in  the  irrota- 
tional  region  of  flow,  so  Che  two  terms  on  the  right- 
hand  side  of  this  expression  are  equal  and  opposite 
if  che  total  head  is  compared  at  two  points  that  are 
both  outside  the  boundary  layeT.  Moreover,  for  an 
infinite  boundary,  each  term  separately  is  zero. 

Thus  the  only  change  in  total  head,  for  both  finite 
and  infinite  barriers,  occurs  across  the  boundary 
layer;  and  in  both  cases  AH  is  given  entirely  by 
the  change  in  because  u  ^  f(y)  in  the  layer  ad¬ 
joining  the  boundar;  Because  is  zero  at  the 
boundary  itself,  the  change  in  head  is  determined  by 
the  value  of  -j—  at  the  outside  of  the  boundary  layer, 
where  flow  must  be  matched  to  the  irrotational  region; 
hence  the  change  in  head  is  determined  by  the  actual 
shape  of  the  obstacle. 

There  is  an  alternative  prescription  for  cal¬ 
culating  the  change  in  head  along  the  stagnation 
streamline  for  a  finite  body.  Far  upstream  from  the 
obstacle,  the  flow  is  uniform  with  zero.  Thus 
the  total  change  in  head  across  the. boundary  layer  is 
equal  to  the  complete  integral  of  from  far  up¬ 

stream  to  the  boundary  itself,  or  iX  fact  £o  the  out¬ 
side  of  the  boundary  layer,  within  which  4^7  *s  of 
course  zero. 

The  Separated  Shear  Layer  and  Recirculation  Zone 

V.’e  expect  the  shear  layer,  which  separates  from 
the  tip  of  the  plate  obstructing  the  stream,  to  be¬ 
have  roughly  like  a  classic  two-dimensional  laminar 
mixing  layer  that  grows  between  two  uniform  streams. 

In  this  analogue  of  our  flow  geometry,  the  shear 
layer  grows  as(vx/uQ)J;  we  therefore  expect  of  our 
own  results,  at  least  where  the  sheaT  layer  is  un¬ 
affected  by  pressure  gradients,  that  the  thickness 
fj  of  the  shear  layer  should  behave  thus: 

ft/h  «  \(x/h)/Re}* 

If  moreover  we  assume  that  the  growth  of  the  shear 
layer  continues  according  to  this  relation  until  re¬ 
attachment,  then  the  distance  L  to  reattachment  cor¬ 
responds  to  h,  so 

{ (L/h) /Re} ^  -  0(1). 

U'e  may  therefore  expect  L  to  increase  linearly  with 
Re  at  Reynolds  numbers  high  enough  to  ensure  that  L 
is  significantly  greater  than  h. 

The  viscous  force  transmitted  to  any  portion  of 
the  recirculating  zone  between  xj  and  X2  can  be  es¬ 
timated  by  integrating  the  product  of  the  dynamic 
viscosity  v  with  the  velocity  gradient  at  the  centre 
o^  the  shear  layer,  which  is  of  order  u0/5f.  If 
Fj  is  this  force,  brought  to  dimensionless  form  by 
division  by  J  0uo  ,  then 

~2  f  2  .  2  «  h .( { ( xAi) Ife}^  )2 
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The  force  per  unit  height  of  the  recirculating  zone 
is  balanced  by  a  pressure  gradient  which  we  therefore 
expect  to  vary  as  a  function  of  f(x/h)/Re).  The 
total  pressure  change  across  the  region  of  back-flow, 
which  we  can  use  to  estimate  the  pressure  drop  across 
the  plate,  is  obtained  by  integrating  over  the  com¬ 
plete  recirculation  zone;  the  result  is  independent 
of  Re  under  conditions  where  L/Re  is  constant. 

NUMERICAL  METHODS 

The  three  numerical  methods  used  in  this  study 
are  the  hybrid-difference  scheme,  the  vector- 
difference  scheme,  and  the  finite-elem4nt  method. 
Details  of  all  these  techniques  can  be  found  in  the 
literature;  we  consider  only  those  particular  as¬ 
pects  of  each  method  that  may  affect  the  results  of 
our  flow  simulation. 

Hybrid-Difference  Scheme 

Straightforward  central  differencing  of  the 
equations  of  flow  is  unsatisfactory:  if  the  con¬ 
vective  terms  are  represented  in  this  wav,  then  the 
finite-difference  matrix  is  not  generally  diagonally 
dominant.  This  occurs  if  the  mesh  Reynolds  number 
Re^  exceeds  two,  where 

Re  «  u  Ax/v 
m 

is  defined  in  terms  of  the  relevant  flow  velocity  u 
in  a  particular  finite-difference  cell,  and  the  grid 
spacing  Ax.  In  this  circumstance,  the  usual  methods 
of  solving  the  discrete  form  of  the  flow  equations 
are  sometimes  unstable  and  may  not  converge. 

The  most  convenient  expedient  is  to  use  upwind 
differences  for  the  convective  terms:  at  least,  as 
in  the  hybx'id  scheme,  whenever  Rem  >  2.  This  pres¬ 
cription  introduces  first-order  error  terms,  however, 
which  enhance  and  often  dominate  the  diffusion  of  the 
flow  variables;  this  effect  is  often  ascribed  to 
’numerical  viscosity’.  The  consequence  is  that  the 
effective  Reynolds  number  of  the  flow  in  such  regions 
is  determined  by  the  difference  grid  rather  than  the 
physical  properties  of  the  fluid.  It  is  therefore 
conventional  to  drop  actual  diffusion  terms  when 
Rem  >  2,  and  our  hybrid-difference  scheme  follows 
this  approach.  Such  numerical  viscosity  errors  will 
of  course  increase  the  spreading  rate  of  the  separa¬ 
ted  shear  layer  and  lead  to  early  re-attachment  of  the 
flow . 

The  character  of  discrete  forms  of  actual  flow 
equations  has  been  inferred  mainly  from  studies  of  the 
one-dimensional,  scalar,  convection-diffusion  equa¬ 
tion  without  source  terms;  for  which  it  is  well- 
known  that  upwinding  gives  exact  results  as  Rem  ». 
But  Castro(13)  found  the  method  inaccurate  for  a  non¬ 
linear  equation;  and  Lillington(lO)  that  the  whole 
behaviour  of  the  scheme  was  modified  in  the  presence 
of  significant  sources.  In  two  dimensions,  moreover, 
Raithby  and  Torrance(14)  showed  that  upwinding  was 
unsatisfactory  unless  the  co-ordinate  grid  was 
aligned  with  the  direction  of  flow. 

Vector-Difference  Scheme 

The  vector-difference  scheme  aims  to  reduce  in¬ 
accuracies  introduced  by  upwinding  convective  terms 
in  flow  equations.  This  is  achieved  by  differencing 
so  that  leading  errors  become  second  derivatives  of 
the  field  variables  along  a  direction  aligned  with 
the  flow.  This  therefore  is  an  advance  on  an  H.D.S. 
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whenever  such  terns  ere  less  than  corresponding  deri¬ 
vatives  along  fixed  grid  axes.  This  situation  ap¬ 
plies  in  both  boundary  and  shear  layers,  where  we  may 
look  for  improved  performance  from  a  V.D.S.  The  ac¬ 
tual  method  used  in  this  study  is  a  further  refine¬ 
ment  of  the  original  vector  scheme  proposed  by 
Raithby(8) . 

The  difference  matrix  obtained  in  a  V.D.S.  has 
some  terms  that  link  nodes  of  the  grid  lying  along 
diagonals  rather  than  the  grid  axes.  The  band  width 
of  the  matrix  is  increased  and  it  is  still  not  dia¬ 
gonally  dominant,  although  more  stable  than  the  mat¬ 
rix  obtained  by  central  differencing.  It  is  there¬ 
fore  possible  to  solve  the  equations  with  the  usual 
alternating-direction  implicit  scheme,  with  all  vari¬ 
ables  involved  with  the  additional  difference  terms 
treated  explicitly. 

Finite-Element  Method 


Papers  by  Taylor  and  Hood(ll,12),  Hood(15)  and 
Gresho  and  Lee(7)  describe  the  application  of  the 
finite-element  method  to  simulation  of  laminar  flow. 
The  selection  of  suitable  elements  and  compatible 
basis  functions  severally  for  the  velocity  and  pres¬ 
sure  fields  is  not  straightforward.  Our  choice  of 
quadratic  basis  functions  for  velocity,  located  at 
nine  nodes  in  each  quadrilateral  element,  and  linear 
functions  for  pressure  only  at  four  corner  nodes,  is 
known  to  lead  to  unique  solutions  of  the  flow  equa¬ 
tions.  In  a  Galerkin  scheme,  with  these  basis  func¬ 
tions  used  as  test  functions  to  establish  the  weak 
form  of  the  flow  equations,  this  results  in  a  leading 
truncation  error  proportional  to  the  third  derivative 
of  the  velocity.  Oscillating  solutions  are  therefore 
possible  for  mesh  Reynolds  number  greater  than  two  in 
regions  of  rapidly  varying  flow.  This  can  be  avoided 
only  with  a  fine  grid,  particularly  with  sufficient 
refinement  to  resolve  the  boundary  layer  at  the  front 
of  the  plate. 

Another  valuable  aspect  of  the  finite-element 
method  is  the  conservation,  to  good  accuracy,  of  the 
total  head  in  the  region  of  irrotational  flow;  the 
finite-difference  schemes  are  less  successful  in  this 
respect.  Finally,  we  note  that  we  have  exploited  the 
flexibility  of  the  method  to  deploy  a  high  density 
of  elements  in  the  separated  shear  layer;  this  is 
straightforward  although  the  shear  layer  is  deflec¬ 
ted  well  above  the  level  of  the  plate  tip. 


x  •  o,  then  downstream  differences  must  result  from 
local  errors  rather  than  convection  of  errors  genera¬ 
ted  upstream. 

(ii)  How  do  the  various  solutions  differ  in  their 
detailed  description  of  flow  downstream  of  the  fence; 
in  particular,  their  prediction  of  the  growth  of  the 
shear  layer  as  a  function  of  {(x/h)/Re}J;  the  inc¬ 
rease  in  length  of  the  recirculation  region  at  large 
Reynolds  number;  and  the  variation  in  surface  pres¬ 
sure? 


The  Upstream  Flow  (x  £  o) 

We  begin  by  discussing  the  numerical  errors  in 
the  calculations  for  the  irrotational  region  upstream 
of  the  viscous  boundary  layer  on  the  plate.  Figure  2 
shows  the  change  in  total  head  AH  along  the  stagna¬ 
tion  streamline  (y  *  o)  for  two  finite-difference  and 
one  finite-element  simulation  at  various  values  of  Re. 
The  F.D.  predictions  were  obtained  using  the  vector 
scheme  (hybrid-scheme  results  were  identical  along 
y  *  o  because  v  =  o) . 


Since  we  expect  that  the  F.E.  method  will  con¬ 
serve  energy  to  good  accuracy,  it  is  not  surprising 
to  find  that  the  only  significant  changes  in  AH 
occur  in  the  viscous  region;  but  the  F.D.  results 
are  very  different.  Since  mesh  Reynolds  numbers  are 
much  larger  than  two,  except  very  close  to  the  plate, 
upwinding  leads  to  significant  errors.  These  errors 
appear  to  be  independent  of  the  Reynolds  number  for 
a  given  grid  (the  results  at  Re  -  50  and  Re  *  100 
are  almost  identical),  and  are  reduced  by  refinement 
of  the  grid  in  the  region  where  the  mesh  Reynolds 
number  is  large.  The  explanation  of  these  results  is 
straightforward:  along  the  stagnation  streamline  the 
solution  of  the  upwinded  finite-difference  form  of 
the  flow  equations  must  effectively  satisfy  the 
equation 
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where,  as  usual,  the  last  term  represents  the  effect 
of  numerical  viscosity,  which  depends  on  the  grid 
spacing  Ax.  In  the  irrotational  region  a  single  in¬ 
tegration  leads  to 
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and  if  limit  1  is  sufficiently  far  upstream,  then. 


RESULTS  AND  DISCUSSION 

For  this  study,  we  have  calculated  flows  at 
various  Reynolds  numbers,  using  many  different  grids 
for  each  of  the  three  numerical  methods.  We  cannot 
of  course  present  all  such  results,  or  indeed  a  full 
description  of  any  particular  prediction;  rather  we 
intend,  as  indicated  earlier,  to  pick  out  the  most 
significant  observations  and  analyse  the  salient 
features  of  the  results.  We  will  learn  most  from 
calculations  at  higher  Reynolds  numbers,  particularly 
for  Re  •  100,  where  we  expect  the  numerical  errors 
to  be  similar  to  those  found  in  a  simulation  of  tur¬ 
bulent  flow.  The  results  will  be  assessed  by  com¬ 
paring  them  with  the  analytic  predictions  set  out 
earlier  in  the  paper,  and  by  posing  these  questions: 

(i)  At  the  highest  Reynolds  number  considered 
(Re  ■  100),  how  do  the  predictions  differ  in  the 
region  upstream  of  the  fence  (x  t  o)?  If  we  achieve 
a  reasonable  resolution  of  the  upstream  boundary 
layer,  and  accurately  predict  variables  along,  say. 


AH  -  — 


?(u/u„) 

3(x/h) 


Ax 

h 


At  large  Reynolds  number  u/u0  is  independent  of  Re, 
so  the  change  in  head  that  arises  from  the  use  of 
upwinding  does  not  depend  on  Re;  it  is  greatest 
where  u-j^j  is  largest  and  decreases  with  Ax/h,  as  the 
results  of  figure  2  demonstrate.  Notice  that  the 
errors  depend  only  on  local  conditions,  and  therefore 
reduce  again  as  x  -»  o.  The  implications  of  these 
errors  in  the  description  of  the  irrotational  region, 
which  arise  essentially  because  we  must  there  solve 
an  inviscid  flow  with  a  method  more  suited  to  vis¬ 
cous  flow,  will  be  discussed  later. 


Our  predictions  have  been  compared  with  the 
classic  solution  for  the  region  near  the  stagnation 
point  on  the  front  of  the  plate.  Good  agreement  was 
found  for  all  three  methods  at  the  higher  Reynolds 
numbers.  More  details  can  be  found  in  Castro  et. 
al . (16) . 


Whilst  it  is  possible  to  obtain  good  resolution 
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of  the  viscous  layer  at  Re  *  100  with  a  fine  grid,  it 
is  obvious  that  totally  impracticable  gridding  would 
be  required  at  the  much  higher  Reynolds  numbers  as¬ 
sociated  with  a  turbulent  wake  flow.  It  is  there¬ 
fore  important  to  determine  whether  good  resolution 
of  the  viscous  boundary  layer  is  in  fact  necessary 
in  order  to  obtain  accurate  predictions  downstream 
of  the  plate.  To  this  end  we  considered  the  predi¬ 
ctions  of  the  flow  in  the  region  of  the  plate  tip, 
where  the  boundary  layer  separates. 

Figure  3  shows  that  the  predictions  of  the  flow 
angle  are  all  very  similar,  which  implies  that  the 
streamline  directions  are  reasonably  predicted. 
However,  figure  U  shows  that  the  V.D.S.  and  H.D.S. 
solutions  hai^e  a  maximum  total  kinetic  energy 
( J (u2+v-) /uD2)  which  is  about  25%  less  than  that 
given  by  the  F.E.  calculation.  The  figure  also  shows 
that  an  increased  resolution  near  the  plate  reduces 
this  difference. 


more  energetic  for  the  F.E.  prediction. 

Figure  6  shows  the  normalized  distance  to  re¬ 
attachment,  L/h,  of  the  separated  shear  layer,  plot¬ 
ted  against  Re  for  V.D.S. ,  H.D.S.  and  F.E.  simula¬ 
tions.  It  is  clear  that  differences  between  the 
various  solutions  increase  with  Reynold  number.  In 
particular,  hybrid  differencing  does  not  lead  to  a 
linear  growth  of  L  with  Re,  as  originally  antici¬ 
pated;  V.D.S.  solutions,  however,  do  exhibit  the 
expected  behaviour,  although  the  predicted  L/Re  is 
not  as  high  as  that  given  by  the  F.E.  calculations. 
In  view  of  the  results  discussed  earlier  we  believe 
that  this  must  be  due  almost  entirely  to  inadequate 
resolution  near  the  plate.  Since,  in  the  V.D.S. 
solutions,  the  downstream  surface  pressures  and 
shear-layer  growth  rate  have  the  expected  behaviour 
for  Re  b  30,  it  is  difficult  to  ascribe  toe  low  a 
value  of  L/Re  to  deficiencies  in  the  grid  dovnstrear 
of  the  plate. 


Now  we  expect  that  any  increase  in  the  energy 
available  in  the  separated  shear  layer  will  increase 
the  distance  to  the  point  of  reattachment,  provided 
that  the  flow  angles  along,  say,  y/h  «  1,  x  <  o,  (or 
x  =  o,  y/h  >  1)  are  identical.  Thus  the  F.E.  solu¬ 
tion  predicted  reattachment  at  about  x/h  -  25,  com¬ 
pared  with  the  V.D.S.  predictions  of  x/h  %  20,  for 
Re  *  100.  Thus  the  evidence  indicates  that  good 
resolution  of  the  flow  near  the  plate  is  necessary 
for  an  accurate  prediction  of  the  high  velocities 
that  occur  near  separation. 


The  Separated  Shear  Laver 


Figure  5  shows  the  growth  of  the  shear  layer, 
as  a  function  of  [(x/h)  /'Re'-,  for  all  three  methods 
and  with  Re  »  100.  The  shear-layer  thickness,  if, 
was  defined  as  the  distance  between  those  points 
where  the  axial  velocity  exceeds  um£n  by  0.05  and 
0.95  times  the  value  of  (u^ax'Umfn)  at  that  value  of 
*1  Umin  was  of  course  negative  since  the  shear 
layer  bounds  a  recirculating  region. 


Now,  as  indicated  earlier,  we  expect  flow  vari¬ 
ations  downstream  of  the  plate  to  scale  linearly  with 
Reynolds  number  at  sufficiently  high  values  of  Re. 
Both  the  F.E.  and  V.D.S.  results  exhibit  this  be¬ 
haviour  to  reasonable  accuracy,  whereas  the  H.D.S. 
results  do  not.  Further,  as  can  be  seen  from 
figure5,  the  H.D.S.  results  predict  both  a  thicker 
shear  layer  (at  a  given  x)  and  a  greater  rate  of 
growth  than  either  the  V.D.S.  or  F.E.  results.  This 
is  symptomatic  of  numerical  diffusion  and  leads  to 
early  reattachment.  The  F.E.  results  show  a  greater 
rate  of  growth  than  the  V.D.S.  in  the  early  part  of 
the  shear  layer,  whereas  further  downstream  this 
trend  is  reversed.  Since  the  shear  layer  in  the 
F.E.  calculation  is  more  energetic  and  more  strongly 
deflected  than  in  the  V.D.S.  prediction,  a  simple 
comparison  of  the  rate  of  shear-layer  growth  may  be 
unrealistic . 


Surface  Pressure  and  Bubble  Length 


We  expect  the  surface-pressure  coefficient  on 
the  splitter  plate  to  be  a  function  only  of  (x/h)/Re, 
for  sufficiently  large  Re,  as  indicated  earlier. 

Both  the  V.D.S.  and  F.E.  results  had  this  property 
for  Re  >  50,  whereas  there  was  significantly  greater 
spread  in  the  H.D.S.  results.  The  base  pressure  was 
rather  lower  for  the  F.E.  prediction  than  either 
H.D.S.  or  V.D.S.;  this  is  precisely  as  expected 
because  the  separating  boundary  layer  is  significantly 


DISCUSSION  AND  IMPLICATIONS  FOR  TURBULENT  FLOW 
CALCULATIONS 

We  have  remarked  that  laminar  flow  over  a  plate 
at  Re  »  0(100)  is  qualitatively  similar  to  turbulent 
flow  at  high  Reynolds  number.  It  is  reasonable  to 
suppose  therefore  that  the  numerical  errors  in  this 
flow  will  be  similar  to  those  in  the  turbulent  flow, 
at  least  as  far  as  the  momentum  equations  are  con¬ 
cerned.  There  are  of  course  additional  difficulties 
associated  with  the  turbulent  flow  calculation,  such 
as  additional  equations  representing  transport  of 
turbulence  kinetic  energy  or  stress.  Nevertheless, 
we  expect  the  conclusions  reached  here  to  have  direct 
application  to  turbulent  flow  calculations. 

We  have  seen  that  the  nature  and  significance  of 
the  errors  in  our  calculations  depend  first  on  the 
particular  numerical  method,  but  also  on  the  region 
of  the  flow  where  each  method  is  employed.  In  the 
irrotational  region  upstream  of  the  boundarv  layer  or. 
the  front  of  the  plate,  there  is  a  balance  between 
pressure  gradients  and  the  inertial  terms.  In  this 
region  the  two  finite-difference  schemes  are  in¬ 
accurate  because  they  do  not  conserve  energy,  and  the 
resulting  errors  in  the  predicted  flow  may  subseouer.- 
tly  be  convected  downstream  of  the  barrier.  The  fini¬ 
te-element  method,  on  the  contrary,  does  not  invoke 
upwinding  and  therefore  behaves  more  satisfactorily 
in  the  irrotational  region  because  the  integrals  of 
motion,  in  particular  the  kinetic  energy,  are  more 
nearly  conserved.  The  penalty  to  pay  for  this  ad¬ 
vantage  is  that  it  is  necessary  to  use  a  refined  grid 
that  resolves  the  boundary  layer;  otherwise,  the 
solution  is  beset  with  wiggles. 

If  there  were  turbulence  in  the  upstream  flow 
for  the  high  Reynolds  number  case,  the  equations 
would  still  have  the  same  dominant  terms,  and  would, 
we  believe,  require  a  numerical  scheme  that  conserves 
energy  for  their  accurate  solution.  However,  it  is 
then  still  necessary  to  resolve  the  much  thinner 
boundary  layer  at  high  Reynolds  number  with  a  very- 
fine  grid,  in  order  to  avoid  oscillatory  solutions. 

On  the  other  hand,  schemes  like  H.D.F.  and  V.D.S. 
maintain  stability  by  introducing  dissipation  into 
their  description  of  the  convective  terms;  it  is  not 
then  essential  to  resolve  the  boundary  layer.  But 
such  methods,  as  we  have  seen,  introduce  significant 
errors  in  the  upstream  region,  principally  associated 
with  energy  loss  from  the  flow.  However  such  errors 
are  bounded,  and  may  not  be  much  larger  for 
Re  *  0(10^1  than  they  are  in  the  present  case 


18.11 


REFERENCES 


(figure  2)  -  they  could  be  reduced  by  refining  the 
grid.  Our  results  show  that  flow  around  separation, 
which  is  important  in  determining  the  characteristics  (1) 
of  the  downstream  flow,  can  be  predicted  with  accep¬ 
table  accuracy  using  such  methods,  provided  that  the 
grid  near  the  plate  is  sufficiently  fine  -  it  seems 
to  be  more  important  to  resolve  the  flow  in  the 
regions  of  large  gradients  just  outside  the  boundary 
layer  (e.g.  -1  <  x/L  <  0)  than  further  upstream, 
where  mesh  Reynolds  numbers  are  actually  higher.  (2) 

An  adequate  grid  must  have  mesh  spacings  no 
larger  than  a  few  percent  of  the  plate  height  in 
that  region.  This  may  not  resolve  the  boundary  layer  (3) 
at  high  Reynolds  number,  but  is  sufficient  for  re¬ 
asonably  accurate  prediction  of  the  potential  flow 
around  separation. 

(4) 

The  characteristics  of  the  flow  in  the  down¬ 
stream  region  are  quite  different:  pressure  gradi¬ 
ents  have  less  significance  and  the  equations  of 
motion  impose  a  balance  between  viscous  and  inertial 
forces,  particularly  in  the  shear  layer.  In  fact 
these  differences  in  the  basic  character  of  the  flow  (5) 
preclude  the  choice  of  a  single  numerical  method  that 
is  ideal  both  in  ffont  and  behind  the  barrier.  In 
assessing  the  performance,  in  the  downstream  region, 
of  the  various  methods  considered  in  this  paper,  we 
find  that  H.D.S.  is  certainly  inadequate  in  compari-  (6) 
son  with  the  other  schemes.  The  simple  upwinding 
technique  in  the  hybrid  scheme  introduces  numerical 
diffusion  thdt  leads  to  a  too  rapid  spread  of  vor- 
ticity,  and  as  a  result  to  premature  reattachment  of 
the  separated  shear  layer.  Since  the  recirculation 
regions  are  very  similar  in  size  for  Re  *  0(100)  and  (7) 
Re  *  O(lCr),  we  would  expect  to  find  similar  numeri¬ 
cal  errors,  so  that  simple  low-order  schemes  like 
H.D.S.  will  not  be  very  satisfactory  for  calculations 
of  turbulent  flow  at  high  Reynolds  numbers.  A  major  (8) 
conclusion  of  this  work  is  that  such  schemes  should 
be  used  with  great  caution. 

We  cannot  of  course  infer  that  the  V.D.S.  or 
F.E.  methods,  which  seem  to  be  adequate  for  predicting  (9) 
laminar  flows,  will  also  perform  well  in  studies  of 
turbulent  flow.  (Indeed,  as  noted  earlier,  the  lat¬ 
ter  requires  resolution  of  the  boundary  layer  on  the 
front  of  the  plate,  and  so  would  probably  be  impos¬ 
sible  to  apply  directly  at  Re  ■  105) .  (10) 

We  are  currently  looking  at  the  source-correction 
scheme  proposed  by  Li 1 1 ington (10) .  The  initial  res¬ 
ults  are  quite  encouraging;  it  seems  that  the  scheme 
reduces  the  errors  in  the  irrotational  region  up¬ 
stream  of  the  plate,  and  consequently  produces  a  (11) 

longer  recirculation  zone  than  the  standard  V.D.S. 

We  hope  to  give  more  details  at  the  conference  pres¬ 
entation. 


Leonard,  B.P.,  Leschziner,  M.A.  and  McGuirk,  J.J., 
"Third-Order  Finite-Difference  Method  for  Steady 
Two-Dimensional  Convection",  Proceedings  of  the 
1st  International  Conference  on  Numerical  Methods 
in  Laminar  and  Turbulent  Flow,  Swansea,  1978, 
p.807. 

Parkinson,  G.V.  and  Jandali,  T.,  "A  Wake  Source 
Model  for  Bluff  Body  Potential  Flow",  Journal  of 
Fluid  Mechanics,  40,  1970,  p.577. 

Arie,  M.  and  Rouse,  H.,  "Experiments  on  Two- 
Dimensional  Flow  Over  a  Normal  Wall",  Journal  of 
Fluid  Mechanics,  1,  1956,  p.129. 

Spalding,  D.B.,  "A  Novel  Finite  Difference  For¬ 
mulation  for  Differential  Expressions  Involving 
both  First  and  Second  Derivatives",  International 
Journal  for  Numerical  Methods  in  Engineering,  4, 
1972,  p.551. 


McGuirk,  J.J.  and  Rodi,  W.,  "A  Depth-Averaged 
Mathematical  Model  for  the  Near  Field  of  Side 
Discharges  into  Open-Channel  Flow",  Journal  of 
Fluid  Mechanics,  86,  1978,  p.761. 


Leonard,  B.P.,  "A  Survey  of  Finite-Differences 
with  Upwinding  for  Numerical  Modelling  of  the 
Incompressible  Convective  Diffusion  Equation", 


Turbulent  Flow,  Pineridge  Press,  Swansea,  1981. 


Gresho,  P.M.  and  Lee,  R.L.,  "Don't  Suppress  the 
Wiggles  -  They're  Telling  You  Something", 
Computers  and  Fluids,  9,  1981,  p.223. 


Raithby,  G.D.,  "Skew  Upstream  Differencing 
Schemes  for  Problems  Involving  Fluid  Flows", 


Computer  Methods  in  Applied  Mechanics  and 
Engineering,  9,  1976,  p.153. 


Castro,  I.P.,  "The  Numerical  Prediction  of  Re¬ 
circulating  Flows",  Proceedings  of  the  1st 
International  Conference  on  Numerical  Methods  in 
Laminar  and  Turbulent  Flow,  Swansea.  1978,  p.32Q. 


Lillington,  J.N.,  "A  Vector  Upstrear  Differen¬ 
cing  Scheme  for  Problems  in  Fluid  Flow  Involvint 
Significant  Source  Terms  in  Steady-State  Linear 
Systems",  International  Journal  for  Numerical 
Methods  in  Fluids,  1,  1981,  p.3. 


Taylor,  C.  and  Hood,  P.,  "A  Numerical  Solution 
of  the  Navier-Stokes  Equations  Using  the  Finite 
Element  Technique",  Computers  and  Fluids,  1, 
1973,  p .73 . 


In  conclusion,  we  believe  that  there  is  a  need 
to  develop  a  more  accurate  and  robust  numerical 
method,  which  can  be  applied  with  confidence  to  flows 
that  have  distinct  regions  with  quite  different 
characteristics . 

ACKNOWLEDGEMENT 

This  work  was  begun  while  one  of  the  authors 
(I.P.C.)  was  employed  at  the  Marchwood  Engineering 
Laboratory  of  the  Central  Electricity  Generating 
Board,  and  is  published  by  permission  of  its  Director. 


(12)  Taylor,  C.  and  Hood,  P.,  "Navier-Stokes  Equations 
Using  Mixed  Interpolation",  Proceedings  of  the 
1st  International  Conference  on  Finite  Element 
Methods  in  Flow  Problems.  1974,  p.121. 

(13)  Castro,  I.P.,  "Numerical  Difficulties  in  the 
Calculation  of  Complex  Turbulent  Flows", 

Turbulent  Shear  Flows  I,  Springer-Verlag,  Berlin, 
1979,  p.221 . 

(14)  Raithby,  G.D.  and  Torrance,  K.E.,  "Upstream 
Weighted  Differencing  Schemes  and  Their  Appli¬ 
cation  to  Elliptic  Problems  Involving  Fluid 
Flow",  Computers  and  Fluids.  2,  1974,  p.191. 


18.12 


TURBULENT  FLOW  INDUCED  BY  A  JET  IN  ft 
CAVITY  -  MEASUREMENTS  AND  3-D  NUMERICAL 

simulation. 


F.  Baron  -  J.P.  Benqu£  -  Y.  Coeff£ 
Electricity  de  France 
Laboratoire  National  d'HydrauliQu® 
6  ouai  watier,  78AOO  ChA^du  (FRANCO 


ABSTRACT 

velocity  measurements  made  bv  laser 
anemometry  on  the  turbulent  flo*  induced  by  a 
jet  in  a  cubic  cavity  are  or°sented. 

A  numerical  code  solving  tbe  instationary 
Navier-Stokes  equations  in  three  dimensions  for 
the  large-scale  field  is  described.  Suborid 
scale  turbulence  can  be  modelled  by  a  turbulent 
viscosity. 

Tbe  results  of  two  cases  of  large-eddy 
simulation  made  with  this  codp  on  the  flow 
induced  by  a  jet  in  the  cubic  cavity  are  then 
compared  with  measurements. 

The  same  numerical  code  is  applied  to  laro° 
eddy  simulation  of  Plane  Poiseuille  Flow  with 
periodic  boundary  conditions.  Some  results  on 
mean  velocities  and  Reynolds  stresses  are 
presenten  and  compared  with  measurements. 

INTRODUCTION 

The  flow  induced  bv  a  jet  in  a  cavitv  is 
studied  as  a  typical  case  of  industrial  flows 
reauirino  3-D  numerical  prediction  with 
turbulence  simulation. 

A  similar  computation  was  performed  on  plane 
Poiseuille  Flow  in  order  to  understand  better 
the  turbulence  production  mechanism  in  a  simpler 
case  of  wall-bounded  flow. 

MEASUREMENTS  IN  the  CUBIC  BOX 


cuttino  the  jet  alone  its  ma!n  axis,  no  bio  e-d 
stable  structures  are  present  but  mainly  miooie 
sizep  (s  to  10  pmi  eddies  o T  relatively  sKc-t 
life. 

Laser  doppler  anemometrv  mpasureme-tc  p-e 
performed  to  obtain  simultaneously  tw- 
components  of  the  velocftv  in  pnp  poin*  *-ne 
box.  The  sionals  are  then  treated  *o  oe‘  e- 
averao®  value  or  a  filtered  value  hut  also  *ne 
standard  deviation  and  the  spectrum  c*  fno 
fluctuations. 

NLMFRTCAL  SIMULATION  :  "TPIDI"  CnDE 

The  instationarv  Navier-stokes  eouatic's  frr 
the  larop-scale  3D  flow  or  an  i  r®  ?  c ; - 'o 
fluid  ar«  discretizec  in  a  tim°-?ova'-'cind 
f 'nite-difference  scheme  on  two  staGC^re"  c-'-'. 

Larpn-Snale  rie'd  Computation  (O'  (S' 

Velocity  field  Uj  ~1  i"s  separate.-  ••-to 
a  la’-oe-scale  component  (Jj  (x,  t'  an-  a 
suhorid-scale  component  u’j  ("x.,  t  bv  a 
filter! no  operation  : 

Uj  (x,  t)  r^G  (x  -  xM  u?  fx\  t'  dx- 
U's  (x,  t!  =  Uj  -  U; 

Filtered  Navier-stokes  eouations  are  : 


A  cubic  box  (side  a  =  50  cm!  is  included  in 
a  loop  of  cold  water.  The  flow  enters  the  box 
throuQh  the  window  Fj  (see  fic.  1)  and  exits 
the  box  throuoh  the  window  F2,  Fj  and  F2 
are  square  windows  (side  b  =  15  cm)  and  are  such 
that  there  is  no  symmetry  plane  for  the  flow. 
The  flow  consists  of  a  jet  enterino  the  box  and 
Impinging  the  oooosite  wall,  aeneratina  on  each 
side  of  the  jet  a  recirculating  flow  which  goes 
down  and  progressively  moves  towards  the  exit 
area  near  f2. 

The  flow  rate  is  kept  as  constant  as 
possible  by  a  free  overfall  control.  The 
entrance  mean  velocity  is  U0  =  ?4  cm/s  and  the 
entrance  Reynolds  number  is  Re  =  36,000. 

Several  flow  visualizations  are  made  by 
taking  pictures  of  particles  illuminated  when 
passing  through  a  plane  liaht  beam.  These 
visualizations  show  that  except  for  the  planes 
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characteristic  length  X  of  the  filter  has  to  he 
se/eral  times  bigaer  than  the  mesh  size  of  the 
scheme,  to  make  sure  that  all  filtered 
wavelengths  are  really  computed. 

In  our  wall-bounded  flows  calculations,  this 
would  imply  a  very  laroe  number  pf  grid  points 
if  x  is  in  the  inertial  subrange,  as  it  has  to 
be. 

These  are  the  reasons  why  we  did  not  use  a 
formal  filtering  operation,  but  the  inherent 
filtering  effect  of  the  finite  difference  scheme 
(MOIN  et  al  (9)  did  the  same  in  the  inhomogenous 
direction  of  channel  flow,  althouah  their  number 
of  arid  points  was  quite  important). 

with  this  kind  of  filtering,  tests  showed 

that  the  Leonard  stress  was  within  the  round-off 
errors  of  the  finite  difference  schame.  We  have 
thus  nealected  these  terms. 

The  subgrid  scale  stress  tensor  is  modelled 
with  a  turbulent  viscosity  : 

Si;  =  -  2  vt  51  j  *  1  sn  Si;  (5) 

51.1=  1  (  (J'i  *  dui  )  (6) 

2  (  d*  ■  d*i  ) 

is  the  large-scale  strain-rate  tensor, 
we  use  the  Snanorinsky 's  (1_1)  subg-id  model  : 

2  2  _  _  1/2 

vt  =  Cs  X  (Pi;  Ei  1)  (7) 


(where  Cc  is  a  constant  and  X  a 
characteristic  length  of  the  mesh  size) 

This  mode!  is  the  most  classical  one  and 
usually  gives  rather  good  results,  although  it 
does  not  reproduce  the  backscatter  transfer  from 
suberic  scales  to  larg°  scales  (8)  as  it  was 
recently  pointed  out  by  a  comparison  with  direct 
simulations  (4). 

Note  that* the  spherical  part  of  the  subgrid 
s*ress  tensor  is  incorporated  with  the  pressure  : 

p  =  0  -  1  ^,S;i  (8) 


Discretization  of  thP  Equations 
'  Tn  ♦  1  time  step  is  resolved  in  three 
steps  (The  method  is  on  the  same  pattern  as  the 
one  proposed  bv  Chqoin  (2)'  : 

Step  I  I  flnyeptiQn  O7  vpmentum 
( Split  into  7  directions) 


This  eauation  is  solved  bv  a  method  of 
characteristics  with  third  -  order  interpolation 

<?.:  ♦  Uj  dui  =  0 

3*j 

u-  is  constant  on  the  characteristics  : 
dx  =  Uj  dt 


(t  =  th)  or  (x  =  xn) 


with  the  characteristics  containing  the  points 
(*1,  tn  ♦At\  i  =  1,  — ,  N 


are  computed. 


Then  tT;  is  computed  w’fn  third  order 
interpolation  at  those  intersections. 

This  method  is  uneonditionnalv  stable  <n 
each  direction,  but,  due  to  the  splittino  in 
three  directions,  the  Courant  criterion  has  tc 
be  observed  to  insure  accuracy,  Pn  the  ofher 
hand  this  scheme  is  not  enercy-cons°rvi',c ,  hut 
the  third-order  interpolation  prevents  from  to^ 
important  numerical  diffusion. 

Step  II  :  Diffusion  of  memontu"'  f  split  into 
3  directions' 


(10) 


This  eauation  is  solved  bv  a  double- sweep 
implicit  scheme. 

Step  III  :  Continuity  ann  pressure 


_ 1_ 

dP"*1 

J  At 

p 

a*,. 

<jur' 

sO 

dvi  _  At 
d*t  ‘  P 


<3=t>  S 


a2pntl 

d«i  <?«j 

At  <?Pm1 
P  d*i 


ni) 

(12) 

(13) 

(14) 


(13)  :  Poisson  eouation  solved  bv  a  Gauss- 

Seidel  iterative  method  with  ov=>r-mlaxetinn  an- 
Neumann  boundary  condition  : 

n+1 

dp  =0  (see  below) 


Tne  intersections  of  one  of  t.he  axes  : 


Pressure  is  defined  on  a  staoeered  crid 
("pressure  points"  are  in  the  center  of 
"velocity  cubes") 


I 


Boundary  Conditions 

Entrance  :  U'ul  =  U0  oiven 
Exit  :  no  condition  :  un+l  is  computed 

assumina  tnat  advection  is  dominating 

wails  :  The  boundary  condition  should  be 
Uh*!  =  0.  But,  since  the  number  of  arid  points 
we  use  is  not  sufficient  to  allow  such  a 

condition,  we  set  :  If+l.TT  =  0  for  the 

component  normal  to  the  wall  and  we  assume  a 

relationship  between  total  shear  stress  and 
instantaneous  tangential  velocity  ulfd  1 . 

This  relationship,  based  on  the  loaarithmic 

law  for  mean  velocity  near  a  rough  wall,  is 

quite  a  crude  assumption  for  instateneous 

velocities.  Schumann  (_10)  had  rather  good 
results  with  similar  boundary  conditions  in 

channel  flow. 

In  the  calculation,  we  choose  arbitrarily  as 
a  boundary  condition  for  step  II  (diffusion)  the 
same  condition  as  for  the  whole  time  step  : 

Un  =  UR+1  =  Uon 

then  eauation  (11)  yields  at  boundaries  : 
n+1 

d0  =  -  J-  (Up  -ffn)  =0  (15) 

dn  A* 

(In  fact,  tests  showed  that  the  results  a^e  the 
same  with  any  normal  velocity  boundary  condition 
for  step  II). 

find  then,  boundary  condition  for  step  III 
(Poisson  eauation)  is  justified  : 


Equation  (11)  yields  also  at  boundaries  : 


dpn'' 

dr 

(16) 

dud1  _ 

At  d2 Pntl  _ 

(17) 

c 

1 

c 

P  dr\  dr 

So  the  boundary  condition  on  shear  gradient 
is  also  the  same  for  step  II  and  whole  time  step. 

NUMERICAL  COMPUTATION  0^  THE  FLOW  INDUCED  RY  A 
DET  IN  A  CUBIC  CAVITY  ANn  COMPARISON  WITH 
MEASUREMENTS 

Fio.  2  gives  a  sample  pf  comparison  between 
measurements  and  numerical  mean  flow  results  in 
the  case  of  an  algebraic  turbulent  subarid  scalp 
viscosity  model.  rig.  1  gives  the  samp 
comparison  for  a  case  wit*  no  such  viscosity. 
The  full  comparison  between  measurements  and 
numerical  results  shows  that  the  main  aspects  of 
the  flow  are  present  even  in  the  no  viscosity 
case  ;  the  turbulent  viscosity  makes  the 
comparison  better  in  the  jet  recion  but  some 
discrepancies  remain  in  the  recirculatino  area 
under  the  jet. 

These  differences  between  the  two  cases 
confirm  that  the  numerical  diffusion,  inherent 
to  the  advection  scheme,  is  not  too  hi  ah  :  it 
does  not  exceed  the  turbulent  diffusion. 

But  an  important  feature  observed  in 
experiments  -the  increase  of  turbulent  energy 
from  the  entrance  to  the  inside  of  the  box-  is 


not  reproduced  in  this  simulation,  even  with 
fluctuating  boundary  conditions  at  the  entrance. 
This  result  led  us  to  perform  the  same 
simulation  scheme  on  plane  Poiseuille  flow  in 
order  to  test  its  turbulent  production  mechanism. 


« 


Fig.  1  _  CUBIC  BOX  GEOMETRY 
(ond  location  of  the  plants  of  comparison ) 


LARGE  EDDY  SIMULATION  OF  PlANF  tijrs*  r_ENT 
POISEUILLE  FLOW 

This  calculation  aims  to  improve  our  Lrc 
scheme  and  its  turbulence  production  mecna^is- 
on  this  simple  case  of  wall-pnynded  shear  fin* 
about  which  a  large  amount  of  measurements  -mage 
by  G.  OOMTE-BELLOT  (3)-  is  available. 


Computational  Sppcjfj  cat  ions  for  fus  Hew 

The  computational  domain  has  the  following 
dimensions 

Lx  =  8  D  in  the  streamwise  direction  * 

Lv  =  4  0  in  the  soanwise  direction  v 

Lz  =  2  D  in  the  vertical  direc*:!  on  z 

(perpendicular  to  the  walls) 

Boundary  conditions  in  the  hogi^-nta: 
directions 

"■'Cordino  to  measurements  (3),  the  dounie 
space  correlations  Rjj  (L*/2,  0,  O'  and 

Rj •  (0,  Lv/2,  hi  between  the  boundaries  i" 
these  directions  are  neolioible.  So  the  flo* 
between  infinite  plates  can  be  represpnted  wi*:" 
spatial  periodicity  for  both  velocity  an-1 
pressure  fluctuations  : 

velocity  :  in  the  convective  operator,  a 
characteristic  leaving  the  domain  at  one  face  cr 
the  paralleleoioed  in  the  x  or  y  direct io~ 
re-enters  it  at  the  opposite  face  in  the  same 
direction. 

pressure  fluctuations  :  o’  =  p  -  Dp 
[P0  being  a  given  constant  Gradient  pressure 
field  Po  r  -p  u|  ] 

The  Poisson  eouation  is  solved  in  a  rioma;n 
which  is  "closed  on  itself"  in  two  directions. 

The  number  of  orid  points  is 


nx  =  65  in  the  streamwise  T  with 


direction 
33  in  the  soanwise 


direction 
nz  —  33  in  the 

variable  orid  soacino 


uniform 

soacino 


vertical  direction  wit" 
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bovrdary  conditions  on  toe  walls 

-  vertical-  velocity  component  :  w/waj]  =  o 

-  for  the  horizontal  velocity  components,  since 
the  above  number  of  grid  points  is  not 
sufficient  to  describe  a  boundary  layer  with 
no-slip  boundary  conditions,  we  assume  a 
relationship  between  total  shear  stress  and 
instantaneous  tangential  velocity,  as  described 
aoove . 

Statistical  operator 

A  statistical  operator  is  needed  to  compare 
results  with  theoretical  and  experimental  data. 

we  choose  to  define  it-at  each  time  step  of 
the  computation-as  the  mean  value  over  a  plane 
parallel  to  the  walls  : 

o>  (t  1 =  CxCy  f°  (tn'*-y.2)  dx  °y 

and  Q  =  a  -<Q> 

(An  actual  time  averaging  at  one  point  can  he 
used  to  study  larae  wave  length  phenomena,  such 
as  pressure-stain  correlations...) 

Initial  Condition 

Tfie  spatial  periodicity  implies  some 
equivalence  between  an  entrance  boundary 
condition  (x  =  0,0  <  t  <T)  and  an  initial 

condition  function  of  x  (0  <  x  <  Lx,  t  =  0). 

We  thus  defined  an  initial  fluctuatino 
velocity  field  as  a  serie  of  periodic  functions 
of  x  with  a  (-  5/3)  power  energy  spectrum. 

n  1  ,1 
U}  =  £  aj  cos  (ikx  x  *<P i  (y,z) ) 

i=l 

n  =  Dxtl  ;  k  =  2ir 
2  Lx 

where  :  (a^l)?  =  Cl(z)i-5/?  amd  : 

^(y.z)  are  random  function 

(pressure  field  and  incompressibility  are 
obtained  by  resolution  of  Poisson  eouation  (13), 
as  in  a  time  step). 

with  no  more  initial  correlation  between  the 
u<,  the  turbulent  energy  level  had  a  rapid 
decrease  during  the  first  time  steps. 

In  order  to  insure  a  hioh-ievel  initial 
turbulent  production  : 

p  =  -  <ui 

J  d  *T 

we  add  to  the  initial  fluctuating  velocities  a 
sheared  mean  velocity  profile 
<U>  and  we  choose  the  differences  : 

0*4  «*>’ 

such  as  the  turbulent  shear  stresses  have  the 
theoretical  values  : 


Computed  Turbulent  Kinetic  Fnerov 

(kc  =  ^  <UJ  UJ» 

Despite  the  improvement  on  initial 
condition,  the  decrease  of  kc  still  remained, 
due  to  the  advection  scheme. 

As  a  first  approximation  to  face  this 
problem,  we  maintain  at  a  fixed  (experimental) 
level  Kr  the  inteoral  value  Ir  of  kr  over 
the  whole  computationnal  domain,  at  each  time 
step  : 

Ic  (tn)  =  I  f  kc  (x,  tn)  dV 

c  v  J  o 

(Practically,  we  multiply  the  three  components 
of  the  fluctuatino  velocity  at  each  noint  bv  the 
same  ratio,/Kr/Ic). 

A  few  remarks  about  this  operation  : 

1.  the  relative  chance  oT  Ic  decreases  in 
time,  and,  after  a  few  time  steos,  it  becomes  : 

|KC  ,  Ic|  <  t_i0-3 
kr 

It  seems  that  the  first  time  steos  can  be 
interpreted  as  a  time  scale  for  the  non-linear 
process. 

2.  If  we  stoo  maintainina  Ic,  its  5nt“oral 
value  stays  over  Kc  durino  6  cross:  nos  or  the 
domain  and  then  decreases  very  slowly. 

Results 

Comoared  with  G.  comte-^lLot  i  s  (3' 
measurements. 

The  computed  fluctuations  Cfio.  a)  are 
’.other  close  to  measurements  in  streanwise  ' u' 
and  s  unwise  (v)  direction.  In  the  vertical  (wN 
direction,  there  is  certainly  an  incorrect 
redistribution  hy  the  veloc’- tv-pressure 
correlations. 

The  mean  velocity  pror:l“  <L’>  (f’p.  j  i? 
also  near  the  measurements,  despite  a  lack  of 
accuTacy  on  the  shear  Gradient  valu®  on  the 
boundary. 

The  computed  part  of  turbulert  shear  stress 
<uw>is  about  what  can  be  expected. 

CONCLUSION 

The  lack  of  computed  fluctuations  observe'' 
in  the  flow  induced  by  a  let  in  a  cubic  cavitv 
led  us  to  study  the  turbulent  production  in 
plane  Poiseuille  flow,  and  to  define  on  this 
flow  an  inteoral  turbulent  enerav  control 
procedure. 

An  analooous  procedure  could  he  applied  to 
the  jet  in  a  cavitv  (with  time-mean  statistical 
operators)  in  ord®r  to  obtain,  with  an 
improvement  on  suborid  scalp  model  lino,  a  more 
accurate  laroe  eddv  simulation  of  that  flow  with 
our  stable  numerical  scheme. 
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PSEUDO-SPECTRAL  METHODS  FOR  HOMOGENEOUS  OR  INHOMOGENEOUS  FLOWS 
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INTRODUCTION 

ThrM  dimensional  incompressible  viscous  calculations  are  done  by 
means  of  spectral  methods. 

For  time  derivatives  several  schemes  have  betn  used  : 

-  finite  difference  scheme, 

-  pseudo -spectral  scheme. 

The  solution  of  Navier-Stokes  unsteady  equations  is  obtained  by  ex¬ 
panding  the  unknown  functions  on  Fourier  series  or  on  a  basis  of  Chaby- 
shev  polynomials  (eg.  ref.  [3J.  [4]). 

Let  us  set  : 


(II 


(a) 


(b) 


.  +&£  =o 


where  U  is  the  velocity  vector,  U,  the  velocity  components  and  P  the 
pressure  (divided  by  constant  density). 

For  calculations  of  turbulent  flows,  a  classical  space  filter  is  define 
(ref.  (2))  : 


(2) 


with 


and 


frx.t)  ■  j  <£(x',n  &(*,*')  **' 
•on.  , 

X  c  si.  = 

(■X,  \ 

X.  *, 


Let  us  set  : 

131  tf'rx.fs 

then  by  applying  filter  G  to  equation  (1)  we  obtain  : 


(a) 


141 


y ' 


P)  e  AHi.4.  llSS  *~gi^ 
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(b) 

l  9- 

with 

(a) 
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Tha  Smegorintki  cloture  modal  it  than  uiad  : 

(61  C-i ,  VT(Tk) 


(7! 


with 

(a) 

(b) 


[  —  (  c  &».)  rf* 


wrtiere  As  is  a  length  factor 
Three  cases  are  now  considered  : 

-  the  inhomogeneous  flow  in  a  cubic  domain,  with  initial  and  boun 
dary  conditions  for  tha  velocity  components, 

*  the  homogeneous  flow  in  a  cubic  domain,  with  initial  conditions 
and  periodicity  in  the  space  directions. 

*  the  inhomogeneous  pipe  flow,  with  initial  and  boundary  conditions. 
A  pseudo-spectral  space-time  scheme  is&ied  for  solving  equations  (II 

(first  case)  or  equation  (4)  (second  case). 

In  the  third  case,  equations  (1)  are  solved  by  means  of  a  pseudo 
spectral  scheme  in  the  space  directions  and  of  a  finite  difference  scheme 
on  the  time  axis. 

Other  accurate  time  differencing  techniques  have  been  proposed  a 
technique  of  Taylor  expansion  was  used  by  J.  Gazdag  for  the  Burgers  and 
Vlasov  equations  (1973,  ref.  (1)).  by  R.M.  Morf.  S  A  Orszag  and  U 
Frisch  for  investigating  the  singularities  of  Euler  equations  (1980.  ref  .  (5)1 
and  by  P.R.  Roy  for  the  incompressible  Navier-Stokes  equations  (1980. 
ref.  [6]. 

II.  INHOMOGENEOUS  FLOW  IN  A  CUBIC  DOMAIN 

Solution  of  the  four  equation  (1)  is  obtained  as  a  limit  of  a  sequence 
of  approximate  solutions  (see  ref.  [4])  : 

(8.  ?)*,.■  Ctf.PD^pr4’  — (u,pr 

At  each  iteration  (calculation  of  the  (n  +  IIth  approximation  as  a 
function  of  the  (n)th  one,  the  new  set  of  functions  (U,  P)"*1  is  calculated 
of  the  entire  space  time  domain 

(9) 


•time  aomam  . 

e  C-1.*-1]  *  Co,Tl 


The  limit  (U,  P)  of  this  sequence  is  a  space-time  approximation  of 
the  flow  solution. 

Let  us  set  : 


(a) 


(10) 


(b) 


U  «  U  «-  <2 


where  !u,  p)  the  variation  of  the  solution  batwaen  itaration  (n)  and  ite¬ 
ration  (n  +  1)  is  .obtained  by  means  of  approximation  of  aquations  (II  : 


(111 
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*  g;  (u  +  «r,  9% 

*  Cr*. 
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The  function*  h,"  arc  finit*  difference  approximations  of  : 

o%jr/p%r)_^(D-/p-) 

Each  iteration  consists  of  three  traps  ; 

■  calculation  of  tha  residues  (Un.  P°>  by  psaudo-  spactral  expan¬ 
sions  on  a  '  i  of  Chebyshev  polynomials  of  tJ°  and  P", 

-  calculauon  ..**  variation  u,  and  p  by  solving  tha  four  aquation 


(11). 

calculation  of  tha  new  values  : 


(.,  u-",  u-+erzr 

lu 


where  a  is  under-relaxation  coefficient  calculated  for  convergence  of  tha 
method  (e  g.  S.A.  Orszag  (7]  and  Me  Crory  and  Orszag  (8]) 


II  1  Residue  calculation 

For  each  space  or  time  direction  the  unknown  functions  are  expan¬ 
ded  on  a  basis  of  first  kind  Chebysbev  polynomials. 

By  formal  derivation,  we  obtain  then  the  expansions  of  the  partial 
derivatives  and,  by  means  of  Fart  Fourier  Transform,  the  values  of  the 
partial  derivatives  at  the  Chebyshev  collocation  points. 


II  2  Variation  calculation 


•14) 


Let  us  set  : 

<»)  [  ht  # 
iw  I  pL  # 


'c> 


where  DT,  D,,  02  are  finite  difference  approximations  of  the  corresponding 
continuous  operators. 

Then  equations  (11)  become  : 


(a) 

1 1 5) 

lb) 


=° 


where  ^  s  ^  i  (  U  ,  P*') 

Instead  of  solving  (15.b),  we  use  the  divergence  of  (15.a)  and  by 
taking  (15.b)  into  account,  we  obtain  a  Poisson  equation  for  the  pressure 
variation  p  : 


M6> 

+P;  Pj (<* i  uiV  1  +  « i  V 


The  associate  boundary  conditions  are  Neumann  conditions  given  by 

(15.a). 

For  convergence  and  cost  of  the  method,  the  choice  of  finite  diffe¬ 
rence  approximation  Di,  0.  and  D1  is  important  (rtf.  J4],  [7),  18]). 

Two  kinds  of  approximations  are  used  for  space  derivatives  : 

•  central  second  order  approximations  on  tha  Chebyshev  collocation 
points. 

same  approximations  on  a  finer  grid  (for  these  new  points,  resi¬ 
dues  are  calculated  by  means  of  Chebyshev  interpolations) . 

For  time  derivative,  a  first  order  schema  is  used 

•  implicit  for  tha  diffusive  term, 

-  explicit  for  the  convective  terms. 


Ill  HOMOGENEOUS  FLOW  IN  A  CUBIC  DOMAIN 


Similarly,  the  solution  of  equations  (4)  can  be  computed  as  a  limit 
of  tha  following  sequence  : 

«» (s?.?rr, . .  (tr,rT):(tr,n)-,,(t;,Tr)* 

Each  iteration  is  slightly  modified. 

-  calculation  of  residues  g?  by  pseudo-spectral  Fourier  series  expan¬ 
sions  of  0°  and 

-  calculation  of  tha  variation  ?,  ?  by  solving  tha  four  equations 

<•»  %L,  rf)*-  =  o 

where 

<’»>  3  %(  n') 

and  where  Ki"  ere  approximations  of 


( 


(a) 


(20 


fb) 


.uAi,  *  it  n_ 


T>  -xg_ 


where  v  is  a  mean  value  (at  given  t)  of  v  +  irp. 

Instead  of  finite  difference  schemes  for  space  partial  derivative  appro¬ 
ximations,  we  use  Fourier  expansions  on  the  space  axes-  The  only  diffe¬ 
rences  between  operators  h,n  and  g^n  are  then  due  to  non  linearity  of  the 
Navier-Stokes  equations  and  to  time  discretization. 

These  are  calculated  by  Chebyshev  polynomial  expansions  (for  the 
residues  gi")  and  by  finite  difference  approximations  (for  the  operators 
h;n>. 

The  similarity  of  the  operators  hi"  and  gi"  insures  the  convergences 
of  the  method  (e.g.  ref  [3],  [4],  [7],  (8p. 

IV.  PIPE  FLOW  (WITH  TRANSVERSAL  SQUARE  SECTION). 


Equations  (1)  are  to  be  solved  in  the  domain  : 

with  no-slip  conditions  on  the  boundaries  : 

Tt  =  ~  1  Or  -  1 

with  up-stream  conditions  : 

(21)  U  given  for  —  O 

and  with  down-stream  conditions  : 


(22) 


1±L 


for 


A  leep-Frog  scheme  ii  u*ed  tor  time  discretization  end  equation  (II 
gives  us  : 

( .  .*>.1  i  i— 

(a) 

*  rt  ■j>x 


(23) 


(b) 


v:"-v:+  algiHiT-Wa  urVAur1) 

' x;  1 

a.  l  Tx~,  » < .  > 


s  0 

with  a  D,(ll  it) 

where  fit  is  the  time  stag. 


19.2 


i»>  k + e  >Jm£ an 

dacj  izL 

Then  aquation  (23. a)  becomes  : 

1  I*4  '  A  .  I4*4  1  «*  D**'  A44 

(251  ^L.  -DiU;  +  2L|-.  ■*■  A.  =  0 

Ft  *** 

And  by  taking  into  account  equation  (23.b),  we  obtain  a  Poisson  equa¬ 
tion  for  P"*  1  : 

(26!  A  P**‘  +  =  o 

■8  X£ 

with  Neumann  boundary  conditions  given  by  (25) 

Because  of  the  boundary  conditions  for  the  pressure  P"*1,  equations 
125)  and  (26)  are  soIvmS  simultaneously  (tor  t  =  tn*i)  For  each  time  le¬ 
vel.  an  iterative  process,  similar  to  the  unsteady  previous  one  (equations 
(111,  (12)1,  is  then  deveiopped  : 

-  for  a  given  approximation  ( »X  P)*  of  (U  ,  P)n+1,  the  residual  va¬ 
lues  of  equations  (25)  and  (25)  are  calculated  by  means  of  Cheby 
shev  polynomial  expansions  : 

(.i  rRr  =  yr_vAu;+^p*+A? 

Ft  -&*i 

(27)  /  s  r.i  of  3 

(b)  ft*  =  A  P"^  -a  a; 

lor  a  given  value  oft  =  tn*  1 . 

-  a  better  approximation  of  (U,  P)"*'  is  then  obtained  by  solving  a 
set  of  four  partial  differential  equations  for  the  variat....)  (uT  pi  : 

(a)  /  iU».i  _  x>  O'-CL ;  4-  P  i  [V  +  R  *  s,  O 


D*f +  RJ  -  ° 


with  boundary  conditions  for  u 


la)  ZZ  s  O  for  |*|ae  1  or  |^|-1  or 

(b)  ><?-  4-  =  O  (or  *-.L- 

end  for  p  : 

Dr  ft  f  -  >>  ■  +  R  *  as  o 

1  rt  ' 


\lV~L 


Oi  end  D2  (see  (14))  ere  finite  difference  approximations  of  3/3x,  and  A- 
The  new  value  of  (U,  P)"*1  is  then  : 


(  U%-<r  ZZ  ,  P* 


+  or  (t 


V.  RESULTS 

V.l.  Non  homogeneous  flow  in  a  cubic  domain 

An  exact  Taylor-Green  solution  is  compared  with  the  results  of  a 
pseudo -spectra  I  space- time  calculation  (with  Cheby  shev  expansions  m  the 
four  space-time  directions). 

Let  us  set 

(32)  U  SB  C4 <u%£  (  ) 

with 

^x*=  ° 

(33)  <f  ,  =.  -K  COO  ( \X)COO(* 

K  B  X’)/x\  ^  71  A 

For  a  Reynolds  number  of  20  end  9x  9x9x5  harmonics,  figure  (1) 
shows  the  variation  of  the  isobaric  lines  on  three  faces  of  the  cubic  do 
mein.  The  differences  betweer  theoretical  and  computed  values  are  let: 
then  10'5. 


Calculation  of  the  solution  on  the  entire  time  domain  can  be  per¬ 
formed  successively  in  time  subdomains  initial  conditions  in  a  given  sub 
domain  are  then  the  values  of  the  solution,  obtained  in  the  previous  sub 
domain,  for  the  final  value  of  t. 

V.2  Homogeneous  flow  in  a  cubic  domain 

The  pseudo -spectra  I  space-time  method  has  been  compared  with  a 
finite  difference  method  developed  at  Stanford  University  (ref  [2Ji 
A  Gaussian  filter  is  used  : 

(341  G-(X'.A)  JJE f- V I X-xT/aI  ) 

with  (ref .  1 2])  * 

2T=  6- 

!35)  4a  =  2  A 

4  =  m-eiK  site. 

For  the  Smagorinski  closure  model,  we  take  (ref  [2J* 

C  =.20 6 

Starting  from  the  same  energy  spectrum, calculations  are  done  with  16’ 
collocation  points  for  the  two  methods. 

(t  appears  then  that  skewness  but  not  energy  is  very  sensitive  to 
space-time  scheme  (see  fig.  2  and  3). 

When  local  characteristics  of  the  flow  (such  as  skewness)  are  needed 
an  eccuratt  calculation  of  time  derivatives  is  then  necessary  and  a  pseudo 
spectral  space-time  formulation  answers  the  requirements  of  precision. 

V.3.  Pipe  flow  (with  transversal  square  section) 

The  following  up-stream  condition  are  used  l  for  z  =  0)  : 

(!)  ( u,=o 

(36)  (b)  I  UisO 


where  a  is  an  under  relaxation  coefficient. 


(d  [  +  (*.*)) 


19.3 


(37) 


1 
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where  Uj*  is  •  random  function  with  : 

< 


and  where  : 

(3®  {(*)-  (l-C*j(C0t-t)) 

Calculations  art  dona  with  : 

f  R«  =  300  (=  y/2,  ) 


139) 


^  =  i 
X  =.oi 

0Jt-  20-77 

Tt  =  .0* 


(36-e > 
(3*  ) 


For  such  a  laminar  flow,  figures  4  and  5  show  the  evolution  of 
isobanc  lines  (in  the  plan  y  =  0)  at  the  beginning  of  calculation. 

More  details  on  the  movement  of  isobaric  surfaces  during  the  displa¬ 
cement  of  perturbations  acroa  the  pipe  are  shown  in  a  movie. 

For  the  implementation  of  turbulent  simulation , an  important  work 
is  actually  done  : 

the  number  of  harmonics  is  increased, 

•  the  upstream  conditions  are  modified  by  introducing  an  unstable 
perturbation, 

•  a  closure  model  is  developed 
V  CONCLUSIONS 

Some  pseudo-spectral  formulations  have  been  implemented  for  resolution 
of  unsteady  Navier-Stokes  equations.  Finite  difference  scheme  as  well  as 
pseudo-spectral  scheme  have  been  used  and  compared  for  calculation  of 
time  derivatives. 

For  inhomogeneous  flows  (cubic  domain  or  square  pipe),  both  sche¬ 
mes  can  be  used  and  for  given  accuracy,  it  seems  that  the  second  one  can 
be  competitive. 


The  implementation  of  algebraic  models  has  been  dona  (for  homo¬ 
geneous  isotropic  flows)  but  with  such  a  smell  number  of  harmonics  e 
more  elaborate  closure  technique  shall  be  necessary  especially  for  non  iso¬ 
tropic  flows. 
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ABSTRACT 

We  present  a  simple  method  for  calculating  body- 
induced  flow  distortion  effects  on  turbulent  flow 
in  the  limit  of  turbulence  integral  scale  very  large 
compared  to  the  body  size.  The  approach  is  directly 
applicable  to  the  problem  of  probe-induced  distortion 
of  turbulence  measurements.  We  apply  the  method  to 
the  low  Mach  number  flow  approaching  a  body  of 
revolution,  and  present  contours  of  the  flow- 
distortion  parameters  ahead  of  the  body.  We  show 
that  while  second-order  models  cannot  treat  this 
problem,  they  should  be  able  to  treat  the  other 
extreme,  where  the  turbulence  scale  is  small  compared 
to  the  body  size. 


Perhaps  the  most  complete  study  to  date  of  the 
effect  of  body-induced  flow  distortion  on  turbulence 
is  that  of  Hunt  ( 1_) .  He  showed  that  flow-distortion 
effects  on  turbulence  are  quite  different  in  the 
limits  d/L^  -*  0  and  a/L^  -*•  ®,  where  a  is  the  body 
scale  and  is  the  integral  scale  of  the  approaching 
turbulence . 

Good  experimental  practice  dictates  that  the 
scale  a  of  probes  and  probe  supports  should  be 
minimized,  and  since  geophysical  turbulence  tends  to 
have  large  integral  scales,  its  measurement  will 
almost  always  involve  small  values  of  a'Lx.  As  Hunt 
has  shown,  the  flow-distortion  theory  in  this  limit 

is  simpler  than  that  for  a/L  ■*  <*. 

x 


NOMENCLATURE 

a  body  length  scale 

ajj  distortion  coefficient  tensor,  (3) 

angle  of  attack  part  of  ai.,  (8) 

F  body  fineness  ratio,  (15)  J 

L  axisymmetric  body  length 
Lx  turbulence  integral  scale 

p  fluctuating  pressure 

r  radial  coordinate 

S  body  cross-sectional  area 

t  time 

Tj<  thickness  part  of  a^j ,  (8) 

U1J  total  velocity  field,  U  +  u 

U^  mean  velocity  field 

u^  turbulent  velocity  field 

V  free-stream  speed 

xi  spatial  coordinate 

a  angle  of  attack  of  free-stream  flow 

deviatovic  distortion  tensor  (4) 

C  disturbance  velocity  potential 
oj  angular  coordinate 

superscripts 
(~)  distorted  quantity 

INTRODUCTION 

Traditional,  ln-sltu  sensors  inevitably  cause 
distortion  of  the  velocity  field  being  measured. 

In  geophysical  applications,  the  measuring  platform 
(e.g.  aircraft,  balloon,  towed  body,  meteorological 
mast,  buoy)  also  contributes  to  this  distortion, 
which  can  be  severe  enough  to  Induce  large  errors  in 
turbulence  statistics. 


We  will  discuss  here  an  approach  to  the  probe- 
induced  flow-distortion  problem  for  a/Lx  "*  0  which, 
while  equivalent  to  Hunt's,  seems  simpler  to  apply; 
we  also  will  show  why  second-order  models  cannot 
calculate  flow  distortion  effects  for  a/L*  ■*  0,  but 
suggest  that  they  should  be  able  to  do  problems  with 

a/L  *  *. 

x 


A  TURBULENCE  DISTORTION  THEORY  F0F  a/L  -  0 

x 

Hunt  (1)  has  shown  that  for  turbulence  approach 
flow  with  a/ Lx  ■*  0  the  velocity  field  ahead  of  the 
body  can  be  considered  irrotational  and  steady,  and 
Wyngaard  ( 2 )  has  argued  that  this  is  true  even  if  the 
undisturbed  flow  carries  mean  shear  and  turbulent 
shear  stress.  Thus  one  can  calculate  the  distortion 
effects  using  potential  flow  techniques.  We  will 
summarize  here  the  method  proposed  by  Wyngaard  (2^. 

We  assume  that  the  distorted  flow^field  Uj(x) 
ahead  of  the  body,  having  a  mean  part  U^  and  a 
turbulent  part  u^,  is  an  analytic  function  of  the 
undistorted  oncoming  flow: 

Cj  *  Ui  +  ui  »  Ui(x,  Ux  +  u^t),  u2(t) ,  u3(t))  (1) 


By  expanding  (1)  in  a  Taylor  series  about  the  basic 
state  of  unidirectional  upstream  flow,  i.e.  about 
Ui  ■  (Uj.0,0)  one  finds  an  expression  for  the  dis¬ 
torted  turbulence  field.  Keeping  only  the  first 
(linear)  terms,  this  is 

Uj(x,t)  -  a^Wujft)  (2) 


where  we  use  the  summation  convention. 


The  are 


Vx) 


3ut(x) 


iU 


(3) 


and  hence  are  calculable  from  potential  flow  theory. 
The  linear  truncation  (2)  should  be  adequate  for 
most  applications  to  flow  measurements. 

In  the  absence  of  the  body  ajj  *  6^  ,  and  (2) 

indicates  no  distortion,  i.e.,  u^(*,t)  «^u^(t). 

When  a  body  distorts  the  flow  a,,  is  no  longer 
diagonal  and  "crosstalk"  is  induced  among  the 
turbulence  components.  Thus  we  express  the  a^j 

5, .  +  £ 


TU  ‘ 

Tu  0  0 

Aij  ‘ 

0  a12  a13- 

T21  0  0 

o  a22  a23 

>  0  ° 

0  A32  A33 

(10) 


Symmetries  reduce  the  number  of  independent  components 
of  T^j  and  A^j .  Using  Fig.  1,  with  xj  *  r  cos  u)  and 
X2  “  -r  sin  to,  we  see  that 


‘21 


-T(r)  sin  us 


(11) 


where  e 


1J 


U  “ij  '  ~iJ 

0  as  distortion  effects  vanish. 


as 

(4) 


Tji  "  T(r)  cos  us 


so  that  there  are  only  two  independent  components  of 
T^j .  Similarly,  we  see  that 

^12 (*i ,r «u)  “  Ai3(x,  ,r,u  +  tt/2) 


Crosstalk  effects  are  particularly  Important  for 
shear  stress,  say  U3U3.  Ahead  of  a  two-dimensional 
body,  for  example,  the  distorted  turbulent  components 
are 


(1+£11)U1  +  £13U3 


31 


U1  +  (1+C33)U3 


(5) 


A22(x1,r,u>)  -  A33 (x^ ,r ,us  +  n/2) 
A32(x1,r,u)  -  -A23(x,,r,w  +  tt/ 2 ) 

Thus  A^  has  only  three  independent  components. 


(12) 


stress  departure  can  be  quite  large  if  the  corre¬ 
lation  coefficient  between  u^  and  U3  is  small. 
Wyngaard  (2)  has  calculated  the  e*j  for  a  circular 
cylinder  (with  and  without  a  wake)  and  ft.r  a  wake¬ 
less  sphere. 

DISTORTION  BY  AXISYMMETRIC  BODIES 

In  the  case  of  distortion  ahead  of  axisymmetric 
bodies  (e.g.,  aircraft  nose  booms,  towed  bocies),  we 
write  the  distorted  flow  field  as 


rig.  1  Coordinate  system  for  axisymmetric  body 
problem 

For  slender  bodies  T^j  and  A4  can  be  calculated 
by  the  methods  discussed  by  Laltone  0 ,4.) .  We  start 
with  the  expressions 

L 


°1  *  *  4V  f 


S'(y) 


U  =  U  +  i  +  4 
i  i  ’l  i  *2,1 


(7) 


.  .2  2.1/2 

0  [ (x1-y)  +  r  ] 


dy 


where  is  the  approach  flow,  and  <t>3  and  $3  are  the 
disturbance  velocity  potentials  for  "thickness"  and 
"angle-of-attack"  effects,  respectively,  and  a  comma 
denotes  differentiation.  Thus 


0, 


V  ar  cos  us 


2  2* 
The  function  g  is 


/ 


g(y> 


0  [(x^v)2  +  r2]3/2 


dy 


5 

3U, 


ij 


5ij  +  £ij 

5lj  +  Tij  +  Aij 


g(y)  -  s(y)  (l  -  Ln  J2) 


(13) 


(14) 


(8) 


where  the  thickness  and  angle-of-attack  coefficients 
are  defined  by 


iai 


d<&. 


U  Ml. 


ij  3U 


Iti 


j 


(9) 


For  an  axisymmetric  body  whose  axis  is  along  the 

x, -direction,  T  and  A.,  have  the  forms 
I  1) 


and  the  function  S  represents  the  cross-sectional 
area  as  a  function  of  axial  distance;  primes  denote 
derivatives. 

The  differentiation  of  ({w  and  with  respect  to 
x.  is  straightforward,  as  is  the  differentiation  with 
respect  to  U. .  By  (12)  only  differentiation  with 
respect  to  one  other  velocity  component  (say  U3)  is 
necessary,  and  this  is  done  by  using  3/3(13  «  (1/V) 
3/3a. 

We  have  done  these  calculations  for  a  parabola  of 
revolution,  whose  cross-sectional  area  S  varies  as 


S  -  iTL2(l-(2x1/L)2)2/(4F2) 


(15) 


19.7 


x3  .003 


Fig.  5  Same  as  Fig  2  except  A.,,.  Contour  interval 
0.003. 

Results  of  the  type  shown  in  Figs.  2-5  are 
directly  useful  in  probe  design  and  in  the  inter¬ 
pretation  of  existing  turbulence  data.  As  an 
example,  in  geophysical  applications  a  common 
problem  is  the  contamination  of  the  vertical  velocity 
componen  (uj)  with  the  horizontal  ones,  which  can  be 
much  larger  In  amplitude  and  have  much  different  low- 
wavenumber  spectral  characteristics.  From  (2),  (8), 
and  (10)  we  see  that  the  measured  u^  component  is 

a3  *  T31  u^  +  A32  u2  +  (1  +  A33)  u3  (16) 

Our  results  show  that  the  crosstalk  indicated  by  (16) 
can  be  minimized. by  the  body  design,  or  by  combining 
signals  from  different  positions  chosen  such  that 
the  asymmetries  in  the  crosstalk  coefficients  cause 
them  to  vanish  identically. 

SECOND-ORDER  MODELING 

In  principle  one  can  calculate  flow-distortion 
effects  on  turbulence  variances  and  covariances 
through  the  appropriate  second-moment  equations. 

This  "second-order  modeling"  approach  is  now  used 
in  a  wide  variety  of  applications,  from  geophysics 
(Zeman  (6))  to  engineering  (Reynolds  (7)). 

Certain  second-moment  equations,  particularly 
those  for  turbulent  shear  stress,  are  dominated  by 
turbulent  pressure  covariance  terms.  Since  the 
turbulent  pressure  field  is  also  distorted  by  the 
body.  It  Is  necessary  to  account  for  this  distortion 
in  parameterizing  these  pressure  terms  in  second- 
order  models. 


The  Poisson  equation  for  fluctuating  pressure  p 
ahead  of  a  body  is 


"ii 


2Ui,JUJ.i  ‘  “l.J  “j.i  +  “i.j  “j.i 


(17) 


The  first  term  on  the  right  will  clearly  be  important 
here,  since  the  body  generates  the  mean  distortion 
field  Uj  j.  Contemporary  second-moment  models 
assume,  in  their  pressure  covariance  parameterl- 
zations,  that  mean  shear  varies  little  over  a 
turbulent  Integral  scale;  this  allows  the  mean 
shear  to  be  taken  outside  the  integral  given  by  the 
solution  of  (17).  Since  in  our  problem  the  mean 
shear  j  has  spatial  scale  a,  this  requires  a/L^ 
large,  thus  In  principle  second-order  models  provide 
a  means  of  calculating  flow-distortion  effects  on 
turbulence  for  large  values  of  a'L  ,  but  they  will 
fail  for  small  a/L^.  * 
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ABSTRACT 


A  full  second  order  closure  turbulence  node  1 
for  the  prediction  of  free  shear  flows  with 
variable  density  is  developed.  The  importance  of 
density  fluctuations  due  to  inhomogeneities  in 
fluid  composition  is  emphasized.  Some  simplicity 
is  achieved  by  using  density  weighted  averaging  to 
account  implicitly  for  density  fluctuation  effects. 
Transport  equations  for  various  second  order 
correlations  -  such  as  Reynolds  stress,  turbulent 
mass  fluxes  or  density  velocity  correlations  -  are 
derived,  acdelled  and  solved,  together  with  the 
mean  equations  for  momentum  and  species 
conservation.  Solutions  of  these  equations  are 
conpared  with  the  two  different  sets  of  experi- 
mental  data  for  low  speed  free  mixing  layers 
(helium  into  nitrogen  and  freon  12  into  air). 
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I-specie  mass  fraction 
velocity  divergence 
turbulent  kinetic  energy 
pressure 

triple  correlation 
velocity  components 
Palkner  Skan  parameter 
Kronecker  symbol 
characteristic  thicknesses 
kinetic  energy  dissipation  rate 
dissipation  rate  tensor 
velocity  ratio 
density 

spreading  rate  parameter 
laminar  stress  tensor 
conventional  averaging 
density  weighted  averaging 


CE,Cel'CE2,CE3'Cc4,C'Cl'C2’c3'C01'c<^'2'cUDP’cP2, 
CDS'Ccl'cc2'VVCQl'CQ2  modelling  constants 
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INTRODUCTION 

The  prediction  of  the  mean  motion  of  a 
chemically  homogeneous  fluid  depends  on  the 
evaluation  of  the  Reynolds  stress  (double  velocitiy 
fluctuation  correlations)  that  appear  in  the  mean 
momentum  equation  for  turbulent  flow.  Similarly, 
the  evaluation  of  the  mean  species  concentrations 
or  temperatures  from  their  conservation  equations 
requires  the  definition  of  the  local  correlations 
of  fluctuations  of  velocity  and  tenperature  and/or 
species  concentration.  Early  models  of  turbulence 
related  these  correlations  (or  fluxes  of  momentum, 
heat  or  mass  of  species)  only  to  the  mean  values 
of  velocity,  tenperature  or  concentration.  Many 
years  ago  Boussinesq  [1J  related  the  flux  term  of 
the  momentum  equation  to  the  mean  velocity 
gradient  and  an  eddy  viscosity.  Such  a 
relationship  functionally  similar  to  the  Newton's 
law  of  viscosity  has  been  used  in  a  large  variety 
of  turbulent  models.  For  all  of  them  the  main 
task  is  to  derive  a  suitable  form  for  the  eddy 
viscosity.  Heat  and  species  flux  relationship 
required  further  assumptions  regarding  turbulent 
Prandtl  or  Schmidt  numbers. 

The  present  paper  presents  a  set  of  turbulence 
equations  closed  at  a  higher  level.  Transport 
equations  are  derived,  modelled  and  solved 
directly  for  second  order  moments  (Reynolds  stress 
and  the  turbulent  mass  flux)  to  avoid  the 
questionable  concept  of  eddy  viscosity.  Several 
investigations  have  dealt  with  this  closure  level 
(e.g.,  references  [2]  to  [8])  but  only  two  [6,8) 
have  considered  variable  density  flows.  This 
study  is  restricted  to  density  variations  caused 
by  inhomogeneities  in  fluid  composition  and  does 
not  consider  compressibility  effects  typical  of 
high  speed  or  chemically  reacting  flows.  To 
achieve  checks  against  experimental  data,  two 
different  flows  are  considered: 

*  low  speed  mixing  layer  of  helium  and 

nitrogen  (9] 

*  low  speed  mixing  layer  of  freon  12  and 

air  [10] 

In  the  next  section,  equations  for  the 

different  variables  and  correlations  are  commented 
on.  Then  the  necessary  modelling  assumptions  are 
presented.  The  fourth  section  gives  some  details 
about  the  numerical  method  used  to  solve  the  set 
of  equations,  the  boundary  conditions,  and  the 
amount  of  CPU  time  for  a  typical  run.  Then  the 
results  are  cospared  with  the  experimental  data 
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and  discussed.  The  last  section  the 

results  obtained  so  far  and  suggests  future 
directions  for  the  use  of  this  closure  to  the 
solution  of  more  general  turbulence  problems. 

EXACT  EQUATIONS 

To  account  implicitly  for  variable  density 
effects  in  all  the  equations,  it  is  helpful  to 
work  with  aass  lighted  variables  rather  than 
conventionally  (tine)  averaged  quantities.  This 
yielos  a  aean  mass  conservation  equation  having  a 
similar  fora  to  the  instantaneous  one,  and 
convection  terms  of  all  the  transport  equations 
forms  similar  to  instantaneous  substantial 
derivatives.  The  main  disadvantage  of  that 
averaging  is  to  produce  a  aore  complicated 
equation  for  turbulent  kinetic  energy  dissipation 
rate.  Nevertheless,  since  all  the  terms  of  the 
dissipation  equation  even  when  conventionally 
averaged  have  to  be  modelled,  the  additional 
complications  are  merely  treated  as  model 
modifications.  Although  the  main  advantage  of  the 
mass  weighted  averaging  is  to  avoid  the  use  of 
density  velocity  correlations,  it  is  necessary  to 
evaluate  them  to  refine  the  determination  of  third 
order  correlations  and  to  deal  with  the  aean 
pressure  gradient  terms.  Thus  transport  equations 
for  density  velocity  correlations  are  included  in 
this  model.  Nevertheless  the  convective  mean 
terms  keep  their  exact  form  and  stay  density 
correlation  free.  The  exact  equations  are  not 
reproduced  here  because  of  their  length  but  can  be 
found  in  reference  [ll], 

MODELLING  ASSUMPTIONS 

Reynolds  stress 


triple  velocity  correlations  are  small  and  the 
fourth  order  correlation  can  be  expressed  in  terms 
of  second  order  correlations  only,  by  the 
following  formulae  which  is  strictly  fulfilled  for 
the  normal  law. 


VoVBVyW6  '  WaV8  '  VyV<5  +  VaVy  *  W6W4 

+  ''FI  •  (J 

Prom  the  definition  of  the  mass  weighted  averaging 
the  relationship  between  the  fluctuations  is: 


This  equality  allows  rewriting  the  equation  (2)  in 
terms  of  mass  weighted  correlations.  The  new 
expression  includes  a  large  collection  of  density 
correlations,  that  are  mostly  negligible  (see 
reference  [11]).  After  reduction  to  the  leading 
terms  the  fourth  order  mass  weighted  correlation 
can  be  expressed  as 

v3vBvyvS  ’  *  ka  v2vyv£  -  kB  *  ky 
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In  case  of  constant  density  flows  Hanjalic  and 
Launder  [  2  ]  assume  that  the  last  three  terms  of 
equation  (1)  are  "adequately  represented*  by 


The  diffusive  transport  exists  in  three  different 
forms.  The  first  one  can  be  identified  as  the 
turbulent  diffusion,  the  second  as  the  pressure 
diffusion  and  the  last  one  as  the  viscous 
diffusion. 

•Turbulent  diffusion.  To  express  this  third 
order  correlation,  we  use  a  procedure  similar  to 
Launder's  [2],  Considering  the  transport  equation 
for  the  mass  weighted  third  order  velocity 
correlation,  we  can  simplify  it  by  keeping  only 
the  leading  terms. 
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Assuming  this  relationship  holds  for  constant 
density,  we  can  obtain  the  corresponding 
relationship  in  terms  of  mass  weighted  quantities 
by  using  (3).  This  yields 


v’v"  +  v"v"  +  v"v"  a.  £  v"v*v"  rfii 

B  y  3*y  3  a  VYVa  3xg  k  VaV't 

Assembling  the  equations  (1),  (4),  and  (6) 
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CX  Y  D 

As  for  constant  density  flows,  use  is  made  of  the 
assumption  of  quasi-normal  velocity  distribution, 
also  known  as  the  Millionshtchlkov  approximation. 
For  velocity  distribution  nesrly  Gausslsn,  the 


[  ?ka  TO  +  p  k8  vaVY*v4*  +  D\  vavB*v4*  >  (7> 

c  is  a  constant  whose  value  will  be  given  in  the 
next  section.  If  the  density  is  constant  equation 
(7)  is  strictly  Identical  to  the  version  of 
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references  (2]  and  [3J.  Thus  the  third  order 
correlations  are  determined  froa  a  set  of  first 
order  differential  equations,  which  for  boundary 
layer  type  flow  is 

A1  •  Tc  +  A2  £  (Tc>  *  A3  <8 

Aj,  Aj  and  Aj  are  functions  of  the  turbulence  tiae 
scale;  the  *econd  order  velocity  correlations  and 
the  density  correlations. 

•Diffusive  transport  by  pressure 
fluctuations.  So  far  no  satisfactory  aodel  has 
been  used  for  this  term.  Most  authors  consider  a 
combined  modelling  of  the  triple  correlation  with 
the  pressure  velocity  correlation  but  none  have 
modelled  the  pressure  correlation  separately. 
Lualey  [  7  ] ,  Barlow  and  Nakayama  [16]  and  Donaldson 
[5]  proposed  different  relationships  but  none 
yields  improvements  of  the  flow  description. 
Furthermore  a  number  of  experiments  show  that  the 
turbulent  energy  budget  virtually  balances  without 
including  the  unmeasured  pressure  transport  term 
[17]  .  Therefore,  it  is  neglected  here. 

'Diffusive  transport  by  viscous  effects.  In 
the  assumption  of  high  Reynolds  number  flow,  this 
contribution  is  negligible  compared  to  the 
turbulent  diffusive  terms.  Nevertheless  we  may 
ensure  a  minimal  value  to  the  diffusive  term  by 
including  a  constant  laminar  viscosity  in  it. 

Mean  pressure  gradient  term.  As  stated 
previously,  the  solution  of  density  velocity 
correlation  equations  allows  dealing  with  non-iero 
mean  pressure  gradient  flows.  As  these  terms  are 
exact  in  the  second  order  moment  equations,  no 
modelling  assumption  is  required  here. 

Pressure-rate  of  strain  correlation.  The  form 
to  be  used  here  is  rewritten  from  the  constant 
density  version  of  Launder  [2,3]  in  terms  of  mass 
weighted  averaged  quantities.  Nevertheless,  terms 
involving  the  mean  dilatation,  which  do  not 
contribute  in  constant  density  flows  are  retained 
here.  The  result  is 
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Dissipation.  The  last  terms  appearing  in  the 
Reynolds  stress  equation  have  a  dissipative 
character.  They  correspond  to  the  conversion 
process  of  mechanical  energy  into  heat  due  to 


viscous  effects.  Arguing  for  the  locally 
isotropic  nature  of  dissipative  processes  at  high 
Reynolds  number,  these  terms  can  be  expressed  in 
terms  of  the  dissipation  rate  of  turbulent  kinetic 
energy  for  which  a  transport  equation  is  Included 
in  the  present  set. 
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Modelled  Reynolds  stress  equation.  The 
previous  assumptions  lead  to  the  following 
equation  for  the  Reynolds  stress: 
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in  which  the  pressure-rate  of  strain  correlation 
is  given  by  equation  (9) . 

Dissipation  rate  of  turbulent  kinetic  energy 

The  form  of  this  equation  is  somewhat  similar 
to  the  one  used  in  reference  [12]  with  the 
following  differences  from  the  standard  k-E 
version. 

•The  diffusivity  coefficients  allow  non¬ 

isotropic  processes. 
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stress  equation. 

Sp  represents  the  set 

of 

mean 

pressure  gradient  terms  in  the  exact 

equation. 
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sd 
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the  form: 
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In  which  D  is  the  mass  weighted  velocity 
divergence.  These  assumptions  yield  the  following 
dissipation  equation: 
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Density  velocity  correlation 

According  to  the  definition  of  mass  weighted 
averaging,  this  correlation  corresponds  to  the 
mean  value  of  the  mass  weighted  fluctuation. 

*The  diffusive  transport  term  is  modelled 
according  to  a  constant  density  model  for  triple 
correlation  [2] 
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This  approximation  allows  permutation  of  indices 
of  velocity  components  but  no  permutation  of 
density  and  velocity  fluctuations. 

The  next  term  is  approximated  by: 
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There  is  no  precise  wav  to  fix  the  value  of  c^pp 
though  it  may  be  presua  d  of  order  unity. 

The  basic  idea  to  approximate  the  pressure 
term  is  to  use  a  procedure  similar  to  the  pressure- 
rate  of  strain  modelling  in  the  Reynolds  stress 
equation.  Following  Lumley  [7],  the  "Rotta*  term 
is  approximated  by:  _ _ > 

2  6  ,]  PV 
k  L  k  3  aSJ  a 

(17) 

allowing  the  anisotropy  effects  and  the  rapid  part  is 


*3=.l 


e«l  *  k  •  p'v8  -  c*2 


_  3  v6 

*3c,2  *  ci2  °'v8  ^ 


(18) 


♦If  the  fine  scale  motion  is  assumed  isotropic 
the  last  term 
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is  equal  to  tero.  The  modelled  transport  equation 
for  the  density  velocity  correlation  is  written  as: 
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Scalar  flux 

The  modelling  assumptions  used  to  close  this 
equation  are  similar  to  those  for  the  Reynolds 
stress  aquation.  Again  the  production  terms  are 
exact. 

♦The  whole  diffusive  transport  process  is 
represented  by  the  following  group  of  terms: 

3 1  ,p  WT+  6By  ^  -  6Y6  \B=J> 

For  the  triple  correlation  the  assumption 
concerning  the  diffusive  mass  weighted  Reynolds 
stress  transport  is  extended  to  concentration 
correlations.  The  following  first  order 
differential  equations  results: 
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•  (VBV?  +  [p  kB  V"V6CI>  +  p  S  v’v“cl] 

(20) 

in  which 


k 


a 


The  other  terras  in  the  diffusive  transport 
contribution  correspond  to  diffusion  of 
concentration  by  pressure  fluctuations  and  by 
molecular  motion.  The  pressure  effects  are 
neglected  here,  whereas  the  molecular  effects  are 
represented  by  a  laminar  gradient  flux  law 
similarly  to  the  Reynolds  stress  laminar  diffusion. 


♦Redistribution  due  to  pressure  fluctuations. 
Again  we  use  a  procedure  which  is  similar  to  the 
redistributive  term  of  the  Reynolds  stress 
equation,  for  which  we  get  two  different 
contributions:  a  fully  turbulent  and  a  mean 
gradient  part.  The  turbulent  term  may  be  related 
to  the  linear  return-to-lsotropy  approximation  of 
Rotta  [13] 

*Sc,l  ■  '  ccl  P  vSci  (2 


in  which  case  it  must  be  expected  that  the  time 
scale  (k/c)  used  here  contains  also  Information 
about  the  time  scale  of  the  turbulent 
concentration  field  <ci"2>/Ec,  <cj’2>  being 

the  concentration  covariance  and  Epsc  its  rate  of 
dissipation.  Launder  [14]  and  Janicka  [is] 
pointed  out  that  these  two  time  scales  are 
different.  In  local  equilibrium  turbulence  they 
may  be  assumed  proportional.  Nevertheless  an 
anisotropy  term  is  added  to  the  ’Rotta*  term, 
which  carries  Reynolds  stress  anisotropy 
information.  This  yields  to  a  form  similar  to 
Lumley' s  proposal  [7] 
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ccl  p  k  v6Cl" 


.  2  6 

k  \  k  3  aB'  a  1 


(22) 


The  aaan  gradient  part  of  the  pressure  tern  Is 
transposed  f  roe  the  leading  ter  a  of  the  pressure- 
rate  of  strain  tera. 


♦flc.2  *  cc  •  p  •  vaci  3? 
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set  of  experiMnts  is  that  of  Rebollo  [9 ]  •  This 
work  emphasizes  the  Influence  of  non-xero 
longitudinal  Man  pressure  gradient  on  a  two- 
diaentional  aixing  layer.  Both  adjacent  free 
stream  flows  have  the  ssm  dynamic  pressure.  The 
gases  are  helium  and  nitrogen  which  yield  a 
density  ratio  equal  to  7.  The  veloci  'es  are  10.9 
m/s  for  the  light  gas  and  4.12  a/s  the  heavy 
one.  The  respective  Reynolds  numbers  , 

helium  - Re  ■  3600/ci 

nitrogen  Re  •  12000/cm 


*01sslpatlon.  In  the  fraMwork  of  high 
Reynolds  number  flows,  the  fine  scale  motions  are 
nearly  Isotropic  and  the  correlation 


(\e  af  c; ) 

which  is  strictly  xero  in  isotropic  turbulence  is 
negligible. 

•A  Man  pressure  gradient  term  exists  also  in 
the  scalar  flux  equation.  Nevertheless,  the 
isotherMl  flow  assumption  avoids  the  need  for  a 
solution  of  a  PDE  for  the  density  concentration 
correlation.  it  can  be  expressed  in  terms  of 
density  fluctuations  [6,11] 


pJpl 


(P, 


■°J> 


ell 

p3 


(23) 


This  relationship  holds  only  under  the  assumption 
of  isothermal  flow.  If  heat  transfer  problems 
were  to  be  solved  with  the  dynamic  field 
equations,  this  part  would  require  some  modifi¬ 
cations  for  the  description  of  thermal  turbulence. 

The  modelled  scalar  flux  equation  is*. 


ii (p  v6c;’ +  5 r  <°  V6c;>  ■  - p  v;c; 


!le 

dx 


- p  dr  <vec;> 

a  a  a 


p  v'v^cl)  +  C  o  .  v*c.  , 
at  I  cw  a  I  5* 


prpjp3  3xe  01 


2 
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(24) 


Density  fluctutions 

The  derivation  of  the  transport  equations  for 
the  partial  density  correlations  with  the  involved 
modelling  efforts  has  been  published  in  a  previous 
work  [ 12  ]  and  thus  will  not  be  reproduced  here. 

COMPARISON  WITH  EXPERIMENTS 

Mow  conditions 

Two  different  sets  of  experiMntal  data  were 
considered  to  provide  a  valuable  coapar Ison  of 
computational  results  against  physics.  The  first 


From  his  similarity  analysis  Rebollo  has  shown 
that,  together  with  the  dynamic  pressure  equality, 
a  second  equilibrium  condition  concerns  the 
definition  of  the  longtiudinal  Man  pressure 
gradient,  through  the  assignment  of  a  constant 
Palkner-Skan  parameter: 


a.  a  ® 
u  dx 


(25) 


The  two  values  considered  here  are  0.  and  -  0.18. 

The  second  set  of  experiMnts  is  provided  by 
the  thesis  of  Brown  [10],  This  set  emphasizes  the 
influence  of  the  free  stream  velocity  ratio,  and 
considers  air-air  and  freon  12-air  mixings.  The 
density  ratio  is  either  1  or  4  and  the  veloci  ty 
ratio  0,  0.3  or  0.6  in  the  first  case  and  0.3  and 
0.6  in  the  second  case.  In  both  cases  the  high 
speed  air  stream  has  a  velocity  equal  to  14.0 
m/s. 

All  the  boundary  layers  at  the  splitter  plate 
trailing  edge  are  laminar  and  free  stream  turbu¬ 
lence  level  is  very  low  (Urms/UE  <  1%) .  Various 
experimental  techniques  have  been  used  in  these 
experiments  to  provide  a  wide  range  . f  information 
about  turbulence  quantities  such  as  Reynolds 
stress,  density  fluctuations,  concentration 

fluctuations,  density  velocity  correlations, 

trublent  fluxes,  etc... 

Numerical  method 

The  numerical  method  which  is  used  for  this 
calculation  is  a  modified  version  of  the  Patankar 
and  Spalding  method  [l8],  described  in  detail  in 
reference  111).  A11  the  transport  equations  are 

used  in  their  boundary  layer  form  and  are  solved 
in  a  parabolic  marching  step  manner.  To  start  the 
calculations  we  must  provide  the  initial  values 
for  each  transported  variable.  The  given  velocity 
profiles  are  Blasius-like  and  agree  with  the 

boundary  layer  thickness  values  reported  by  the 
experiments.  The  normal  Reynolds  stresses  were 
assigned  to  a  constant  value  (isotropic 
turbulence)  in  such  a  way  the  turbulent  kinetic 
energy  remains  bounded  by  the  experimentally 
reported  limit.  The  turbulent  shear  stress  is  set 
to  xero  and  ao  are  all  the  other  turbulent 

correlations.  The  dissipation  rate  is  determined 
to  produce  a  turbulent  viscosity  equivalent  to  the 
laminar  one,  according  to  the  well  known  k-c 

formula  [ 19 ] . 

y  ■  0.09  C  kZ/ 1  (26) 

The  boundary  conditions  are  Dirichlet  type  for  the 
primitive  variables  such  as  velocity  or 
concentration  and  Neumann  type  (zero  gradient)  for 
all  the  second  order  moments.  When  different  from 
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zero,  the  longitudinal  wan  pressure  gradient  Bust 
be  prescribed  analytically  as  the  values  of  the 
outer  boundaries  velocities.  The  transverse 
pressure  gradient  cannot  be  prescribed  but  only 
approximated  by  a  simplified  version  of  the  wan 
transverse  momentum  equation  yielding  to 


3p 

3y 


v*  ) 


(27) 


The  set  of  ordinary  differential  equations  for  the 
triple  correlations  is  solved  once  at  each  x-step 
by  a  simple  centered  difference  schew  rather  than 
algebraically.  The  upper  bound  of  the  marching 
step  of  the  win  procedure  is  determined  at  each 
forward  position  with  respect  to  the  value  of  a 
characteristic  thickness  of  the  mixing  layer.  To 
solve  a  typical  problem  with  this  IS  equation 
turbulence  model  over  a  distance  of  1  wter  with 
80  node  points  in  the  cross  direction,  the  tiw  is 
about  15  min  CTO  on  a  DBC-1M  11/780  or  about  90 
seconds  CPU  on  a  CDC  7600  computer . 


Discussion  of  the  results 

Free  stream  velocity  ratio  influence.  The 
main  results  of  the  comparison  against  the  Brawn 
experiwnts  [10]  are  summarized  in  Table  1  for  the 
three  different  velocity  ratios  (0.0,  0.3,  0.6) 

and  the  two  gas  compositions  (air-air  and  F12-air) . 
The  agreement  of  the  calculations  with  Brown's 
numbers  is  satisfactory  except  for  the  following 
i  terns  s 

•Virtual  origin  position.  Two  different 
mechanisms  establish  the  virtual  origin.  First  is 
the  spreading  rate  of  the  mixing  layer  -  which  is 
properly  described  by  the  calculation  -  and  second 
is  the  transition  process  which  takes  place 
between  the  attached  laminar  boundary  layers  on 
the  splitter  plate  and  the  free  turbulent  mixing 
layer  developing  downstream  of  it.  The  second 
mechanism  cannot  be  predicted  by  the  calculation. 
The  calculations  develop  a  transition-like  region 
but  there  is  no  rigorous  way  to  relate  that 
phenomenon  to  the  physical  laminar  to  turbulent 
transition.  The  spreading  rates  are  conpared 
through  the  use  of  the  parawter  (o)  which  is 
defined  from  the  velocity  profile 

0  •  1.19  45  (28) 

uJr 

This  definition  is  similar  to  the  one  given  in 
reference  [20]  except  the  characteristic  thickness 
is  determined  between  the  bounds  (0.2,  0.8) 

instead  of  the  usual  (0.1,  0.9). 

•Another  point  of  disagreement  concerns  the 
spreading  of  the  F12-air  mixing  layer  with  0.6 
velocity  ratio.  As  it  is  shown  on  Figure  1,  the 
experimental  point  is  high  above  the  theoretical 
homogeneous  flow  curve  defined  by 


whereas  the  calculation  matches  the  curve  well. 
Also  for  this  flow  case  (see  Table  1),  the 
measurewnta  show  a  higher  level  of  V'rsm  conpared 
to  U'rms.  This  feature  does  not  appear  in  the 
calculations  for  which  the  ratio  U'rmm/V'rmm 
remains  nearly  the  same  value  as  for  the  0.3 
velocity  ratio  case  («1.6). 


The  last  point  of  disagreement  concerns  the 
turbulence  levels  for  which  Brown  reports  values 
increasing  with  the  velocity  ratio,  where  one 
could  expect  that  turbulence  increases  when  the 
shear  Increases  (or  $o  decreases)  as  occurs  in 
the  calculations. 

Die  main  result  of  this  calculation  however, 
is  consistent  with  the  observation  that  density 
variations  do  not  have  significant  influence  on 
the  spreading  rate  of  a  mixing  layer  if  these 
fluctuations  are  due  only  to  inhomogene  it  lea  in 
gas  oo^osltion. 

Pressure  gradient  Influence.  More  extensive 
calculations  were  done  with  the  helium-nitrogen 

flow  [11]  than  with  the  previous  F12-air  mixture, 
but  some  conclusions  are  Identical. 

The  virtual  origin  cannot  be  determined 
correctly,  because  the  transitional  mechanism 
which  influences  it  does  not  exist  in  this 

turbulence  model.  Thus  the  only  way  to  conpare 

the  spreading  of  the  mixing  zone  is  to  look  at  the 
value  of  the  downstream  spreading  rate  parameter. 
(Figure  1  shows  that  for  this  flow  (dP/dX  »  0.) 
the  agreement  is  as  good  as  for  the  previous 
one.)  The  most  Interesting  results  are  shown  in 
Table  2  for  the  two  cases  which  are  considered 
here:  a»0.  and  a»-0.18.  -In  both  cases  the 
velocity  ratio  is  U0/Ui»o;378.  Globally,  the 
agreement  is  good  for  the  zero  pressure  gradient 
case  and  weaker  for  the  case  with  positive 

pressure  gradient,  for  which  the  turbulence 
quantities  are  underestimated  by  25-40*. 

No  direct  comparison  of  the  spreading  rate 
parameter  is  reported  here  because  it  has  been 
found  in  the  calculations  that  the  self-similar 
region  begins  only  after  7-8  cm  from  the  splitter 
plate,  and  no  experimental  value  is  given  beyond 
this  abscissa.  Nevertheless  the  calculated 
spreading  rate  parameter  agrees  with  the  results 
of  the  previous  calculations  and  with  the 
theoretical  curve  of  Figure  1,  when  it  is 
calculated  further  downstream  (8<X<30  cm),  where 
the  self-similarity  is  ensured.  For  the  near  wake 
region,  two  different  thicknesses  [9]  are  plotted 
against  experiments  and  for  which  the  agreement  is 
good  (Figure  2).  Figures  3,  4,  and  5  show  some 
typical  results  for  the  shear  stress,  the  density 
velocity  correlation  and  the  density  fluctuations, 
for  which  the  experiments  provide  information. 
The  results  of  Table  2  point  out  that  the  results 
are  good  for  all  the  mean  quantities  but  do  not 
agree  with  the  pressure  gradient  influence.  The 
experiments  show  that  the  pressure  gradient  tends 
to  increase  the  spreading  rate,  the  shear  stress 
and  the  density  velocity  correlations,  but  not  the 
density  fluctuations  whose  maximum  level  remains 
nearly  the  same.  The  calculations  show  a  smaller 
increase  of  the  shear  stress,  whereas  the  density 
correlations  are  decreased  and  do  not  match  at  all 
the  results  of  Rebollo.  This  weakness  is  possibly 
due  to  the  pressure  gradient  terms  in  the  density 
correlations  equations  or  in  the  scalar  flux 
equations.  One  of  these  terms  is  a  density 
concentration  equation,  for  which  it  would  be 
better  to  solve  a  PDE  rather  than  to  approximate 
it  from  the  density  fluctuations.  Figure  6  gives 
an  estimate  of  the  Schmidt  number  value  across  the 
mixing  layer.  fte  straight  line  represents  the 
constant  value  which  should  be  used  with  the  two 
equation  model  calculations.  This  shows  clearly 
that  even  if  such  value  is  realistic  in  the  center 
part  of  the  mixing  zone,  it  becomes  completely 
irrelevant  near  the  edges. 
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CONCLUSIONS 

A  full  second  order  closure  turbulence  Model 
has  been  set  up  to  describe  the  low  speed  Mixing 
of  gases  with  highly  different  density.  Two 
■ixing  cases  have  been  studied.  In  both 
calculations,  the  flow  predictions  are  reasonable 
and  promising  for  future  work  in  that  direction. 
Nevertheless,  this  turbulence  Model  version  fails 
to  predict  correctly  the  pressure  gradient 
influence  on  the  turbulence  (Reynolds  stress, 
density  correlations).  Soae  further  work  would  be 
done  in  this  direction,  especially  the  estimate  of 
c"i  through  the  density  fluctuations  should  be 
reaoved. 

The  Main  objective  of  this  paper  was  to 
demonstrate  the  value  of  a  second  order  closure 
for  the  prediction  of  mixing  flows  where  the  use 
of  an  eddy  viscosity  with  a  constant  turbulent 
Schmidt  number  should  fail.  Nevertheless,  it 
would  be  premature  to  draw  any  conclusion  about 
universality  of  such  a  closure  and  the  values  of 
the  constants  used  here.  As  some  modelling 
assumptions  are  based  on  an  analogy  with  the 
incompressible  Reynolds  stress  closure  [2],  future 
experiments  should  eog>hasize  measurements  on 
quantities  such  as  turbulent  scalar  fluxes  and 
density  correlations  in  order  to  support  or  to 
improve  these  assumptions. 
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figure  Captions 

Fig.  1  -  Spreading  rat*  parameter  (lineitheory) 
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rig.  4  -  tensity  velocity  .correlation*  in  Be-a  aixing  layer  at 
x  ■  $.00  ca  for  o  •  0  (symbols: [9] ,  line* icalculat ions) 
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tensity  fluctuation  intensity  in  Be-N  aixing  layer  at 
x  -  5. OS  a  for  a  •  0  {symbols: [9] ,  lineS:calculations) 


rig.  2  -  Spreading  of  la  HI  aixing  layer  (syabolsi[9] , 
1 in** t ealeu la t ions) 
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rig.  C  -  Turbulent  Schmidt- number  in  Re-*  mixing  layer  at 

x  -  5.01  ca  for  o«  0  (*yabola«[§J ,  lines:  calculations) 
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Table  1  -  Velocity  ratio  Influence 
(Bap.  froa  Brown  [10]) 


'  1 


U'rms 

V’ras 

-10<u'v’> 

Kuv 

p0 

AO 

AV 

AO2 

exp 

air-air 

0.00 

11.97 

0.150 

- 

- 

- 

calc 

11.30 

0.192 

0.125 

0.131 

0.548 

exp 

0.30 

23.34 

0.165 

0.125 

0.105 

0.509 

calc 

21.22 

0.184 

0.120 

0.120 

0.545 

exp 

0.60 

39.27 

0.195 

0.165 

0.162 

0.503 

calc 

40.37 

0.184 

0.120 

0.120 

0.542 

P12-air 

exp 

0.30 

21.86 

0.175 

0.125 

0.112 

0.512 

calc 

25.67 

0.181 

0.113 

0.112 

0.548 

exp 

0.60 

23.76 

0.168 

0.195 

0.180 

0.549 

calc 

54.95 

0.198 

0.126 

0.132 

0.532 

Table  2  -  Pressure  gradient  effects 
(Exp.  from  Rebollo  [9]) 
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ABSTRACT 

A  new  decomposition  is  presented  of  a  variable 
density  turbulent  field  into  mean  and  fluctuating 
parts  which  adopts  both  the  mass-weighted  and  the 
conventional  mean  velocity  as  dependent  variables. 

By  so  doing,  the  different  roles  played  by  the 
velocity  vector  in  the  equations  of  motion  can  be 
properly  accommodated.  For  the  mean  field  conserv¬ 
ation  equations  of  momentum  and  species,  the  effects 
of  turbulence  in  each  equation  are  confined  to  a 
single  correlation  between  fluctuating  quantities; 
indeed  the  form  is  identical  to  that  for  a  uniform 
density  flow.  The  transport  equations  for  the 
turbulent  correlations  are  more  complex  than  when 
mass  weighted  averages  are  adopted  but,  arguably, 
the  physical  processes  are  easier  to  approximate. 
Various  extrapolations  of  uniform-density  second- 
moment  closure  methodology  are  discussed  in 
connection  with  the  behaviour  observed  by  Rebollo 
[1]  in  the  variable  density  mixing  layer.  The 
effective  turbulent  Prandtl -Schmidt  number  in  a 
variable  ,’ensity  medium  is  shown  to  be  crucially 
sensitive  to  the  specific  forms  of  the  approxima¬ 
tion  for  correlations  containing  the  fluctuating 
pressures. 

NOMENCLATURE 


anisotropv  of  tensor  a  b . . 

i  1 

instantaneous  mass  velocity  (;  c  ) . 
mean,  fluctuating  part  of  G^  (g~  =  0). 

instantaneous  mass  fraction, 
mean,  fluctuating  part  of  M. 
instantaneous  mass-weighted  mass  fraction 

(=  pM). 

mean,  fluctuating  part  of  N. 
instantaneous  velocity. 

mean,  fluctuating  part  of  Uj. 

instantaneous  static  pressure, 
mean,  fluctuating  part  of  P. 
cartesian  coordinate  vector. 

dissipation  rate  of  g ^ 2 /2 . 

dissipation  rate  of  aTfcT-. 

instantaneous  density, 
mean,  fluctuating  part  of  p. 

fluctuating  pressure-strain  correlation 
term  in  transport  equation  for  a^  . 

fluctuating  pressure-strain  correlation 
term  in  transport  equation  for  am. 


instantaneous  Stokes'  stress  tensor. 
t-,,T,  •'  roean  and  instantaneous  parts  of  t.  . 

1 J  1 J  r  ii 

INTRODUCTION 

In  problems  of  turbulent  combustion,  in  the 
mixing  of  combustion  products  or  in  the  accidental 
release  of  heavy  gases  into  the  atmosphere, density 
fluctuations  at  a  point  may  be  of  a  magnitude 
comparable  with  that  of  the  mean  density.  In  such 
circumstances  any  credible  turbulence  closure  must 
specifically  address  the  influence  that  the  large 
density  excursions  will  have  on  the  transport 
processes  themselves.  Here  we  consider  only  those 
situations  where  inertial  effects  entirely  swamp 
contributions  due  to  buoyancy.1  Until  about  19" 3 
nearly  all  computational  studies  of  variable-density 
mixing  neglected  any  contribution  of  density 
fluctuations  to  the  transport  processes.  More 
recently,  turbulence  closure  studies  have  tended  to 
follow  one  of  two  routes.  In  the  first,  the 
instantaneous  density  is  represented  as  the  sum  of 
mean  and  fluctuating  parts  so,  on  averaging  the 
convective  transport  term,  correlations  between 
fluctuating  density  and  velocity  appear  in  addition 
to  the  conventional  Reynolds  stress.  This  approach, 
in  the  context  of  second-moment  closure,  has  been 
followed  by  Donaldson  and  co-workers  [4],  Janicka 
and  Kollmann  [5]  and  others.  Those  following  this 
path  have,  implicitly,  invoked  the  principle  of 
receding  influence  since,  in  the  transport  equations 
for  the  second-moment  quantities  (uju-j  ,  etc.l, 
un -\'op~  density  forms  have  been  adopted. 

The  second  and  increasingly  followed  approach, 
originally  proposed  by  Favre  [6] ,  adopts  a  mass 
weighting  of  velocity  and  other  dependent  variables 
except  pressure.  With  this  arrangement  the  mean 
momentum  equation,  with  molecular  transport 
neglected,  is  analogous  in  appearance  to  that  for 
a  uniform  density  flow  if  the  Reynolds  stresses, 

1  i i- e  the  velocities,  are  obtained  by  taking  a 
density-weighted  average.  The  simplicity  of 
appearance  of  the  resultant  equation  when  mass- 
weighted  averaging  is  used  (a  simplicity  that  also 


1  In  many  problems  gravitational  forces  u'ill  be 
influential  though,  to  first  order,  they  can  be 
treated  by  the  same  approaches  adopted  when 
density  fluctuations  are  weak  (i.e.  when  the 
Bcussinesq  approximation  applies);  see,  for 
example,  ref.  (2]  and  [3]  for  a  discussion. 
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carries  through  to  the  exact  form  of  the 
transport  equations  for  turbulence  correlations 
such  as  the  turbulence  energy)  has  encouraged  the 
hope  that  closure  ideas  evolved  for  the 
invariant  density  case  would  be  directly  applicable 
to  variable  density  mixing,  e.g.  Bilger  and  Kent 
[7]  and  Jones  [8],  Libby  [9],  while  more  cautious 
about  the  prospect  of  direct  extrapolation, 
recommends  that  closure  models  be  evolved  within 
the  framework  of  mass-weighted  averages  to  keep 
the  computational  burden  to  manageable  proportions. 


The  Mean  Flow  Equations 


The  Navier  Stokes  equations  for  turbulent 
mixing  of  a  variable  density,  uniform  viscosity2 
stream  may  be  written: 


3p0. 

3t 


f£u 


The  most  decisive  set  of  experimental  data 
for  distinguishing  between  different  approaches  to 
closure  in  variable  density  flows  is  that  of 
Rebollo  (1)  (see  also  the  paper  by  Brown  and 
Roshko  [10])  who  in  two  experiments  examined 
the  mixing  of  helium  and  nitrogen  in  a  plane 
mixing  layer  with  velocity  ratios  adjusted  to 
give  uniform  dynamic  pressure  in  the  two  streams. 

In  one  case,  with  zero  streamwise  pressure  gradient, 
the  turbulent  Schmidt  number  in  the  central  part  of 
the  layer  fell  below  0.2,  i.e.  to  about  one  third 
the  value  found  in  the  uniform  density  case.  None 
of  the  reported  attempts  at  computing  this  flow, 
using  either  conventional  or  mass-weighted 
averaging  have,  so  far  as  we  can  judge,  been 
successful  in  reproducing  the  measured  behaviour 
unless  empirical  coefficient*  are  adjusted  to  values 
that  would  give  unacceptable  predictions  in  the 
uniform  density  case,  e.g.  [11].  Thus  a  direct 
application  of  uniform-density  closure  methodology 
in  density  weighted  variables  does  not  account  for 
the  observed  behaviour. 


where  tildas  denote  the  instantaneous  value  fmean 
plus  fluctuating)  of  the  dependent  variable  in 
question.  We  note  that  the  velocity  vector  in  the 
second  term  on  the  left  has  two  roles:  tUj  represents 
the  mass  flow  rate  per  unit  area  while  Uj  is  the 
specific  Xj-momentum  flux.  Here  these  separate 
roles  are  brought  into  prominence  by  defining 


Let  us  introduce  (2)  into  (1)  and  define  the  mean 
value  t  of  a  dependent  variable  whose  instantaneous 
and  fluctuating  parts  are  Q  and  ;  by: 


On  averaging  (1)  in  t he  conventional  way  implied  by 
(3)  we  obtain  for  a  stationary  turbulent  flow  at 
high  Reynolds  number: 


In  principle  it  would  appear  possible  to 
extend  and  generalize  the  uniform  density  model  in 
order  that  the  model  give  satisfactory  agreement 
with  measurements  for  both  uniform  and  variable 
density  nixing.  Yet  the  very  simplicity  of  the 
exact  equations  in  mass-weighted  coordinates  gives 
little  guidance  on  the  direction  in  which  to 
proceed.  In  the  present  contribution  we  have 
adopted  an  alternative  decomposition  which  we 
believe  may  display  more  transparently  the  physical 
processes  at  work.  We  refer  to  it  as  "mixed 
weighting"  since,  in  the  momentum  equations  both 
conventional  velocity  and  the  density  weighted 
velocity  appear.  The  paper  is  preliminary  in 
character  since  it  could  not  be  claimed  that  the 
model  is  yet  ready  for  widespread  application. 

The  various  possibilities  and  consequences  are, 
however,  perhaps  sufficiently  extensively  explored 
for  others  to  be  interested  in  following  the  line 
of  development  further.  Before  turning  to  the 
analysis  it  remains  only  to  emphasize  that  there 
are  mcmp  possible  approaches  to  decomposing 
variables  into  mean  and  fluctuating  parts.  To 
underline  this  fact  we  note  that  Janicka  and  Lumley 
[12]  have  very  recently  proposed  a  further 
decomposition  no  less  different  from  established 
approaches  than  that  presented  herein.  It  is  not 
yet  clear  what  will  eventually  represent  the  best 
way  forward.  It  could  well  be  the  case  that  the 
best  arrangement  for  working  out  the  physical 
modelling  is  not  the  best  one,  from  a  computational 
point  of  view,  for  calculating  inhomogeneous  shear 
flows.  Once  the  physical  representation  in  one 
decomposition  has  been  settled,  however,  it  should 
be  possible  to  devise  a  nearly  equivalent  form  in 
some  other  decomposition. 


^ —  G.U. 
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(4a) 


The  asymmetric,  mixed-weighted  Reynolds  stress, 
g^Uj,  is  now  the  quantity  for  which  a  turbulence 
model  must  be  devised  and  that  topic  forms  the  main 
preoccupation  of  the  remainder  of  the  article. 
Before  considering  g.Uj  more  closely,  however,  let 
us  note  that  we  could  egually  have  linked  p  with 
the  velocity  component  Uj.  In  that  case,  equation 
(4a)  becomes: 
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(4b) 


Thus,  again  the  mixed-weighted  second-rank  tensor 
appears  but  note  that,  in  a  thin  shear  flow,  a 
different  component  of  it  will  make  the  dominant 
contribution:  gju^  instead  of  g-u,.  In  a  uniform 
density  field  the  correlation  is  symmetric  so  the 
terms  are  equal  but  in  a  strongly  stratified  medium 
this  may  no  longer  be  the  case.  The  distinctions 
in  approach  that  lead  to  (4a)  and  (4b)  may  appear 
insignificant  but,  when  carried  through  tc  the 
scalar  and,  especially,  the  turbulent  transport 
equations  they  lead  to  rather  different  closed 
forms  for  a  given  set  of  closure  hypotheses. 


2  The  unrealistic  limitation  of  a  stream  of  uniform 
viscosity  is  of  no  practical  consequence  since, 
in  a  free  shear  flow  at  high  Reynolds  numbers 
viscous  terms  only  indirectly  affect  the 
turbulence  structure 


19. CO 


We  suppose  that  the  density  variations  arise 
from  the  inert  mixing  of  two  different  gases  and 
that  the  instantaneous  mass  fraction  M  of  one  of 
these  is  governed  by 

3pM  _  3  s  ,  32M 

— —  ♦  - —  pU.M  *  X  t — 2  •  (5) 

3t  3x^  }  dx.*  11 

Introduction  of  the  mass  velocity  Gj  and  subsequent 
averaging,  according  to  equation  (3]  leads,  on 
neglect  of  molecular  diffusion,  to: 

!r~  GjM  =  -  It  <6a> 

for  astationary  flow.  Alternatively,  defining 
pM  5  N  =  (N*n)  allows  us  to  write  (6b)  as 

hr  V  =  -  hr  V  ^ 

3  3  J 

The  use  of  (bb)  in  place  of  (6a)  has  certain 
attractions  since  N  is  linearly  proportion  to  • 
density : 

p  ■  «N  ♦  b  (7) 

where  a  and  b  are  constants.  It  thus  follows  from 
(5)  that 
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The  term  in  parentheses  on  the  left  is  identically 
zero  by  continuity  and  hence,  on  comparing  mean 
and  fluctuating  parts  of  the  remaining  terms 


g.  *  pu.  +  P'U.  ♦  (P'u.  -  P'u.) 

3  3  3  3  3 

It  is  evident  that  the  averaged  forms  of  the 
transport  equations  governing  the  velocity  and 
scalar  fields  which  arise  from  the  present 
decompositions  are  just  as  compact  as  when  density- 
weighted  averaging  is  used  for  all  terms.  This 
compactness  does  not  carry  over  to  the  transport 
equations  for  turbulence  correlations,  however. 

This,  we  would  argue,  is  a  helpful  feature  for,  if 
we  are  fortunate,  the  intrinsic  physical  interactions 
giving  rise  to  the  strong  alteration  of  the 
turbulent  Schmidt  number  discussed  above  will 
become  transparent  in  the  additional  terms. 

Equations  Describing  the  Second-Moment  Correlations 

Exact  transport  equations  for  the  second- 
moment  correlations  gjuj  and  gjm  (or  ujn)  may  be 
formed  in  the  conventional  way.  For  example  that 
for  the  first  correlation  is  obtained  by  multiplying 
the  equation  of  motion  for  Uj  by  g-j  and  averaging 
and  adding  it  to  the  corresponding  equation  foT 
Gj  multiplied  by  u^  and  averaged.  In  this  connec¬ 
tion  the  "corresponding"  Gj_equation  is  formed  by 
multiplying  and  dividingthe  lh  equation  by  density: 

.  5w° .  i  M53  syp~  \ 


Then  by  straightforward  manipulation  we  find  that 
the  transport  of  g~u.  is  described  by: 
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From  (9a)  it  emerges  that  at  high  Teclet  numbers 
the  divergence  of  the  velocity  field  is  essentially 
zero,  whether  or  not  the  flow  is  stationary. 

From  the  continuity  equation  the  corresponding 
expressions  for  the  divergence  of  the  mass 
velocities  are: 
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The  corresponding  equation  for  g^m  emerges  as: 
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Thus  the  divergence  of  the  mass  velocity  is 
exactly  zero  in  a  stationary  flow  but  not  other¬ 
wise.  The  mean  and  fluctuating  mass  velocities  are 
related  to  the  velocity  and  density  through: 
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These  equations  are  clearly  more  cumbersome  in 
appearance  than  their  uniform-density  counterparts. 
Moreover,  the  principal  generation  terms  (involving 
mean  velocity  or  mass-fraction  gradients)  introduce 
a  further  unknown  second-moment  tensor,  gjgy. 
Against  this  somewhat  daunting  complexity  one  must 
set  the  fact  that  the  observed  effects  of  density 
stratification  are  large  (as  noted  above,  one 
experiment  showed  a  three-fold  modification  in 
effective  Schmidt  number).  One  should  therefore 
be  able  to  make  fairly  sweeping  simplifications  to 
the  transport  equations  on  the  grounds  that  certain 
terms,  while  not  negligible,  cannot  foreseeably  be 
responsible  for  changes  of  such  major  proportions. 
We  shall  therefore  assume  that  the  essential 
physics  are  retained  in  the  local -equilibrium  form 
of  the  equations  and,  at  the  same  time,  discard  all 
correlations  involving  terms  of  similar  structure 
to  those  associated  with  the  neglected  transport 
terms.  In  support  of  the  above  steps  one  may  note 
that,  in  a  uniform  density  mixing  layer  the  net 
transport  of  turbulent  kinetic  energy  (convection 
minus  diffusion)  is  generally  an  order  of 
magnitude  smaller  than  the  rate  of  energy 
generation.  Unfortunately  these  steps  do  not  lead, 
unambiguously,  to  a  suitably  truncated  (albeit 
still  unclosed)  equation  set.  To  illustrate  the 
problem,  in  forming  the  gjuj  transport  equation 
we  could  start  with  the  Cj  equation  in  the  form 
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and  this  leads,  on  completing  the  tensorial  algebra, 
to  the  following  terms  arising  from  the 
convective  transport  and  pressure  gradient 
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(lib) 


Equation  (lib)  is  considerably  simpler  in 
appearance  than  the  corresponding  part  of  (11a). 
On  discarding  transport  and  related  terms  the 
respective  local-equilibrium  equations  become: 
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(13a) 


(13b) 


While  the  two  forms  clearly  become  identical  in 
the  uniform-density  limit,  the  approximations  made 
for  the  unknown  correlations  in  at  least  one 
version  of  equation  (13)  must  introduce  quite  novel 
modelling  methodology  if  the  closed  versions  of 


the  two  equations  are  to  be  equivalent.  The 
correlation  involving  the  time  derivative  in  (13b) 
is  difficult  to  approximate  but  its  magnitude  can 
(from  Taylor' s  hypothesis)  be  expected  to  be  of 
order  o'gjuj  [U|/t  where  |U|  denotes  the  mean 
convection  velocity  and  S  a  representative  length 
scale  of  the  energy-containing  motions.  It  appears 
likely  to  be  a  substantial  contributor  to  (13b) 
though  about  only  one  quarter  the  size  of  the  largest 
of  the  generation  terms  (-  g^SU^/Sx,).  As  when  a  fully 
mass-weighted  treatment  is  employed  (see,  for  example^ 
Rubesin  and  Rose  [13]) ,  mean  pressure  gradients 
appear  in  (13a)  though  they  are  absent  from  (13b). 

We  note  that  the  generation  and  "pressure-strain" 
correlations  also  exhibit  differences.  Overall, 
which  version  is  better  suited  to  serve  as  the  basis 
for  closure  approximations?  We  suggest  the  version 
that  most  nearly  allows  the  physical  phenomena  to  be 
captured  by  the  application  of  uni fcrrr- density  method¬ 
ology.  This  applies  particularly  to  the  approxima¬ 
tion  of  the  pressure  correlations  discussed  in  the 
next  subsection.  First,  however,  let  us  consider 
the  equations  describing  other  relevant  second- 
moment  correlations.  Because  of  space  limitations 
we  give  here  only  the  severely  truncated  forms  with 
transport  and  other  terms  of  the  same  type  discarded. 
The  equation  for  g^g.  corresponding  to  (13a)  becomes: 
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while  the  counterpart  of  (13b)  is: 
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where  cg?  represents  the  dissipation  of  g.g-  by 
molecular  interactions.  An  interesting  ani  far- 
reaching  difference  appears  between  the  generation 
terms  in  the  two  equations:  in  the  former,  mean 
velocity  gradients  provide  the  driving  agency  for 
producing  g.g.  while  in  the  latter  this  role  is 
played  by  mks^  velocity  gradients.  Now,  consider  a 
flow  such  as  examined  by  Rebollo[i  ]  where  density 
gradients  are  in  the  opposite  sense  to  velocity 
gradients.  In  these  circumstances  the  mass  velocit> 
may  attain  one  or,  indeed,  several  stationary  values 
within  the  shear  layer  (Figure  1  shows  the  variation 
of  G]  across  Rebol  lo's  flow) .  In  the  vicinity  of  these 
positions  the  local-equilibrium  concept  must  fail  and 
equation  (14b)  becomes  highly  inappropriate  since 
some  of  the  discarded  correlations  will  exceed  the 
retained  generation  terms.  So,  if  the  strong  effect 
of  density  gradient  on  the  turbulent  Schmidt  number 
can  be  explained  through  the  local  equilibrium  equa¬ 
tions  (in  particular, the  different  contributions  of 
velocity  and  mass- velocity  gradients  in  the  second- 
moment  equations  -  not  just  through  direct  genera¬ 
tion  but,  as  we  shall  shortly  see,  indirectly  via 
pressure  interactions)  equation  (14a)  should  be 
selected. 


To  complete  the  equation  set  for  the  dynamic 
variables,  the  local  equilibrium  relation  for  ujuj , 
using  either  approach,  reduces  to: 
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The  corresponding  second-moment  equations  for  the 
species  flux  are  given  below.  We  use  the  'a'  and 
'b'  labelling  of  the  equations  to  distinguish  the 
paths  followed. 
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correlation  with  the  fluctuating  strain  (and 
similar  terms)  their  overall  contribution  to  the 
pressure-interaction  terms  is  less  significant  than 
that  associated  with  density  variations  in  part  'A'. 
This  point  of  view  is  consistent  with  the  dropping 
of  numerous  secondary  source  terms  from  the  second- 
moment  equations  themselves.  The  simplification  may 
prove  to  be  an  unacceptable  one  but,  if  it  does,  the 
task  of  closure  would  appear  to  be  much  more  diffi¬ 
cult. 


If  we  integrate  equation  (18)  (retaining  only 
part  A)  the  various  correlations  of  interest  may,  for 
a  homogeneous  flow,  be  expressed  in  the  forms  shown 
in  Table  1.  The  prime  superscripts  indicate  that  the 
quantity  in  question  is  evaluated  at  distance  r  from 
the  point  in  question.  Two  distinctly  different 
types  of  correlation,  purely  turbulence  interactions 
(♦j)  and  mean-gradient  contributions  Unl.are  clearly 
evident.  A  straightforward  application  of  uniform 
density  ideas  would  suggest  that  in  the  equation  for 
a.b.  (a  and  b  standing  for  either  u  or  g)  the  ?j 
process  would  be  represented  as: 
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In  practice,  one  would  use  (16a)  and  (17a)  or  (16b) 
and(l?bl.  Superficially  equation  (17a)  appears  un¬ 
necessary  since  ujm  does  not  arise  in  (16a)  -  just 
as  equation  (15)  seems  to  be  unwanted  baggage  if  the 
'a'  scheme  is  adopted  since  UjU;  is  absent  from  (13a) 
and  (14a).  In  both  cases,  however,  the  correlations 
in  question  exert  an  influence  via  the  pressure 
interactions  -  at  least,  if  one  respects  uniform- 
density  approaches  to  modelling  mean-strain  effects 
on  the  processes. 

The  Role  of  Pressure  Fluctuations  in  Variable 
Density  Turbulence 


Within  the  space  constraints  of  the  present 
paper  only  the  barest  summary  of  the  approximation 
of  the  pressure  correlations  can  be  provided.  A 
fuller  account  is  planned. 


The  equation  describing  the  instantaneous  level 
of  pressure  fluctuations  about  its  mean  value  is 
obtained  by  taking  the  divergence  of  the  equation  of 
motion  and  subtracting  its  mean  part.  The  result¬ 
ant  equation  may  be  written: 
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In  the  above  arrangement  those  grouped  as  'A'  are 
clearly  recognizable  generalizations  of  terms 
present  in  a  uniform-density  flow;  those  in  group 
'B'  are  non-zero  only  because  of  density  fluctua¬ 
tions.  Though  the  individual  terms  in  the  latter 
group  may  be  large  we  here  adopt  the  view  that  in 
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wnere  Jab  denotes  a  time  scale  of  the  interaction. 
This  form  has  a  number  of  frailties  not  least  of 
which  is  the  fact  that  (19)  contracts  to  zero  where¬ 
as,  (as  reference  to  equations  (9b)  and  ( 1  Ob  I 
indicates)  the  4.  processes  in  Table  1  do  not.  In 
fact,  the  assumption  that  3u^/3xg  is  zero  is  reason¬ 
able  since  the  correlations  are  predominantly 
made  up  of  contributions  from  medium  sized  eddies  in 
which  molecular  dispersion  (the  agency  providing 
divergence)  is  insignificant.  The  same  argument  for 
simplification  does  not  apply  to  3gg/?xg-  Neverthe¬ 
less,  as  a  starting  point,  equation  ( 1 9 ■ ,  and  its 
analogue  for  the  scalar  fluxes,  has  much  to  commend 
it . 


In  uniform  density  flows  there  have  been  two 
principal  approaches  to  modelling  4;,  the  "quasi - 
isotropic”  model  (QIM)  [14,15]  and  the  "re-di stTibu- 
tion-of-production"  model  (RPM)  [14,16].  The  first 
provides  an  exact  solution  when  the  2-point  correla¬ 
tion  functions,  such  as  appear  in  the  integrals  of 
Table  1,  depend  on  radius  only.  The  second  is  more 
intuitive,  being  based  on  the  simple  idea  that  the 
stress  production  rates  are  redistributed  in  an  ana¬ 
logous  way  to  that  in  which  (19)  modifies  ajb-j. 

While  the  former  has  the  clearer  pedigree,  the  latter 
seems  to  achieve,  overall,  slightly  better  results. 

Our  studies  have  considered  the  application  of 
these  two  approaches  to  the  case  of  variable  density. 
Direct  application  of  RPM(together  with  the  supposi¬ 
tion  that  all  the  time  scales  Tak  etc.  for  both  the 
'Stresses"  and  the  scalar  fluxes  remain  in  the  same 
proportion  to  one  another, produces ,  in  conjunction 
with  (19),  the  result  that  the  turbulent  Schmidt 
number  is  entirely  unaffected  by  density  gradients. 
This  conclusion  emerges  irrespective  of  whether  the 
equations  relating  to  the  'a'  or  the  ’ b '  decomposi¬ 
tion  are  adopted.  We  note,  too,  that  the  same  result 
emerges  from  conventional  mass-weighted  averaging. 

Investigation  with  QIM  has  been  limited  to  the 
'a'  decomposition  since,  as  discussed  above,  the  ’ b • 
form  leads  to  zero  generation  of  gjg^  where  the  mass 
velocity  gradient  becomes  zero.  Ii,  extrapolating 
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TABLE  l  -  Fluctuating  -  prcuurc  corrclntionn,  cipreaaed  in  ten*  of  th*  Poiaaon 
aolution  for  p,  aioplifiad  for  tha  caaa  of  high  Rc  hoa»ganaoua  flow 


the  QIM  to  the  present  mixed  weighted  term  we  have 
adopted  all  but  one  of  the  assumptions  of  the 
uniform-density  development  (see  [14])  including 
•-um/'xm  =  0  (which,  as  we  have  remarked,  is 
reasonable)  and  3gm/3xm  -  0  (which  is  not). 

We  have,  however,  not  imposed  symmetry  in  m  and  n 
when  representing  integrals  involving  the  mixed 
velocity  correlation,  gmun',  etc.  The  outcome  is 
a  considerably  longer  formula  for  $ 2  than  in  the 
uniform  density  case  which  cannot  be  included 
here.  Its  implications  are,  however,  shown  in 
Figure  2  by  the  broken  line  where  the  turbulent 
Schmidt  number  is  plotted  as  a  function  of  d, 
a  dimensionless  measure  of  the  density  gradient. 
The  resultant  linear  variation  indicates  an 
increase  in  Set  when  density  gradients  oppose 
velocity  gradients  and  a  decrease  when  they 
are  in  the  same  sense.  It  must  be  said  that 
this  response  is  at  odds  with  the  experimental 
data  of  [1],  which  gives  Set  *  0.2  for  d  =  0.7. 


Launder  [17]  and  Samaraweera  [18]  have 
also  found  the  QIM  to  give  unsatisfactory  results 
in  predicting  heat  or  mass  transfer  in  uniferr 
density  fl  <s,  at  least  if  the  linear  retum- 
to-isotropy  model  were  used  to  represent  the 
ij  part  of  the  correlation  between  pressure  and 
mass-fraction  fluctuations: 
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Ref.  [18]  did,  however,  obtain  reasonably  good 
agreement  with  the  QIM  if  non-linear  terms 
were  added 


where  the  coefficient  Cm  was  chosen  as  -l.b  in  order 
to  produce  the  correct  ratio  of  scalar  fluxes  down 
and  at  right  angles  to  the  mean  scalar  gradient.  We 
have  introduced  this  non-linear  form  into  the  present 
closure,  adding  also  the  corresponding  terms  for  the 
second-rank  "stress”  tensors: 
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where,  for  brevity,  z^k  ^  =  (a^  *  J 


ar  1  C  .  takes  the  value  -1.7. 

ab 

The  solid  line  in  Figure  2  shows  the  predicted 
variation  of  turbulent  Schmidt  number  when  this 
non-linearity  is  introduced.  For  negative  values  of 
d  there  is  little  modification  to  the  pattern 
produced  by  the  linear  model  for  For  positive 

values,  however,  there  is  a  very  marked  effect,  with 
Set  falling  steeply  for  d  >  0.5.  Although  agreement 
of  the  prediction  with  Rebollo's  data  is  certainly 
better.  The  main  conclusion  to  emerge  from  this 
computation  is  that  the  whole  character  of  the 
prediction  is  fundamentally  altered  by  the  nature  of 
the  approximations  made  for  the  pressure-containing 
interactions.  There  is  the  implication  that  variable 
density  flows  offer  a  more  searching  test  of  basic 
closure  ideas  than  do  uniform  density  flows. 


CONCLUSIONS 
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The  use  of  the  mixed  weighting  of  velocities 
presented  in  this  contribution  helps  illuminate 
the  different  roles  that  mean  velocity  and  mass 
velocity  gradients  play  in  determining  the  level  of 
the  turbulent  stresses  and  mass  fluxes.  Our  studies 


19.24 


REFERENCES 


Figure  1,  Flo«  gec*«Ptry  and  mean  profile?  in  a  variable  density 
■i  xmg  la>cr.  Fro*  the  data  of  RcboUo  [1]. 


1  Rebollo,  R.M. ,  "Analytical  and  Experimental 
Investigation  of  a  Turbulent  Mixing-Layer  of 
Different  Gases  in  a  Pressure-Gradient",  Ph.D.  Thesi  s, 
California  Inst,  of  Technology,  Pasadena,  1973, 

2  Gibson,  M.M. ,  and  Launder,  B.E.,  ASMF  J.  Heat 

Transfer.  Vol.  98C,  p.81,  1976.  - ~ 

3  Launder  B.E.,  J ,  Fluid  Mech,,  Vol.  67.  p.S69, 


4  DuPont -Donaldson,  C. ,  Sullivan.  R.C.,  and 
Rosenbaum,  H. ,  AIM  J . ,  Vol.  10, p.  162,  1 9'’2 . 

5  Janicka,  J,,  and  Kollmann,  N. ,  "A  Prediction 
Model  for  Turbulent  Diffusion  Flames  Including 
NO-Formation",  AGARD-PEP  S4th  Meeting,  Cologne,  1979. 

6  Favre,  A.,  "Statistical  Equations  of 

Turbulent  Gases"^  in  o~  Hitdi'od'jYU. \r~jic£ 

CoKtir.uur.  Meckar.ice  ,  Society  for  lndus trial  and 
Applied  Mathematics,  Philadelphia,  PA,  pp.  237-266, 

7  Kent,  J.H.  and  Bilger,  R.K.,  "The  prediction 
of  turbulent  flame  fields  and  nitric  oxide  formation" 
Proc.  16tn  int.  Symp.  of  Combustion,  p.  1645,  The 
Combustion  Inst.,  1976. 

8  Jones,  W.P.,  "Models  for  Turbulent  Flows 

with  Variable  Density  and  Combustion",  VKI  Lecture 
Series,  1979-2.  Jan.  15-19,  1979.  - 


Figure  :  Equilibrium  -  flow  prediction*  of  the 

turbulent  Sct  number  versus  dimensionless 
density  gradient  parameter  d.  fl)  --- RP!, 

- QIM  (linear  ,  i5j  -  Q1M  (non¬ 
linear  tj).  ///  Experimental  data  (1). 

suggest  that  the  key  to  accounting  for  the  observed 
phenomena  is  the  approximation  of  the  pressure- 
strain  and  other  pressure-containing  correlations. 
The  results  obtained  for  a  notionally  homogeneous 
shear  flow  exhibit  strong  sensitivity  to  the 
nature  of  these  approximations.  None  of  the  forms 
so  far  considered  correctly  reproduce  the 
experimental  response  of  the  turbulent  Schmidt 
number  to  mean  density  gradients.  Our  current 
view  is  that  the  application  of  uniform-density 
ideas  to  the  pressure  correlations  would  be  more 
applicable  if  the  correlations  were  manipulated  so 
as  to  eliminate  fluctuating  mass  velocity  gradients, 
3gk/3xj,  in  favour  of  regular  velocity  and  density 
gradients;  the  important  distinction  in  this 
connection  is  that  while  the  fluctuations  of  the 
energy-containing  part  of  the  velocity  can  be 
taken  as  divergence  free  the  corresponding  part 
of  the  fluctuating  mass  velocity  cannot. 

An  inescapable  conclusion  of  this  study  is  that 
there  is  an  urgent  need  for  more  experimental  data 
of  a  fundamental  kind  that  would  allow  a  far  more 
complete  guide  to  the  dependence  of  Sct  on  d  (and 
possibly  otheT  factors)  than  is  presently  available. 
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PRESSURE  STRAIN:  EXACT  RESULTS  AND  MODELS 
J.J.D.  DOMINGOS 
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ABSTRACT 

Exact  results  for  pressure  velocity  correlations 
are  deduced  which  allow  direct  measurement  using  hot 
wire  techniques.  Coherent  models  for  linear  and  non¬ 
linear  pressure  interactions  which  satisfy  realizable 
lity  and  isotropic  limits  taking  into  account  non¬ 
isotropic  dissipation,  are  presented  and  discussed. 
Experimental  data  for  weak  and  strong  nearly  homoge_ 
neous  turbulent  shear  flows  are  predicted  within  ex: 
perimental  accuracy. 

NOMENCLATURE 


A 

B 

F 

G 

H 

G 

P+ 

P 


Fourth  order  tensor  defined  by  (18) 


-  Ani 


isotropy  tensor  (B^  .  ■  u.u./Q  -  — r-  ) 

+  Tt  1  J  ll 

-  Generation  of  turbulence  energy 

-  Tensor  defined  by  (27) 

_  8U.  _  3U. 

-  (G..  *  u.u  T— *  +  u.u  ■-  1 ■  ) 

ij  i  m  ax  l  m  ax 

J  m  J  m 

-  Pressure 

-  Flutuating  pressure 


K  -  (u|  ♦  u*  +  u^/2 

Q  -  2K 


r  -  Distance  vector  Y~  (x  -  x')^ 

*  m  id 

m  _ 

R  -  Stress  tensor  (R..  ■  u.u.) 

13  i  y  2 

S  j  -  Reynolds  number  of  turbulence  (Rfi^_Q  /  9  c  v) 


S  -  Surface  enclosing  the  flow 
u  -  Flutuating  velocity 

U  -  Mean  velocity 

V  -  Velocity 

Greek  Symbols 

a,  8,  y,  y’,  i,  cij  ...  scalar  functions  or  constants 
p  -  specific  mass 

v  -  kinematic  viscosity 

S  -  kronecker  symbol 

-  defined  by  (29) 

-  non  linear  pressure  interaction  defined  by  (26) 

i p  -  scalar  function  for  dissipation,def  ined  bv  (29) 
e-j  -  half  dissipation  rate  of  stress  component  u^u^ 

c  -  trace  of  e . . 

U 

£  -  surface  enclosed  by  S 

t  -  pressure  strain 

Subscripts  and  superscripts 

i,  j,  k,  1,  m,  -  vector  or  tensor  component  (repeated 
index  means  assumption) 

-  -  (overbar)  -  ensemble  average 

'  -  (prime)  -  integration  variable 

Special  symbols 

V2  -  Laplacian  operator 

tr  -  trace  of  a  sencond  order  tensor 

I  -  first  invariant  of  tensor  B ( I  «  t  B) 

s  r  j 

II  -  second  invariant  of  tensor  B(II  »  t  B  ) 

B  3  r 

III_  -  third  invariant  B(III  :t  I  ) 
u  r 
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INTRODUCTION 


Unsatisfactory  performance  of  Reynolds  stress 
closures  are  leading  to  the  idea  that  no  improvement 
is  possible  within  the  framework  of  one  point  closu¬ 
res.  However,  a  critical  review  of  methods  presently 
in  use  show  that  overlooking  of  crucial  terms  combi¬ 
ned  with  unnecessary  assumptions  led  to  contradic¬ 
tions  and  global  uncoherence  on  the  modelling.  Among 
crucial  terms  are  those  involving  pressure  which  are 
the  only  ones  which  introduce  two  point  velocity  cor 
relations.  Isotropic  dissipation,  on  the  other  hand7 
is  in  formal  contradiction  with  the  exact  assympto- 
tic  limits  known  as  realizability  conditions. 

In  this  paper,  both  question  are  adressed.  New 
models  for  linear  and  non-linear  pressure  interac- 
tionare  proposed  and  the  assumption  of  isotropic 
dissipation  is  overcomed  without  a  need  to  solve  mo¬ 
re  differential  equations.  The  modelling  satisfy  the 
exact  assymptotic  limits  of  isotropy  and  maximum  ani 
sotropy  (realizability  conditions)  and  sets  the  fra¬ 
mework  for  systematic  improvement  based  on  experioen 
tal  data.  The  new  framework  is  likely  to  exaust  the 
predictive  capabilities  of  one  point  closures. 

The  first  section  of  the  paper  presents  new 
exact  results  expressing  the  pressure  field  in  terms 
of  the  velocity  field.  From  these  results,  pressure 
velocity  correlations  are  deduced  which  stress  the 
local  contribution  to  the  correlation.  Next,  a  sim¬ 
ple  non-linear  model  for  pressure  strain  is  deduced 
on  the  assumption  of  fundamental  simmetries  relative 
to  the  principal  axis  of  the  Reynolds  stress  tensor. 
In  these  axis,  normal  pressure  strain  components  are 
found  to  be  in  agreement  with  experimental  data  with 
no  need  to  adjustable  constants. 

In  section  4,  a  short  critical  review  is  made 
of  linear  and  non-linear  pressure  interaction  if  ex 
perimental  validation  is  sought.  This  leads  to  dis-— 
cussion  of  return  to  isotropy  of  homogeneous  turbu¬ 
lence  and  the  formulation  of  the  most  general  model 
of  non-linear  pressure  interaction  coupled  with  non- 
-isotropic  dissipation.  A  rearrangement  of  terms 
(and  concepts)  and  use  of  the  trace  of  the  dissipa¬ 
tion  tensor  overcomes  the  contradictions  associated 
with  non-isotropic  dissipation  and  realizability. 

It  is  shown  how  rate  of  return  to  isotropy  is 
likely  to  depend  on  the  way  turbulence  is  generated. 
A  more  complex  model  for  pressure  strain  is  then  pro 
posed  in  conjunction  with  one  for  non-linear  pressu” 
re  interaction.  Predictions  are  then  compared  with 
experimental  data  and  shown  to  be  within  experimen¬ 
tal  accuracy. 

1.  EXACT  RESULTS 


In  a  cartesian  frame  of  reference  the  Navier 
Stokes  equations  for  an  incompressible  fluid  are: 
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Taking  the  divergence  of  1)  and  using  2)  gives: 
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This  Poisson  equation  has  the  exact  solution: 
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As  a  shorthand  notation  introduce 
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Because  the  integrand  is(4)  has  no  singularity  at 
r  ■  0,  use  of  Gauss  theorem  gives: 
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where  cos  yj  is  the  cossinus  of  the  angle  between  x! 

and  the  outward  normal  to  S. 

Noting  that 
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use  of  Gauss  theorem  in  (7)  is  not  possible  because 
the  integrand  would  become  singular  at  r  •  0.  This 
singularity  can  be  overcomed  as  in  ;_l7  or  directly 
taking  into  account  the  identity: 
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Introducing  (8)  in(7)  ,  use  of  Gauss  theorem  becomes 
legitimate  and  then: 
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Noting  again  that  F^j  is  not  a  function  of  the  inte¬ 
gration  variable: 
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The  surface  integral  can  be  evaluated  in  closed  form 
for  any  surface  and  gives  -  —  6^  for  any  point  in 

side  the  domain  enclosed  by  S;the  proof  can  be  found 
in  standard  texts  of  Potential  Theory. 

Using  the  previous  results,  (7)  becomes: 
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obeys  itself  a  Poisson  equation  and  the  previous  de¬ 
ductions  for  P+  are  valid,  "mutatis  mutandis"  fpr 
3P+  integration 

—r - .  It  would  be  noted,  however,  thatVoy  parts  may 
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gives  rise  to  the  alternative  expressions: 
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where  (...)  are  boundary  integrals. 

2.  Turbulent  Flows 

The  equations  for  the  mean  field  are: 
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and  for  the  Reynolds  stresses: 
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Boundary  integrals  do  not  appear  in  the  expression 
above  because  they  vanish  when  the  bounding  surface 
is  away  from  the  point  more  than  the  correlation 
length. 

Besides  its  theoretical  usefulr.es,  the  exact  re_ 
presentation  for  the  pressure  velocity  correlations 
given  by  (16)  provides  also  a  basis  for  their  experi^ 
mental  measurement  because  only  well  mastered  tech¬ 
niques  for  the  measurement  of  two-point  velocity  coir 
relations  are  needed. 

An  approach  similar  to  the  one  which  lead  to 
(16)  was  independently  attempted  by  A.  Lin  and  M. 
Wolfsthein  ^3J  .  However,  the  overlooking  of  the  sin¬ 
gularities  previously  noted  made  their  results  inva¬ 
lid. 

3.  PRESSURE  STRAIN 

In  the  exact  representation  of  pressure  veloci¬ 
ty  correlations  given  by  (16)  the  terms  involving  the 
mean  strain  are  linear  in  the  Reynolds  stresses.  De¬ 
veloping  the  mean  strain  in  a  Taylor  series  around 
x’  *  x  and  neglecting  higher  order  terms,  the  pressii 
re  strain  terms  may  be  represented  as: 
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The  last  term  on  the  r.h.s.  of  17)  is  the  only  one 
which  involves  the  flutuating  pressure.  It  is  also 
the  only  one  which  introduces  velocity  correlations 
at  two  different  points. 

To  eliminate  p,  use  is  made  of  the  previously 
found  exact  expressions.  This  can  be  done  introdu¬ 
cing  14)  and  15)  in  either  12)  or  13).  Using  13)  and 
forming  the  correlation  with  the  velocity  gives  for 
unbounded  flows  the  exact  results: 


■^rVjV 

m  J 


3p 

-  *  u.  -£_> 
x  3x. 

2 

3Xi 

’  3 

•B 

fitr 

— r  ,0i 

3u£  1 

nil 

ujum  3x 

ID 

U.U 

J 

*x  i 
m  a 

Aj^  is  a  fourth  order  tensor.  Because  a  cartesian 
frame  of  reference  was  assumed,  no  distinction  bet¬ 
ween  covariant  and  contravariant  componentes  is  nee¬ 
ded.  Therefore,  the  arrangement  of  indices  was  choo- 
sen  for  the  sake  of  clarity,  the  lower  indices  refe- 
ring  to  the  derivatives  of  (-*-). 

The  tensor  has  the  following  exact  properties: 
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The  first  relation  is  a  consequence  of  Green's  iden¬ 
tities;  the  second  of  the  incompressibility  condi¬ 
tion.  Besides,  continuity  of  second  derivatives  of 

—■  (r  j*  0)  gives  the  following  properties: 
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(22) 


If  Che  flow  is  homogeneous,  but  only  Chen, 


The  crace  of  *ij  is  associaced  wich  pressure  diffu¬ 
sion  and  is  given  by 
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If  che  flow  is  homogeneous,  (20)  and  (22)  give  0 
showing  clearly  che  pressure  diffusion  is  associaced 
wich  che  non-simmecry  of  che  l,j  indices.  Ic  also 
shows  che  inconsiscency  of  previous  modellings  which 
assume  che  equivalenc  of  (21)  and  (22)  and  lacer 
accempc  co  model  pressure  diffusion.  All  che  previous 
expressions  are  exacC.  However, che  number  of  unknowns 
exceeds  che  number  of  equacions  and  adicional  assum£ 
cions  have  Co  be  made.  Following  Rocca  [4] , Launder  ep 
al  [5]  have  proposed  an  expression  equivalenc  co 
as  che  mosc  general  linear  combinacion  of  Reynolds 
scresses  ac  che  poinc.  The  remaining  conscanc  would 
Chen  be  found  from  experimenC.  None  of  chese  models 

sacisfy  che  exacC  assympcocic  limics  *  0 

when  11  22  JJ 

Uj,u,,u,  •*  0,  known  as  realizabilicy  condicions.  Be¬ 
sides,  they  are  unable  co  predicC,  wich  che  same  sec 
of  conscancs,  known  experimencal  daca  for  weak  and 
scrong,  nearly  homogeneous  shear  flows. 

Using  Che  previously  found  exacC  expressions  a 
simple  model  was  deduced  on  che  assumption  of  simoe- 
Cries  of  the  correlations  similar  to  the  ones  of  is£ 
tropic  turbulence  when  expressed  in  the  principal 
axis  of  the  Reynolds  stresses.  The  conditions  of  rea 
lizability  and  convergence  to  the  exact  isotropic 
values  completelly  specifies  the  model  with  no  need 
to  adjustable  constants.  In  the  principal  axis  of  the 
Reynolds  stress  tensor,  final  expressions  are: 

aH  «  (3/10)  u?  u?  /  K  (no  sum)  ( 24) 

with  A^  (no  sura)  given  by  (19),  (20).  (25) 


LINEAR  AND  SON  LINEAR  PRESSURE  INTERACTION 

The  simple  model  refered  previously  has  no  adjus_ 
cable  constants,  satisfies  the  assymptotic  limits  of 
isotropy  and  realizability  and  predicts,  within  exp£ 
rimental  accuracy,  known  experimental  data  for  weak 
and  strong  nearly  homogeneous  shear  flow.  However, 
it  can  not  be  considered  wholly  satisfactory.  From  a 
practical  point  of  view,  its  use  requires  two  coord£ 
nate  transformations  -  to  and  from  principal  axis  of 
the  Reynolds  stresses.  Besides,  its  experimental  vaU 
dation  and  use  rests  on  the  assumptions  of  isotropic 
dissipation  and  validity  of  Rotta’s  modelling  of  nO£ 
linear  pressure  interaction  which  are  not  consistent 
with  the  assymptotic  limits  of  one  and  two  dimensio¬ 
nal  turbulence  implied  by  realizability  or  by  exact 
mathematical  reasoning.  To  overcome  chese  limications 
requires  previous  consideration  of  dissipation  and 
Rotca's  term. 

Return  to  isotropy  of  homogeneous  turbulence 

For  decaying,  non-istropic,  homogeneous  and  iso 
thermal  turbulence  the  equations  for  the  Reynolds 
stresses  reduce  to: 
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Physical  reasoning  and  the  exact  expressions  found 
previously  sugest  4ij  to  be  related  to  the  anisotropy 
tensor.  Within  the  scope  of  one  point  closures  invol¬ 
ving  no  more  than  double  velocity  correlations  Bjj  is 
the  only  meaninfull  second  order  tensor.  Therefore, 
may  be  sought  as  the  most  general  isotropic  depen 
ceJon  B  which  is  given  by 
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with  A,  B,  Y  scalar  functions.  The  assymptotic  limits 
imposed  by  realizability  and  the  condition  of  zero 
trace  imply 
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Regarding  anisotropy  of  dissipation  it  may  be  assumed 
that  it  may  be  related  to  the  anisotropy  tensor.  Con¬ 
sidering  the  most  general  isotropic  relation  between 
both  tensors  and  taking  into  account  the  realizabiH 
ty  conditions  gives: 
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Closure  of  the  Reynolds  stress  system  of  equations 
need  an  equation  for  c,  and  the  scalar  functions  y 
and  y'-  The  full  set  of  equations  is  consistent  with 
the  basic  assumptions  and  satisfy  the  assymptotic 
limits . 

From  a  computational  point  of  view  it  is  advan¬ 
tageous  to  rearrange  -  4i ■  -  2t£j  as: 
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ij 


giving: 
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with  B  a  scalar  function  of  the  invariants  of  B,  Re£ 
nolds  number  of  turbulence  . . . 

Splitting  (29)  was  a  starting  expression  in  Lum 
ley  and  Newman  [9]  whose  expressions  for  d i j  is  diffe 
rent  from  ours.  It  must  be  stressed  that  (29)  does 
not  imply  isotropic  dissipation  but,  instead,  that 
change  of  anisotropy  is  due  to  pressure  interaction 
and  dissipation.  A  normalized  rate  of  change  of  ani¬ 
sotropy  may  be  expressed  exactly  by 

7  .lo8  -  6  (1/3  -  II  ♦  III/II)  (31) 

d  log  Q 

which  sugests  that  rate  of  change  of  anisotropy  de¬ 
pends  on  the  sign  of  the  third  invariant  which  im¬ 
plies  a  dependence  of  the  way  the  turbulent  field 
was  generated.  This  inference  agrees  with  recent  ex¬ 
perimental  observations  of  Mathieu  et  al  [l(^  .  A  di£ 
cussion  of  specific  functional  forms  for  6  is  beyond 
the  scope  of  this  paper.  Though  experimental  data  is 
too  scarce  and  mainly  confined  to  III  <  0,  it  seems, 
however,  that  a  value  of  B  t  2  may  be  taken  in  a 
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first  approach.  In  conclusion,  c  is  proposed  as 
a  replacement  of  Rotta's  model.  J 

Pressure  strain  modelling 

Exact  results  given  by  (16)  sugest  generation 
and  anisotropy  as  the  two  basic  second  order  tensors 
for  modelling  pressure  strain.  The  most  general  iso¬ 
tropic  relation  between  pressure  strain  (x) ,  gener± 
tion  (C)  and  anisotropy  (B)  is: 

2  2 

tr  «  a q6  +  G  +  02  B  +  ag  C  +  B  +  (G  B  +  B  G)  + 

2  2  22  2222 

ag(G  o  ♦  BC  )  +  a;(GB  +B  G)  +  ag(B  G  +  C  B  ) 

where  ao  ...  ag,  ere  scalar  functions  of  the  ten  ba¬ 
sic  invariants  given  by  the  trace  of  G,  G2,  G3,  B, 
B3,  b3,  GB,  GB3,  BG2 ,  B3g2.  There  is  no  experimental 
information  to  justify  use  of  this  general  relation 
and  a  subset  will  be  used.  This  subset  is  one  of 
lowest  order  in  G  and  B  which  is  able  to  satisfy  the 
basic  requirements  of  realizability,  isotropy  and 
zero  trace.  The  subset  choosen  is: 

IG 
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H  is  defined  by  (27).  It  will  be  noted  that  H  satisfy 
by  itself  the  basic  requirements,  and  that  the  term 
in  brackets  is  "departure  from  isotropy"  of  genera¬ 
tion. 

In  the  assymptotic  limit  of  isotropy  a  ♦  0.6 
exactly.  Besides,  X'  is  taken  as  X.IG,  which  is  the 
simplest  dependence  on  the  invariant  of  generation 
which  makes  X  dimensionless,  a  and  X  are  expected 
to  be  weak  functions  of  R^j,  and  the  invariants  of 
G  and  B. 

Combining  (31)  and  (32)  gives  for  total  pressu¬ 
re  interaction- 
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In  non  homogeneous  turbulence  pressure  diffusion  is 
to  be  modelled  separately. 

Comparaison  with  experiment 

Experimental  data  for  weak  and  strong  nearly 
homogeneous  shear  flows  of  Corrsin  et  al  refered  pre 
viously  was  compared  with  predictions  given  by  (33) • 
There  is  only  X  to  adjust  if  a  is  taken  at  the  iso¬ 
tropic  value  (a  »  0.6),  and  B  •  2.  X  and  B  must  be 
optimized.  As  seen  from  (33)  they  act  together  in 
defining  the  coeficient  of  H.  Individual  adjustments 
are  not  critical.  X  ■  3  was  chosen. 

Measurements  and  Predictions 
F.  .  »  x..  +  $..  (10^  cm2  s-3) 
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leasured 

-7.21 
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7.21 
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-7.32 
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6.52 

rror  Z 

-1.5 
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Predictions  are  within  experimental  accuracy. 
Compared  with  other  models,  for  instance  Launder  et 
al  [5},  or  D.C.  Leslie  [8]  which  used  measured  aru 
sotropies,  errors  are  smaller.  Besides,  it  predicts 
correctly  the  sign  of  the  well  observed  difference  . 

~2  2  realizability 

Uj  and  ug.  The  fact  that  model  (33)  satisf ielvcondi- 
tions  must  also  be  stressed 

CONCLUSIONS 

A  replacement  for  Rotta's  modelling  which  takes 
into  account  non-isotropic  dissipation  was  proposed 
together  with  a  new  model  for  pressure  strain.  The 
new  models  are  the  first  ones  to  comply  with  the 
exact  values  at  isotropy  and  maximum  anisotropy  (re£ 
lizability  conditions).  A  new  and  basic  second  order 
tensor  (H)  which  automatically  satisfies  zero  trace, 
isotropy  and  realizability  conditions  was  introduced. 

The  models  predict  within  experimental  accuracy 
available  data  directly  relevant  to  the  model. 

Rate  of  change  of  anisotropy  appears  to  depend 
on  the  way  decaying  turbulence  is  generated.  The  need 
for  experimental  data  with  III  >  0  must  be  stressed. 
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DIRECT  SIMULATION  OF  HOMOGENEOUS  TURBULENT  SHEAR  FLOWS 


ON  THE  ILLUC  IV  COMPUTER:  APPLICATIONS  TO  COMPRESSIBLE  AND  INCOMPRESSIBLE  MODELING 

W.  J.  Feierelsen,*  E.  Shiranl,**  J.  H.  Ferciger,  and  W.  C.  Reynolds 
Department  of  Mechanical  Engineering 
Stanford  University 
Stanford,  California 


Abstract 


Full  simulations  of  sheared  homogeneous  tur¬ 
bulence  were  made  on  the  ILLIAC  IV  computer  using 
64  x  64  x  64  mesh  points;  both  Incompressible  and 
compressible  cases  were  run.  The  results  are  vali¬ 
dated  by  comparison  with  experimental  data  and  are 
used  as  the  basis  for  a  study  of  phenomenological 
turbulence  models.  A  flaw  in  eddy  viscosity  models 
is  pointed  out.  The  Rotta  pressure-strain  model  is 
shown  to  be  reasonably  good  when  one  includes  the 
anisotropy  of  the  dissipation  in  the  model.  On  the 
other  hand,  the  commonly  used  model  for  the  rapid 
pressure-strain  term  is  shown  to  be  not  very  accu¬ 
rate.  Compressibility  effects  are  fairly  small,  but 
che  acoustic  pressure  fluctuations  in  these  flows 
can  be  quite  large.  Despite  this,  little  change  In 
the  modeling  is  required. 

1 .  Ob jectives 

The  objectives  of  this  paper  are  to  provide 
guidance  to  the  development  of  simple  phenomenologi¬ 
cal  models  of  turbulence  through  comparisons  of 
models  against  exact  numerical  simulation  of  simple 
turbulent  flows.  The  flow  of  interest  Is  a  homogen¬ 
eous  shear  flow  in  which  the  mean  velocity  varies 
linearly  in  one  direction. 

Homogeneous  shear  flow  Is  of  complexity  inter¬ 
mediate  between  unsheared  homogeneous  turbulence  and 
inhomogeneous  turbulent  shear  flows.  Its  study  can 
provide  better  understanding  of  turbulence  and  can 
be  used  In  testing  turbulence  theories  and  statisti¬ 
cal  turbulence  models. 

2 .  Review  of  Previous  Work 

Reis  (1952)  studied  homogeneous  shear  flows 
mathematically.  Rose  (1966)  studied  Che  behavior  of 
the  turbulence  intensities  experimentally  at  low 
Reynolds  numbers.  Champagne,  Harris  and  Corrsln 
(1970),  Harris,  Graham,  and  Corrsln  (1976),  Rose 
(1970),  Hwang  (1971),  and  Mulhearn  and  Luxton  (1975) 
studied  this  flow  at  higher  Reynolds  numbers. 
Tavoularis  (1978)  studied  this  flow  and  included  a 
passive  scalar.  They  all  measured  the  shear  stress 
correlations,  various  length  scales,  one-  and  two- 
point  velocity  correlations,  spectra,  and  the 
kinetic  energy  of  turbulence.  Table  1  summarizes 
some  of  the  basic  parameters  of  these  flows. 

Numerical  simulations  of  homogeneous  shear  flow 
were  made  by  Shaanan,  Ferzlger,  and  Reynolds  (1975) 
using  large  eddy  simulation.  Rogallo  (1977)  made 
full  simulations  of  low  Reynolds  number  homogeneous 


turbulent  shear  flows.  This  paper  reports  further 
simulations  of  this  kind. 

We  also  look  at  the  effect  of  compressibility 
on  homogeneous  turbulent  shear  flow.  Early  studies 
of  compressible  turbulence  Introduced  decomposions 
of  the  flow  variables  Into  modes  and  studied  their 
interaction.  Kovasznay  (1953)  and  Chu  and  Kovasznay 
(1957)  derived  equations  for  the  vorticity  mode, 
which  is  responsible  for  convective  and  vortical 
motions,  and  for  the  pressure  (acoustic)  and  entropy 
(temperature)  modes.  They  analytically  studied 
Interactions  among  these  modes.  Moyal  divided  the 
kinetic  energy  spectra  Into  "eddy  turbulence”  and 
"random  noise"  parts.  He  did  this  by  Fourler- 
transforming  the  velocity  vector  and  decomposing  it 
into  vectors  that  are  perpendicular  and  parallel  to 
Che  wave-number  vector.  His  analysis,  like  that  of 
Chu  and  Kovasznay,  is  limited  to  low  turbulence 
levels  and  therefore  not  applicable  In  technologic¬ 
ally  useful  flows.  Morkovin  (1962)  showed  that  the 
Reynolds  stresses  in  supersonic  boundary  layers  were 
structurally  similar  to  those  in  incompreslsble 
flows.  Laufer  (1960)  used  Favre  averages  and  came 
to  the  same  conclusion.  Bradshaw  (1977)  agreed  with 
Morkovin  and  showed  that  incompressible  models 
should  not  be  applied  In  boundary  layers  with  ex¬ 
ternal  Mach  numbers  greater  than  five,  in  shock¬ 
boundary  layer  interactions,  nor  in  free-stream  lay¬ 
ers  with  Mach  numbers  greater  than  1.5.  The  Fre  : 
Shear  Layers  Conference  (1972)  concluded  that  exist¬ 
ing  turbulence  models  were  Inadequate  to  preJict  the 
decrease  in  mixing- layer  spreading  r>i"  with  Jlach 
number . 

These  failures  have  been  attributed  to  varia¬ 
tions  in  density  ratio  in  mixing  layers  and  con¬ 
cluded  that  spreading-rate  variation  must  be  a 
"compressibility  effect."  Oh  (1974)  simulated  a 
two-dimensional,  high-speed  mixing  layer  and  pro¬ 
posed  a  kinetic-energy  equation  model  that  provided 
for  a  nonzero  pressure-dilatation  interaction. 

3.  Review  of  Turbulence  Modeling 

Turbulent  flows  contain  a  large  range  of  length 
scales.  This  causes  problems  for  the  flow  simulator 
because  the  smallest  and  largest  scales  of  motion  in 
the  flow  cannot  be  represented  at  the  same  time  on  a 
relatively  coarse  mesh.  Only  simple  flows  at  low 
Reynolds  numbers  can  now  be  simulated. 

Most  of  the  fundamental  work  on  turbulence 
modeling  has  been  based  on  the  Incompressible 
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Table  i 

Description  of  Various  Experiaenta  on  Homogeneous  Shear  Pious 


Experiment 

Shear  Rate 

S  (sec-^) 

Reynolds  No. 

■*»’ 

Shear  No. 

J" 

Total  Shear 

St 

Rose  (1966) 

13.68 

133.0 

9.53 

3.2 

Champagne  et  al.  (1970) 

12.90 

204.8 

7.79 

3.2 

Harris  et  al.  (1977) 

44.0 

396.4 

8.28 

10.81 

Tavoularis  (1978) 

46.8 

397.9 

14.76 

12.65 

rThe  values  of  Re^  and  d  are  given  at  Xj/h  *  7.5 
Xj/h  -  8.5  for  Champagne  et  al.,  and  at  Xj/h  *  11 

^The  shear  number  is  defined  as  J  ■  SL/q,  where  L 
q  -  <  Uj^Uj^  V  . 


for  Rose  and  Harris  et  al.,  at 
for  Tavoularis. 

Is  integral  length  scale  and 


Navier-Stokes  equations.  For  many  years,  models 
developed  from  the  Incompressible  equations  have 
been  applied  to  compressible  flows,  frequently  with 
great  success.  At  higher  Mach  numbers,  existing 
turbulence  models  become  increasingly  inadequate. 


The  most  common  approach  to  the  prediction  of 
turbulent  flows  is  based  on  Reynolds  averaging.  The 
mean  equations  are  not  closed,  and  some  terms  (prin¬ 
cipally  the  Reynolds  stresses,  <  uju',  >)  need  to 
be  modeled.  The  simplest  models  for  Jthe  turbulent 
Reynolds  stress  assumes  a  Newtonian-like  constitu¬ 
tive  equation — the  Bousslneq  eddy-viscosity  concept: 

<  uiuj  >  *  -2Vij  +  iV2  (1) 

where  <  >  denotes  volume  average,  u)  is  the 
velocity  fluctuation  defined  as  the  difference 
between  the  total  velocity,  u^,  and  the  ensemble 
average  velocity,  "u ^ , 


(2) 


vT  is  eddy  viscosity  and  itself  needs  to  be  mod¬ 
eled.  S,  ,  and  q  are  mean  strain  and  r.m.s. 
turbulent  velocity,  respectively. 


The  simplest  model  represents  Uj  in  terms  of 
the  velocity  field.  In  higher-level  models,  partial 
differential  equations  for  the  turbulent  kinetic 
energy  equation,  dissipation,  and/or  turbulent 
Reynolds  stresses  are  solved.  To  close  these 
equations,  various  terms  need  to  be  modeled.  In 
Section  5,  we  present  and  test  some  of  the  models 
for  these  terms. 


4.  Problem  Description  and  Numerical  Methods 

In  this  paper,  we  consider  homogeneous  shear 
flows  with  the  following  mean  values  of  velocity 
components  and  pressure: 

TTj  *  SX2,  TTj  •  0,  TJj  ■  0,  T  -  const.  (4) 

where  S  is  the  shear  rate.  The  velocity  field  is 
shown  in  Fig.  1.  We  choose  to  simulate  a  portion  of 
the  flow  field  and  Impose  periodic  boundary  condi¬ 
tions  on  the  fluctuating  quantities.  In  order  to  do 
this,  it  is  necessary  to  transform  to  a  coordinate 
system  which  shears  with  the  mean  flow.  The  physi¬ 
cal  region  being  simulated  becomes  distorted  with 


Fig.  1.  The  mean  flow. 

time,  and,  without  "remeshing ,"  the  simulation,  if 
continued,  would  become  invalid.  We  ''remesh''  the 
coordinate  system  when  St  is  a  half-integer;  the 
sheared  coordinate  system  is  replaced  by  one  sheared 
in  the  other  direction,  and  the  velocity  field  is 
placed  on  the  new  grid.  The  mesh  points  of  the 

"before"  and  "after"  systems  are  equivalent,  but  the 
velocity  field  needs  to  be  truncated  in  Fourier 
space  to  maintain  continuity. 

In  the  compressible  flow,  the  initial  condition 
represents  isotropic  turbulence  with  a  given  spec¬ 
tral  shape  and  intensity,  and  is  divergence-free, 
l.e.,  it  is  an  incompressible  initial  field. 

Compressibility  effects  arise  from  the  high  shear 
rate  and  the  fact  that  the  ratio  of  the  turbulence 
intensity,  q,  to  the  mean  sound  speed  is  as  high 
as  0.3.  The  full  compressible  equations  are  ad¬ 
vanced  by  means  of  a  fourth-order  Runge-Kutta 
method.  Spectral  methods  are  used  to  evaluate  all 
spatial  derivatives;  both  this  and  the  program 
described  below  used  64  mesh  points  in  each  spatial 
direction. 

Incompressible  flows  were  simulated  both  by 
running  the  compressible  code  at  low  Mach  number  and 
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by  a  separate  incompressible  code.  The  latter 
solves  a  Poisson  equation  for  the  pressure  and  uses 
a  second-order  Adams-Bashforch  method  for  the  time 
advancement.  Spectral  methods  are  used  for  the 
spatial  derivatives.  This  program  also  has  the 
ability  to  Include  a  passive  scalar.  Further  de¬ 
tails  of  these  methods  can  be  found  In  reports  by 
the  authors  (Feierelsen  et  al.  (1981)  and  Shirani  et 
al.  (1981). 

5.  The  Simulations 

Several  runs  were  made  with  each  of  the  codes 
described  above.  In  each  run,  the  earliest  part  of 
the  simulated  flow  field  is  not  representative  of  a 
real  flow,  because  the  Initial  conditions  are  not 
sufficiently  realistic;  at  St  •  4,  the  flow  at¬ 
tains  the  characteristics  observed  In  the  laboratory 
flow.  The  length  scales  grow  throughout  the  simula¬ 
tion;  eventually  they  become  long  with  respect  to 
the  sire  of  the  region  simulated,  and  the  results 
are  no  longer  realistic.  This  happens  in  most 
cases  at  approximately  St  *  7.  Thus,  only  the  per¬ 
iod  4  <  St  <  7  is  useful  for  model  testing. 

Analysis  of  the  Independent  variables  In  these 
flows  shows  that  there  are  only  two  independent, 
nondlmenslonal  parameters  (other  than  the  nondi- 
menslonal  time  St)  In  the  incompressible  flows. 
We  have  chosen  these  to  be  the  Reynolds  number  Rj  ■ 
qX/v  and  a  quantity  we  have  called  the  she.  r  num¬ 
ber,  which  is  defined  as  “  SL/q.  The  range  of 

these  parameters  is  approximately  15  <  R^  <  120 

and  3  <  <  70.  Here  L  is  the  integral  scale 

and  X,  the  microscale.  Due  to  the  restriction  on 
the  Reynolds  number,  the  ratio  of  length  scales  L/X 
is  nearly  constant  in  these  flows  and  cannot  be  con¬ 
sidered  as  an  independent,  nondlmenslonal  variable. 
In  the  compressible  cases,  the  Mach  number  M  *  q/c 
is  another  independent  parameter;  we  have  considered 
the  range  0  £  M  <  0.3. 

Detailed  comparison  of  the  results  with  exper¬ 
iments  is  not  possible,  because  it  is  impossible  to 
duplicate  the  initial  conditions  of  the  experiments 
with  sufficient  precision.  We  have  compared  several 
results  with  those  of  experiments,  and  they  appear 
to  agree  quite  well  on  a  qualitative  basis.  Some  of 
these  will  be  shown  later.  For  further  details,  the 
reader  may  wish  to  consult  the  reports  cited  ear¬ 
lier. 


Models  for  Incompressible  Turbulence 


This  and  the  following  section  are  devoted  to 
studying  turbulence  models  using  the  computed  re¬ 
sults.  Incompressible  flows  and  their  modeling  are 
considered  here,  and  compressibility  effects  are 
considered  in  the  next  section. 


First,  let  us  consider  eddy  viscosity  models. 
The  usual  assumptions  are: 

Tij  ■  Rij-¥{ij  '  <  “iV-^u 


Vij  ; 


vT  •  cq  L 


where  L  is  a  length  scale  which  we  shall  take  to 
be  the  integral  scale  (the  choice  is  not  critical  in 
view  of  the  above)  and  c  is  assumed  constant. 


However,  c  may  be  a  function  of  the  dimensionless 
parameters  of  the  problem,  so  we  attempted  to  fit  it 
as  a  function  of  the  Reynolds  and  shear  numbers.  A 
power-law  fitting  function  was  selected: 

F  -  C  R°a£?  (6) 

This  function  will  be  used  for  other  parameters  as 
well.  It  may  not  be  the  optimum  choice,  but  there 
is  little  theoretical  guidance  for  the  selection  of 
a  more  appropriate  function.  The  intent  of  this  fit 
is  not  to  develop  a  model  for  the  term  but  instead 
to  use  the  fit  to  discover  which  parameter  most 
sensitively  affects  the  quantity  under  study  (e.g., 
c).  The  three  constants  in  Cq.  (6)  were  determined 
by  least-squares  fitting,  and  Fig.  2  gives  the 
constants  and  shows  that  the  results  are  well  fit; 
three  experimental  points  are  also  shown,  and  they 
agree  quite  well  with  the  fit.  The  results  show  the 


FlE'  2'  nT/s\LpV-0.$C  -TO"8  funttion 

U  •  /  DJ  t\C  ^  • 


eddy  viscosity  constant  c  to  be  nearly  inverse  to 
the  shear  number.  This  result  can  be  written: 


<  uju^  > 


-  0.265  R -0-08j.-0.07 


which  agrees  quite  well  with  the  experimental  obser¬ 
vation  that  in  many  flows  <  u'v'  >/q  is  approxi¬ 
mately  constant.  This  means  that  the  assumption 
that  c  is  constant  in  Eq .  (5)  is  inconsistent 

with  the  ^ experimental  observation  of  constant 
<  u)u^  >/q  .  Furthermore,  one  can  show  from  these 
results  that  the  mixing  length  is  given  by 
,  <  u!u'  >  <  u!u'  >2  0 

r  =  — -  — V- ^2  *  const  (8) 

S  q  S 

Thus,  the  mixing  length  appears  to  grow  in  propor¬ 
tion  to  the  microscale. 


Figure  3  gives  a  related  result.  -  The  ,$hear 
stress  correlation  <  ujui  >«  u!  >  <  ul  >)  *"  is 
fitted  with  the  function  (6).  The  fit  is  not  as 
good  as  in  Fig.  2,  but  we  see  that  there  is  little 
variation  of  the  correlation  with  Reynolds  or  shear 
number. 
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Fig.  3.  The  Reynolds  shear  stress  correlation  vs. 

the  fitting  function  0.515  Re^0-043  °-13  . 

Now  let  us  turn  our  attention  to  higher-order 
models.  One  common  assumption  in  turbulence  model¬ 
ing  is  that  the  dissipation  is  Isotropic.  We  have 
looked  at  the  anisotropy  of  the  dissipation  defined 
by: 

*is  -(■■)  -‘Jr‘u)l‘  <*’ 

where  is  the  rate  of  viscous  dissipation  of 

<  u^u'.  >  and  c  »  In  order  to  condense  the 

presentation  of  the  results,  we  plot  the  dissipation 
anisotropy  vs.  anisotropy  of  the  Reynolds  stress 
bjj  •  t  .  . /q^ .  Figure  4  shows  that  the  relationship 
isnearly  linear;  the  slope  is  approximately  0.85, 
indicating  strong  anisotropy  of  dj,.  Although  it 
might  be  thought  that  this  is  attributable  to  the 
relatively  low  Reynolds  number  of  the  simulation,  we 
find  no  systematic  variation  of  the  dissipation 
anisotropy  with  Reynolds  number  over  the  range 
covered.  This  result  suggests  that  the  assumption 
of  constant  dij  be  reexamined. 


Fig.  4.  Dissipation  anisotropy  vs.  Reynolds  stress 
a  Isotropy.  All  four  nonzero  components 
are  shown. 

in  Table  2.  When  the  anisotropy  of  the  dissipation 
(which  acts  as  a  redistribution  term)  is  added  to 
the  Rotta  term,  we  get  the  results  shown  in  Table 
3.  The  best  estimate  of  a  single  value  for  the 
constant  is  2.7,  and  the  dependence  on  Reynolds 
and  shear  number  is  reasonably  small.  In  model 
calculations,  assuming  the  dissipation  isotropy  is 
equivalent  to  lumping  its  anisotropy  with  the  Rotta 
term,  and  we  conclude  that,  although  the  arguments 
used  in  constructing  the  model  are  not  correct,  the 
resulting  model  is  reasonable.  This  provides  a 
reinterpretation  of  the  model  and  an  estimate  for 
the  constant  that  is  in  good  agreement  with  the  ones 
in  common  use.  We  have  also  tested  a  correlation 
suggested  by  Lumley  and  Newman  (1978)  for  the  Rotta 
"constant."  The  results  showed  large  scatter,  and 
some  of  the  coefficients  were  very  large;  we  cannot 
recommend  this  correlation  on  the  basis  of  our 
results. 


Finally,  we  have  studied  the  pressure-strain 
models  that  are  commonly  used  in  a  full  Reynolds 
stress  models.  The  pressure  obeys  the  Poisson 
equation  in  which  the  source  terms  are  velocity 
gradients;  the  latter  can  be  divided  into  two 
groups,  depending  on  whether  they  contain  the  mean 
velocity  or  not.  Following  Lumley,  we  call  the 
terms  containing  the  mean  velocity  the  "rapid"  terms 
and  the  remainder,  the  "Rotta"  terms. 

First,  we  consider  the  Rotta  terms.  The  common 
model  is: 

1  /8ui  8uj\  2 

T‘V  <P'H*  K): “V"  <'”> 

The  "constant"  was  evaluated  from  the  computational 
results  and  found  to  be  smaller  than  1;  since  the 
constant  must  be  at  least  2  to  give  relaxation  to 
isotropy,  this  is  unacceptable.  The  "constant"  is 
also  strongly  dependent  on  Reynolds  number,  as  shown 


Table  2 

"Constant"  in  the  Rotta  model,  Eq.  (!0).  The  "con¬ 
stant"  was  fit  by  c  “  C  Re“  B.  The  last  column  is 
the  r.m.s.  difference  between  the  "constant”  and  the 
fit. 


Cflulli on 

* 

c 

ft 

1 •  1  •  j" 1 

0.673  t0.19«> 

1.1«3 

0.6’B 

-1.191  1  C.Il 

»•:. 

0.673  i0.$?0 

0.  ’34 

0.715 

-1 . O’!  0.13 

i • 1 •  j» 2 

0.679  ♦ 0.453 

0.326 

0.613 

-0  .**76  ;  0.15 
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Table  3 


“Constant"  In  the  Rotta  model  when  the  anlaotropy  of 
the  dissipation  is  Included  with  the  pressure-strain 
term.  The  meaning  of  the  last  four  columns  is  the 
same  as  in  Table  2. 


Co'Jtt  i  on 

C 

A 

»ffof 

4  » 1 »  J*  1 

i«2»  j“2 

i  » 1  »  j»2 

2.042  t 0.349 

3 . 000  t  0.428 

2.472  10. 426 

3.342 

4.200 

1.633 

0.144 

0.  U* 

0.330 

-°-=2! 

-0.243 

-0.266 

0.043 

0.048 

0.08% 

Now  let  us  turn  to  consideration  of  the  rapid 
term.  A  model  for  this  term  has  been  given  by  sev¬ 
eral  authors.  They  are  essentially  equivalent,  so 
we  shall  use  the  one  given  by  Reynolds  (1976): 


Ti j  *  1  <1+V  1  VRikW  Ski+  I^ii1 


"  5  l3  +  12  V  LRik°kj  +  RjkfikJ 


(ID 


where 


is  the 


RikSki 


S 

strain  rate 

a 


is 

the 

production , 

'3ui. 

ij 

2\ 

i3xj  3xJ 

,  and 

.  1 1 

f3u^  3u  A 
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is  the  rotation.  The  "constant”  Aj  was  computed 
for  each  set  of  tensor  indices  in  each  flow  for  each 
case,  and  a  remarkable  result  was  found.  The  "con¬ 
stant"  is  Indeed  nearly  independent  of  the  Reynolds 
and  shear  numbers,  but  it  varies  with  the  tensor 
index.  The  results  are  given  in  Table  4.  We  cannot 
offer  an  explanation  of  this  result,  but  people  do¬ 
ing  model  calculations  might  want  to  try  an  ad  hoc 
modification  of  the  model  implied  by  these  results, 
even  though  is  is  not  in  proper  tensorlal  form. 


Table  4 

"Constant"  for  the  rapid  pressure-strain  term.  The 
meaning  of  the  last  four  columns  is  the  same  as  in 
the  previous  cables. 
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-1.32  ♦  0.077 

2.01 

-0.082 

0.010 

A  simplified  model  by  Gibson  and  launder  (1978) 
was  also  tested  but  did  not  fare  so  well  as  the 
model  represented  by  Eq.  (10). 

Finally,  fitting  the  full  pressure-strain  term 
to  Che  combined  models  using  a  least-squares  fit  to 
determine  the  two  constants  gives  results  that  are 
significantly  better  than  either  model  alone. 

7.  Compressible  Flow 

As  stated  earlier,  we  also  ran  several  cases  in 
which  compressibility  is  Important.  The  effect  of 
compressibility  is  indicated  by  the  turbulence  Mach 


number  M  -  q/c  differing  from  zero;  we  considered 
values  as  high  as  M  -  0.3,  approximately  the  value 
found  In  supersonic  shear  layers.  An  alternative 
measure  of  the  Importance  of  compressibility  Is  the 
parameter  SL/c,  the  difference  In  speed  across  a 
large  eddy  divided  by  the  Mach  number.  This  param¬ 
eter  Is,  of  course,  the  product  of  the  shear  and 
Mach  numbers  defined  above. 

In  this  section,  we  shall  concentrate  on  the 
effects  produced  by  the  Introduction  of  compressi¬ 
bility  Into  the  flow.  On  the  whole,  these  effects 
are  quite  small,  but  It  is  instructive  to  study  them 
In  some  detail. 


One  tool  for  examining  the  effect  of  compressi¬ 
bility  is  the  Moyal  decomposition.  Moyal  considers 
the  velocity  field  to  be  a  combination  of  a  field 
which  contains  vorticity  but  no  dilatation  and  one 
which  has  dilation  but  no  vorticity;  these  two  com¬ 
ponents  are  called  u|  (solenoldal)  and  u^  (dila- 
tatlonal),  respectively.  It  turns  out  that  the  en¬ 
ergy  in  the  dilatatlonal  part  of  the  field  is  always 
small  compared  to  the  energy  in  the  solenoldal  com¬ 
ponent;  at  the  highest  Mach  number,  the  former  is 
approximately  two  orders  of  magnitude  larger  than 
the  former.  The  only  exception  is  the  2-2  compo¬ 
nent  of  the  dilatation  field,  which  is  less  chan  an 
order  of  magnitude  smaller  than  the  corresponding 
solenoldal  component.  This  is  the  gradient  direc¬ 
tion,  and  we  believe  that  the  relatively  large  size 

of  <  u^u~  >  is  associated  with  sound-wave  propaga¬ 
tion  In  the  direction  normal  to  the  flow.  There  is 
also  a  possibility  that  this  result  is  connected 
with  the  decreased  rate  of  growth  of  shear  layers  at 
high  Mach  numbers,  but  it  is  difficult  to  offer  con¬ 
vincing  evidence  for  this.  A  typical  time  history 
of  the  flow  is  given  in  Fig.  5. 


Fig.  5.  The  solenoldal  and  dilatatlonal  components 
of  the  Reynolds  stresses  <  ujul  >  and 
<  ujuj  >. 


We  now  turn  our  attention  to  the  pressure  field 
and  the  pressure-strain  terms.  In  a  compressible 
flow,  the  pressure  obeys  the  equation: 
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In  an  incompressible  flow,  the  first  two  tens  give 
rise  to  the  Rotta  and  rapid  coaponents  of  the  pres¬ 
sure  field.  In  view  of  what  we  discovered  above,  we 
do  not  expect  these  teras  to  change  very  auch  when 
compressibility  Ab  considered.  When  we  note  that 
3  p/3t  “  c  3  p/3t  ,  the  last  tern  changes  the 
equation  from  a  Poisson  equation  to  a  wave  equation. 
Alternatively,  we  can  regard  the  last  tern  as  a  new 
source  term  due  to  the  conpresslblllty ,  and  the 
pressure  field  is  then  regarded  as  being  composed  of 
three  parts — the  two  used  in  the  Incompressible  flow 
and  a  new  compressible  term.  (There  is  no  need  to 
use  the  Moyal  decomposition  here.) 


It  was  expected  that  the  new  term  would  be 
small,  but  It  turned  out  that  the  compressible  com¬ 
ponent  of  the  pressure  is  surprisingly  large.  As  It 
Is  the  pressure-strain  term  that  we  are  primarily 
concerned  with,  we  present  In  Fig.  6  the  ratio  of 
the  mean-square  pressure-strain  term  (the  second 
Invariant  of  the  pressure-strain  tensor  as  defined 
by  Lumley)  for  the  compressible  and  incompressible 
components  of  the  field.  In  this  figure,  the  re¬ 
sults  have  been  correlated  using  an  extension  of 
Eq.  (7)  which  includes  a  power  of  the  Mach  number. 
The  results  are  given  in  the  figure,  and  the  size  of 
the  new  term  Is  indeed  much  larger  than  one  might 
have  expected.  (This  term  was  computed  In  two 
different  ways  which  differed  by  10X,  so  we  have 
confidence  in  the  results.  We  suspect  that  the 
results  are  due  to  sound  waves  propagating  through 
the  flow.  It  is  worth  noting  that  the  ratio  of  the 
r.m.s.  fluctuations  of  the  components  of  the  pres¬ 
sure  field  is  less  than  12,  so  there  Is  apparently 
some  mechanism  operating  which  strongly  correlates 
the  sound  waves  with  the  strain  in  the  field.  The 
origin  of  the  compressible  portion  of  the  pressure 
field  was  found  to  be  dilatation  and  not  the  simple 
existence  of  density  differences. 


Finally,  we  considered  the  modeling  of  the  com¬ 
pressible  term.  It  was  found  to  behave  like  the 
rapid  term,  and  It  Is  preferable  to  model  the  sum  of 
the  two  terms  as  a  unit.  When  this  Is  done,  the  re¬ 
sult  Is  qualitatively  similar  to  what  was  found  In 
the  Incompressible  flow;  however,  the  constants  are 
changed  somewhat  (compare  the  results  In  Fig.  7  with 
those  in  Table  1).  Thus  it  appears  that,  the  com¬ 
pressible  terms  have  a  measurable  effect  on  the 
pressure-strain  term  and  this  may  be  responsible  for 
the  change  in  <  uju^  >  noted  above. 


We  have  also  Investigated  models  in  which  one 
assumes  structural  similarity  or  constancy  of  the 
anisotropic  component  of  the  Reynolds  stresses.  We 
were  unable  to  find  a  "constant"  for  these  models 
which  fit  the  results  well. 
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Fig.  6.  Ratio  of  the  second  Invariant  of  the  com¬ 
pressible  pressure-strain  term  to  the  sum 
of  the  second  Invariants  of  the  rapid  and 
Rotta  terms  vs.  a  fitting  function. 


Fig.  7.  Test  of  the  model  of  Eq.  (11)  in  compres¬ 
sible  flow.  The  model  Is  applied  to  the 
sum  of  the  rapid  and  comr-essible  terms. 
The  abscissa  is  the  constanc  obtained;  the 
ordinate  is  the  ratio  of  the  constant  to  a 
correlation  fit.  The  curves  are  shifted 
for  clarity  of  presentation. 

8.  Conclusions 

We  have  shown  that  It  Is  possible  to  fully  sim¬ 
ulate  iheared  homogeneous  turbulence.  The  results 
compare  quire  well  with  the  experiments,  at  least  on 
a  qualitative  basis.  It  Is  possible  to  use  the  re¬ 
sults  of  the  simulations  to  produce  Information  that 
cannot  be  obtained  directly  from  experiments.  In 
particular,  we  have  computed  the  pressure-strain 
terms  and  compared  them  with  model  predictions.  For 
the  Rotta  term,  good  results  are  obtained,  provided 
that  one  Includes  the  anisotropy  of  the  dissipation 
along  with  the  pressure-strain  term.  For  the  rapid 
term,  we  are  unable  to  produce  a  good  fit  between 
the  model  and  the  computational  results.  Finally, 
It  la  shown  that  the  effects  of  compressibility  are 
small,  for  the  most  part.  The  only  effect  which  was 
not  found  to  be  small  Is  a  modification  of  the  pres¬ 
sure  term,  and  this  seems  to  be  responsible  for 
producing  a  change  in  the  normal  component  of  the 
Reynolds  stress. 
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